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Lecture 1

Jan. 12 — Introduction and Review

1.1 Review and Overview

Remark. Recall that we are interested in representations of Lie groups G, which is closely related to
representations of Lie algebras g.

We are primarily interested in semisimple Lie algebras. In this case, we fix a Cartan subalgebra h ⊆ g,
where r = dim h is called the rank. We have the Serre generators {hi, ei, fi}ri=1 and relations

[hi, ej] = ai,jej, [hi, fj] = ai,jfj, ad1−ai,j
ei

ej = 0, ad
1−ai,j
fi

fj = 0,

where ai,j = ⟨α∨
i , αj⟩ for α∨

i = 2αi/(αi, αi). Here {αi} ⊆ h∗ and we identify α∨
i ↔ hi ∈ h. Then

g = n+ ⊕ h⊕ n−,

where n+ is generated by {ei} and n− is generated by {fi}. We also have

g = h⊕
⊕
α∈R

gα,

where R = R+ ⊔ R−. We have R+ ⊆ Q+ and R− ⊆ Q−, where Q+ = {
∑r

i=1 niαi : ni ≥ 0}. If the ai,j
are degenerate, then we can define ĝ = g[t, t−1]⊕ Cc⊕ Cd, where Cc is called the central extension and
d = t d

dt
. We can think of these as maps S1 ! g.

We can also consider the universal enveloping algebra U(g), and the related object. Uq(g) We have an
R-matrix RV,W for the representations V ⊗W and W ⊗ V , and we have the relation

R1,2R1,3R2,3 = R2,3R1,3R1,2

in V1 ⊗ V2 ⊗ V3. A main goal later in the course will be to relate the representations of Uq(g) and ĝ.

In this case, we have the diagram:

g

Uq(g) ĝ

Eq,τ (g) Uq(ĝ) ̂̂g
The object Uq(ĝ) is related to quantum integrable models of spin chain type (XXX and XXZ), and
Eq,τ (g) is the elliptic quantum group (XYZ).
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LECTURE 1. JAN. 12 — INTRODUCTION AND REVIEW 6

1.2 Representations of Semisimple Lie Algebras

Remark. Recall the Weyl group W = {sα(λ) = λ− ⟨λ, α∨⟩α}. The weight lattice is

P = {λ ∈ E : ⟨λ, α∨⟩ ∈ Z, α ∈ R} =
⊕
i

Zωi,

where ωi are the fundamental weights satisfying ⟨ωi, α
∨
j ⟩ = δi,j.

We can consider the highest weight representation. The Verma module is Mλ = U(g)⊗U(h⊕n+) Cλ, where
Cλ is the 1-dimensional representation of U(h⊕ n+) on which h acts by λ(h). Then

P (Mλ) = λ−Q+,

and for each λ ∈ h∗, Mλ has a unique irreducible quotient Lλ. The dominant integral weights λ satisfy

⟨λ, α∨
i ⟩ ∈ Z+, 1 ≤ i ≤ r,

where λ =
∑r

i=1 niωi with ni ∈ Z+.

Theorem 1.1. The finite-dimensional irreps of g are classified up to isomorphism by λ ∈ P+. Moreover,
P (V ) is Weyl invariant, and for any µ ∈ P (V ), w ∈W ,

dimLλ[µ] = dimLλ[wµ].

Example 1.0.1. For g = sl2, the dominant integral weights are n ∈ Z≥0, Ln = Vn, and the Weyl group
W acts by reflection.

Remark (Weyl character formula). Let χV (g) = trV (g). We can represent g ∼ eh, where h ∈ h. Then

χV (e
h) =

∑
µ∈P

(dimV (µ))eµ(h).

We can then formally define χV =
∑

µ∈P (dimV (µ))eµ. The Weyl character formula is

χLλ
=

∑
w∈W (−1)ℓ(w)ew(λ+ρ)

∆
,

where ∆ =
∏

α∈R+
(eα/2 − e−α/2) =

∏
w∈W (−1)ℓ(w)wρ is the Weyl denominator. Here ρ = 1

2

∑
α∈R+

α =∑r
i=1 ωi. The Weyl dimension formula is then

dimLλ =

∏
α∈R+

(α, λ+ ρ)∏
α∈R+

(α, ρ)
.

Recall the Casimir operator
∑dim g

i=1 xix
i ∈ U(g), which acts by the scalar (λ, λ+ 2ρ).

1.3 Representations of SLn and GLn

Proposition 1.1. For general simple g, let λ =
∑r

i=1miωi be a dominant integral weight. Let Tλ =⊗
i L

⊗mi
ωi

and v =
⊗

i v
⊗mi
ωi

. Let V be the subrepresentation of Tλ generated by v. Then V ∼= Lλ.
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Remark. For sln, we have λ =
∑n−1

i=1 miωi. The Cartan subalgebra is

h = Cn
0 = {(x1, . . . , xn) ∈ Cn : x1 + · · ·+ xn = 0}.

We have α∨
i = ei − ei−1 and δi,j = (ωi, α

∨
j ) = (ωi, ej − ej+1), where ωi = (1, . . . , 1, 0, . . . , 0) with i ones.

We can associate λ with the partition

λ = (m1 + · · ·+mn−1,m2 + · · ·+mn−1, . . . ,mn−1, 0) = (λ1, λ2, . . . , λn−1, 0),

and λ1 ≥ λ2 · · · ≥ λn−1. Note that Lω1 is the defining representation, where vω1 = (1, 0, . . . , 0)T = v1,
where {v1, . . . , vn} is a basis of the defining representation. Then we have that Lωm = ∧mV with highest
weight v1 ∧ · · · ∧ vm. Here ei = Ei,i+1. Then we see that Lλ ⊆

⊗n−1
i=1 (∧iV )⊗mi .

Remark. To move to GLn, we can write

GLn(C) = (C× × SLn(C))/µn,

where µn are the roots of unity embedded by z 7! (z−1, zI). We have a covering homomorphism

C× × SLn(C) −! GLn(C)
(z, A) 7−! zA.

We need to determine the holomorphic representations of C×. Its Lie algebra is spanned by h such that
e2πih = 1. Within a representation, h acts by an operator H such that e2πiH = 1. Thus all irreducible
representations of C× are of the form χN(z) = zN . So for C× × SLn(C), we have Lλ,N = χN ⊗ Lλ.

Exercise 1.1. Show that if Lλ,N = χN ⊗ Lλ, then N = nr +
∑n−1

i=1 λi for some integer r.

Remark. Lettingmn = r ≥ 0 in the above exercise, the representation Lλ,nmn+
∑n−1

i=1 λi
for gln corresponds

to the partition (m1 + · · ·+mn, . . .mn−1 +mn,mn).

Remark. For SLn, the representation ∧nV is trivial, but it is the determinant for GLn. For GLn, we
also have χk and (χ∗)k = χ−k, these are called the polynomial representations.

Remark. Let λ = (λ1, . . . , λn) with λi ≥ · · · ≥ λn be a partition with at most n parts. Then |λ| =
∑

i λi
is an eigenvalue of 1n =

∑n
i=1 ei,i ∈ gln. We can realize λ as a Young diagram. Note that Lλ occurs in

V ⊗N , where V is the defining representation. We can decompose

V ⊗N =
⊕

λ:|λ|=N

Lλ ⊗ πλ,

where πλ = HomGLn(C)(Lλ, V
⊗N). There is a natural action of SN on V ⊗N .

Theorem 1.2 (Schur-Weyl duality). Let A be the image of U(gln) in End(V ⊗N ) and B be the image of
CSN in End(V ⊗N). Then

1. the centralizer of A is B and vice versa;

2. if λ has at most n parts, then the representation πλ of B (and hence of SN) is irreducible, and
such representations are pairwise non-isomorphic;

3. if dimV ≥ N , then the πλ exhaust all irreducible representations of SN .



Lecture 2

Jan. 14 — Applications of Schur-Weyl Du-
ality

2.1 The Schur Functor

Remark. Let V be the defining representation for GLn. Then

V ⊗N =
⊕

λ:|λ|=N

Lλ ⊗ πλ.

Recall that if λ = (λ1, . . . , λn), then we have

λ1 = m1 + · · ·+mn, λ2 = m2 + · · ·+mn, . . . , λn = mn.

Definition 2.1. Suppose we are given the partition λ of N . The Schur functor Sλ is given by

SλV = HomSN
(πλ, V

⊗N)

for a vector space V . Note that this language, we have V ⊗N =
⊕

λ S
λV ⊗ πλ.

Example 2.1.1. Consider the following:

1. S(n)V = SnV , where (n) is the partition of n with a single part.

2. S(1n)V = ∧nV , where (1n) is the partition of n with n parts equal to 1.

3. V ⊗ V = S(2)V ⊗ C+ ⊕ S(1,1)V ⊗ C−, where C2 acts trivially on C+ and by the sign on C−.

4. V ⊗ V ⊗ V = S(3)V ⊗ C+ ⊕ S(2,1)V ⊗ C2 ⊕ S(1,1,1)V ⊗ C−, where S3 acts trivially on C+ and by
sign on C− as before, and C2 = {(x, y, z) : x+ y + z = 0}.

Note that V ⊗ V = S2V ⊕ ∧2V , so S2V ⊗ V = S3V ⊕ S(2,1)V and ∧2V ⊗ V = ∧3V ⊕ S(2,1)V .

Remark. Let dimV = N and λ have k parts. Recall that by the Weyl dimension formula,

dimLλ =

∏
α∈R+

(α, λ+ ρ)∏
α∈R+

(α, ρ)
.

We have R+ = {αi,j = ei − ej : i < j} and ρ =
∑N−1

i=1 ωi = (N − 1, N − 2, . . . , 1, 0) (recall that ωi is i
ones followed by zeros). Thus we see that

dimSλV =
∏

1≤i<j≤N

λi − λj + j − i

j − i
=

∏
1≤i<j≤k

λi − λj + j − i

j − i

∏
1≤i<k<j≤N

λi + j − i

j − i
.

8
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We can rewrite the second product as

∏
1≤<k<j≤N

λi + j − i

j − i
=

k∏
i=1

(N + 1− i) · · · (N + λi − i)

(k + 1− i) · · · (k + λi − i)
.

Proposition 2.1. We have dimSλV = Pλ(N), where Pλ is a polynomial of degree |λ| with rational
coefficients and integer roots. The roots of Pλ are all integers from the interval [1− λ1, k − 1] (occurring
with multiplicities).

Example 2.1.2. Let Pn(N) correspond to SnV . Then λ1 = n and k = 1, and

Pn(N) = dimSnV =

(
N + n− 1

n

)
.

Similarly, one can see that

P1n(N) = dim∧nV =

(
N

n

)
.

One can also consider P(a,b)(N) corresponding to partitions with two parts. The values P(a,n)(N) are
called the Narayana numbers, which are of use in combinatorics.

2.2 Invariant Theory

Remark. Let V be a finite-dimensional vector space and {Ti} ∈ (V ∗)⊗mi ⊗ V ⊗ni for i = 1, . . . , k. One
would like to characterize invariants of such collections, i.e. polynomial functions F (T1, . . . , Tk) which
are invariant under the action of GL(V ).

One can think of such a tensor in (V ∗)⊗mi ⊗ V ⊗ni as a vertex with mi incoming edges and ni outgoing
edges. Then constructing invariants {Ti} reduces to studying graphs where Ti corresponds to a vertex vi
of the graph Γ. This allows us to assign to a given graph an invariant function FΓ.

Theorem 2.1. The functions FΓ for various Γ span the space of invariant functions.

Proof. We can view an invariant as an invariant element of the space
⊗k

i=1((V
∗)⊗mi ⊗ V ⊗ni), which we

can view as EndGL(n)(V
⊗M , V ⊗N ), where M =

∑
dimi (the number of incoming edges) and N =

∑
dini

(the number of outgoing edges). Note that this space is empty when M ≠ N , and the statement follows
by Schur-Weyl duality when M = N .

Example 2.1.3. Let mi = ni = 1. Then T1, . . . , Tk are matrices. Then the graph Γ must look like a
cycle, hence the invariants are all of the form

Fj1,...,jr(T1, . . . , Tk) = tr(Tj1 · · ·Tjr).

Note that these invariants are asymptotically algebraically independent (when V is large enough). In
particular, if P (T1, . . . , Tk) = 0 in all dimensions, then tr(P (T1, . . . , Tk)Tk+1) = 0, which cannot be true
as the trace decomposes in terms of the Fj1,...,jr . (However, note that [X, Y ] = 0 for 1× 1 matrices and
[Z, [X, Y ]2] = 0 for 2× 2 matrices.) This also implies the uniqueness of the µn in the BCH formula:

log(exp(x) exp(y)) =
∑
n≥1

µn(x, y)

n!
.
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2.3 Weyl Character Formula for GLn

Remark (Weyl character formula for GLn). Recall that Weyl’s character formula gives

χλ =

∑
w∈W (−1)ℓ(w)ew(λ+ρ)∑
α∈R+

(eα/2 − e−α/2)
, (∗)

where the denominator is ∆ =
∏

α∈R+
(eα/2 − e−α/2) =

∏
w∈W (−1)ℓ(w)ew(ρ). Letting ρ = 1

2

∑
α∈R+

α,

∆ = eρ
∏

α∈R+

(1− e−α) = xn−1
1 xn−2

2 · · · x0n
∏
i<j

(1− xj/xi),

where ρ = (n− 1, n− 2, . . . , 1, 0) and xi = eei (e.g. x1 = e(1,0,...,0)). After multiplying we get that

∆ =
∏
i<j

(xi − xj).

On the other hand, using ∆ =
∏

w∈W (−1)ℓ(w)ew(ρ), we have

∆ =
∑
w∈W

(−1)ℓ(w)ew(ρ) =
∑
s∈Sn

sign(s)xn−1
s(1) · · · x

0
s(n).

Comparing these two formulas, we recover the formula for the Vandermonde determinant:

det({xn−i
j }1≤i,j≤n) =

∑
s∈Sn

sign(s)xn−1
s(1) · · · x

0
s(n) =

∏
i<j

(xi − xj).

Now applying this to the numerator of (∗), we have∑
w∈W

(−1)ℓ(w)ew(λ+ρ) =
∑
s∈Sn

sign(s)xλ1+n−1
s(1) · · · xλn+0

s(n) .

Thus in total, the character χλ is given by

χλ =

∑
s∈Sn

sign(s)xλ1+n−1
s(1) · · · xλn+0

s(n)∏
i<j(xi − xj)

=
det({xλj+n−i

i })∏
i<j(xi − xj)

.

These functions are known as the Schur polynomials sλ(x1, . . . , xn).

Example 2.1.4 (Character of SmV ). Using the above formula, we get the identity

s(m)(x1, . . . , xn) =
∑

1≤j1≤···≤jm≤n

xj1 · · · xjm = hm(x1, . . . , xn),

the mth complete symmetric function.

Example 2.1.5 (Character of ∧mV ). Similarly, one gets the identity

s(1m)(x1, . . . , xn) =
∑

1≤j1<···<jm≤n

xj1 · · · xjm = em(x1, . . . , xn),

the mth elementary symmetric function.
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Example 2.1.6 (Trace in V ⊗N). Consider x ⊗ σ, where x = diag(x1, . . . , xn) and σ has mi cycles of
length i. Then we have

trV ⊗N (x⊗ σ) =
∏
i

(xi1 + · · ·+ xin)
mi .

By Schur-Weyl duality, we have that

trV ⊗N (x⊗ σ) =
∑
λ

χλ(σ)sλ(x) =
∏
i

(xi1 + · · ·+ xin)
mi .

Using the formula for the Schur polynomial, we get the identity∑
λ

χλ(σ) det({x
λj+N−j
i }) =

∏
i<j

(xi − xj)
∏
i

(xi1 + · · ·+ xin)
mi .

Theorem 2.2 (Frobenius character formula). χλ(σ) is the coefficient of xλ1+N−1
1 · · · xλN

N in the polynomial∏
i<j

(xi − xj)
∏
i

(xi1 + · · ·+ xin)
mi .

2.4 Howe Duality

Remark. Fix V,W and consider Sn(V ⊗W ), which is a representation of GL(V )⊗GL(W ).

Theorem 2.3 (Howe duality). We have a decomposition

Sn(V ⊗W ) =
⊕

λ:|λ|=n

SλV ⊗ SλW.

Proof. We can write
Sn(V ⊗W ) = ((V ⊗W )⊗n)Sn = (V ⊗n ⊗W⊗n)Sn .

Using Schur-Weyl duality for each part, we get that

Sn(V ⊗W ) =

(( ⊕
λ:|λ|=n

SλV ⊗ πλ

)
⊗
( ⊕

µ:|µ|=n

SµW ⊗ πµ

))Sn

=
⊕

λ,µ:|λ|=|µ|=n

SλV ⊗ SµW ⊗ (πλ ⊗ πµ)
Sn .

Since πλ = π∗
λ, by Schur’s lemma we have (πλ ⊗ πµ)

Sn = Cδλ,µ .

Corollary 2.3.1 (Cauchy identity). Let x = (x1, . . . , xr) and y = (y1, . . . , ys). Then

∑
λ

sλ(x)sλ(y)z
|λ| =

r∏
i=1

s∏
j=1

1

1− zxiyi
.



Lecture 3

Jan. 21 — Minuscule Weights

3.1 Minuscule Weights

Remark. Let g be a simple complex Lie algebra.

Definition 3.1. A dominant integral weight ω for g is called minuscule if ⟨ω, β⟩ ≤ 1 for every positive
coroot β (equivalently, if |⟨ω, α⟩| ≤ 1 for any coroot β).

Example 3.1.1. Clearly ω = 0 is minuscule.

Example 3.1.2. Let g = sln with fundamental weights {ωi}n−1
i=1 ,

1 where

ωi = (1, . . . , 1︸ ︷︷ ︸
i ones

, 0, . . . , 0)

Let αi,j = α∨
i,j = ei − ej . Note that ⟨ωi, ej − ek⟩ = 0 when j, k ≤ i or j, k > i, and ⟨ωi, ej − ek⟩ = 1 when

j ≤ i < k. So all of the ωi are minuscule in this case.

Lemma 3.1. Every nonzero minuscule weight is fundamental.

Proof. Suppose ω is minuscule. Then there exists i with ⟨ω, α∨
i ⟩ = 1. Moreover, there can only be one

such i, since if there were many, then ⟨ω, θ∨⟩ ≥ 2, where θ∨ is the longest coroot (i.e. if θ =
∑

mi>0miαi

is the longest root, then θ∨ =
∑

mi>0miα
∨
i ). So ω is necessarily fundamental.

Example 3.1.3. For G2, F4, and F8, none of the fundamental weights are minuscule.

Lemma 3.2. A fundamental weight ωi is minuscule if and only if mi = 1 where θ∨ =
∑

j mjα
∨
j .

Proof. By the minuscule condition, we know mi ≤ 1. If mi = 1, then for any positive coroot β =
∑
njα

∨
j

we have nj ≤ mj, so ni ≤ 1. Thus ⟨ωi, β⟩ = ni ≤ 1, so ωi is minuscule.

Lemma 3.3. If ω ∈ Q with |⟨ω, β⟩| ≤ 1 for all coroots β, then ω = 0.

Proof. Assume to the contrary that ω =
∑

i αi ≠ 0. We may assume that
∑

i |mi| is smallest possible.
Then 0 < (ω, ω) =

∑
imi(ω, αi), since the form is positive definite. Thus there exists j such that mj

and ⟨ω, α∨
j ⟩ have the same sign. By replacing ω with −ω if necessary, we may assume both are positive.

Then ⟨ω, α∨
j ⟩ = 1. Consider the reflection sj(ω) = ω − αj =

∑
im

′
iαi. So m′

i = mj − 1 and m′
i = mi.

But then
∑

i |m′
i| =

∑
i |mi| − 1 <

∑
i |mi|, contradicting the minimality of ω.

1Recall a fundamental weight is a weight ωi such that ⟨ωi, α
∨
j ⟩ = δi,j for all simple coroots α∨

j .

12
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Proposition 3.1. The following conditions are equivalent:

1. ω is minuscule;

2. all weights of Lω belong to the Weyl orbit Wω;

3. if λ is a dominant integral weight such that ω − λ ∈ Q+, then λ = ω.

Proof. (1 ⇒ 3) If ω = 0, then −λ ∈ Q+, so (λ, ρ) ≤ 0 where ρ =
∑r

i=1 ωi, so λ = 0. Now let ω = ωi be
minuscule. Then ωi − λ =

∑
kmkαk with mk ≥ 0. If mk = 0 for k ≠ i, then the problem reduces to a

lower rank Dynkin diagram. So we can assume mk > 0 for every k ̸= i. Let β be a positive coroot, then

⟨ωi − λ, β⟩ = ⟨ωi, β⟩ − ⟨λ, β⟩ ≤ ⟨ωi, β⟩ ≤ 1.

If α∨
i does not occur in β, then the above is ≤ 0. In particular, we have ⟨ωi − λ, α∨

j ⟩ ≤ 0 for j ≠ i. If
we also have ⟨ωi − λ, α∨

i ⟩ ≤ 0, then (ωi − λ, ωi − λ) ≤ 0, so ωi = λ. Otherwise, ⟨ωi − λ, α∨
i ⟩ = 1. Then

mj > 0 for every j, so ⟨ωi − λ, θ∨⟩ ≥ 1, since θ∨ is a dominant coweight. Then ⟨λ, θ∨⟩ ≤ 0, so we must
have λ = 0 since θ∨ contains all α∨

j with positive coefficients. But then ωi ∈ Q, which is impossible by
Lemma 3.3.

(3 ⇒ 2) If µ is any weight of Lω, then there exists w ∈ W such that λ = wµ is dominant (since every
orbit of W intersects the dominant chamber at exactly 1 point). Then ω − λ ∈ Q+, so λ = ω, hence
µ = w−1ω ∈Wω.

(2 ⇒ 1) Suppose otherwise ω is not minuscule. Then ⟨ω, α∨⟩ > 1 for some positive coroot α∨. Then

2(ω, α) > (α, α).

Note that ω − α is a weight of Lω (weight of fαvω, where vω is a highest weight vector and {eα, fα, α∨}
is an sl2-triple). But ω − α is not W -conjugate to ω, since

(ω − α, ω − α) = (ω, ω)− 2(ω, α) + (α, α) < (ω, ω)

but the pairing is W -invariant. Contradiction.

Corollary 3.0.1. If ω is minuscule, then χω =
∑

γ∈Wω e
γ.

3.2 Applications of Minuscule Weights

Proposition 3.2. ω ∈ P+ is minuscule if and only if the restriction of Lω to any root sl2-subalgebra of
g is the direct sum of 1-dimensional and 2-dimensional representations.

Proof. (⇒) Let ω be minuscule and v ∈ Lω the highest weight vector (of weight wω) for (sl2)α. Then

hαv = ⟨wω, α∨⟩v = ⟨ω,w−1α∨⟩v.

Then hαv = 0 or hαv = v, so the representation is 1-dimensional or 2-dimensional.

(⇐) Suppose ω is not minuscule. Then there exists α ∈ Q+ with ⟨ω, α∨⟩ = m > 1. Let vω be a highest
weight vector, then hαvω = ⟨ω, α∨⟩vω, which leads to a higher-dimensional sl2-representation.
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Corollary 3.0.2. If ω is minuscule, then for every dominant integral weight λ of g, we have

Lω ⊗ Lλ =
⊕
γ∈Wω

Lλ+γ.

(It is assumed that if λ+ γ is not dominant, then Lλ+γ = 0.)

Proof. We know χω =
∑

µ∈Wω e
µ. Then we have

χLω⊗Lλ
=

∑
µ∈Wω

∑
w∈W (−1)ℓ(ω)ew(λ+ρ)+µ

∆
=

∑
γ∈Wω

∑
w∈W (−1)ℓ(ω)ew(λ+γ+ρ)

∆

where ∆ is the Weyl denominator. If λ + γ /∈ P+, then for some α∨
i , we get ⟨λ + γ, α∨

i ⟩ < 0. But we
know ⟨γ, α∨

i ⟩ ≥ −1, so ⟨λ+ γ, α∨
i ⟩ = −1. Thus ⟨λ+ γ + ρ, α∨

i ⟩ = 0, so for any wγ, the term wsiγ comes
with the opposite sign. So we get that

χLω⊗Lλ
=

∑
γ∈Wω :λ+γ∈P+

∑
w∈W (−1)ℓ(w)ew(λ+γ+ρ)

∆
=

∑
γ∈Wω :λ+γ∈P+

χλ+γ,

which proves the desired result.

Example 3.1.4. For sl2, we have L1 ⊗ Lm = Lm+1 ⊕ Lm−1, which leads to the formula

Lm ⊗ Ln =
m+n⊕

k=|m−n|

Lk

Example 3.1.5. Let V = Vω1 be the defining representation for GLn. Then

Lω1 ⊗ Lλ =
⊕

µ∈λ+□

Lµ,

where λ is a partition and λ+□ denotes the set of partitions obtained by adding a single box to λ. For
example, for λ = (3, 3, 2, 1) we have

Lω1 ⊗ S(3,3,2,1)V = S(4,3,2,1)V ⊕ S(3,3,3,1)V ⊕ S(3,3,2,2)V ⊕ S(3,3,2,1,1)V.

Similarly, for ∧mV = Lωm (where ωm = (1, . . . , 1, 0, . . . , 0) with m ones), we have

Lωm ⊗ Lλ =
⊕

µ∈λ+m□

Lµ,

where we are allowed to add m boxes to λ in λ+m□. For example,

∧2V ⊗ S(3,1)V = S(4,2)V ⊕ S(4,1,1)V ⊕ S(3,2,1)V ⊕ S(3,1,1,1)V.
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Jan. 26 — Other Classical Lie Algebras

4.1 Applications of Minuscule Weights, Continued

Proposition 4.1. We have the following:

1. Let λ be a partition of N . Then CSN+1 ⊗SN
πλ =

⊕
µ∈λ+□ πµ.

2. Let µ be a partition of N + 1. Then πµ|SN
=
⊕

λ∈µ−□ πλ.

Proof. (1) Let V be a vector space of sufficiently large dimension. By Frobenius reciprocity,

HomSN+1
(CSN+1 ⊗SN

πλ, V
⊗(N+1)) ∼= HomSN

(πλ, V
⊗N ⊗ V ) = V ⊗ SλV.

Now by Schur-Weyl duality, we have

HomSN+1

( ⊕
µ∈λ+□

πµ, V
⊗(N+1)

)
=
⊕

µ∈λ+□

SµV.

Since V ⊗ SλV =
⊕

µ∈λ+□ S
µV , we conclude that CSN+1 ⊗SN

πλ =
⊕

µ∈λ+□ πµ.

(2) This is left as an exercise. Use a different version of Frobenius reciprocity.

Definition 4.1. Let λ be a partition, and λ† be the conjugate partition (the one corresponding to the
transposed diagram). For example, (3, 3, 2, 1)† = (4, 3, 2).

Corollary 4.0.1. Let C− be the sign representation of SN . Then πλ ⊗ C− ∼= πλ†.

Proof. This is left as an exercise. The proof is by induction on N = |λ|. Let C =
∑

i<j(i j), and note
that its eigenvalues are the same as the Casimir operator of SLN .

Proposition 4.2 (Skew Howe duality). We have a decomposition ∧n(V ⊗W ) =
⊕

λ S
λV ⊗ Sλ†

W (as
GL(V )⊗GL(W )-modules).

Proposition 4.3. Every coset in P/Q contains a unique minuscule weight. This gives a bijection
between P/Q and minuscule weights, so the number of minuscule weights is equal to detA, where A is
the Cartan matrix.

Proof. Let C = a+Q ∈ P/Q be a coset. Let ω ∈ C ∩ P+ be the element which minimizes ⟨ω, ρ∨⟩. If λ
is the dominant weight for Lω, then λ ∈ C ∩ P+ implies that

(λ, ρ∨) ≥ (ω, ρ∨).

15
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Thus (ω − λ, ρ∨) ≤ 0, so ω − λ ∈ Q+. Thus λ = ω, so ω is minuscule. Now suppose ω1, ω2 ∈ C are
minuscule and ω1 ̸= ω2 with ω1−ω2 ∈ Q. By Lemma 3.3, we must have ⟨ω1−ω2, β⟩ ≥ 2 for all coroots β.
But then ⟨ω1, β⟩ = 1 (which implies β > 0) and ⟨ω2, β⟩ = −1 (which implies β < 0), a contradiction.

Remark. Let A be the Cartan matrix. For every root, we can write

αi =
r∑

j=1

Ai,jωj.

We have a covering map Rr/Λ2 ! Rr/Λ1, where Λ2 = P and Λ1 = Q. Then detA is precisely the degree
of this covering, which counts the number of cosets.

4.2 Other Classical Lie Algebras

Example 4.1.1. Recall that g = sp2n corresponds to the Dynkin diagram Cn ( ), where the
arrow points from longer roots to shorter roots. We have R+ = ei ± ej, 2ej. The simple roots are

α1 = e1 − e2, α2 = e2 − e3, . . . , αn−1 = en−1 − en, αn = 2en.

We have α∨
i = αi for i ̸= n and α∨

n = en, and ωi = (1, . . . , 1, 0, . . . , 0) (with i ones) for 1 ≤ i ≤ n.

Example 4.1.2. The Dynkin diagram Bn ( ) corresponds to g = so2n+1. Most things are the
same as above, but we will have αn = en and α∨

n = 2en. We have the same ωi for i < n, but we get
ωn = (1/2, . . . , 1/2). We have R+ = ei ± ej, ei.

Example 4.1.3. The Dynkin diagram Dn ( ) corresponds to g = so2n. In this case we have

R+ = ei ± ej, and simple roots given by

α1 = e1 − e2, . . . , αn−2 = en−1, αn−1 = en−1 − en, αn = en−1 + en.

We have ωi = (1, . . . , 1, 0, . . . , 0) (with i ones) for i = 1, . . . , n− 2, but we get ωn−1 = (1/2, . . . , 1/2, 1/2)
and ωn = (1/2, . . . , 1/2,−1/2).

Remark. We have the following:

• For G2, F4, F8, we have detA = 1 (here A is the Cartan matrix), so the only minuscule weight is 0.

• For Bn, we have detA = 2 (the nontrivial minuscule weight is (1/2, . . . , 1/2), and the representation
has weights (±1/2, . . . ,±1/2) with all possible combinations of ± and dimension 2n).

• For Dn, we have detA = 4. The minuscule weights are ω1, ωn−1, ωn. Here ω1 is the 2n-dimensional
defining representation. The other two are spin representations of dimension 2n−1, with weights
(±1/2, . . . ,±1/2), taking even or odd numbers of − signs.

4.3 Representations of Symplectic Lie Algebras

Remark. For g = sp2n, we have the Dynkin diagram Cn and

ωi = (1, . . . , 1︸ ︷︷ ︸
i ones

, 0, . . . , 0).
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The elements of the Cartan subalgebra are given by diag(a1, . . . , an,−a1, . . . ,−an). So Lω1 = V (the
defining representation) with highest weight e1. Note that ∧2V is not irreducible:

∧2V = ∧2
0V ⊕ C,

where C is the trivial representation spanned by B−1 =
∑

i ei+n ∧ ei (note that B−1 is invariant under
sp2n. However, one can check that ∧2

0V is irreducible.

Now let us consider Lωj
for j ≥ 2. Let B =

∑
i e

∗
i ∧ e∗i+n. We have an operator

iB : ∧i+1V −! ∧i−1V,

and we can denote ∧i
0V = ker(iB|∧iV ) (note that iB|∧iV is injective when i ≥ n). The ∧i

0V are irreducible
for i ≤ n, and one can check that these form all of the irreducible representations of sp2n (compute their
dimensions and compare them to the highest weight representations).

We can also define an operator

mB : ∧i−1V −! ∧i+1V

u 7! B−1 ∧ u.

One can check that mB and iB together with h (acting as i− n on ∧iV ) form an sl2-triple. Then

∧V =
n⊕

i=0

Lωi
⊗ Ln−j

(where ω0 = 0 and Ln−j is the representation of sl2 of weight n− j) as representations of sp2n ⊕ sl2.

4.4 Representations of Orthogonal Lie Algebras

Remark. First consider Bn, which corresponds to g = so2n+1. Let Q =
∑n

i=1 xixi+n + x22n+1. In this
case, the Cartan subalgebra is given by elements of the form diag(a1, . . . , an,−a1, . . . ,−an, 0). Let V
be the (2n+ 1)-dimensional defining representation. Then for 1 ≤ i ≤ n− 1, the representation ∧iV is
irreducible (one can check this using the dimension formula) with highest weight

ωi = (1, . . . , 1︸ ︷︷ ︸
i ones

, 0, . . . , 0).

On the other hand, ∧nV is irreducible but not fundamental, with highest weight (1, . . . , 1) = 2ωn.

Now we consider the spin representation S (whose elements are called spinors). It has weights

(±1/2,±1/2, . . . ,±1/2)

(all possible combinations of ±). The character of S is given by

χS(x1, . . . , xn) = (x
1/2
1 + x

−1/2
1 ) · · · (x1/2n + x−1/2

n ).

Remark. We will want to look at the Lie group Spin2n+1(C), the universal cover of SO2n+1(C). For
n = 1, we have g = so3(C) = sl2(C). We will see that S is 2-dimensional, and π1(SO3(C)) = Z/2Z.
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Jan. 28 — Other Classical Lie Algebras, Part
2

5.1 More on Orthogonal Lie Algebras

Proposition 5.1. For n ≥ 3, we have π1(SOn(C)) = Z/2Z.

Proof. There is a deformation retract from the surface Xn defined by z21 + · · · + z2n = 1 in Cn to the
sphere XR

n = Xn ∩ Rn defined by x21 + · · ·+ x2n = 1 in Rn: Let z⃗ = x⃗+ iy⃗ ∈ Xn for x⃗, y⃗ ∈ Rn, and note
that |z⃗|2 = 1 if and only if |x⃗|2 − |y⃗|2 = 1 and x⃗ · y⃗ = 0. We also have

(x⃗+ tiy⃗)2 = |x⃗|2 − t2|y⃗|2 = 1 + (1− t2)|y⃗|2 ≥ 1.

So we can define a homotopy ft : Xn ! Xn by

ft(z⃗) =
x⃗+ tiy⃗√
|x⃗|2 − t2|y⃗|2

,

which satisfies |ft(z)|2 = 1, f1(z) = z, and f0(z) ∈ XR
n . Now observe that SOn acts on Xn with fibers

isomorphic to SOn−1, so we have a long exact sequence

π2(Xn) π1(SOn−1(C)) π1(SOn(C)) π1(Xn).

The first and last groups are trivial for n ≥ 4, so we have that π1(SOn−1(C)) ∼= π1(SOn(C)). Thus the
result follows once one checks that π1(SO3(C)) ∼= Z/2Z (left as an exercise).

Remark. Now consider Dn, which corresponds to g = so2n. Let Q =
∑n

i=1 xixi+n. The elements of the
Cartan subalgebra are given by diag(a1, . . . , an,−a1, . . . ,−an). Let V be the 2n-dimensional defining
representation, and consider ∧iV for 1 ≤ i ≤ n. We have ∧iV is irreducible for 0 ≤ i ≤ n − 1, and
Lωi

= ∧iV for 1 ≤ n− 2. Note that L(1,...,1,0) is irreducible but not fundamental. Letting

ωn−1 = (1/2, . . . , 1/2, 1/2) and (1/2, . . . , 1/2,−1/2),

the corresponding S+ = Lωn−1 and S− = Lωn are the spin representations. The characters are

χS± = ((x
1/2
1 + x

−1/2
1 ) · · · (x1/2n + x−1/2

n ))±,

where the ± denotes an even or odd number of − signs.

18
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Example 5.0.1. We have Spin4 = SL2× SL2, where factors correspond to S+ and S−. We have Spin5 =
Sp4, where S is the 4-dimensional defining representation, and SO5 = Sp4/{±1}. We have Spin6 = SL4,
where S+, S− are the 4-dimensional defining representation and its dual, and SO6 = SL4 /{±1}.

Example 5.0.2. Let V be a finite-dimensional vector space, and consider SV = C[x1, . . . , xn], where
x1, . . . , xn is an orthonormal basis. Denote R2 =

∑n
i=1 x

2
i = S2V and ∆ =

∑n
i=1 ∂

2/∂x2i . Then:

1. Find a first-order differential operator making {R2,∆, ·} an sl2-triple. Make sure that it commutes
with the SO(V ) action.

2. Let Hm ⊆ SmV be the subspace of harmonic polynomials. Then

SV =
∞⊕

m=0

Hm ⊗Wm,

where Hm = Lmω1 is the irreducible representation of SO(V ), and Wm is the Verma module for sl2
of highest weight m.

5.2 Clifford Algebras

Definition 5.1. Let V be a finite-dimensional vector space (over C) and (·, ·) a non-degenerate inner
product on V . Give an associative algebra structure to V by

v2 =
1

2
(v, v).

Such an algebra is called a Clifford algebra, and is denoted by Cl(V ).

Corollary 5.0.1. ab+ ba = (a+ b)2 − a2 − b2 = (a, b).

Example 5.1.1. The operators i∂/∂xi and dxi ∧ · define a Clifford algebra.

Example 5.1.2. Let eiej + ejei = δi,j. Then D =
∑n

i=1 e
i∂i (the Dirac operator) satisfies D2 = ∆.

Theorem 5.1. The algebra Cl(V ) is isomorphic to Mat2n(C) if dimV = 2n and to Mat2n(C)⊕Mat2n(C)
if dimV = 2n+ 1.

Proof. First consider the even case. Choose a basis a1, . . . , an, b1, . . . , bn such that

(ai, aj) = (bi, bj) = 0, (ai, bj) = δi,j, aiaj + ajai = 0, bibj + bjbi = 0, biai + aibi = 1.

Consider Cl(V )-module M = ∧(a1, . . . , an) (note that dimM = 2n) with action defined by

ρ(ai)w = aiw and ρ(bi)w =
∂w

∂ai
.

We have the relations

1 =

[
ai,

∂

∂ai

]
= ai

∂

∂ai
+

∂

∂ai
ai and aj

∂

∂ai
= − ∂

∂ai
aj

for i ̸= j. Let cI,J = ai1 · · · aikbj1 · · · bjm for I = {i1, . . . , ik} and J = {j1, . . . , jm}. Check as an exercise
that the cI,J are linearly independent, then ρ : Cl(V ) ! End(M) is an isomorphism.
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If dimV = 2n+ 1, then we can pick an extra element z satisfying

(z,ai) = (z, bi) = 0 and (z, z) = 2,

with relations zai + aiz = zbi + biz = 0 and z2 = 1. Then zw = ±(−1)degwwz for w ∈M±.

Remark. There is an embedding so(V ) ! Cl(V ). Define a map

ξ : ∧2V = so(V ) −! Cl(V )

a ∧ b 7−! 1

2
(ab− ba) = ab− 1

2
(a, b).

One can check that [ξ(a ∧ b), ξ(c ∧ d)] = ξ([a ∧ b, c ∧ d]), so ξ is a homomorphism of Lie algebras. We
have ξ∗M for even dimensional V and ξ∗M± for odd dimensional V , and

ρξ∗M(a) = ρM(ξ(a))

gives ξ∗M the structure of an so(V )-representation (and similarly for ξ∗M±. Notice that χ
∗M is reducible:

ξ∗M = (ξ∗M)0 ⊕ (ξ∗M)1

as representations, where the first factor corresponds to even degree and the second to odd degree.

Example 5.1.3. We have the following:

1. (ξ∗M)0 ∼= S+ and (ξ∗M)1 ∼= S− for even dimensional V .

2. If dimV is odd, then χ∗M± are both isomorphic to S.



Lecture 6

Feb. 2 — Duals, Maximal Weights, Expo-
nents

6.1 Dual Representations

Remark. Let Lλ be the irreducible representation of highest weight λ. What is the highest weight of
the dual representation L∗

λ? Let w0 be the maximal element in W .

Proposition 6.1. We have L∗
λ = L−w0(λ).

Proof. Since λ is the highest weight in Lλ, for every weight µ in Lλ we have λ− µ ∈ Q+. So

Q− ∋ w0(λ− µ) = w0(λ)− w0(µ),

so w0(µ)−w0(λ) ∈ Q+. Thus w0(λ) ≤ w0(µ) for all µ ∈ Lλ, so the length of w0 is |R+|. Thus −w0(λ) is
the lowest weight of Lλ, which is the highest weight of L∗

λ.

Example 6.0.1. Since the length of w0 is |R+|, w0 permutes the fundamental (co)weights and (co)roots,
so w0 is an automorphism of Dynkin diagrams. Note that that W acts on P/Q, and w0 acts as inversion.

• The Dynkin diagrams A1, Bn, Cn, G2, F4, E7, E8 have no automorphisms, so L∗
λ = Lλ for these.

• For An with n ≥ 2, we have P/Q = Z/nZ (e.g. if V is the defining representation, then we have
that L∗

ω1
= V ∗ = ∧n−1V = Lωn−1).

• For E6, we have P/Q = Z/3Z, where w0 exchanges the two minuscule weights.

• For D2n+1, we have P/Q = Z/4Z and S∗
+ = S−. For D2n, P/Q = Z/2Z× Z/2Z, and S∗

± = S±.

6.2 Maximal Weights

Definition 6.1. Let maximal weight of g, denoted θ, is the highest weight of the adjoint representation.

Example 6.1.1. If g = sln, then θ is the highest weight for V
∗⊗V where V is the defining representation.

Note that V ∗ = ∧n−1V , so the highest weight of V ∗ ⊗ V is θ = ω1 + ωn−1. It is not fundamental.

Example 6.1.2. For g = sp2n, we have g = S2V where V is the defining representation for sp2n. Then
θ = 2ω1, which is also not fundamental.

Proposition 6.2. For a simple Lie algebra with g ̸= sln, sp2n, the maximal weight θ is fundamental.

Example 6.1.3. For soN with N ≥ 7 (type B or D), we have g = ∧2V = Lω2 .

21
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6.3 Principal sl2-Subalgebra and Exponents

Definition 6.2. Let g be a simple Lie algebra and {ei, fi, hi} (where hi = α∨
i ) be Chevalley generators.

Let e =
∑r

i=1 ei, and h such that αi(h) = 2 for all i (so h = 2ρ∨). Note that we have [h, e] = 2e and
h =

∑r
i=1(2ρ

∨, ωi)α
∨
i . Let f =

∑r
i=1(2ρ

∨, ωi)fi. Then {h, e, f} spans the principal sl2-subalgebra of g.

Example 6.2.1. Let g = sln+1. Then the restriction of the defining representation to the principal sl2
is Ln, the irreducible representation of sl2 of highest weight n.

Remark. Let g = n− ⊕ h⊕ n+, so that g =
∑

g[2m] where m is the height of the corresponding root
subspace (and 2m is the weight with respect to h). Note g[0] = h and dim g[0] = r. Let rm = dim g[2m].

Definition 6.3. We say that m is an exponent of g if rm > rm+1. The multiplicity of an exponent m is
rm − rm+1.

Remark. We have r0 = r and there are r exponents (counted with multiplicities) m1 ≤ m2 ≤ · · · ≤ mr.
The roots of height 2 are given by αi + αj (where i, j are connected in the in the Dynkin diagram). So
r0 = r1 = 1 and r2 = r − 1. Thus m1 = 1 and m2 > 1. We have

mr = (ρ∨, θ) = hg − 1,

where θ is the highest root. We call hg the Coxeter number of g. Note that
∑r

i=1mi = |R+|.

Proposition 6.3. The restriction of g to its principal sl2-subalgebra decomposes as
⊕r

i=1 L2mi+1.

Example 6.3.1. The exponents for sln are 1, 2, . . . , n− 1.

Definition 6.4. The Coxeter number of g is hg = ⟨θ, ρ∨⟩+ 1 = mr + 1, and the dual Coxeter number is

h∨g = ⟨θ̃∨, ρ⟩+ 1,

where θ̃∨ = 2θ/(θ, θ). If we normalize (θ, θ) = 2, then h∨g = 1
2
(θ, θ + 2ρ), which is the eigenvalue of 1

2
C

(where C is the Casimir operator).

6.4 Complex, Real, and Quaternionic Types

Definition 6.5. Let G be a Lie group. An irreducible representation V of G or g is of complex type if
V ≇ V ∗, real type if there exists a symmetric isomorphism V ! V ∗ (i.e. a symmetric inner product for
V ), and quaternionic (or symplectic) type if the isomorphism is given through an anti-symmetric inner
product.

Exercise 6.1. Let V be an irreducible representation of a finite group G. Show that EndRG(V ) (i.e.
V ⊗ V ∗) can only be one of three types:

• complex type if EndRG(V ) ∼= C,

• real type if EndRG(V ) ∼= Mat2×2(R),

• quaternionic type if EndRG(V ) ∼= H.

Example 6.5.1. Let Ln be an irreducible representation of sl2. Then Ln is of real type for even n and
of quaternionic type for odd n. Thus Ln = SnV where V = L1 is 2-dimensional. The invariant form on
SnV is SnB, where B is a skew-symmetric invariant form on V .
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Proposition 6.4. Assume λ = −w0(λ), so that the corresponding representation is of real or quaternionic
type. Then Lλ is of real type if (2ρ∨, λ) is even and of quaternionic type if it is odd.

Proof. The number n = (2ρ∨, λ) is the eigenvalue of h (from the principal sl2-subalgebra) on the highest
weight vector. Thus we have a decomposition

Lλ|sl2 = Ln ⊕
⊕
m<n

kmLm,

where Ln has multiplicity 1. One can determine the type based on Ln.

6.5 Review of Compact Lie Groups

Remark. Let G be a real Lie group of dimension n. Then ξ ∈ ∧ng∗ gives a generating n-form ω, which
is non-vanishing if ξ is non-vanishing. This gives rise to left- and right-invariant measures µL and µR on
G, which are unique up to a constant. We say that G is unimodular if µL = µR (up to constants).

When does µL = µR? For a 1-dimensional representation V of G, let |V | be the representation of G on
the same space where ρ|V |(g) = |ρV (g)| (where ρV : G! Aut(V ) = R×).

Proposition 6.5. We have µL = µR if and only if |∧ng∗| is a trivial representation of G.

Proof. We have µL = µR if and only if the left-invariant form is right- or left-invariant up to a sign. This
is equivalent to ξ ∈ ∧ng∗ being invariant up to a sign under the action of g.

Proposition 6.6. A compact group is unimodular.

Proof. For compact groups, the representation |∧ng∗| gives a continuous homomorphism G! R+, whose
only compact subgroup is {1}. The result follows by Proposition 6.5.

Proposition 6.7. Let V be an irreducible representation of G. Then V admits a G-invariant unitary
structure.

Proof. Take any positive Hermitian form B on V , and define

Bav(v, w) =

∫
G

B(ρV (g)v, ρV (g)w) dg.

This is well-defined and invariant by construction.

Corollary 6.0.1 (Weyl unitary trick). Any finite-dimensional representation is completely reducible.

Proof. Write V = W ⊕W⊥. If W is invariant, then so is W⊥.
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Feb. 4 — Compact Groups

7.1 More on Exponents

Theorem 7.1 (Chevalley’s restriction theorem). There is an isomorphism C[g]G
∼=

−! C[h]W .

Theorem 7.2 (Harish-Chandra theorem). There is an isomorphism C[h]W
∼=

−! Z(U(g)).

Remark. Pick an ordering si1 , . . . , sir of the simple roots. Then c = si1 · · · sir is the Coxeter element,
and ch = 1 where h is the Coxeter number. Then the eigenvalues of c are ζmi+1 where ζ = e2πi/h and the
mi are the exponents. Also note that |W | =

∏r
i=1(mi + 1).

If e, f, h is the principal sl2-triple, then one can consider e+ gf where gf = ker adf .

7.2 Matrix Coefficients

Remark. For the rest of this lecture, let G be a real compact group and V a finite-dimensional continuous
complex representation of G.

Definition 7.1. A matrix coefficient of ρV : G! GL(V ) is a function G! C of the form

g 7−! ⟨f, ρV (g)v⟩

for some v ∈ V and f ∈ V ∗.

Proposition 7.1. Matrix coefficients are smooth.

Proof. Call v ∈ V a smooth vector if ⟨f, ρV (g)v⟩ is smooth for all f ∈ V ∗. It is obvious that such vectors
form a subspace of V , call it Vsm ⊆ V . Fix v ∈ V and ϕ : G! C smooth and with compact support. Let

w = w(ϕ, v) =

∫
G

ϕ(g)ρV (g)v dg.

We claim that w is smooth. We have

f(ρ(h)w) = f

(
ρV (h)

∫
G

ϕ(g)ρV (g)v dg

)
=

∫
G

f(ϕ(g)ρV (hg)v) dg =

∫
G

f(ϕ(h−1g)ρV (g)v) dg.

Differentiating under the integral sign and noting that ϕ(h−1g) is smooth in h, we see that the above
expression is smooth in h. Now choose a delta-like sequence ϕn with compact support around 1 so that∫

G

ϕn(g) dg = 1.

24
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Then wn = w(ϕn, v) ! v and each wn is smooth, so v is smooth.

Remark. Let V be an irreducible representation of G. Then:

1. V has an invariant positive-definite inner product which is unique up to scaling;

2. one can use an orthonormal basis v1, . . . , vn to define matrix coefficients:

ψV,i,j(g) = v∗j (ρV (g)vi) = (ρV (g)vi, vj)

(note that this definition is independent of normalization).

Theorem 7.3 (Orthonormality of matrix coefficients). Let V,W be irreducible representations of G.

1. If V,W are not isomorphic, then ∫
G

ψV,i,j(g)ψW,k,ℓ(g) dg = 0.

2. For V = W , we have ∫
G

ψV,i,j(g)ψV,k,ℓ(g) dg =
δi,kδj,ℓ
dimV

.

Proof. Let {vi} and {wk} be orthonormal bases for V and W , respectively. We have∫
G

ψV,i,j(g)ψW,k,ℓ(g) dg =

∫
G

((ρV (g)⊗ ρW (g))(vi ⊗ wk), vj ⊗ wℓ) dg

Define the operator

P =

∫
G

(ρV ⊗ ρW )(g) dg =

∫
G

ρV⊗W (g) dg.

Since W ∼= W ∗, we have P : V ⊗W ∗ ! V ⊗W ∗. Thus

ImP ⊆ (V ⊗W ∗)G,

which is 0 if V ≇W . On the other hand, if V ∼= W , then the only invariant is

u⃗ =
∑
k

(vk ⊗ vk),

so P is the orthogonal projection onto u⃗. Thus

Px⃗ =
(x⃗, u⃗)

(u⃗, u⃗)
u⃗,

so we have (P (vi ⊗ wk), vj ⊗ wℓ) = δi,jδk,ℓ/(dimV ).

7.3 Peter-Weyl Theorem

Theorem 7.4 (Peter-Weyl theorem). The matrix coefficients ψV,i,j form an orthogonal basis in L2(G).

Remark. Let V be a finite-dimensional irrep of G. There is a natural inclusion

iV : V ∗ ↪−! HomG(V, L
2(G)),

f 7−! [v 7! (ρV ∗(·)f)(v)].

We claim that iV is also surjective. To see this, let ϕ ∈ HomG(V, L
2(G)), i.e. an L2 function left-invariant
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under G. Thus we have that
ϕ(x) = ρV ∗(xg−1)ϕ(g)

(after modifying ϕ on a set of measure zero). Setting g = 1, we get ϕ(x) = ρV ∗(x)ϕ(1), so we have

ξ :
⊕

V ∈Irr(G)

V ⊗ V ∗ ∼=
⊕

V ∈Irr(G)

V ⊗ HomG(V, L
2(G)) ↪−! L2(G),

an embedding of (G×G)-modules. Call the left-hand side L2
alg(G).

Theorem 7.5 (Peter-Weyl theorem, alternative). L2
alg(G) is dense in L2(G), i.e.

L2(G) =
⊕̂

V ∈Irr(G)
V ⊗ V ∗.

Example 7.1.1. Let G = S1 = U(1). The irreducible representations of G are ψn(θ) = einθ. The einθ

form a basis of L2(G) = L2(S1), where the norm is given by

∥f∥2 = 1

2π

∫ 2π

0

|f(θ)|2 dθ.

This is the usual Fourier series on S1. The Peter-Weyl theorem extends this to non-abelian groups.

Exercise 7.1. Let G be a compact group and H a closed subgroup of G.

1. Show that L2(G/H) =
⊕̂

V ∈Irr(G)NH(V )V , where NH(V ) = dimV H (the space of H-invariants).

2. Let G = SO(3) and H = SO(2). Then show that L2(G/H) = L2(S2) =
⊕̂

m≥0NH(m)L2m, and
that NH(m) = 1 for every m.

7.4 Introduction to Quantum Mechanics

Remark. Let H be a Hilbert space and H a self-adjoint operator on H. The spectrum of H gives the
energy levels of the system. The elements ψ(x, y, z) ∈ L2(R3) are called wave functions, and we assume
that they are normalized so that ∥ψ∥L2 = 1. This is so that

|ψ(x, y, z)|2∆V
gives the probability of a quantum particle to be in the region ∆V .

In general, there is also a time dependence in the wave function ψ, so we have ψ(x, y, z, t). The time
dependence is governed by the Schroedinger equation:

i∂tψ = Hψ.

One can solve this equation via separation of variables, and we can write

ψ(x, y, z, t) =
∑
N

e−iEN tψN(x, y, z),

where the ψN are eigenvectors satisfying HψN = ENψN .

Example 7.1.2. For the hydrogen atom, we have

H = −1

2
∆− 1

r
,

where ∆ = ∂2x + ∂2y + ∂2z is the Laplacian and r =
√
x2 + y2 + z2. The ∆/2 is called the kinetic part of

H, and the 1/r is called the potential part of H.
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Feb. 9 — Hydrogen Atom

8.1 Bound States of the Hydrogen Atom

Remark. We are looking for eigenvectors for H = −1
2
∆− 1

r
, i.e. ψN ∈ L2(R3) such that HψN = ENψN

with EN < 0. We first write the Laplacian in spherical coordinates:

∆ = ∆r +
1

r
∆sph

∆r = ∂2r +
2

r
∂r

∆sph =
1

sin2 θ
∂2ϕ +

1

sin θ
∂θ(sin θ∂θ · ),

where ϕ is the angle in the xy-plane and θ is the angle from the positive z-axis. Then we have

∂2rψ +
2

r
∂rψ +

2

r
ψ +

1

r2
∆sphψ = −2Eψ,

which is solved by ψ(r, u⃗) = f(r)ξ(u⃗) for u⃗ ∈ S2 satisfying

∆sphξ + λξ = 0 (∗)

f ′′(r) +
2

r
f ′(r) +

(
2

r
− λ

r2
+ 2E

)
f(r) = 0.

Note that (∗) implies ∆sph is rotationally invariant. By the Peter-Weyl theorem, we have

L2(S2) =
⊕̂

ℓ≥0
L2ℓ,

where S2 = SO(3)/SO(2) and L2ℓ are the irreps of SO(3).

Let Y 0
ℓ ⊆ L2ℓ be a vector of weight 0, which is invariant under SO(2). Thus it depends only on θ. So we

can write Y 0
ℓ (θ) = Pℓ(cos θ), where P is a polynomial of degree ℓ. By orthogonality,∫ 1

−1

Pk(z)Pℓ(z) dz = 0, k ̸= n.

Thus we can write
−λePℓ(z) = ∆sphPℓ(z) = ∂z(1− z2)∂zPℓ(z).

From looking at the leading term we must have λℓ = ℓ(ℓ+ 1).

27
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Now take Y m
ℓ ∈ L2ℓ for −ℓ ≤ m ≤ ℓ. Write Y m

ℓ (ϕ, θ) = eimϕPm
ℓ (cos θ). So we have

−m2

1− z2
Pm
ℓ + ∂z(1− z2)∂zP

m
ℓ + ℓ(ℓ+ 1)Pm

ℓ = 0, −ℓ ≤ m ≤ ℓ.

This equation has a unique solution (up to scaling) on [−1, 1], given by

Pm
ℓ = (1− z2)m/2∂ℓ+m

z (1− z2)ℓ.

Now we return to the radial equation:

f ′′(r) +
2

r
f ′(r) +

(
2

r
− ℓ(ℓ+ 1)

r2
+ 2E

)
f(r) = 0.

Write f(r) = rℓe−r/nh(2r/n), where n is to be chosen later and h satisfies

ρh′′(ρ) + (2ℓ+ 2− ρ)h′(ρ) +

(
n− ℓ− 1 +

1

4
(1 + 2En2)ρ

)
h(ρ) = 0.

Now choose n = 1/
√
−2E, so that E = −1/2n2. Then the above equation becomes

ρh′′(ρ) + (2ℓ+ 2− ρ)h′(ρ) + (n− ℓ− 1)h(ρ) = 0.

This equation is known as the generalized Laguerre equation. To get ∥ψ∥2L2 <∞, we must have∫ ∞

0

ρ2ℓ+2e−ρ|h(ρ)|2 dρ <∞,

where the extra +2 in ρ2ℓ+2 comes from the Jacobian. Solutions around 0 behave like ρs(1 + o(1)), so

s(s+ 2ℓ+ 1) = 0.

Thus either s = 0 or s = −2ℓ− 1.

First consider when ℓ = 0. Then s = −1 and we have ρ−1(1 + o(1)), so ψ ∼ 1/r as r ! 0. Then

Hψ = Eψ + Cδ0,

where δ0 is the delta function at 0, so we do not get an eigenvector in this case.

Thus s = −2ℓ− 1. Expanding h(ρ) in a series and substituting, we get the recursive formula

hn(ρ) =
∞∑
k=0

(1 + ℓ− n) · · · (k + ℓ− n)

(2ℓ+ 2) · · · (2ℓ+ 1 + k)k!
ρk.

This series converges, and we have

lim
ρ!∞

hn(ρ)

ρ
= 1

unless the series terminates. Thus n− ℓ− 1 ∈ Z≥0, so we can write

hn(ρ) =
n−ℓ−1∑
k=0

(1 + ℓ− n) · · · (k + ℓ− n)

(2ℓ+ 2) · · · (2ℓ+ 1 + k)k!
ρk = L2ℓ+1

n−ℓ−1(ρ),

which is known as the generalized Laguerre polynomial :

Lα
N(ρ) =

N∑
k=0

(−1)N
N · · · (N − k + 1)

(α + 1) · · · (α + k)

ρk

k!
.
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Theorem 8.1. The bound states (i.e. solutions to Hψ = Eψ in L2(R3)) of the hydrogen atom are

ψn,ℓ,m(r, ϕ, θ) = rℓe−r/nL2ℓ+1
n−ℓ−1(2r/n)Y

m
ℓ (θ, ϕ),

where n ∈ Z>0, ℓ is an integer from 0, . . . , n− 1, En = −1/2n2, and m is an integer between −ℓ, . . . , ℓ.

Remark. In Theorem 8.1, n is known as the principal quantum number, and ℓ is known as the azimuthal
quantum number. Note that if L⃗2 = L2

x + L2
y + L2

z = −∆sph, where iLx, iLy, iLz are the generators of

so(3) satisfying [L{x, Ly] = −iLz}, then L⃗
2 = C = ℓ(ℓ+ 1) is the Casimir operator.

Corollary 8.1.1. The space Wn of states with principal number n has dimension n2.

Proof. This follows from
∑n−1

ℓ=0 (2ℓ+ 1) = n2.

Remark. Note that
⊕̂

nWn forms a proper, closed subspace L2
0(R3) of L2(R3). We need to find all φ

with (Hφ,φ) ≥ 0 to reconstruct all of L2(R3). This corresponds to the continuous spectrum of H.

8.2 Spin

Remark. Spin is a kind of intrinsic angular momentum. Instead of just L2(R3), we should consider

L2(R3)⊗ C2 = L2(R3)⊗ L1

to be the space of states for the hydrogen atom. We have

Vn = (L0 ⊕ L2 ⊕ · · · ⊕ L2n−2)⊗ L1 = 2L1 ⊕ 2L3 ⊕ · · · ⊕ 2L2n−3 ⊕ 2L2n−1,

so dimVn = 2n2. We have an additional spin operator given by

Sz =

(
1/2 0
0 −1/2

)
,

which acts on C2 in the standard basis e+, e−. Then we have

ψn,ℓ,m,+ = ψn,ℓ,m ⊗ e+ and ψn,ℓ,m,− = ψn,ℓ,m ⊗ e−.

The total spin is m+ s (where s is the eigenvalue for Sz), which is either m+ 1/2, or m− 1/2.

8.3 Pauli Exclusion Principle

Remark. The space ∧kVn corresponds to the space of states for k electrons at energy level n. Note that
we must have k ≤ 2n2 to have ∧kVn ̸= 0, which gives the Pauli exclusion principle.

In the periodic table, one has orbitals s, p, d, f corresponding to ℓ = 0, 1, 2, 3, respectively, written with
coefficient n and with exponent k corresponding to the number of electrons in the orbital. For example,
the element Ruthenium has

1s22s22p63s23p63d104s24p64d75s1.

The periodic table is organized as follows: from left to right ordered by how many valent electrons (i.e.
the number of electrons in the outermost orbital), and from top to bottom ordered by how many energy
levels. For Ruthenium, it is on column 8 and row 5. The number is 44, for 44 total electrons.
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Exercise 8.1. Let r⃗ = (x, y, z) and p⃗ = (−∂x,−i∂y,−i∂z) be the position and momentum operators.

Let L⃗ = r⃗ × p⃗ and H = 1
2
p⃗ 2 + U(r), where U is rotationally invariant. Show that:

1. The components iL⃗ are generators of the rotations on R3, and [L⃗, p⃗ 2] = 0.

2. A⃗0 =
1
2
(p⃗× L⃗− L⃗× p⃗) satisfies [A⃗0, p⃗

2] = 0.

3. Let A = A⃗0 + ϕ(r)r⃗. There exists ϕ such that [A⃗,H] = 0 if and only if U is a Columb potential
(i.e. U(r) = C

r
+D), and in this case ϕ is completely determined.

4. (Hidden symmetry of the hydrogen atom) Use the commutation relations between A⃗ and L⃗ to

define an action on so4 = so3 ⊕ so3, so that L⃗ is the diagonal copy in this decomposition.

5. Wn = Ln−1 ⊠ Ln−1 as representations of so4 = so3 ⊕ so3 = sl2 ⊕ sl2.
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9.1 Automorphisms of Semisimple Lie Algebras

Remark. Recall that we can identify Aut(g) with a Lie group with Lie algebra g. The connected
component of the identity Aut◦(g) (also known as the adjoint group Gad) acts transitively on the set of
Cartan subalgebras. If h ⊆ g is a Cartan subalgebra, then there is a connected subgroup H ⊆ Gad which
acts as 1 on h and as eα(x) on gα for x ∈ h. Then we have

h/2πiP∨ ∼= H,

and H is called a maximal torus.

Proposition 9.1. The normalizer N(H) of H in Gad coincides with the stabilizer of h and contains H
as a normal subgroup such that N(H)/H =W (the Weyl group).

Proof. Note that SL2(C) is simply connected, so for any simple root αi there is a homomorphism

ηi : SL2(C) −! Gad = G̃/Z(G̃).

Define Si = ηi (
0 1
−1 0 ). Consider w = si1 · · · sin and w̃ = Si1 · · ·Sin . Note that w̃ acts on h acts w, and if

w = w1w2, then w̃ = w̃1w̃2h for some h ∈ H. To see the latter claim, note that h has the preserve the
root decomposition, hence h|gαj

= exp(bj). Thus h = exp(
∑

j bjw
∨
j ) ∈ H (where ⟨w∨

j , αi⟩ = δj,i).

So w̃ and H generate a subgroup N ⊆ N(H) such that N/H = W . It remains to show that N(H) = N .
Let x ∈ N(H) and consider simple roots α′

i = x(αi). Then there exists w ∈ W such that w(α′
i) = αp(i)

for some permutation p. Then w̃x(αi) = αp(i), so this is a Dynkin diagram automorphism. Now ω̃x is an
element of a group, so the fundamental weights are fixed. Thus p = id.

Remark. Although N(H)/H =W , in general N(H) is not a semidirect product of H and W .

Proposition 9.2. The map ξ : Aut(D)⋉Gd ! Aut(g) is an isomorphism.

Proof. We have to show that ξ is surjective. Let a ∈ Aut(g). We can say that a preserves the Cartan
subalgebra (if not, we can shift it by g ∈ Gad). Multiplying by Aut(D)N(H), we can make it act trivially
on h and gαi

. Then a = 1, so a ∈ Im ξ.

9.2 Real Forms of Semisimple Lie Algebras

Remark. Recall the Serre presentation for g, i.e. generators {hi, fi, ei} with certain relations. In this
setting, everything was defined over Q.

31
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Definition 9.1. A semisimple Lie algebra is split if it admits a Chevalley-Serre basis over base field K.

Remark. Let L be a Galois extension of K (charK = 0), and assume that gL is a split semisimple Lie
algebra. We want to find g over K such that g⊗K L = gL. The problem is then to find a classification
of all such g. Let Γ = Gal(L/K). Define an action of Γ on gL by

g(λx) = g(λ)g(x), x ∈ gL, λ ∈ L, g ∈ Γ,

which is twisted linear. We can reconstruct g as the invariants gΓL.

The simplest action of this kind is ρ0(g), which acts on scalars and preserves {hi, ei, fi}. Any twisted
linear action takes the form ρ(g) = η(g)ρ0(g) for some η : Γ ! Aut(gL). As ρ is a homomorphism,

η(gh)ρ0(gh) = η(g)ρ0(g)η(h)ρ0(h),

and upon rearranging, we have
η(gh) = η(g)g(η(h)),

where g(a) = ρ0(g)aρ0(g)
−1 for a ∈ Aut(gL). The above is called a 1-cocycle condition.

Denote the Lie algebra associated to the cocycle η by gη. When do we have gη1
∼= gη2? This is the case

when ρ1 and ρ2 are isomorphic, i.e. there exists a ∈ Aut(gL) such that ρ1(g)a = aρ2(g). Then

η1(g)ρ0(g)a = aη2(g)ρ0(g),

so η1(g) = aη2(g)g(a)
−1. Thus η1 and η2 are cohomologous cocycles.

Proposition 9.3. The semisimple Lie algebras g over K which split over L (where L/K is Galois) are
classified by H1(Γ,Aut(gL)), where Γ = Gal(L/K).

Remark. We will now specialize to K = R, L = C, where Γ = Z/2Z, generated by complex conjugation.
We have Aut(gL) = Aut(D)⋉Gad. Since η(1) = 1, η is determined by η(−1). The cocycle condition is

ss = 1, s = η(−1).

The corresponding Lie algebra (up to isomorphism) depends only on the cohomology class of s, where
s! asa−1 for a ∈ Aut(D).

Theorem 9.1. The real semisimple Lie algebras whose complexification is g (i.e. the real forms of g)
are classified by s ∈ Aut(D)⋉Gad such that ss = 1, modulo the equivalence s! asa−1 for a ∈ Aut(D).

Remark. Note that complex conjugation acts trivially on Aut(D).

Remark. Denote by g(s) = {x ∈ g : x = s(x)} the real form corresponding to s. Denote by g(1) the split
form consisting of real x ∈ g (so that x = x).

Alternatively, we can define an antilinear involution σs(x) = s(x). Then g(s) is the fixed point set of σs.

Remark. Note that s defines s0 ∈ Aut(D) with s20 = 1.

Corollary 9.1.1. The conjugacy class of s0 is invariant under equivalences.

Remark. Since s0 permutes the connected components of the Dynkin diagram D, it preserves some and
divides some into pairs. So every semisimple real Lie algebra is a direct sum of simple ones, and each
simple one has either connected Dynkin diagram or consists of two identical components.
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Remark. We now consider the case when D is connected and g is simple.

Definition 9.2. A real form g(s) of a complex simple Lie algebra is said to be inner to g(s′) if s
′ = gs

up to equivalence, where g ∈ Gad (i.e. s, s′ differ by an inner automorphism). The inner class of g(s) is
the collection of all real forms inner to g(s). An inner form is a form inner to a split form. We call g(s)
quasi-split if s = s0 ∈ Aut(D).

Corollary 9.1.2. We have the following:

1. Any real form is inner to a unique quasi-split form.

2. A real form which is both inner and quasi-split is split.

Example 9.2.1. Consider the Cartan involution τ defined by

τ(hj) = −hj, τ(ej) = −fj, τ(fj) = −ej.

Then g(τ) = gc is called the compact real form of g.
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10.1 Compact Real Forms

Proposition 10.1. Let τ be the Cartan involution (defined in Example 9.2.1) and gc = g(τ). Then the
Killing form of gc is negative definite.

Proof. We can write gc = (h ∩ gc) ⊕
⊕

α∈R+
(gα ⊕ g−α) ∩ gc. The Killing form is negative definite on

h ∩ gc since the inner product on a coroot lattice is positive definite. Thus it is negative definite on gc,
as {iα∨

j } is a basis for gc ∩ h. Now we need to show that it is negative definite on (gα ⊕ g−α) ∩ gc. Note
that for g = sl2, we have a basis for gc given by ih, e− f , i(e+ f), so gc = su(2). So the statement holds
there. For general g, we have that Si preserves g

c, since

S =

(
0 1
−1 0

)
∈ SU(2)

and Lie(SU(2)i) ⊆ gc. Thus for any w ∈W , the lift w̃ preserves gc, so the restriction of the Killing form
of gc to gc ∩ (sl2)α is negative definite.

Remark. Consider Aut(gc). Since the Killing form is negative definite, Aut(gc) is a closed subgroup of
O(gc), so it is compact. Moreover, this is a Lie group with Lie algebra gc.

Corollary 10.0.1. Gc
ad = Aut(gc)◦ is a connected, compact Lie group with Lie algebra gc.

Example 10.0.1. We have the following:

1. For g = sln, we have Gc
ad = PSU(n) = SU(n)/µn, where µn is the nth roots of unity.

2. For g = son, we have Gc
ad = SO(n) for odd n and Gc

ad = SO(n)/{±1} for even n.

3. For g = sp2n, we have Gc
ad = U(n,H)/{±1}. The group

U(n,H) = Sp2n(C) ∩ U(2n)

is called the quaternionic unitary group.

Example 10.0.2. We have the following:

1. Consider An−1, which corresponds to the split form sl(n,R) and compact form su(n). For n > 2,
we have a quasi-split real form as follows: Let s(A) = −JATJ−1 where Ji,j = (−1)iδi,n+1−j. Then

ei, fi, hi, 7−! en+1−i, fn+1−i, hn+1−i.

34
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Note that J is a Hermitian or skew-Hermitian form of signature (p, p) with n = 2p or of signature
(p+ 1, p), (p, p+ 1), which are isomorphic when n = 2p+ 1.

For n = 2, we have su(1, 1) = sl(2,R) (and PSU(1, 1) = PSL(2,R)).1

2. For type Bn, we have compact form so(2n+ 1) and split form so(n+ 1, n). There are no nontrivial
automorphisms, so there are no non-split quasi-split forms.

Particular cases of interest are SO(3) ∼= SU(2) and SO+(2, 1) = PSU(1, 1) = PSL(2,R).

3. For type Cn, we have the split form sp(2n,R) and compact form u(n,H). There are no non-split
quasi-split reals forms, as there are no nontrivial automorphisms of the Dynkin diagram.

Note that B2 = C2, so we have so(3, 2) = sp4(R) and so(5) = u(2,H).

4. For type Dn, we have split form so(n, n) and compact form so(2n). For n > 4, there is a unique
nontrivial involution, while for n = 4, we have Aut(D) = S3. However, there is still a unique
non-split quasi-split form as there is only one nontrivial involution up to conjugation. Recall

A = −JATJ−1, Ji,j = δi,2n+1−j.

Then the quasi-split form is given by J 7! J ′ = gJ , where g permutes en, en+1 (which corresponds
to αn−1, αn). The signature defined by J ′ is (n+1, n− 1), so the quasi-split form is so(n+1, n− 1).

Note that D2 = A1 ⊕ A1, so we have the following isomorphisms:

so(4) = su(2)⊕ su(2),

so(2, 2) = su(1, 1)⊕ su(1, 1),

so(3, 1) = sl2(C),

where in the last isomorphism we view sl2(C) as a real Lie algebra.

We also have D3 = A3, which gives the following isomorphisms:

so(6) = su(4),

so(3, 3) = sl4(R),
so(4, 2) = su(2, 2).

10.2 Classification of Real Forms

Remark. Write g = gc ⊗R C and ω = στ the Cartan antilinear involution (so that gc is the fixed points
of στ ). Another real structure on g is given by σ = ω ◦ g for g ∈ Aut(g), as

σ2 = ω ◦ g ◦ ω ◦ g = 1

(note that ω ◦ g ◦ ω = ω(g), and ω(g)g = 1). Define

(X, Y ) = tr(adX adω(Y )),

which is the Hermitian extension of the Killing form from gc to g. Note that ω(g) = (g†)−1, where g† is
the adjoint of g. Thus we see that g is self-adjoint.

1Note that PSU(1, 1) is the group of automorphisms of the unit disk, and PSL(2,R) is the group of automorphisms of
the upper half-plane. The isomorphism comes from the Cayley transform from the unit disk to the upper half-plane.
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In particular, g is diagonalizable with real eigenvalues. So we can write

g =
⊕
γ∈R

g(γ),

where g(γ) is the eigenspace of g corresponding to eigenvalue γ. Note that

[g(β), g(γ)] = g(βγ).

Consider the operator |g|t for t ∈ R, which acts on g(γ) as |γ|t. We can rewrite

|g|t = exp(t log |g|) ∈ Gad,

which is a 1-parameter subgroup of Gad. Then we can define θ := g|g|−1, and we have{
θ ◦ ω = ω ◦ θ,
θ2 = 1,

where the first identity follows from (θ†)−1 = θ. We have

θ = |g|−1/2gω(|g|1/2).

We can assume g = θ with θ ◦ ω = ω ◦ θ, or equivalently, that θ ∈ Aut(gc) and θ2 = 1. Thus θ has ±1
eigenspaces. Note that θ′ defines the same real form if and only if

θ′ = xθ(ω(x))−1

for some x ∈ Aut(g). Then we have xθ(ω(x))−1 = ω(x)θx−1 (since θ′2 = 1, so θ′−1 = θ′). Let

z = (ω(x))−1x,

so that ω(z) = z−1. Then θz = z−1θ. Now note that z = x†x is positive definite, so if y = xz−1/2,

ω(y) = ω(x)z1/2 = (x†)−1z1/2 = xz−1/2 = y.

Thus y ∈ Aut(gc), and we also have that

θ′ = xθω(x)−1 = xθzx−1 = xz−1/2θz1/2x−1 = yθy−1.

Theorem 10.1. The real forms of g are in one-to-one correspondence with the conjugacy classes of
involutions θ ∈ Aut(gc), where θ 7! ωθ := θ ◦ ω = ω ◦ θ.

Remark. For θ : g ! g, denote by gθ the corresponding real form. For example,

g1 = gc = g(τ),

where the latter is our old notation using the split forms.

Remark. We now have a canonical (up to automorphisms of gc) decomposition

g = k⊕ p,

where θ = 1 on k and θ = −1 on p. Here k is a Lie subalgebra and [p, p] ⊆ k. For gc itself, we have

gc = kc ⊕ pc.

Moreover, we have gθ = kc ⊕ pθ, where pθ = ipc (a fixed point of σ = ω ◦ θ has to have an extra − sign,
which we can achieve by multiplying by i).

Exercise 10.1. Show that k is reductive but not necessarily semisimple.
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11.1 Classification of Real Forms, Continued

Proposition 11.1. There exists a Cartan subalgebra h in g which is invariant under θ and such that
h ∩ k is a Cartan subalgebra in k.

Proof. Consider a generic element t ∈ kc. It is regular and semisimple. Consider hc+, the centralizer of
t in kc. Then necessarily h+ := hc+ ⊗R C is a Cartan subalgebra in k. Let hc− be a maximal subspace
of pc so that hc = hc+ ⊕ hc− is a commutative subalgebra of gc. Then we claim that h = hc ⊗R C is a
Cartan subalgebra of g. Note that h consists of the semisimple elements, and all elements in gc are
anti-self-adjoint operators. If z ∈ g commutes with h, then

z = z+ + z−, z+ ∈ k, z− ∈ p,

where z± commute with h. Then z+ ∈ h+, and

z− = x+ iy, x, y ∈ pc,

where x, y commute with h. Then x, y ∈ hc− (by the definition of hc−), so z ∈ h.

Corollary 11.0.1. We have h = h+ ⊕ h−, where θ = 1 on h+ and θ = −1 on h−.

Lemma 11.1. There are no coroots of g in h−.

Proof. Suppose otherwise that α∨ ∈ h−. Then θ(α
∨) = −α∨, so

θ(eα) = e−α and θ(e−α) = eα

for some e±α ∈ g±α. Then x = eα + e−α satisfies θ(x) = x, so x ∈ k. But x /∈ h+ (since x ⊥ h+). Thus
[h+, x] = 0 since α vanishes on h+, a contradiction as h+ is a maximal commutative subalgebra of k.

Remark. Pick a generic element t ∈ h+, which is regular in g. Choose t so that

Re(t, α∨) ̸= 0

for all α∨ of g. Then we can define a polarization on R by

R+ = {α ∈ R : Re(t, α∨) > 0}

which satisfies θ(R+) = R+. Now {θ(i) : i ∈ D} gives the action of θ: If θ = i, then

θ(ei) = ±ei, θ(hi) = hi, θ(fi) = ±fi.

Otherwise, if θ(i) ̸= i, then we can choose generators hi, ei, eθ(i), fi, fθ(i), hθ(i) such that
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θ(xi) = xθ(i), x = e, f, h.

We can then construct markings on the Dynkin diagram as follows:

• Connect vertices i and θ(i) if θ(i) ̸= i.

• Mark a vertex i as white if θ(ei) = ei.

• Mark a vertex i as black if θ(ei) = −ei.

This is the Vogan diagram associated to the Dynkin diagram. Note that ei ∈ P is a non-compact root.

Exercise 11.1. Showing the following:

1. The signature of the Killing form of gθ is (dim p, dim k). Moreover, the Killing form is negative
definite if and only if θ = 1, i.e. g = gc.

2. For a split real form, dim k = |R+|.

3. Show that for any real form in a compact inner class, rank(k) = rank(g).

11.2 Real Forms of Classical Lie Algebras

Example 11.0.1. We have the following real forms of the classical Lie algebras:

1. Type An−1, compact inner class.

Let θ be the inner automorphism element of PSU(n) of order 2. Let g ∈ U(n) such that g2 = 1.
Then θ(x) = gxg−1, so g = idp⊗(− idq) with p+ q = n. Thus

gθ = su(p, q) and k = glp ⊕ slq.

For n = 2, we have su(2) and su(1, 1), with k = gl1.

2. Type An−1, split inner class.

If n is odd (so all vertices are divided into connected pairs), then

gθ = sln(R).

If n is even, then there is 1 stable vertex (which is either black or white). In these cases we either
have k = sp2k (in which case gθ = sl(k,H)) or k = so2k (which is just the split form sln(R)).

3. Type Bn (i.e. so2n+1).

Let θ be the inner automorphism of order ≤ 2. We can write

θ = id2p+1⊕(− id2q)

where p+ q = n. The real forms are so(2p+ 1, 2q), with k = so2p+1 ⊕ so2q.

4. Type Cn.

We can have g ∈ Sp2n(C) such that g2 = 1 or g2 = −1. The adjoint compact group is

(Sp(2n) ∩ U(n))/±1.
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If g2 = 1, then the eigenspace with eigenvalue 1 has dimension 2p, and the eigenspace for −1 has
dimension 2q (where p+ q = n). Assume that p ≥ q (otherwise take g 7! −g). Then we have

sp(2p, 2q) = sp2n ∩ u(p, q) = u(p, q,H).

In this case, we have k = sp2p ⊕ sp2q.

If g2 = −1, then C2n = V (i)⊕ V (−i). In this case, k = gln(C), as for any (w,w) = w · w in Cn,

Im(w,w) = i Im(w ∧ w)

defines a symplectic form on R2n. Thus we can view U(n) ⊆ Sp2n(R).

5. Type Dn, compact inner class.

In this case, θ is given by g ∈ SO(2n) with g2 = ±1.

If g2 = 1, then C2n = V (1)⊕ V (−1) ( where dimV (1) = 2p and dimV (−1) = 2q with p+ q = n).
Note that det(g) = 1, so the eigenspaces are even-dimensional. Then

gθ = so(2p, 2q) and k = so(2p)⊕ so(2q).

If g2 = −1, then C2n = V (i)⊕ V (−i), so k = gln(C). In this case, we have

gθ = so∗(2n),

which is known as the quaternionic orthogonal Lie algebra.

6. Type Dn, the other inner class.

In this case, θ is given by g ∈ O(2n) with det(g) = −1 and g2 = ±1.

Note that if g2 = −1, then det(g) = 1, which is a contradiction. So we can only have g2 = 1. Then

C2n = V (1)⊕ V (−1),

where dimV (1) = 2p+ 1 and dimV (−1) = 2q + 1. Here k = so(2p+ 1)⊕ so(2q + 1).

11.3 More on Compact Groups

Exercise 11.2. Show that if Kc is a compact Lie group, then k = LieC(K
c) is a reductive Lie algebra.

Example 11.0.2. Let Gad = Aut(g)◦ for a semisimple Lie algebra g, and let Gc
ad be its compact form.

Consider the following product:
(S1)r ×Gc

ad.

We will see that any Lie algebra of a compact group is isomorphic to a Lie algebra of such a product.
We can also consider covering spaces, i.e. what is π1(G

c
ad)?
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12.1 Classification of Compact Lie Groups

Remark. Let g be semisimple and G the corresponding simply connected Lie group (which is the
universal cover for Gad = Aut(g)◦). Define

Z = ker(G! Gad) = π1(Gad).

Recall that the finite-dimensional representations of G are in one-to-one correponsdence with the finite-
dimensional representations of g, which (the irreducible ones) are given by {Lλ} for λ ∈ P+. Then Z
acts as χλ : Z ! C× on every Lλ, and χλχµ = χλ+µ. Note that

χ : P −! Hom(Z,C×),

and χθ = 1 (where θ is the longest root) as Z acts trivially on the adjoint representation.

Exercise 12.1. If λ(hi) is sufficiently large, then show that for all α ∈ g we have

Lλ+α ⊆ Lλ ⊗ g,

so in particular, χλ+α = χλ, i.e. χα = 1.

Remark. We can define maps P/Q! Hom(Z,C×) and Z ! P∨/Q∨ (and similarly for Gc
ad, G

c, Zc).

Proposition 12.1. A representation Lλ of g of highest weight λ ∈ P+ lifts to a representation of Gad

(equivalently, of Gc
ad) if and only if λ ∈ P+ ∩Q.

Proof. We have shown if λ ∈ P+ ∩Q, then Lλ lifts. The converse follows from Proposition 12.2.

Proposition 12.2. If V is a faithful finite-dimensional representation of a compact Lie group, then any
irrep Y is contained in V ⊗n ⊗ (V ∗)⊗m for some n,m.

Lemma 12.1. If X is a compact manifold, then π1(X) is finitely generated.

Proof. Cover X with balls around each point, by the compactness of X there is a finite subcover. Let
x1, . . . , xn be the centers of the finitely many balls, and create a graph G by connecting xi. Then there
is a surjection π1(G) ! π1(X), and π1(G) is finitely generated.

Theorem 12.1. Let g be a semisimple complex Lie algebra and Gc
ad the corresponding adjoint compact

group. Then π1(G
c
ad) = P∨/Q∨. In particular, the universal cover of Gc

ad is a compact Lie group.
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Proof. Let Gc
∗ be a finite cover of Gc

ad and define

ZGc
ad

= ker(Gc
∗ ! Gc

ad) ⊆ Gc
∗.

A finite-dimensional irrep is classified by P+(G
c
∗) ⊆ P+ with P+ ∩Q ⊆ P+(G

c
∗). Let P (G

c
∗) ⊆ P be the

lattice generated by P+(G
c
∗), and consider the character χλ for the action of ZGc

ad
on Lλ (an irrep of Gc

∗).
Then χ gives a map

ξ : P (Gc
∗)/Q −! Z∨

Gc
ad

= Hom(ZGc
ad
,C×).

Since Gc
∗ is compact, by the Peter-Weyl theorem ξ is surjective. It just remains to show that π1(G

c
ad) is

finite. Let Gc
∗ = Gc, the universal cover. Then P (Gc

∗) = P , so P/Q ∼= Z∨, and thus

Z = π1(G
c
ad)

∼= P∨/Q∨.

By Lemma 12.1, π1(G
c
ad) is finitely generated, and it is also abelian. Take a subgroup of finite index N

and take Gc
∗ to be the corresponding cover. Then we have

N = |ZGc
∗| ≤ |P (Gc

∗)/Q| ≤ |P/Q|,

which for abelian groups implies that the group is finite.

Corollary 12.1.1. We have the following:

1. If g is a semisimple complex Lie algebra, then the simply connected Lie group Gc corresponding to
the Lie algebra gc is compact and its center is P∨/Q∨, which is the same as π1(G

c
ad).

2. Let Γ ⊆ P∨/Q∨. Then the irreps of G/Γ are the Lλ such that λ defines the trivial character of Γ.

3. Let Gc
i be compact Lie groups corresponding to simple Lie algebras gi, and let g =

⊕n
i=1 gi. Then

any connected Lie group with Lie algebra gc is compact and of the form( n∏
i=1

Gc
i

)
/Z,

where Z = π1(G
c) is a subgroup of

∏
i Zi for Zi = P∨

i /Q
∨
i (the center of Gc

i). Moreover, every
semisimple connected compact Lie group has this form.

Example 12.0.1. Let Gc
∗ = SO(4,R). Then Gc

ad = SO(3,R)× SO(3,R) and Gc = SU(2)× SU(2), and

SO(4,R) = (SU(2)× SU(2))/{±(1, 1)}.

Example 12.0.2. Let G∗ = SO(4,C). Then G = SL(2,C)× SL(2,C) = Spin(4), and

SO(4,C) = (SL(2,C)× SL(2,C))/{±(1, 1)}.

In this case, Gad = PSL(2,C)× PSL(2,C).

Corollary 12.1.2. Any connected compact Lie group with Lie algebra of the form gc ⊕ a with a abelian
is a quotient of T × C by a finite central subgroup, where T = (S1)m and C is compact, semisimple, and
simply connected.

12.2 Polar Decomposition

Remark. Consider Gad,θ ⊆ Gad corresponding to gθ ⊆ g. Note that Gad,θ is a closed subgroup, but it
may be disconnected (e.g. if gθ = sl(2,R) ⊆ sl(2,C), then Gad = PGL2(C) and Gad,θ = PGL2(R), which
is disconnected as det : GL2(R) ! R \ {0} and R \ {0} is disconnected; but C \ {0} is connected).
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Now let Kc ⊆ Gad,θ be the subgroup of elements acting on g by unitary operators, i.e. Kc is the fixed
points of ωθ. Note that Kc is a closed but possibly disconnected subgroup. Let Lie(Kc) = kc, and note
that Kc is compact. Let Pθ = exp(pθ) ⊆ Gad,θ, where pθ = ipc (note that Pθ need not be a subgroup).
Now Pθ acts on g by Hermitian operators, so we get a diffeomorphism

exp : pθ ! Pθ,

thus Pθ is a closed embedded submanifold in Gad,θ.

Theorem 12.2 (Polar decomposition). The multiplication Kc × Pθ ! Gad,θ is a diffeomorphism, hence

Gad,θ
∼= Kc × Rdim p

as manifolds. In particular, Gad,θ is homotopy equivalent to Kc.

Proof. By the polar decomposition for matrices, any invertible matrix A can be written as A = UARA,
where UA is unitary and RA is positive Hermitian. Explicitly, we have

RA = (A†A)1/2 and UA = A(A†A)−1/2.

Let g ∈ Gad,θ ⊆ Aut(g) ⊆ GL(g). Note that g†g is an automorphism of g with positive eigenvalues, so
(g†g)1/2 = Rg ∈ Pθ, the positive self-adjoint elements. Since Ug is unitary, it has to belong to Kc. Thus
we have constructed an inverse map to µ.

Corollary 12.2.1. We have Gad
∼= Gad × P, where P is the set of elements acting on g by positive

Hermitian operators. In particular, π1(Gad) = π1(G
c
ad) = P∨/Q∨.

Corollary 12.2.2. If G is a semisimple complex Lie group, then the center Z of G is contained in Gc,
hence Z coincides with the center Zc of Gc. Thus the restriction of finite-dimensional representations
from G to Gc defines an equivalence of categories.

Remark. By considering coverings, the polar decomposition also applies to the real form Gθ ⊆ G of any
connected complex semisimple Lie group G. However, note that Gθ need not be simply connected even
if G is (e.g. for G = SL2(C) we have Gθ = SL2(R) ∼= SO(2) ∼= S1, so π1(Gθ) ∼= Z).

Example 12.0.3. We have the following:

1. If G = SLn(C), then Kc = SU(n) and P is the set of positive Hermitian matrices of determinant 1.

2. If Gθ = SLn(R), then Kc = SO(n) and Pθ is the positive symmetric matrices of determinant 1.



Lecture 13

Feb. 25 — Maximal Tori

13.1 Classification of Reductive Lie Groups

Definition 13.1. A connected complex Lie group G is reductive if it has the form

((C×)r ×Gss)/Z,

where Gss is semisimple and Z is a finite central subgroup. A complex Lie group G is called reductive if
G◦ is reductive and G/G0 is finite.

Example 13.1.1. Recall that GLn(C) = (C× × SLn(C))/µn, hence GLn(C) is reductive.

Remark. With this definition, a simply connected complex Lie group with reductive Lie algebra is not
necessarily reductive (e.g. C).

Remark. Given G = ((C×)r ×Gss)/Z, we have Z ⊆ (S1)r ×Gss ⊆ (C×)r ×Gss. Then

Gc = ((S1)r ×Gc
ss)/Z ⊆ G.

Recall that restriction from G to Gc defines an equivalence of categories between their representations,
so the representations of G are completely reducible and the irreps are characterized by

(n1, . . . , nr, λ), λ ∈ P+(Gss), ni ∈ Z.

Thus we have the characterize the trivial character of Z.

Definition 13.2. A connected Lie group G is called linear if it can be realized as a subgroup of GLn(C)
(or GLn(R)) for some n.

Remark. Any complex semisimple Lie group can be realized as a linear one, but this is not true for real
Lie groups (e.g. the universal cover of SL2(R)).

Proposition 13.1. Suppose gθ is a real form of a semisimple Lie algebra g, and let G be the connected
complex Lie group corresponding to g. Define Gθ = Gωθ . Then Gθ and G◦

θ are linear Lie groups, and
every connected real semisimple Lie group is of the form G◦

θ for some gθ.

13.2 Maximal Tori

Remark. Let g be a complex semisimple Lie algebra and gc its compact form. Let G be the corresponding
connected Lie group and Gc its compact part. Let hc ⊆ gc be a maximal commutative Lie subalgebra.
Note that hc ⊗R C = h ⊆ g, where h is a Cartan subalgebra in g.
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Remark. Recall that we have {(h,Π)} (here h is a Cartan subalgebra and Π the set of simple roots)
are all conjugate: For any (h,Π) and (h′,Π′), there exists g ∈ G such that

Adg(h,Π) = (h′,Π′).

The same happens for gc.

Lemma 13.1. Any two Cartan subalgebras in gc equipped with systems of simple roots are conjugate
under some g ∈ Gc.

Proof. Fix (hc,Π) and ((hc)′,Π′). Then there exists g ∈ G such that

Adg(h
c,Π) = ((hc)′,Π′),

and for g = ω(g), we have Adg(h
c,Π) = ((hc)′,Π′). Then g−1g commutes with hc, so it preserves Π. Now

gh = g for some h ∈ H = exp(hcC). Write g = kp for some k ∈ Gc and p ∈ P by the polar decomposition.
Then g = kp−1, so kp−1h = kp, so h = p2. So p = h1/2 commutes with hc and preserves Π. Thus we can
take k ∈ Gc to be the desired element.

Definition 13.3. Given a Cartan subalgebra hc ⊆ gc, the corresponding Lie group Hc = exp(hc) ⊆ Gc

is called a maximal torus.

Corollary 13.0.1. Any two maximal tori in G or Gc equipped with systems of simple roots are conjugate.

Theorem 13.1. Every element of a connected compact Lie group K is contained in a maximal torus,
and all maximal tori are conjugate.

Proof. We can assume K is semisimple and K = Gc. Let K ′ ⊆ K be the set of elements contained in
some maximal torus. Fix a maximal torus T ⊆ K, and define

f : K × T −! K

k, t 7−! ktk−1.

Clearly Im f = K ′. Note that K ′ is compact, so K ′ is closed and hence K \K ′ is open. Note that a
generic x ∈ gc is a regular element, i.e. its centralizer zx has dim zx = rank g. Then every regular element
g ∈ K is contained in the maximal torus exp(zx), so the elements of K ′ \K are non-regular. Since the
non-regular elements are defined by a set of polynomial equations, K ′ \K is also closed. Hence K ′ \K
must be empty by connectedness.

Corollary 13.1.1. On compact groups, the exponential map exp : gc ! Gc is surjective.

13.3 Semisimple and Unipotent Elements

Definition 13.4. Let G be a connected complex reductive Lie group. An element g ∈ G is semisimple
(resp. unipotent) if it acts in every finite-dimensional representation of G by semsimple (resp. unipotent,
i.e. all eigenvalues are 1) operators.

Exercise 13.1. Recall that for any compact G, there is a faithful finite-dimensional representation
Y . Show that g ∈ G is semisimple (resp. unipotent) if and only if it acts on Y by a semisimple (resp.
unipotent) operator.
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Exercise 13.2. Show that if G is semisimple, then the exponential map defines a homeomorphism
between the set of nilpotent elements in g = Lie(G) and the set of unipotent elements in G.

Exercise 13.3. Let Z be the center of a connected complex reductive Lie group G.

1. Show that the homomorphism π : G! G/Z defines a bijection between the unipotent elements of
G and G/Z.

2. Show that the set of semisimple elements of G is the preimage under π of the set of semisimple
elements in G/Z.

Proposition 13.2 (Jordan decomposition). Any g ∈ G has a unique factorization

g = gsgu,

where gs ∈ G is semisimple, gu ∈ G is unipotent, and gsgu = gugs.

Proof. We can reduce to the adjoint group. Then we can decompose

Adg = su

uniquely on the level of matrices, where s is semisimple and u is unipotent. It then suffices to show that
s, u are Adgs ,Adgu for some group elements. Fill in the details as an exercise.

13.4 Cartan Decomposition

Remark. Let G be a connected complex semisimple Lie group. Let Gθ ⊆ G be a real form, and write
Gθ = KcPθ. Then gθ = kc ⊕ pθ and gc = kc ⊕ pc where pθ = ipc.

Proposition 13.3. We have the following:

1. Let a be a maximal abelian subspace in pθ. Then the centralizer z of a in gc has the form m⊕ a,
where m is a reductive Lie algebra in kc. Moreover, t is a Cartan subalgebra in m, t⊕ ia is a Cartan
subalgebra in t⊕ a is a Cartan subalgebra in gθ.

2. If a ∈ a is sufficiently generic in pθ, then the centralizer of a in pθ is a.

3. For all p ∈ pθ, there exists k ∈ Kc such that Adk(p) ∈ a.

4. All maximal subspaces of pθ are conjugated by Kc.

Theorem 13.2 (Cartan decomposition). Let a ⊆ pθ be a maximal abelian subspace. Let A = exp(a) ⊆
Pθ ⊆ Gθ, which is isomorphic to Rn where n = dim a. Then Gθ = KcAKc.

Remark. The decomposition in Theorem 13.2 is not unique.

Remark. For Gθ = GLn(C), the Cartan decomposition is U1DU2 where U1, U2 are unitary and D is
diagonal with positive entries, a classical theorem of linear algebra.

Theorem 13.3 (E. Cartan). Let Gθ be a real form of a connected semisimple complex Lie group. Then
any compact subgroup L of Gθ is conjugated to a subgroup of Kc by an element of Pθ. Also, every
compact subgroup of Gθ is contained in a maximal one. Therefore, all maximal compact subgroups are
conjugate to each other.



Lecture 14

Mar. 2 — Verma Modules

14.1 Integral Form of Weyl Character Formula

Theorem 14.1. If f is a conjugation invariant continuous function on a compact connected Lie group
K with maximal torus T ⊆ K and Haar probability measures dk and dt, then∫

K

f(k) dk =
1

|W |

∫
T

f(t)|δ(t)|2 dt,

where δ(t) = ρ(t)−1
∏

α∈R+
(α(t)− 1).1

Proof. First (exercise) use the Peter-Weyl theorem to show that the characters form a dense set in the
space of conjugation invariant functions. So it suffices to show the formula for f a character. Then∫

K

χλ(k) dk = δλ,0

is the left-hand side by the orthogonality of characters. Now write

χλ(t) =

∑
w∈W ε(w)tw(λ+ρ)

∆
, ∆ =

∑
w∈W

ε(w)tw(ρ) = t−ρ
∏

α∈R+

(tα − 1) = ρ(t)−1
∏

α∈R+

(α(t)− 1),

so ∆ = δ(t). Here ε(w) = (−1)ℓ(w) is the sign of w. Then we get

1

|W |

∫
T

χλ(t)χµ(t)|δ(t)|2 dt =
1

|W |

∫
T

∑
w∈W

ε(w)tw(λ+ρ)
∑
w′∈W

ε(w′)t−w′(µ+ρ) dt

This is equal to δλ,µ by the orthogonality of characters, so we get the formula.

Remark. If T ∼= Rr/Λ where Λ ∼= Zr and F is a fundamental domain for T , then H =
∑r

i=1 xiei and

dt =
dx1 . . . dxr
vol(F)

.

For eiθj on U(n), this is given by (dθ1 . . . dθn)/(2π)
n.

Exercise 14.1. Let f be a conjugation invariant function on U(n). Show that∫
U(n)

f(k) dk =
1

(2π)nn!

∫
|z1|=···=|zn|=1

f(diag(z1, . . . , zn))
∏
m<j

|zm − zj|2 dθ1 . . . dθn, zj = eiθj .

1Recall that if α ∈ R+ and eH = t for H ∈ t = LieT , then we denote eα(H) = tα = α(t).
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14.2 More on Verma Modules

Remark. Let g be a complex semisimple Lie algebra and h ⊆ g a Cartan subalgebra. Let λ ∈ h∗ and
Mλ the Verma module of highest weight λ, i.e. it is generated by one vector vλ with

eivλ = 0 and h(vλ) = λ(h)vλ

for 1 ≤ i ≤ r. Note that Mλ = Indh⊕n+ Cλ, where Cλ is the one-dimensional representation for h⊕ n+

defined by by the above actions. Note that Mλ is irreducible for generic λ. In these cases,

Lλ =Mλ/Iλ

is irreducible, where Iλ is the maximal proper submodule of Mλ. Note that exchanging ei and fi in the
above definitions gives the lowest weight Verma modules.

There is a unique symmetric bilinear form on Mλ satisfying the contravariance property:

⟨vλ, vλ = 1⟩ and ⟨eiu,w⟩ = ⟨u, fiw⟩

for u,w ∈Mλ. This form is known as the Shapovalov form, and its kernel is precisely Iλ. Note that if ω
is the Chevalley involution given by ω(ei) = −fi, ω(fi) = −ei, and ω(hi) = −hi, then

⟨xu, v⟩ = −⟨u, ω(x)v⟩

is the contravariance property from above.

Let V =
⊕

V µ be the weight decomposition (note that the weight spaces are finite-dimensional). Then
the V µ and V ν are orthogonal with respect to the Shapovalov form for µ ̸= ν. Let

V ∗ =
⊕
λ

(V λ)∗

be the restricted dual of V , and let HomC(V1, V2) be the space of all linear maps.

Proposition 14.1. If Mλ is irreducible, then its restricted dual is the lowest weight Verma module with
lowest weight −λ.

Definition 14.1. Define V c to be the restricted dual of V with action of g twisted by ω:

⟨xuc, v⟩ = −⟨uc, ω(x)v⟩, uc ∈ V c, v ∈ V, x ∈ g.

Naturally, V c has the same weight subspaces as V . We call M c
λ the contragredient Verma module.

Remark. There is a unique Mλ !M c
λ with image Lλ, and combining it with the pairing above gives

M c
λ ⊗Mλ −! C,

which is exactly the Shapovalov form.

Theorem 14.2. The Verma module is irreducible if and only if the following condition is satisfied: For
any α ∈ R+, we have ⟨λ+ ρ, α∨⟩ /∈ N.

Definition 14.2. We will call λ generic if for all α ∈ R+, we have ⟨λ, α∨⟩ /∈ Z.

Theorem 14.3. We have the following:
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1. The module Lλ is finite-dimensional if and only if λ ∈ P+.

2. The representations Lλ for λ ∈ P+ are pairwise non-isomorphic, and any finite-dimensional irrep
is isomorphic to one of them.

3. If λ =
∑
niωi with ni ∈ Z+, then Lλ is generated by some vλ and the action of g on vλ with the

constraints fni+1
i vλ = 0 for i = 1, . . . , r. Moreover, we have L∗

λ
∼= L−w0(λ).

Proposition 14.2. The category C(g) of finite-dimensional representations is semisimple, i.e. every
module V is isomorphic to a direct sum of simple modules Lλ for λ ∈ P+. Moreover, the map

Φ 7−! Φ(vλ)

identifies the multiplicity space Homg(Lλ, V ) for λ ∈ P+ with the space

(V λ)n
+

= {v ∈ V λ : eiv = 0}

of singular vectors of weight λ.

14.3 Maximal Roots and the Casimir Operator

Remark. Recall that the maximal root θ is the highest weight in the adjoint representation.

Proposition 14.3. The maximal root is uniquely determined by the following conditions: For all α ∈ R,
we have θ − α ∈ Q+.

Remark. We normalize the pairing so that (θ, θ) = 2. Let

• θ =
∑

i hiαi,

• h = 1 +
∑

i hi,

• h∨i = hi(αi, αi)/2 (these are the coefficients of the expansion of θ̃∨),

• h∨ = 1 +
∑

i h
∨
i = (ρ, θ) + 1 (this is the dual Coxeter number).

For root systems of type A, D, E, we have h = h∨.

Remark. Recall that C =
∑
xix

i is the Casimir operator, where {xi} is the dual basis for xi. Then

Ω =
∑

(xi ⊗ xi)

does not depend on the choice of basis, and the value of C on any irreducible highest weight module Lλ

is given by (λ, λ + 2ρ) (and for the lowest weight L−µ by (µ, µ + 2ρ)). The value of C in the adjoint
representation is given by 2h∨.

Exercise 14.2. Show that in a tensor product of two representations, the action of g commutes with Ω.

Proposition 14.4. We have

Ω|Vλ⊆Vµ⊗Vν =
(λ, λ+ 2ρ)− (µ, µ+ 2ρ)− (ν, ν + 2ρ)

2
.

Proof. The proof relies on the identity

Ω =
1

2
(∆(C)− c⊗ 1− 1⊗ c),

where ∆ : U(g) ! U(g)⊗ U(g) is given by x 7! x⊗ 1 + 1⊗ x. Note that (∆⊗ I)∆ = (I ⊗∆)∆.
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14.4 Affine Lie Algebras

Remark. Consider a manifold M and a 1-form J satisfying d(∗J) = 0. The 1-form J takes values in a
Lie algebra, and we have

[Ja(x), J b(y)] = fa,b,cJ c(x)δ(x− y),

where the fa,b,c are the structure constants of the Lie algebra. These are called current algebras, see the
book by J. Mickellson for more details (e.g. for maps S3 ! g).

We will consider the case where M is 2-dimensional. Then the conservation property becomes

∂zJz + ∂zJz = 0.

In some cases, this can be separated, so that ∂zJz = 0, i.e. Jz is holomorphic. Then we can write

Jz =
∑
n∈Z

Jnz
−n−1.

The Jn in this expansion are called modes (one can think of this as some kind of wave expansion). Then
the commutation relations become (with some correction term)

[Ja
n, J

b
m] = fa,b,cJ c

n+m.

Remark. One can think of the modes above as loops. The loop algebra is

Lg = g⊗ C[t, t−1].

One can also think of them as maps S1 ! g. The commutation relations for Lg are

[x⊗ P, y ⊗Q] = [x, y]⊗ PQ,

so that x⊗ tn = x[n] has commutation relations

[x[n], y[m]] = [x, y][m+ n].

This algebra has a unique nontrivial central extension, i.e. a short exact sequence of Lie algebras

0 g ĝ Cc 0

Here g is a simple Lie algebra. Then on ĝ, we have [c, x⊗ P ] = 0 for P ∈ C[t, t−1] and

[x⊗ P, y ⊗Q] = [x, y]⊗ PQ+ c
(x, y)

2πi

∮
|t|=1

QdP,

which gives the commutation relation

[x[n], y[m]] = [x, y][m+ n] + nδn,−m(x, y)c.



Lecture 15

Mar. 4 — Affine Lie Algebras

15.1 Affine Lie Algebras, Continued

Remark. We can extend ĝ again by the grading operator d = t d
dt

to get g̃ = ĝ⊕ Cd, where

[d, x[n]] = nx[n] and [d, x⊗ P ] = x⊗ t
t

dt
P.

We can also define a nondegenerate form on ĝ by

(x⊗ P, y ⊗Q) =
(x, y)

2πi

∮
|t|=1

PQ
dt

t
,

and on g̃ by (c, d) = 1 and (c, c) = (d, d) = (c, x⊗ P ) = (d, x⊗ P ) = 0.

Definition 15.1. Define ĥ ⊆ ĝ by ĥ = h⊕ Cc and h̃ ⊆ g̃ by h̃ = ĥ⊕ Cd, these are Cartan subalgebras.
Their duals are

ĥ∗ = h∗ ⊕ CΛ0 and h̃∗ = h∗ ⊕ CΛ0 ⊕ Cδ,

where Λ0(c) = 1, Λ0(d) = Λ0(h) = 0 for h ∈ h, and δ(d) = 1, δ(c) = δ(h) = 0 for h ∈ h.

Remark. We can write
g̃ = h̃⊕

⊕
γ∈R̂

g̃γ,

where g̃γ = {x ∈ g̃ : [h, x] = γ(h)x for h ∈ h̃} and R̂ = {α + nδ : α ∈ R ⊔ {0}, n ∈ Z not both 0}. Then

g̃α+nδ = gα ⊗ tn and g̃nδ = h⊗ tn,

with α ∈ R, n ∈ Z, and n ∈ Z \ {0}, respectively. We can choose a polarization

R̂ = R̂+ ⊔ R̂−, R̂+ = {α+ nδ : n > 0 or n = 0, α ∈ R+},

where as usual R̂− = −R̂+. The simple roots in R̂+ are the ones which cannot be represented as a
nontrivial sum of positive roots. Let α1, . . . , αr be the simple roots of g and

α0 = δ − θ,

where θ is the highest root. Then we can define n̂± = n± ⊕ (g⊗ t±1C[t±1]) and write

g̃ = n̂+ ⊕ ĥ⊕ n̂−.
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The root lattices Q̂ =
⊕r

i=0 Zαi and Q̂
+ =

∑r
i=0 Z≥0αi. We can define the coroot

α∨
0 =

2hα0

(α0, α0)
= hα0 = c− θ∨.

Then we can define the weight lattice by P̂ = ⟨Λ ∈ h̃∗ : Λ(α∨
i ) ∈ Z⟩ = P ⊕ ZΛ0 ⊕ Cδ, and

P̂+ = {Λ ∈ h̃∗ : Λ(α∨
i ) ∈ Z+} = {Λ = λ+ kΛ0 −∆δ : λ ∈ P+, k ∈ Z+,∆ ∈ C, ⟨λ, θ∨⟩ ≤ k}.

From this we get a Cartan matrix A = {ai,j}ri,j=0.

15.2 Generalized Cartan Matrices

Remark. A generalized Cartan matrix is a matrix A = {ai,j}ri,j=0 satisfying

1. ai,i = 2 for all i,

2. ai,j ≤ 0 for i ̸= j,

3. ai,j = 0 if and only if aj,i = 0.

Definition 15.2. Let A be a generalized Cartan matrix. The Kac-Moody algebra g(A) is the Lie algebra
generated by elements {ei, hi, fi} together with the standard Serre relations.

Theorem 15.1. The Lie algebra ĝ is the Kac-Moody algebra associated with the Cartan matrix which
we constructed above.

Remark. We have e0 ∈ g−θ ⊗ t, f0 ∈ gθ ⊗ t−1, (e0, f0) = 1, and h0 = [e0, f0] = c− θ∨.

Remark. Let A be a generalized Cartan matrix and assume that it is symmetrizable, i.e. there exist di
such that diai,j = djaj,i. Then we can define an inner product

(hi, hj) :=
ai,j
di

on the Cartan subalgebra. Let Z be the kernel of this inner product. Let

ge(A) = g(A)⊕ Z∗

with commutation relations [z1, z2] = [z1, h] = 0, [z, ej] = z(αi)ei, and [z, fj] = −z(αj)fj. Then

⟨hi, hj⟩ =
αi,j

dj
, ⟨h, z⟩ = z(h), ⟨z1, z2⟩ = 0

defines a nondegenerate pairing on ge(A).

15.3 Verma Modules and Weyl Modules

Definition 15.3. Let Λ ∈ h̃∗. The Verma module corresponding to Λ is

MΛ = Indg̃

ĥ⊕n̂+
CΛ

where CΛ is the 1-dimensional representation of ĥ⊕ n̂+. Let vΛ be the basis vector, with hvΛ = Λ(h)vΛ.
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Remark. We have a weight decomposition given by

MΛ =
⊕

m∈Λ−Q̂+

Mm
Λ ,

where Λ = λ+ kΛ0 −∆δ for some λ ∈ h∗. From the ĝ perspective, we have

∆ = ∆(λ) =
(λ, λ+ 2ρ)

2(k + h∨)

(here h∨ is the dual Coxeter number). We call k the central charge (or level) of the representation. In
this case, we say that a ĝ-module V is of level k or V is a module with central charge k. We denote the
corresponding Verma module MΛ by Mλ,k.

The case k = −h∨ is called the critical level, though this generally does not happen.

Remark. The Verma module Mλ,k has a natural Z-grading given by

Mλ,k =
⊕
n≥0

Mλ,k[−n],

where Mλ,k[−n] is naturally a g-module and an eigenspace of d with eigenvalue −n−∆(λ).

Example 15.3.1. We have Mλ,k[0] =Mλ, the Verma module for g.

Remark. Let LΛ =MΛ/IΛ, where IΛ is the maximal proper submodule of MΛ. Then Lλ,k := LΛ is an
irreducible module. The Chevalley involution ω̃ is given by

ω̃(d) = −d

and on Lg = g⊗ C[t, t−1] by t 7! t−1. Then ω̃ gives a contravariant Shapovalov form with kernel IΛ.

Remark. We can construct a class of representations of g̃ induced from g-modules. Let

g̃+ = g⊗ C[t]⊕ Cc⊕ Cd ⊆ g̃.

If V is a module for g, then automatically V is also a module for g̃+ by letting

1. g⊗ tC[t] act by 0,

2. c, d act by k,−∆, respectively.

Then one can define Indg̃
g̃+ V , which is a module for g̃.

Example 15.3.2. Verma modules belong to this class, as we can write

Mλ,k = Indg̃
g̃+ Mλ

where d acts on Mλ by −∆(λ).

Example 15.3.3. Let Vλ,k = Indg̃
g̃+ Lλ, where d acts as −∆(λ). If λ ∈ P+, we call Vλ,k a Weyl module.

Remark. We get a contragradient Verma module by replacing ω with ω̃. This gives maps Mλ,k !M c
λ,k

and Vλ,k ! V c
λ,k, which are isomorphisms if Mλ,k, Vλ,k are irreducible.
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15.4 Integrable Representations

Theorem 15.2. The Verma module MΛ is irreducible if the following condition is satisfied: For every
α̂ ∈ R̂+ and N ∈ {1, 2, . . . }, we have (Λ + ρ̂, α̂) ̸= N(α̂, α̂)/2, where ρ̂ = ρ+ h∨Λ0.

Remark. For (α̂, α̂) ̸= 0, the above condition becomes (Λ + ρ̂, α̂∨) ̸= N , which is the analogue of the
simple Lie algebra case.

Remark. We call weights satisfying (Λ + ρ̂, α̂) ̸= N(α̂, α̂)/2 generic. For generic weights, LΛ =MΛ.

Theorem 15.3. Let λ ∈ h∗ and k ∈ C be such that k /∈ Q⟨α∨, λ⟩+Q for all α ∈ R+. Then the induced
module Vλ,k is irreducible. If this holds, we say that k is generic with respect to λ.

Corollary 15.3.1. If λ ∈ P+ and k /∈ Q, then the Weyl module Vλ,k is irreducible.
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Mar. 9 — Affine Lie Algebras, Part 2

16.1 Integrable Representations, Continued

Remark. Recall that the Weyl module is given by

Vλ,k = Indg̃
g̃+ Lλ,

where Lλ is an irreducible representation for g and λ ∈ P+. When k /∈ Q⟨α∨, λ⟩+Q for any α ∈ R+, we
have that Vλ,k is irreducible.

Definition 16.1. A highest weight representation V of g̃ is integrable if for all u ∈ V and 0 ≤ i ≤ r,

fni+1
i u = 0

for some positive integer ni.

Remark. The action of g̃ on integrable representations can be extended to the corresponding centrally
extended loop group.

Remark. Integrable representations are the analogues of finite-dimensional representations for g̃.

Theorem 16.1. We have the following:

1. The module LΛ is integrable if and only if Λ ∈ P̂+.

2. The representations LΛ for Λ ∈ P̂+ are pairwise nonisomorphic, and any highest weight integrable
module is isomorphic to one of the LΛ.

3. If Λ is a dominant integral weight and ni = ⟨Λ, α∨
i ⟩, then the ĝ-module LΛ is generated by a highest

weight vector vΛ, with relations (for 0 ≤ i ≤ r)

eivΛ = 0, hivΛ = nivΛ, fni+1
i vΛ = 0.

Remark. Let V be a module for g. For a fixed z ∈ C×, define

(x⊗ P (t))u = P (z)xu

for u ∈ V . If V is finite-dimensional, then this representation V (z) is an integrable ĝ-module (called an
evaluation module). Note that V (z) = V [z, z−1]. Let d = z(d/dz). Then we get a g̃-action on

z−∆V [z, z−1] = V ⊗ z−∆C[z, z−1],

where d acts by −∆+ n.
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16.2 The Virasoro Algebra

Remark. The Witt algebra is generated by Ln (for n ∈ Z) with relations

[Lm, Ln] = (m− n)Lm+n.

If we write Ln = −zn+1(d/dz) for z = eit, then the Witt algebra can be realized as vector fields on a
circle. Consider z 7! z + tzn+1 and f(z) 7! f(z + tzn+1). The Virasoro algebra Vir is generated by the
Ln and an additional element K, with relations

[Lm, Ln] = (m− n)Lm+n +
m3 −m

12
δm,−nK, [K,Ln] = 0.

The Witt algebra and the Virasoro algebra act on ĝ as follows:

[Lm, x[n]] = −nx[m+ n] and [Ln, c] = [K, ·] = 0.

Note that the action of L0 coincides with the action of −d. Thus we have a semidirect product Vir⋉ ĝ,
which contains g̃ as a subalgebra.

Let V be a highest weight representation of ĝ at level k, with k ̸= −h∨. Define

Lm =
1

2(k + h∨)

∑
a∈B

∑
n∈Z

:a[n]a[m− n]: and K =
k dim g

k + h∨
id, (∗)

where B is an orthonormal basis for g. Here :a[n]a[k]: is the normal ordered product

:a[n]a[k]: =

{
a[n]a[k] if k ≥ n,

a[k]a[n] if k < n,

i.e. modes which kill the highest weight vector are pushed all the way to the right.

Theorem 16.2. The formulas (∗) define an action of the Virasoro algebra on V . This action with the
original action of ĝ combine into a (Vir⋉ ĝ)-action on V .

Remark. Let v be the highest weight vector. Then

L0v =
1

2(k + h∨)

∑
n∈Z

∑
a∈B

:a[n]a[−n]:v =
1

2(k + h∨)

∑
a∈B

:a[0]a[0]:v =
(λ, λ+ 2ρ)

2(k + h∨)
v,

where
∑

a∈B :a[0]a[0]: =
∑

a∈B a
2 is the Casimir operator. Thus we can choose ∆ so that d = −L0.

16.3 Currents

Definition 16.2. Let x[n] = x⊗ tn for x ∈ g. The current associated to x is

Jx(z) =
∑
n∈Z

x[n]z−n−1 = J+
x (z)− J−

x (z),

where J+
x (z) =

∑
n<0 x[n]z

−n−1 and J−
x (z) = −

∑
n≥0 x[n]z

−n−1.
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Remark. Note that J−
x (z) is a well-defined operator on a highest weight module V . Similarly, the

products J+
x (z)J

+
y (ζ), J

−
x (z)J

−
y (ζ), and J

+
x (z)J

−
y (ζ) are well-defined as operators on V̂ . On the other

hand, J−
x (z)J

+
y (ζ) is not always well-defined: The components of J−

x (z)J
+
y (ζ)u are of the form

−
∑
j≥j0

z−j−1w−n+j−1x[j]y[n− j]u. (∗∗)

Nevertheless, x[j]u = 0 for j sufficiently large, and so

x[j]y[n− j]u = [x[j], y[n− j]]u = ([x, y])[n]u+ j⟨x, y⟩δn,0ku.

Thus, analytically, the convergence of the series (∗∗) amounts to the convergence of∑
j≥j0

z−j−1ζ−n+j−1 and
∑
j≥j0

jz−j−1ζ−n+j−1.

These converge for |z| > |ζ|, so the operator J−
x (z)J

+
y (ζ) is well-defined on V̂ in this region.

Theorem 16.3. We have the following:

[J±
x (z), J

±
y (w)] =

1

z − w
(J±

[x,y](z)− J±
[x,y](w)), z ̸= w;

[J−
x (z), J

+
y (w)] =

1

z − w
(J−

[x,y](z)− J+
[x,y](w))−

k⟨x, y⟩
(z − w)2

, |z| > |w|.

Corollary 16.3.1. We have the following:

[J±
x (z), J

±
y (z)] =

d

dz
J±
[x,y](z).

Remark. Let L(z) =
∑

n∈Z Lnz
−n−2. Then the formulas (∗) from Section 16.2 can be rewritten as

L(z) =
1

2(k + h∨)

∑
a∈B

:Ja(z)
2:,

where the normal ordered product is extended C[z, z−1]-linearly.



Lecture 17

Mar. 11 — KZ Equations

17.1 Classification of Intertwining Operators

Remark. Let Lλ1 , Lλ0 be irreps of g and k a complex number generic with respect to λ1, λ0. Then the
induced modules Vλi,k = Indg̃

g̃+ Lλi
are irreducible, and Vλi,k = Lλi,k. Note that Vλi,k[0] = Lλi

.

We will be interested in ĝ-intertwining operators Φ : Vλ1,k ! Vλ0,k ⊗̂V (z), where V (z) is an evaluation
module and ⊗̂ denotes completed tensor product, i.e. elements of Vλ0,k ⊗̂V (z) take the form

∑∞
i=1wi⊗vi,

where wi ∈ Vλ0,k are homogeneous with deg(wi) ! −∞ and vi ∈ V (z). Note that we must have

Φx[n] = ((x[n]⊗ 1) + zn(1⊗ x))Φ

by the assumption that Φ is an intertwining operator.

Theorem 17.1. Let g : Lλ1 ! Lλ0 ⊗ V be a g-homomorphism. For generic k, there exists a unique
ĝ-intertwining operator

Φg(z) : Vλ1,k −! Vλ0,k ⊗̂V (z)

such that for all w ∈ Vλ1,k[0], the degree 0 component of Φg(z)w is equal to gw.

Proof. For simplicity assume that V is finite-dimensional, the proof for infinite-dimensional V is similar.
We construct an operator Φg(z) satisfying the given conditions uniquely. Let w ∈ Vλ1,k[0] = Lλ1 . Then
Φg(z)w is annihilated by g⊗ tC[t] and the degree 0 component of Φg(z)w is gw. Thus

Φg(z)w ∈ (Vλ0,k ⊗̂V (z))g⊗tC[t] ∼= Homg⊗tC[t](V
∗
λ0,k

, V (z)).

Note that V ∗
λ0,k

is freely generated by (Vλ,k[0])
∗ = L∗

λ0
over g⊗ tC[t] for generic k, so Φg(z)w is uniquely

determined by its restriction in HomC(L
∗
λ0
, V ) ∼= Lλ0 ⊗ V , i.e. its degree 0 component. Using

Φg(z)x[n]w = ((x[n]⊗ 1) + zn(1⊗ x))Φg(z)w

for w ∈ Vλ1,k and n < 0, we can extend Φg(z) to all of Vλ1,k inductively, as Vλ1,k is generated by its
degree 0 component over g⊗ t−1C[t−1]. This defines the operator Φg(z). Now note that no choices were
allowed in the above construction, hence Φg(z) must be unique.

Proposition 17.1. For any ∆ ∈ C, the expression z−∆Φg(z) is also a ĝ-intertwiner

Vλ1,k −! Vλ0,k ⊗̂ z−∆V [z, z−1].

It is a g̃-homomorphism if and only if ∆ = ∆(λ1)−∆(λ0).
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Proof. Note that z−∆Φg(z) is a g̃-homomorphism if and only if

z−∆Φg(z)d− (d⊗ 1)z−∆Φg(z) =

(
1⊗ z

d

dz

)
z−∆Φg(z).

Since z−∆Φg(z) =
∑

n∈ZΦ
g[n]z−n−∆ and Φg[n] has degree n, it suffices to have the above identity in

degree 0, which is given by −∆(λ1) + ∆(λ0) = −∆.

Remark. Denote Φ̃g(z) = z−∆Φg(z) =
∑

n∈Z Φ
g[n]z−n−∆ for ∆ = ∆(λ1)−∆(λ0).

17.2 Operator KZ Equations

Remark. Let V ∗ be the restricted dual of V , so that V ∗(z) ∼= (V (z))∗ as g̃-modules. Let u ∈ V ∗, and

define Φg
u(z)w = u(Φg(z)w) for w ∈ Vλ1,k, so that Φg

u(z) is an operator Vλ1,k ! V̂λ0,k. The intertwining
relation is given by [x[n],Φg

u(z)] = znΦg
xu(z). Note that the currents act on V ∗(z) by

J+
x (ζ)u =

∑
n>0

ζn−1x[−n]u =
∑
n>0

ζn−1z−nxu =
xu

z − ζ
, |ζ| < |z|,

J−
x (ζ)u = −

∑
n≤0

ζn−1x[−n]u = −
∑
n≤0

ζn−1z−nxu =
xu

z − ζ
, |z| < |ζ|,

and in terms of currents, the intertwining relation is given by

[J±
x (ζ),Φ

g
u(z)] =

1

z − ζ
Φg

xu(z). (∗)

Let V = Vµ be a lowest weight g-module with lowest −µ, so that the Casimir element C acts on Vµ by

the scalar (µ, µ+ 2ρ). Let Φ̂g(z) = z−∆(µ)Φ̃g(z) =
∑

n∈Z Φ
g[n]z−n−∆ for ∆ = ∆(λ1)−∆(λ0) + ∆(µ).

For a ∈ g, define the normal ordered product

:Ja(z)Φ̂
g
u(z): = J+

a (z)Φ̂
g
u(z)− Φ̂g

u(z)J
−
a (z).

The following result is known as the operator Knizhnik-Zamolodchikov (KZ) equation.

Theorem 17.2 (Frenkel-Reshetikhin). Let B be an orthonormal basis for g. Then

(k + h∨)
d

dz
Φ̂g

u(z) =
∑
a∈B

:Ja(z)Φ̂
g
au(z):.

Proof. Since Φ̃g(z) is invariant under d, we have z(d/dz)Φ̃g
u(z) = −[d, Φ̃g

u(z)], or equivalently,

z
d

dz
Φ̂g

u(z) = −[d, Φ̂g
u(z)]−∆(µ)Φ̂g

u(z).

Using the expansion for d = −L0, the above equality becomes

z
d

dz
Φ̂g

u(z) =
1

2(k + h∨)

∑
a∈B

(∑
n≤0

[a[n]a[−n], Φ̂g
u(z)] +

∑
n>0

[a[−n]a[n], Φ̂g
u(z)]︸ ︷︷ ︸

S(a)

)
−∆(µ)Φ̂g

u(z).
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By the intertwining relation (∗), we can rewrite the inner sum above as

S(a) =
∑
n≤0

(z−na[n]Φ̂g
au(z) + znΦ̂g

au(z)a[−n]) +
∑
n>0

(zna[−n]Φ̂g
au(z) + z−nΦ̂g

au(z)a[n])

= 2zJ+
a (z)Φ̂

g
au(z)− 2zΦ̂g

au(z)J
−
a (z) + a[0]Φ̂g

au(z)− Φ̂g
au(z)a[0] = 2z:Ja(z)Φ̂

g
au(z): + Φ̂g

a2u(z).

Substituting this back in, we get

z
d

dz
Φ̂g

u(z) =
1

k + h∨

∑
a∈B

(
z:Ja(z)Φ̂

g
au(z): +

1

2
Φ̂g

a2u(z)

)
−∆(µ)Φ̂g

u(z).

Now
∑

a∈B Φ̂g
a2u(z) = Φ̂g

Cu(z) = (µ, µ+ 2ρ)Φ̂g
u(z), so the last two terms cancel, and we have

z
d

dz
Φ̂g

u(z) =
1

k + h∨

∑
a∈B

z:Ja(z)Φ̂
g
au(z):.

Rearranging gives the desired equation from here.

Proposition 17.2. We have the following:

[Lm, Φ̂
g
u(z)] =

zm

k + h∨
:J(z)Φ̂g

u(z): +mzm∆(µ)Φ̂g
u(z).
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18.1 KZ Equations for Correlation Functions

Remark. Recall that if we write Jx(z) = J+
x (z)− J−

x (z), then

[J±
x (z),Φ

(g)
n (w)] =

1

z − w
Φg

xn(w).

Then Φ̂g(z) = z−∆(µ)Φ̃g(z) =
∑

n∈Z Φ
g[n]z−n−∆, where ∆ = ∆(λ1)−∆(λ0) + ∆(µ) and

Φg(z) : Vλ1,k −! Vλ0,k ⊗̂Vµ(z).

Theorem 18.1 (FR, also Theorem 17.2). We have

(k + h∨)
d

dz
Φ̂g

u(z) =
∑
a∈B

:Ja(z)Φ̂
g
au(z):.

Remark. Let Φ̂gi(zi) : Vλi,k ⊗̂ z−∆Vµi
[z±1

i ] and

ψ(z1, . . . , zN) = (Φ̂g1(z1)⊗ · · · ⊗ 1) · · · (Φ̂gN−1(zN−1)⊗ 1)Φ̂gN (zN),

where ψ : VλN ,k ! Vλ0,k ⊗̂Vµ1(z1) ⊗̂ · · · ⊗̂VµN
(zN). Here Vµi

are the lowest weight modules with lowest
weight −µi. Let u0 ∈ (Vλ0,k[0])

∗ = L∗
λ0

and uN+1 ∈ VλN ,k[0] = LλN
. Then

⟨u0, ψ(z1, . . . , zN)uN+1⟩ ∈ Vµ1 ⊗ · · · ⊗ VµN
.

We can also treat this as lying in z−∆1
1 · · · z−∆N

N CJz2/z1, . . . , zN/zN−1K. Fix u0 and define a V -valued
function (called the correlation function)

ψ(z1, . . . , zN) = ⟨u0, ψ(z1, . . . , zN)·⟩,

where V = Vµ1 ⊗ · · · ⊗ VµN
⊗ L∗

λN
. For ui ∈ V ∗

µi
, we have

ψu1,...,uN+1
(z1, . . . , zN) = ⟨u0,Φg1

u1
· · ·ΦgN

uN
uN+1⟩ ∈ C.

Theorem 18.2. The correlation function ψ(z1, . . . , zN) satisfies the following system of differential
equations:

(k + h∨)∂ziψ =

( N∑
j=1,j ̸=i

Ωi,j

zi − zj
+

Ωi,N+1

zi

)
ψ,

where Ω =
∑
xi ⊗ xi and Ai,j = (x)i(y)j for A = x⊗ y ∈ g⊗ g.

60



LECTURE 18. MAR. 16 — KZ EQUATIONS, PART 2 61

Proof. We can write

(k + h∨)
∂

∂zi
ψu1,...,uN+1

(z1, . . . , zN)

=
∑
a∈B

⟨u0, Φ̂u1(z1), . . . , (J
+
a (zi)Φ̂aui

(zi)− Φ̂aui
(zi)J

−
a (zi)), . . . , Φ̂uN

(zN)uN+1⟩

=
i−1∑
j=1

⟨u0, Φ̂u1(z1), . . . , [Φ̂uj
(zj), J

+
a (zi)], . . . , Φ̂uN

(zN)uN+1⟩ (∗)

+
N∑

j=i+1

⟨u0, Φ̂u1(z1), . . . , [Φ̂uj
(zj), J

−
a (zi)], . . . , Φ̂uN

(zN)uN+1⟩ (∗∗)

+ ⟨u0, J+
a (zi)Φ̂u1(z1), . . . , Φ̂aui

(zi), . . . , Φ̂uN
(zN)uN+1⟩ (∗∗∗)

− ⟨u0, Φ̂u1(z1), . . . , Φ̂aui
(zi), . . . , Φ̂uN

(zN)J
−
a (zi)uN+1⟩.

Now we have J−
a (z)uN+1 = (−1/z)auN+1 and ⟨u0, J+

a (z)w⟩ = 0 since w ∈ Vλ,k. Then

(∗) =
i−1∑
j=1

∑
a∈B

1

zi − zj
⟨u0, Φ̂u1(z1), . . . , Φ̂auj

(zj), . . . , Φ̂aui
(zi), . . . , Φ̂uN

(zN)uN+1⟩,

and similarly,

(∗∗) =
N∑

j=i+1

∑
a∈B

1

zi − zj
⟨u0, Φ̂u1(z1), . . . , Φ̂aui

(zi), . . . , Φ̂auj
(zj), . . . , Φ̂uN

(zN)uN+1⟩.

We also get

(∗∗∗) =
∑
a∈B

1

zi
⟨u0, Φ̂u1(z1), . . . , Φ̂aui

(zi), . . . , Φ̂uN
(zN)auN+1⟩.

This is the action of the Casimir element Ω.

Remark. For j > i, we can write
1

zi − zj
= z−1

i

∞∑
n=0

(zj/zi)
n.

Remark. The usual form of the KZ equations (call this the symmetric form) is written as

(k + h∨)
∂

∂zi
ψ =

( N+1∑
j=1,j ̸=i

Ωi,j

zi − zj

)
ψ

for i = 1, . . . , N + 1. These systems are equivalent: If ψ̃(z1, . . . , zN+1) is a solution to the above

system, then ψ̃(z1, . . . , zN , 0) is a solution to the system in Theorem 18.2 (call this the non-symmetric

form). Similarly, if ψ(z1, . . . , zN) is a solution to the system in Theorem 18.2, then ψ̃(z1, . . . , zN+1) =
ψ(z1 − zN+1, . . . , zN − zN+1) is a solution to the above system.

Remark. If ψ(z1, . . . , zN+1) is a solution to the KZ equations, then so is ψ(z1 + c, . . . , zN+1 + c) for
constant c. Also notice that for λN = 0, the non-symmetric system turns into the symmetric one.
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Remark. If u0 ∈ (Vλ0,k[0])
∗ is the lowest weight vector with respect to g, then

ψ(z1, . . . , zN) = ⟨u0, ψ(z1, . . . , zN)·⟩

(which a priori has values in V = Vµ1 ⊗ · · · ⊗ VµN
⊗ L∗

λN
) takes values in V n− . If λ0 = 0, then this is

g-invariant, and ψ takes values in V g.

Theorem 18.3. The KZ system is consistent, i.e. for all p, q = 1, . . . , N + 1,[
(k + h∨)∂zp −

N+1∑
j=1,j ̸=p

Ωp,j

zp − zj
, (k + h∨)∂zq −

N+1∑
j=1,j ̸=q

Ωq,j

zq − zj

]
= 0.

Proof. We trivially have Ωp,q = Ωq,p, so

[Ωp,q,Ωp,r + Ωq,r] =

[∑
a

ap ⊗ aq,
∑
b

bp ⊗ br +
∑
b

bq ⊗ br

]
= 0.

Expanding this out, we get that

0 =
∑
a,b∈B

(aq[ap, bp]br + ap[aq, bq]br) =
∑
b∈B

[Ωp,q, bp + bq]br,

so that [Ω, b⊗ 1 + 1⊗ b] = 0. Since Ω =
∑

a a⊗ a, this proves consistency.

Remark. The above results imply that the KZ equations define a flat connection on a trivial vector
bundle V over

XN+1 = {(z1, . . . , zN+1) ∈ CN : zi ̸= zj}.

We will see later that for any open disk D ⊆ XN+1, the space of solutions Γ(D, VKZ) is a space of flat
sections of VKZ over D. If D is simply connected, then Γ(D, VKZ) ∼= V by ψ 7! ψ(p). In other words,
VKZ is a direct sum of finite dimensional vector bundles (i.e. local systems).

Theorem 18.4. The KZ system is g-invariant, meaning that if x ∈ g and ψ is a solution, then xψ is
also a solution.

Proof. Check as an exercise that [
∑N+1

j=1,j ̸=p Ωp,j/(zp − zj), x] = 0, where x =
∑N+1

i=1 xi.

18.2 Analyticity of Correlation Functions

Remark. We change variables from z1, . . . , zN to ζi = zi+1/zi for i = 1, . . . , N − 1, and ζN = zN . Then
the KZ equations become the following system:

ζi
∂

∂ζi
ψ = Ai(ζ1, . . . , ζN−1)ψ.

To see this, one can take logarithmic derivatives and then take differences. Here the Ai are holomorphic
functions in the region

{|ζj| < 1 : 1 ≤ j ≤ N},

and we have [Ai(0), Aj(0)] = 0 for all i, j.
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Proposition 18.1. Let Ai(ζ1, . . . , ζm) for 1 ≤ i ≤ m be n× n matrix-valued functions holomorphic in
the region R = {|ζj| < 1 : 1 ≤ j ≤ m} and such that the differential operators ζi∂zi − Ai commute with
each other. Assume also that for all i, the eigenvalues of Ai(0) do not differ by a nonzero integer. Then
the differential equation

ζi
∂

∂ζi
F = Ai(ζ1, . . . , ζm)F, i = 1, . . . ,m

has a unique n× n matrix solution of the form

F (ζ1, . . . , ζm) = F0(ζ1, . . . , ζm)ζ
A1(0)
1 · · · ζAm(0)

m ,

where F0 is an n× n matrix valued function holomorphic in the region R and F0(0) = id.

Corollary 18.4.1. In the notation of Proposition 18.1, let f be a vector-valued power series

f(ζ1, . . . , ζm) = ζδ11 · · · ζδmm f0(ζ1, . . . , ζm),

where f0 ∈ CnJζ1, . . . , ζmK and δi ∈ C. Then there exists such a vector v ∈ Cn such that f(ζ1, . . . , ζm) =
F (ζ1, . . . , ζm)v, where F is the fundamental solution from Proposition 18.1, and f converges to an
analytic solution in the region R.

Proof. Let v(ζ1, . . . , ζm) = F−1f , then differentiating gives ∂ζiv = 0.

Theorem 18.5. The correlation function is absolutely convergent in the region |z1| > |z2| > · · · > |zN | >
0 and defines a regular, multi-valued function in this region.

Corollary 18.5.1. For |z1| > · · · > |zN | > 0, the product Φ̂u1(z1) · · · Φ̂uN
(zN) is a well-defined operator

VλN ,k −! V̂λ0,k

(i.e. all matrix elements are converging series).

Corollary 18.5.2. In the limit |z1| ≫ · · · ≫ |zN |, the correlation function has the following asymptotics:

ψ(z1, . . . , zN) ∼ z−∆1
1 · · · z−∆N

N v,

where v = ⟨u0, g1 · · · gN ·⟩ ∈ V .

Remark. By Corollary 18.5.2, we can write ψ = z−∆1
1 · · · z−∆N

N ψ0, where

ψ0 = ψ0(ζ1, . . . , ζN−1) = ψ0(z2/z1, . . . , zN/zN−1)

is analytic in a neighborhood of {ζi = 0} and ψ0(0) = v.
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Mar. 18 — KZ Equations, Part 3

19.1 Correlation Functions, Continued

Proposition 19.1. The correlation functions span the space of solutions of the KZ equations.

Remark. Let ξ = (λ0, . . . , λN ; g1, . . . , gN ;u0), λi ∈ h∗, gi ∈ Homg(Lλi
, Lλi−1

⊗ Vµi
) where u0 ∈ L∗

λ0
. Let

Ξ =
⊕

λ0,...,λN−1

(
L∗
λ0

⊗
N⊗
i=1

Homg(Lλi
, Lλi−1

⊗ Vµi
)

)
.

The only nonzero terms satisfy λi + µi − λi−1 ∈ Q, and this space has a natural g-module structure, and
the Homg(Lλi

, Lλi−1
⊗ Vµi

) are trivial g-modules. Each ξ ∈ Ξ defines a unique correlation function

ψξ(z1, . . . , zN) ∈ V = Vµ1 ⊗ · · · ⊗ VµN
⊗ L∗

λN
.

Theorem 19.1. Fix λN and µi for i = 1, . . . , N . Let Vµi
be the lowest weight modules satisfying either

of the two following conditions:

1. Generic case: The weights λN , λN + µN , . . . , λN + µN + · · ·+ µ1 are generic and k is generic with
respect to each;

2. Finite-dimensional case: λN , µi ∈ P+, k /∈ Q, and the Vµi
are irreducible finite-dimensional modules

with lowest weight −µi.

Then the correlation functions span the space of V -valued solutions of the KZ equations in a region D.
Moreover, the following map

Ξ −! Γ(D, VKZ)

ξ 7−! ψξ(z1, . . . , zN)

is an isomorphism of g-modules.

Remark. In Case 1 of Theorem 19.1, the λi are generic, and in Case 2, the λi ∈ P+.

Lemma 19.1. Under assumptions (1) or (2) of Theorem 19.1, the map

(λ0, . . . , λN−1; g1, . . . , gN ;u0) 7−! ⟨u0, g1 · · · gN ·⟩

is an isomorphism of g-modules.

64
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Proof. Note that Homg(Lλi
, Lλi−1

⊗ Vµi
) ∼= Homg(L

∗
λi−1

, Vµi
⊗ L∗

λi
). So it suffices to show that⊕

v

Homg(L
∗
v, Vµ ⊗ L∗

λ)⊗ L∗
v −! Vµ ⊗ L∗

λ

is an isomorphism. This is true if we are in the finite-dimensional case. In general, if λ and λ+ µ are
generic, the L∗

v being irreducible implies that the above map is injective. Since v is generic, L∗
v
∼= M∗

v

and L∗
λ
∼= M∗

λ , so Homg(L
∗
v, Vµ ⊗ L∗

λ)
∼= V

(λ−v)
µ (the weight subspace).

Corollary 19.1.1. If u0 is the lowest weight vector, then the correlation functions span solutions with
values in V n−. Moreover, if u0 is g-invariant, then the correlation functions take values in V g.

Remark. We had an identification Γ(D, VKZ) ∼= V via ψ 7! ψ(p) (i.e. evaluation at p). Now we have

Γ(D, VKZ) ∼= Ξ ∼= V,

which is a more sophisticated identification that is not attached to a particular point.

19.2 Trigonometric KZ Equations

Remark. Let ϕ(z1, . . . , zN) = ⟨u0, ψ(z1, . . . , zN)uN+1⟩ ∈ Vµ1 ⊗ · · · ⊗ VµN
. Then

ϕ ∈ (Vµ1 ⊗ · · · ⊗ VµN
)λN−λ0 ,

and ϕ satisfies the following differential equation

(k + h∨)
∂

∂zi
ϕ =

( N∑
j=1

Ωij

zi − zj

)
ϕ− 1

zi

∑
e

(ae)i⟨u0, ψ(z1, . . . , zN)aℓuN+1⟩,

where ae, ae are dual basis elements in g. For α ∈ R+, let eα ∈ gα, fα ∈ g−α such that ⟨eα, fα⟩ = 1. Then

Ω =
∑
α∈R+

(eα ⊗ fα + fα ⊗ eα) +
∑
p

xp ⊗ xp,

where xp is the dual basis in h, and C =
∑

α∈R+
(eαfα + fαeα) +

∑
p x

2
p. We can rewrite∑

e

(ae)i⟨u0, ψaℓuN+1⟩ =
∑
α∈R+

(eα)i⟨u0, ψfαuN+1⟩+
∑
p

(xp)i⟩u0, ψ⟨xp, λN⟩uN+1⟩

=
∑
α∈R+

(eα)i

N∑
j=1

(fα)jϕ+ (hλN
)iϕ.

Note that u0 is n−-invariant. Now ϕ has weight λN − λ0, so

∑
p

N∑
j=1

(xp)i(xp)jϕ = (hλN−λ0)iϕ.

Then we can rewrite



LECTURE 19. MAR. 18 — KZ EQUATIONS, PART 3 66

∑
e

(ae)i⟨u0, ψaℓuN+1⟩ =
N∑
j=1

( ∑
α∈R+

(eα)i(fα)j +
1

2

∑
p

(xp)i(xp)j

)
ϕ+

1

2
(hλN

+ λ0)iϕ

=
N∑
j=1

Ω+
i,jϕ+

1

2
(hλN+λ0)iϕ+

( ∑
α∈R+

eαfα +
1

2

∑
p

x2p

)
i

ϕ,

where Ω+ =
∑

α∈R+
eα ⊗ fα + 1

2

∑
p xp ⊗ xp

Ω− = Ω− Ω+ =
∑
α∈R+

fα ⊗ eα +
1

2

∑
p

xp ⊗ xp.

Check as an exercise that [eα, fα] = hα and that∑
eαfα +

1

2

∑
p

x2p =
1

2
C + hρ.

Then we have that∑
ℓ

(aℓ)i⟨u0, ψaℓuN+1⟩ =
N∑
j=1
j ̸=i

Ω+
i,jϕ+

1

2
(hλN+λ0+2ρ)iϕ+

1

2
(C)iϕ

=

( N∑
j=1

Ω+
i,j +

1

2
(hλN+λ0+2ρ)i +

1

2
⟨µi, µi + 2ρ⟩

)
ϕ.

Thus we can rewrite the KZ equations as

(k + h∨)zi∂ziϕ =

( N∑
j=1
j ̸=i

ziΩ
−
i,j + zjΩ

+
i,j

zi − zj
− 1

2
(hλN+λ0+2ρ)i −

1

2
⟨µi, µi + 2ρ⟩

)
ϕ

Theorem 19.2. Let zi = ezi. Then

(k + h∨)∂xi
ϕ =

( N∑
j=1
j ̸=i

ri,j(xi − xj)−
1

2
(hλN+λ0+2ρ)i − ⟨µi, µi + 2ρ⟩

)
ϕ,

where r(x) = (exΩ− + Ω+)/(ex − 1).

19.3 Factorizable Systems

Remark. The equations we are studying take the form

∂

∂zi
ϕ(z1, . . . , zN) = Ai(z1, . . . , zN)ϕ(z1, . . . , zN), ϕ ∈ V, Ai ∈ End(V ),

where ∂iAj∂jAi + [Ai, Aj] = 0 and the Ai are holomorphic in D ⊆ CN .

Definition 19.1. We say that such a system is factorizable if



LECTURE 19. MAR. 18 — KZ EQUATIONS, PART 3 67

1. V = V1 ⊗ · · · ⊗ VN , where the {Vi} are g-modules,

2. there exists a function r(z) ∈ g⊗ g of one complex variable meromorphic in a neighborhood of the
origin, and κ ∈ C such that

Ai(z1, . . . , zN) =
1

κ

(∑
j>i

ri,j(zi − zj)−
∑
j<i

rj,i(zj − zi) + si

)
for s ∈ g such that [s⊗ 1 + 1⊗ s, r(z)] = 0.

Proposition 19.2. A factorizable system is consistent if

[ri,j(zi − zj), rj,k(zj − zk)] + [ri,k(zi − zk), rj,k(zj − zk)] + [ri,j(zi − zj), ri,k(zi − zk)] = 0.

These are called the classical Yang-Baxter equations.

Remark. There are also quantum Yang-Baxter equations, which is of the form

Ri,j(zi − zj) = 1 + ℏr(zi − zj) +O(ℏ2),

and one can recover the classical equation from it.

Remark. We can naturally take Vi ∼= U(g) to make a factorizable system, and in this case the condition
in Proposition 19.2 is satisfied in U(g)⊗3.

Definition 19.2. Classical r-matrices are solutions of the classical Yang-Baxter equations which are
meromorphic in a neighborhood of the origin with at least one point z where r(z) is nondegenerate.

Definition 19.3. Two classical r-matrices r(z), r̃(z) are equivalent if there is ϕ(x) ∈ Aut(g) such that

r̂(z1 − z2) = (ϕ(z1)⊗ ϕ(z2))r(z1 − z2).

Theorem 19.3. A classical r-matrix r(z) extends to a meromorphic function on the complex plane
satisfying r1,2(−z) = −r2,1(z). Moreover, they fall into one of the following classes:

1. Rational: r(z) = cΩ/z + P (z) for some P ∈ g⊗ g⊗ C[z] and c ∈ C×.

2. Hyperbolic (or trigonometric): r = f(eaz), where

r(z) =
P (eaz)

ea(n+1)z − 1
+ e−anzQ(eaz)

where P,Q are polynomials and r(z + 2πi/a) = r(z).

3. Elliptic: r(z + nω1) = r(z + nω2) = r(z). This case exists only for Type A Lie algebras.



Lecture 20

Mar. 30 — KZ Equations for sl2

20.1 KZ Equations for sl2

Remark. For this lecture, let g = sl2. Then we have (letting κ = k + h∨)

κ
∂

∂zi
ψ =

( N∑
j=1

Ωi,j

zi − zj

)
ψ, i = 1, . . . , N.

Note that ψ takes values in V = Vµ1 ⊗ · · · ⊗ VµN
, where Vµi

are the lowest weight modules (with height

−µi) Let (V
n−)λ be the space of singular vectors, where λ is a weight. Write λ = −

∑N
i=1 µi + µ, where

µ =
∑r

i=1 niαi. Call |µ| =
∑r

i=1 ni the level of the solution. Let

e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
, h =

(
1 0
0 −1

)
and Ω = e⊗ f + f ⊗ e+ 1

2
h⊗ h. Let (x, y) = tr(xy), so that

(β, γ) = (βω, γω) =
βγ

2
.

With this normalization, we have h! 1, α! 2, ρ = 1, k + h∨ ! k + 2, and h = h∨ = 2.

Now we find the dimension of W . Let pN (m) be the number of ordered partitions of m into N parts, i.e.

pN(m) = #
{
m⃗ = (m1, . . . ,mN) ∈ ZN

+ :
∑

mi = m
}
=

(
N +m− 1

m

)
=

(N +m− 1)!

m!(N − 1)!
.

Note that pN has generating function 1/(1− q)N . Let vi be the lowest weight vector in Vµi
. Consider

em1v1 ⊗ · · · ⊗ emNvN ,

then we see that dimV λ = pN(m) where λ = −
∑
µi + 2m.

Proposition 20.1. Let W be the space of singular vectors of weight λ = −
∑
µi + 2m in V . Then for

generic µi, we have

dimW = pN−1(m) =

(
N +m− 2

m

)
Remark. In level 0, we have W 0 = Cv, where v = v1 ⊗ · · · ⊗ vN . Then

Ωi,jv =
1

2
(v1 ⊗ · · · ⊗ hvi ⊗ · · · ⊗ hvj ⊗ · · · ⊗ vN) =

µiµj

2
v.

Define the function

68
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ψ0(z1, . . . , zN) =
∏
i<j

(zi − zj)
µiµj/2κ.

Then ψ0 = ψ0(z1, . . . , zn)v is a solution to the KZ equations.

We will now consider N = 3, which gives the simplest level 1 solution.

Proposition 20.2. Any solution ψ(z1, z2, z3) of the KZ equations can be rewritten as

ψ(z1, z2, z3) = (z1 − z3)
(Ω1,2+Ω1,3+Ω2,3)/κf

(
z1 − z2
z1 − z3

)
.

where f satisfies the equation

κ
∂

∂z
f(z) =

(
Ω1,2

z
+

Ω2,3

z − 1

)
f(z). (∗)

Remark. Consider L0, L±1 with −d/dz, −zd/dz, and −z2d/dz. Let

x =
z1 − z2
z1 − z3

, y = z1 − z3, t = z1 + z2 + z3.

Then we have that

κ
∂ψ

∂x
=

(
Ω1,2

x
+

Ω2,3

x− 1

)
ψ, κ

∂ψ

∂y
=

(Ω1,2 + Ω1,3 + Ω2,3)

y
ψ, κ

∂ψ

∂t
= 0.

Then we see that f = y−(Ω1,2+Ω1,3+Ω2,3)/κψ(x, y) does not depend on y.

Remark. Note that W is 2-dimensional on level 1: Assume µi ̸= 0, then

w1 = µ1ev1 ⊗ v2 ⊗ v3 − µ2v1 ⊗ ev2 ⊗ v3

w2 = µ3v1 ⊗ ev2 ⊗ v3 − µ2v1 ⊗ v2 ⊗ ev3

Theorem 20.1. Any solution f(z) of the equation (∗) can be written as follows:

f(z) = z(µ1µ2−2µ1−2µ2)/2κ(1− z)(µ2µ3)/2κ

(
F (z)w1 + z

κ

µ3

F ′(z)w2

)
,

where F (z) is a solution of the Gauss hypergeometric equation:

z(1− z)
d2

dz2
F = [c− (a+ b+ 1)z]

dF

dt
− abF = 0,

where a = µ3/κ, b = −µ1/κ, and c = 1− (µ1 + µ2)/κ.

Remark. The unique solution of the Gauss hypergeometric equation with F (0) = 1 is given by

2F1(a, b, c, z) =
∞∑
n=0

(a)n(b)n
n!(c)n

zn

in |z| < 1, where (a)n = a(a+ 1) · · · (a+ n− 1).

Proposition 20.3. For generic values of parameters,

F (1) = 2F1(a, b, c, z) and F (2) = z1−c
2F1(a− c+ 1, b− c+ 1, 2− c, z)

form a basis for the space of solutions.
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20.2 Integral Formulas for Hypergeometric Equation

Remark. Let z⃗ = (z1, . . . , zN), and define ψ1(z⃗, t) =
∏N

j=1(t− zj)
−µj/κ. Then we claim that

ψC(z⃗) = ψ0(z⃗)
N∑
r=1

∫
C

ψ1(z⃗, t)
dt

t− zr
erv

is a well-defined integral, where v = v1 ⊗ · · · ⊗ vN and er = 1⊗ · · · ⊗ e⊗ · · · ⊗ 1 (r-th position).

Remark. Fix two distinct points z1, z2 ∈ C. Consider a closed contour around z1, z2, which wraps
around z1 once in the negative direction, then z1 once in the negative direction, then z2 once in the
positive direction, and finally z1 once in the positive direction. This is called the Pochhammer contour.
Using this, one can show that ψC is well-defined.

Proposition 20.4. The function ψC as defined above is a W -valued solution of the KZ equations.

Proof. This is a direct calculation. Define

Ti(z⃗, t) = ψ1(z⃗, t)
ei

t− zi
, Y (z⃗, t) =

∑
i

Ti(z⃗, t), H(z⃗, t) =
∑
i

hi + µi

t− zi
.

We use the following lemma, which is also a direct calculation using commutators:

Lemma 20.1. We have

κ
∂

∂zi
Y −

[
N∑
j=1

Ωi,j

zi − zj
, Y

]
= Y

hi + µi

t− zi
− TiH − κ

∂

∂t
Ti

Now we check that ψC is a solution. We can write

ψC(z⃗) = ψ0(z⃗)

∫
C

Y (z⃗, t)v dt.

Since ψ0(z⃗)v is a solution, it is enough to see that∫
C

[
κ
∂

∂ti
−

N∑
j=1

Ωi,j

zi − zj
, Y

]
v dt =

∫
C

κ
∂

∂t
Tiv dt = 0.

To check that ψC is W -valued, we want to show that fψC = 0. Note that

[f, Y (z⃗, t)] = ψ1(z⃗, t)
∑
i

−hi
t− zi

,

so we get that

fψC(z⃗, t) = ψ0(z⃗)

∫
C

ψ1(z⃗, t)
∑
i

−µi

t− zi
v dt

= ψ0(z⃗)

∫
C

ψ1(z⃗, t)
∑
i

µi

t− zi
v dt = −ψ0(z⃗)v

∫
C

κ
∂

∂t
ψ1(z⃗, t) dt = 0.

This proves the desired result.
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Example 20.0.1. Let N = 3. Then z1 = 0, z2 = z, and z3 = 1. We have

ψC(0, z, 1) = zµ1µ2/2κ(1− z)µ2µ3/2κ∫
C

t−µ1/κ(t− z)−µ2/κ(t− 1)−µ3/κ

(
ev1 ⊗ v2 ⊗ v3

t
+
v1 ⊗ ev2 ⊗ v3

t− z
+
v ⊗ v2 ⊗ ev3

t− 1

)
dt.

Note that the function

FC(z) = z(µ1+µ2)/κ

∫
C

t−µ1/κ(t− z)−µ2/κ(1− t)−µ3/κ
dt

t

is a solution of the hypergeometric equation. Let t = xz, z−1 ∈ [0, 1], and C be the Pochhammer contour
around 0, 1. Then we have that

FC(z) =

∫
C

x−1−µ1/κ(1− x)−µ2/κ(1− zx)−µ3/κ dx

= (1− e2πiµ1/κ)(1− e2πiµ2/κ)

∫ 1

0

x−1−µ1/κ(1− x)−µ2/κ(1− zx)−µ3/κ dx.

For Re(µi/κ) < 0, Re(µ2/κ) < 1, and µi/κ /∈ Z, we have that

F (z) =

∫ 1

0

x−1−µ1/κ(1− x)−µ2/κ(1− zx)−µ3/κ dx

is a solution of the hypergeometric equation.

Proposition 20.5. We have

2F2(1)(a, b, c, z) =
Γ(c)

Γ(b)Γ(a)
=

∫ 1

0

xb−1(1− x)c−b−1(1− zx)−a dx.

20.3 Solutions in Higher Levels

Remark. Let m = µ/2 ∈ Z+ be the level of the solution. Let

z⃗ = (z1, . . . , zN), t⃗ = (t1, . . . , tm), dt⃗ = dt1 ∧ · · · ∧ dtm.

Define the multi-valued differential form

ωz⃗,m :=
∏
p<n

(tp − tn)
2/κY (z⃗, t1) · · ·Y (z⃗, tm) dt⃗ ∈ Yz⃗,m := {t ∈ Cm : ti ̸= tj, ti ̸= zj} ⊆ Cm

Theorem 20.2. The function

ψC(z⃗) = ψ0(z⃗)

∫
C

ωz⃗,mv

is a solution of the KZ equations if C is a “legitimate” cycle.

Remark. Define the function

ψm(z⃗, t) =
∏
i<j

(zi − zj)
µiµj/2κ

∏
p,j

(tp − zj)
−µj/κ

∏
p<n

(tp − tn)
2/κ,

and let (here Σm is the set of maps s : {1, . . . ,m} ! {1, . . . , N} such that s−1(j) = mj for 1 ≤ j ≤ N)
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ρm⃗(z⃗, t) =
∑
s∈Σm

n∏
n=1

(tn − zs(n))
−1,

where m⃗ = (m1, . . . ,mN) with
∑
mi = m. Then we have that

ψC(z⃗) =

(∑
m⃗

∫
C

ψm(z⃗, t)ρm⃗(z⃗, t) dt1 ∧ · · · ∧ dtm
)
(em1v1 ⊗ · · · ⊗ emNvN).



Lecture 21

Apr. 1 — Vertex Operators

21.1 KZ Equations in Higher Rank

Remark. Let g be a simple Lie algebra. In the general setting, we are looking for W = (V n−)λ, where

V = Vµ1 ⊗ · · · ⊗ VµN
,

λ = −
∑N

i=1 µi + µ for µ ∈ Q+. We call µ =
∑
ℓiαi the multilevel and m = |µ| =

∑
ℓi the level of the

solution. Let ps =
∑s

j=1 ℓj and ν : {1, . . . ,m} ! {1, . . . r} (where r is the rank of g) such that ν(p) = s
if ps−1 < p ≤ ps. Then we can define the function

ψµ(z⃗, t⃗) =
∑

1≤i<j≤N

(zi − zj)
⟨µi,µj⟩/κ

N∏
j=1

m∏
p=1

(tp − zj)
−⟨αν(p),µj⟩/κ

∏
1≤p<n≤m

(tp − tn)
⟨αν(p),αν(n)⟩/κ.

This is the multi-valued part, which we can combine with a rational part to give solutions to the KZ
equations. The details can be found in the paper by V. Schechtman and A. Varchenko.

21.2 Vertex Operators

Remark. Let H = h⊗ C[t, t−1]⊕ Cc ⊆ ĝ be the extended Cartan subalgebra in ĝ, which is called the
Heisenberg algebra. For any h, g ∈ h, we have the commutation relation

[h[m], g[n]] = m⟨h, g⟩δm,−nc.

Let Hλ (for λ ∈ h∗) be the Fock module over H, which is generated by a highest weight vector vλ with

h[n]vλ = 0 for n > 0, h[0]vλ = λ(h)vλ, cvλ = vλ.

We can decompose H = H+ ⊕ H0 ⊕ H−, and H− = h⊕ t−1C[t−1] acts freely on Hλ. Write

H̸=0 = H+ ⊕ H− ⊕ Cc.

Note that Hλ does not notice λ, and we have

eµ : Hλ −! Hλ+µ

vλ 7−! vλ+µ,

which is an isomorphism of H ̸=0-modules. Note that eλeµ = eλ+µ.
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Define the vertex operator (for z ∈ C×, µ ∈ h∗)

X(µ, z) = exp

(∑
n<0

hµ[n]

−n
z−n

)
exp

(∑
n>0

hµ[n]

−n
z−n

)
eµzhµ[0],

which acts via Hλ ! Ĥλ+µ.

Definition 21.1. The normal ordered product :X(µ1, z1)X(µ2, z2): is defined so that

:h1[n]h2[m]: =

{
h1[n]h2[m], if m ≥ 0,

h2[m]h1[n], if m < 0,
and :h[0]eµ: = :eµh[0]: = eµh[0].

Proposition 21.1. If |z1| > |z2|, then X(µ1, z1)X(µ2, z2) is a well-defined operator Hλ ! Ĥλ+µ1+µ2,
and we have

X(µ1, z1)X(µ2, z2) = (z1 − z2)
(µ1,µ2):X(µ1, z1)X(µ2, z2):.

Proof. Note that by the Baker-Campbell-Hausdorff formula, we have eAeB = eBeAe[A,B] in this case. Let

M−
2 =

∑
n<0

hµ2 [n]

−n
z−n
2 and M+

1 = −
∑
n>0

hµ1 [n]

−n
z−n
1

Then we have

[M+
1 ,M

−
2 ] = −

∑
m,n>0

[hµ1 [n], hµ2 [−m]]

mn
z−n
1 zm2 = −

∑
n>0

n⟨hµ1 , hµ2⟩
n2

(
z2
z1

)n

= −
∑
n>0

⟨µ1, µ2⟩
n

(
z2
z1

)n

= ⟨µ1, µ2⟩ log
(
1− z2

z1

)
,

so we see that eM
+
1 eM

−
2 = eM

−
2 eM

+
1 (1− z2/z1)

⟨µ1,µ2⟩.

Corollary 21.0.1. We have

X(µ1, z1) · · ·X(µn, zn) =
∏
i<j

(zi − zj)
(µi,µj):X(µ1, z1) · · ·X(µn, zn):.

Proposition 21.2. We have the following:

1. [hλ[n], X(µ, z)] = ⟨λ, µ⟩znX(µ, z);

2. for h(z) =
∑
h[n]z−n−1 and |z1| > |z2|, we have

hλ(z1)X(µ, z2) = :hλ(z1)X(µ, z2): +
(λ, µ)

z1 − z2
X(µ, z2) and

d

dz
X(µ, z):hµ(z)X(µ, z):.

Remark. Let g be a Lie algebra of type ADE. The basic representation of ĝ is L0,1, and

L0,1 =
⊕
β∈Q

Hβ

by the Weyl-Kac character formula, where Q is the root lattice of g. Note that ĝ can be represented by
h[n] and eµ (i.e. the action of ĝ is generated by h[n] and eµ).
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Theorem 21.1. Let g be a Lie algebra of type ADE, so that ⟨α, α⟩ = 2 for all α ∈ R. Let

ε : Q×Q −! {±1}

such that ε(α, β)ε(β, α) = (−1)(α,β), where Q is the root lattice of g. Then L0,1 =
⊕

β∈QHβ such that
the action of ĝ on L0,1 is given by

Jh(z)
∑
n∈Z

h[n]z−n−1, Jeα(z) = X(α, z)Cα, Jfα(z) = X(−α, z)C−α,

where Jx =
∑
x[n]z−n−1 for x ∈ g and Cα|Hβ

= ε(α, β).

Definition 21.2. Define µ′ = µ/
√
κ (where κ = k + h∨), and define a linear functional v∗µ′ on Hµ′ by

(v∗µ′ , vµ′) = 1 and (v∗µ′ , v) = 0 if v is a homogeneous vector of nonzero degree in Hµ′ .

Proposition 21.3. We have

⟨v∗µ′ , X(µ′
1, z1) · · ·X(µ′

N , zN)vµ′⟩ =
∏
i<j

(zi − zj)
⟨µi,µj⟩/κ = ψ0(z1, . . . , zN),

where µ =
∑n

i=1 µi.

Corollary 21.1.1. We have

ψµ(z⃗, t⃗) = ⟨v∗−λ′ , X(−α′
ν(1), t1) · · ·X(−α′

ν(m), tm)X(µ′
1, z1) · · ·X(µ′

N , zN)v0⟩,

where λ = −
∑N

i=1 µi + µ.

21.3 The β-γ System

Remark. Consider the β-γ system B, which is generated by βn, γn, c for n ∈ Z with relations

[βn, γm] = δn,−mc, [βn, βm] = [γn, γm] = 0, [c, βn] = [c, γn] = 0.

Define β(z) =
∑

n∈Z βnz
−n−1 and γ(z) =

∑
n∈Z γnz

−n, and let

:βnγm: = :γmβn: =

{
βnγm, if n < 0,

γmβn, if n ≥ 0.

The Fock module H(B) over B is generated by v with cv = v, γnv = 0 for n > 0, and βnv = 0 for n ≥ 0.



Lecture 22

Apr. 6 — KZ Equations for sl2, Part 2

22.1 The β-γ System, Continued

Remark. Let z ∈ C×, then β(z), γ(z) are well-defined operators H(B) ! Ĥ(B). Moreover, :β(z1)γ(z2):

is also well-defined as an operator H(B) ! Ĥ(B).

Proposition 22.1. If |z1| > |z2|, then

β(z1)γ(z2) = :β(z1)γ(z2): +
c

z1 − z2
.

Proof. We have

β(z1)γ(z2)− :β(z1)γ(z2): =
∑
n≥0

[βn, γ−n]z
−n−1
1 zn2 = c

∑
n≥0

z−n−1
1 zn2 =

c

z1 − z2
,

which is the desired result.

Remark. Let H be a vector space and ω and antisymmetric bilinear form on H. Let Ĥ = H ⊕Cc with

[h1 + λ1c, h2 + λ2c] = ω(h1, h2)c.

Then we have Ĥ = H+ ⊕H0 ⊕H− ⊕ Cc, where H+, H− are isotropic subspaces with respect to ω and
H0 = kerω. We can define relations

cu = u, h+u = h0u = 0 for h+ ∈ H+, h0 ∈ H0.

We call u the vacuum vector. Note that F = Cu⊕H−F , and if u∗ is the linear functional with ⟨u∗, u⟩ = 1,
then u∗ vanishes on H−F .

Theorem 22.1 (Wick). Denote by P (N) the set of partitions of {1, . . . , N} into N/2 unordered pairs
of numbers (with P (N) = ∅ for odd n). Let h1, . . . , hN ∈ H. Then

⟨u∗, h1 · · ·hNu⟩ =
∑

p∈P (N)

N/2∏
n=1

⟨u∗, hp1(n)hp2(n)u⟩ =
∑

p∈P (N)

N/2∏
n=1

ω(hp1(n), hp2(n)),

where p1(n) < p2(n) is the nth pair in p.

Remark. Consider a correlation function of the type

ρm⃗(z⃗, t⃗) =
1

m1! · · ·mN !
⟨u∗, β(t1) · · · β(tm)γ(z1)m1 · · · γ(zN)mNu⟩.

By Wick’s theorem, this reduces to
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ρm⃗(z⃗, t⃗) = m1! · · ·mN !
∑
s∈Σm⃗

m∏
n=1

⟨u∗, β(tn)γ(zs(n))u⟩,

where for z ∈ C× we have

⟨u∗, β(t)γ(z)u⟩ = 1

t− z
+ ⟨u∗, :β(t)γ(z):u⟩ = 1

t− z
.

22.2 Factorization of KZ Solutions for sl2

Remark. Consider the case for g = sl2. Let U(t) = X(−α′, t), where α is the positive root of sl2, and
Zm(λ, z) = X(λ′, z)⊗ γm(z). Then we have actions

Hµ ⊗H(B)

Ĥµ−α′ ⊗ Ĥ(B) Ĥµ+λ′ ⊗ Ĥ(B)

U(t) Zm(λ,z)

Then we can write solutions to the KZ equations as

ψC(z⃗) =
∑
m⃗

∫
C

⟨vλ0 ⊗ u∗, U(t1) · · ·U(tm)Zm1(λ1, z1) · · ·ZmN
(λN , zN)v0 ⊗ u⟩ dt⃗

em1m1!v1 ⊗ · · · ⊗ emN

mN !
vN ,

where λ0 =
∑
µi − 2m.

22.3 Intertwining Operators via Fock Modules

Remark. Let α be the positive root for sl2. Define an algebra A by

[αn, αm] = 2nδn,−mc and [c, αn] = 0,

where αn = hα[n], and define a module Hλ(A) generated by v with

cv = v, αnv = 0 for n > 0, α0v = λv for λ ∈ C.

Let h∗ ∼= C where α 7! 2, so that

X(µ, z) = X(µα/2, z), µ ∈ C.

Let α(z) =
∑

n∈Z αnz
−n−1 (compute α(z1)α(z2) as an exercise for |z1| > |z2|). Then

Je(z) = β(z), Jh(z) = −2:γ(z)β(z): +
√
κα(z), Jf (z) = −:γ(z)2β(z): +

√
κα(z)γ(z) + k

dγ(z)

dz

gives an action of the affine Lie algebra ŝl2 on Hλ(A)⊗H(B).
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Remark. Let β = d/dx, γ = x, then

e = β, h = −2γβ + j, f = −γ2β + jγ

define a representation of the contragradient Verma module of highest weight j on C[z]. There is then a

notion of “affinization” which yields the above action for ŝl2.

Theorem 22.2 (Wakimoto realization). Define an ŝl2-action on Hλ(A)⊗H(B) as above. If λ, k are
such that M√

κλ,k is irreducible, then this representation is isomorphic to M√
κλ,k.

Remark. Let g = sl2 and λ, λ+ µ, k be generic. Then for all m ≥ 0, there is a unique (up to scalar)
intertwiner of level m

Φm(z) :Mλ,k −! M̂λ+µ−2m,k ⊗ Vµ(z),

where Vµ is the lowest weight Verma module. Writing Hλ′ = Hλ(A)⊗H(B), we have

Φm(z) : Hλ′ −! Hλ′+µ′−2m′ ⊗ Vµ(z).

Lemma 22.1. We have
Φ0w = X(µ′, z)e−γ(z)⊗e(w ⊗ vµ),

where w ∈ Hλ′ and vµ is the lowest weight vector of Vµ(z).

Proof. Let E(z) = exp(−γ(z)⊗ e). Then one can compute that

[X(µ′, z)E(z), Jn
x ⊗ 1]w ⊗ vµ = zn(1⊗ x)X(µ′, z)E(z)w ⊗ Vµ

for all x ∈ sl2 and w ∈ Hλ′ .

Lemma 22.2. Let U(t) = X(−α′, t)β(t), where α′ = α/
√
κ. Then

[Jn
e , U(t)] = 0 and [Jn

f , U(t)] = κ
d

dt
(tnX(−α′, t)).

Remark. Consider the expression ∫
C

U(t) dt : Hλ′ −! Ĥλ′−α′ .

For generic λ, such an operator does not exist.

Remark. Define an operator

Ξ : Hλ′ −! Ĥλ′+µ′−2m′ ⊗ Vµ

(z, t1, . . . , tm) 7−! X(µ′, z)e−γ(z)⊗eU(t1) · · ·U(tm)(w ⊗ vµ),

valid for |z| > |t1| > · · · > |tm| > 0 (but can be extended to a larger region via analytic continuation).

Proposition 22.2. We have

Ξ(z, t1, . . . , tm) = zλµ/κ
m∏
j=1

(z − tj)
1−µ/κt

−λ/κ
j

∏
i<j

(ti − tj)
2/κΞ0(z, t1, . . . , tm),

where Ξ0 is a meromorphic operator-valued function on (C×)m+1.
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Proof. We have

e−γ(z)⊗eβ(t) = −1⊗ e

t− z
e−γ(z)⊗e + :e−γ(z)⊗eβ(t): = : exp(−γ(z)⊗ e)

(
β(t)− 1⊗ e

t− z

)
:,

and thus we see that

e−γ(z)⊗eβ(t1) · · · β(tm) = : exp(−γ(z)⊗ e)

(
β(t1)−

1⊗ e

t1 − z

)
· · ·
(
β(tm)−

1⊗ e

tm − z

)
:,

which implies the result.



Lecture 23

Apr. 8 — Quantum Groups

23.1 Intertwining Operators via Fock Modules, Continued

Theorem 23.1. We have (here C = C1 × · · · × CN)

Φm(z) =

∫
C

Ξ(z, t1, . . . , tm) dt1 ∧ · · · ∧ dtm.

Remark. We also have ∫
C

∂

∂ti
Ξ′ dt⃗ = 0.

Furethermore, ⟨Φ(z1) · · ·Φ(zN)⟩ reproduce the solutions of the KZ equations for |z1| > · · · > |zN |.

Remark. Let Φ : Vλ1,k ! V̂λ2,k ⊗ Vµ(z). A Kazhdan-Lusztig (Moore-Seiberg) intertwiner is

Φ̃ : Vµ,k ⊗ Vλ1,k −! V̂λ2,k(z).

Here Vµ,k is a highest weight module for ĝ and Vµ(z) is a lowest weight evaluation module. Then we
have JnΦ(z) = Φ(z)∆z,0(J

n), where

∆z,0(J
n) =

∮
z

dξ

2πi
ξn
(∑

m

(ξ − z)−m−1ym
)
⊗ 1 + 1⊗ Jn.

Note that
∮
0
J(z) =

∑
n Jnz

−n−1. In vertex operator algebras, there is an expansion

A(ξ)B(z) =
∑ AnB(z)

(ξ − z)n+1
,

and these correspond to shifting certain vector spaces “sitting at z” like above.

23.2 Hopf Algebras

Remark. A good reference for quantum groups is A guide to quantum groups by Chari and Pressley.

Definition 23.1. A Hopf algebra an algebra A with

• a product m : A⊗ A! A,

• a coproduct ∆ : A! A⊗ A,
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• a unit i : C ! A,

• a counit ε : A! C,

• an antipode γ : A! A,

such that the following are satisfied:

1. properties of the product and coproduct:

(a) m(x⊗m(y ⊗ z)) = m(m(x⊗ y)⊗ z) (or more simply, m(id⊗m) = m(m⊗ id));

(b) (∆⊗ id)∆ = (id⊗∆)∆;

2. properties of the unit and counit:

(a) m(i(1)⊗ x) = m(x⊗ i(1)) = x;

(b) (ε⊗ id)∆ = (id⊗ ε)∆ = id;

3. properties of the antipode: m((id⊗ γ)(∆(x))) = m((γ ⊗ id)(∆(x))) = i(ε(x));

4. consistency of product and coproduct: ∆(m(x⊗ y)) = m⊗m(P2,3(∆(x)⊗∆(y))), where ∆(a) =∑
a(1) ⊗ a(2) and

(xy)(1) ⊗ (xy)(2) = m(x(1) ⊗ y(1))⊗m(x(2) ⊗ y(2));

5. consistency of unit and counit: ε(i(1)) = 1,

6. consistency of product and counit (and of coproduct and unit):

(a) ε(m(x⊗ y)) = ε(x)ε(y);

(b) ∆(i(1)) = i(1)⊗ i(1));

7. consistency of product (and of coproduct) and antipode:

(a) γ(m(x⊗ y)) = mop(γ(x)⊗ γ(y)), where mop(x⊗ y) = m(y ⊗ x);

(b) ∆(γ(x)) = (γ ⊗ γ)(∆op(x)), where ∆op(x) = P1,2(∆(x)) and P1,2 : x⊗ y 7! y ⊗ x;

8. consistency of unit (and of counit) and antipode:

(a) γ(i(1)) = i(1);

(b) ε(γ(x)) = ε(x).

Remark. We have the following:

1. Any Hopf algebra is an associative algebra with unit, and an associative coalgebra with counit.

2. To describe the Hopf structure for an associative algebra with unit, it is enough to describe
the action and relations on generators. Moreover, The unit, counit, and antipode are uniquely
determined by the multiplication and comultiplication.

Corollary 23.1.1. We have the following:

1. If A is a finite dimensional Hopf algebra, then A∗ is also a Hopf algebra with m′ = ∆∗, etc.

2. Let ∆ ! ∆op define another Hopf algebra. If A is commutative, then Aop ∼= A with isomorphism γ.

3. If A,B are Hopf algebras, then A⊗B is also a Hopf algebra.
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Example 23.1.1. We have the following:

1. Let G be a group and A = C[G]. Then we can define a Hopf algebra structure on A by

m(g ⊗ h) = gh, ∆(g) = g ⊗ g, γ(g) = g−1, ε(g) = 1, i(1) = e,

If G is finite, we can also define the dual Hopf algebra A∗ to be F(G) (functions on G) with

m(f ⊗ ϕ)(g) = f(g)ϕ(g), ∆(f)(g, h) = f(g, h), i(1) = 1, ε(f) = f(e), γ(f)(g) = f(g−1).

2. Let G be a linear algebraic group. Then A = P(G) (the space of polynomial functions on G) is a
Hopf algebra with the same formulas as above for F(G) in the finite group case.

3. Let g be a Lie algebra. Then U(g) is a Hopf algebra with

∆(x) = x⊗ 1 + 1⊗ x, ε(x) = 0, γ(x) = −x.

Note that the examples (2) and (3) are dual to each other.

Definition 23.2. A representation of a Hopf algebra A is a left module over A as an associative algebra.

Example 23.2.1. We can take xλ = ε(x)λ, where λ is a C-valued representation.

Remark. Let V be a finite-dimensional representation of A. Then there are two dual modules V ∗ and
∗V for A given by

• A acts on V ∗ by af(v) = f(γ(a)v) for v ∈ V , f ∈ V ∗;

• A acts on ∗V by af(v) = f(γ−1(a)v).

Exercise 23.1. Show that ∗V ∗ is canonically isomorphic to V , but ∗∗V and V ∗∗ are different in general.

Remark. Note that V ∗ ⊗ V ! C and C ! V ⊗ V ∗ are A-homomorphisms.

Remark. Let ρi : A! End(Vi) for i = 1, 2. Define ρ : A! End(V1 ⊗ V2) by

ρ(x) = ρ1 ⊗ ρ2(∆(x)).

Then ∆(∆⊗ I) = (I ⊗∆)∆ implies associativity of the tensor product.

23.3 Quantum Groups

Remark. Let A be a generalized Cartan matrix with diai,j = djaj,i. Fix {di} to be positive integers
with greatest common divisor 1. Then we get an extended Lie algebra ge with nondegenerate form L·, ·M.
Normalize the form L·, ·M so that

di =
Lαi, αiM

2
,

or equivalently, Lα, αM = 2 for short roots α. Then he ∼= h∗e, and we can define

hi =
2αi

Lαi, αiM
.

Write q = et for t ∈ C and qx = etx (assume that q is not a root of unity). Then Uq(g) is generated by
ei, fi for 1 ≤ i ≤ r and qh for h ∈ h, with relations
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• q0 = 1 and qa+b = qaqb for a, b ∈ h;

• qheiq
−h = qαi(h)ei and q

hfiq
−h = q−αi(h)fi;

• eifj − fjei = δi,j
qdihi − q−dihi

qdi − q−di
;

• q-Serre relations :

1−ai,j∑
n=0

(−1)n

[n]i![1− ai,j − n]i!
eni eje

1−ai,j−n
i = 0, where

[n]i =
qndi − q−ndi

qdi − q−di
and [n]i! =

n∏
p=1

[p]i,

and identical relations hold for the fi.

Note that we can formally write the q-Serre relations as (ad(q)
ei
)1−ai,j(ej) = 0, where

[x, y]q = ad(q)
x (y) = xy − qLα,βMyx.



Lecture 24

Apr. 13 — Quantum Groups, Part 2

24.1 Quantum Groups, Continued

Remark. Recall the algebra Uq(g) defined last time. It is a Hopf algebra with coproduct

∆(qh) = qh ⊗ qh, ∆(ei) = ei ⊗ qdihi + 1⊗ ei, ∆(fi) = fi ⊗ 1 + q−dihi ⊗ fi.

with counit ε(ei) = ε(fi) = 0 and ε(qh) = 1. The antipode is given by

γ(ei) = −eiq−dihi , γ(fi) = −qdihifi, γ(qh) = q−h.

There are two Hopf subalgebras Uq(g
+) and Uq(g

−) generated by {qh, ei} and {qh, fi}, respectively.

24.2 Representations with Weight Decomposition

Remark. Suppose that we have a weight decomposition V =
⊕

µ V
µ, where qhv = qµ(h)v for v ∈ V µ

and µ ∈ h∗. Similarly as before, we have the Verma module

M
(q)
λ = Ind

Uq(g)

Uq(g+)Xλ,

where Xλ is the 1-dimensional module where all ei act as 0. We can also define L
(q)
λ =M

(q)
λ /Iλ, where Iλ

is the maximal proper submodule of M
(q)
λ .

Theorem 24.1. Let g be a simple finite-dimensional Lie algebra and q ∈ C (not a root of unity). Then

1. L
(q)
λ is finite-dimensional if and only if λ ∈ P+, and in this case, dimL

(q)
λ = dimLλ (the same is

true for the dimensions of the weight subspaces);

2. the category C(g, q) of finite-dimensional Uq(g)-modules is semisimple.

Remark. The contragradient module for M =
⊕

λM
λ is given by the restricted dual M c =

⊕
λ(M

λ)∗,
where we have

⟨gv∗, v⟩ = ⟨v∗, τ(g)v⟩, v∗ ∈M c, v ∈M, g ∈ Uq(g).

Here τ(ei) = qdihifi, τ(fi) = eiq
−dihi , and τ(qh) = qh. Note that τ(ab) = τ(b)τ(a), this is done so that

(M1 ⊗M2)
c ∼= M c

1 ⊗M c
2 as Uq(g)-modules. Note that the Uq(g)-morphism

M
(q)
λ −! (M

(q)
λ )c

is generally not an isomorphism, its image is L
(q)
λ .
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Remark. Let ρ ∈ h∗ such that Lρ, hiM = 1, i.e. αi(ρ) = di. Then

γ2(x) = q2ρxq−2ρ.

Let V ∗ be the dual module of V . Then a priori, V ∗∗ has a different Uq(ge)-module structure from V .1

Proposition 24.1. If V is a finite-dimensional module over Uq(ge) with weight decomposition, then

δV : V −! V ∗∗

v 7−! q2ρv

is an isomorphism of Uq(ge)-modules.

24.3 Quasitriangular Structure

Definition 24.1. Let A be a Hopf algebra and R =
∑

i ai ⊗ bi ∈ A⊗ A invertible such that2

R∆(x) = ∆op(x)R, (∆⊗ I)R = R1,3R2,3, (I ⊗∆)R = R1,3R1,2.

Such an R is called a universal R-matrix for A, and A with a choice of R is called quasitriangular.

Remark. Note that if V1, V2 are two finite-dimensional representations of A, then V1 ⊗ V2 ∼= V2 ⊗ V1.
Thus we can define qRV1,V2 = P1,2R|V1⊗V2 , where P1,2 is the isomorphism V1 ⊗ V2 ! V2 ⊗ V1 given by
permuting the factors.

Proposition 24.2. We have the following:

(ε⊗ id)(R) = (id⊗ ε)(R) = 1A, (γ ⊗ id)(R) = (id⊗ γ−1)(R) = R−1, (γ ⊗ γ)(R) = R.

Moreover, Rop = P (R) (where P (a⊗ b) = b⊗ a) is a universal R-matrix for Aop.

Definition 24.2. A braided tensor category is an additive category C with a distinguished object 1, a
bifunctor ⊗ : C × C ! C, and isomorphisms

αV1,V2,V3 : (V1 ⊗ V2)⊗ V3 ∼= V1 ⊗ (V2 ⊗ V3),

λV : 1⊗ V ∼= V, ρV : V ⊗ 1 ∼= V,

σV1,V2 : V1 ⊗ V2 ∼= V2 ⊗ V1

satisfying the following properties:

1. triangle axiom: the following diagram commutes:

(X ⊗ 1)⊗ Y X ⊗ Y

X ⊗ (1⊗ Y )

ρX⊗id

αX,1,Y id⊗λY

2. pentagon axiom: all maps ((V1 ⊗ V2)⊗ V3)⊗ V4 ! V1 ⊗ (V2 ⊗ (V3 ⊗ V4)) obtained by composing α
and α−1 are equal;

1Recall that ge is the extended Lie algebra with an added derivation d, which gives a non-degenerate bilinear form L·, ·M.
2Here Ri,j denotes R acting in the i, j factors of the tensor product A⊗A⊗A.
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3. hexagon axioms: the isomorphisms V1 ⊗ (V2 ⊗ V3) ! (V2 ⊗ V3)⊗ V1 given by σV1,V2⊗V3 and

α−1(idV2 ⊗ δV1,V3)α(δV1,V2 ⊗ idV3)α
−1

are equal, and similarly for σ−1.

Theorem 24.2. Let A be a quasitriangular Hopf algebra. The category of representations of A is a
braided tensor category with 1 = C, trivial unit morphisms and associative morphisms, and δV,W = qRV,W .

Remark. In this category, every object V has a dual V ∗, and we have morphisms 1 ! V ⊗ V ∗ and
V ∗ ⊗ V ! 1. This is known as rigidity.

24.4 Quantum Yang-Baxter Equation

Proposition 24.3 (Quantum Yang-Baxter equation). We have R1,2R1,3R2,3 = R2,3R1,3R1,2.

Proof. We can write

R1,2R1,3R2,3 = R1,2(∆⊗ id)R = (∆op ⊗ id)(R)R1,2 = P1,2(R1,3R2,3)R1,2 = R2,3R1,3R1,2,

which is the desired formula.

Definition 24.3. Define the braid group on N strands to be the group BN generated by b1, . . . , bN−1

with relations bibi+1bi = bi+1bibi+1 and bibj = bjbi for |i− j| > 1.

Theorem 24.3. Let A be a quasitriangular Hopf algebra and V1, . . . , VN representations of A. Define

qRi = V1 ⊗ · · · ⊗ VN −! V1 ⊗ · · · ⊗ Vi+1 ⊗ Vi ⊗ · · · ⊗ VN

by qRi = Pi,i+1RVi,Vi+1
. Then qRi

qRi+1
qRi = qRi+1

qRi
qRi+1.

Corollary 24.3.1. In a braided tensor category, we can define isomorphisms

β±
X,Y,Z : X ⊗ (Y ⊗ Z) −! Y ⊗ (X ⊗ Z)

by β+
X,Y,Z = α(σX,Y ⊗ idZ)α

−1 and β−
X,Y,Z = α(σ−1

X,Y ⊗ idZ)α
−1. Let

β±
1,2 = β±

X,Y,Z : X ⊗ (Y ⊗ (Z ⊗ U)) −! Y ⊗ (X ⊗ (Z ⊗ U)),

β±
2,3 = id⊗ β±

Y,Z,U : X ⊗ (Y ⊗ (Z ⊗ U)) −! X ⊗ (Z ⊗ (Y ⊗ U)).

Then we have β±
1,2β

±
2,3β

±
1,2 = β±

2,3β
±
1,2β

±
2,3 and β±

X,Y,Zβ
∓
Y,X,Z = id.

24.5 Quantum Double

Remark. Let A be a finite-dimensional Hopf algebra. Let {ai} a basis for A, and {ai} the dual basis
of A∗. Define D(A) = A ⊗ (A∗)op. We want a Hopf algebra structure on D(A) so that the natural
embeddings A ↪! D(A) and (A∗)op ↪! D(A) are Hopf algebra morphisms.

One constructs the quantum double (or Drinfeld double) as follows. Let the structure constants of

A⊗ A⊗ A −! A
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(note that m(m⊗ id) = m(id⊗m)) be mi
j,k,ℓ, i.e. ajakaℓ =

∑
im

i
j,k,ℓai, and the structure constants of

A −! A⊗ A⊗ A

(note that (∆⊗ id)∆ = (id⊗∆)∆) be µj,k,ℓ
i . Then we can define multiplication on D(A) by relations

asa
t = µk,j,n

s mt
p,ℓ,kσ

p
na

ℓaj

(with implied summations), which uniquely defines a Hopf algebra structure on D(A).

Theorem 24.4. The Hopf algebra D(A) is quasitriangular, with

R =
∑
i

(ai ⊗ 1A∗)⊗ (1A ⊗ ai).

Example 24.3.1. Let G be a finite group and A = C[G]. Then A∗ = F(G), and we have

D(A) = C[G]⋉ F(G).



Lecture 25

Apr. 15 — Quantum Groups, Part 3

25.1 Quantum Double for Uq(ge)

Remark. We construct the quantum double for Uq(ge). First consider Uq(g
±
e ), generated by {qh, ei}

and {qh, fi}, respectively:
Uq(g

±
e ) = C[he]⊗ Uq(n

±),

where C[he] is the group algebra associated with qh. Then we can define the restricted dual (by degree)

Uq(g
±)∗ = C[h∗e]⊗ Uq(n

±)∗,

where the pairing is ⟨qh, qλ⟩ = qλ(h) for λ ∈ h∗e.

Theorem 25.1. There is an isomorphism of Hopf algebras

θ : Uq(g
−
e ) −! (Uq(g

+
e )

∗)op

such that θ(qh) = qh for all h ∈ he, where we identify he with h∗e using L·, ·M.

Example 25.0.1. Check that Theorem 25.1 does not hold for q = 1 (one algebra is commutative whereas
the other is not).

Theorem 25.2. Theorem 25.1 implies that we can identify

D(Uq(g
+
e )) = Uq(g

+
e )⊗ Uq(g

−
e ),

which has a two-sided ideal H generated by qh ⊗ 1− 1⊗ qh.

Theorem 25.3. The map given by

ei ⊗ 1 7! ei, 1⊗ fi 7! fi, qh ⊗ 1 7! qh, 1⊗ qh 7! qh

defines an isomorphism ϕ : (Uq(g
+
e )⊗ Uq(g

−
e ))/H ! Uq(ge).

Remark. The algebra D(Uq(g
+
e )) has R-matrix given by

R = q
∑

p xp⊗xp
∑
i

ai ⊗ ai =
∑
n≥0

tn(
∑

p xp ⊗ xp)

n!

∑
i

ai ⊗ ai,

where {ai} is a basis in Uq(n
+) and {ai} is a basis in Uq(n

−).

Example 25.0.2. For Uq(sl2), we have

R = q
1
2
h⊗h
∑
n≥0

qn(n−1)/2 (q − q−1)en ⊗ fn

[n]!
,

where [n] = (qn − q−n)/(q − q−1). For general ge, the formula is given by Khoroshkin-Tolstoy.
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Theorem 25.4. Let C(ge, q) be the category of finite-dimensional representations with weight decompo-
sition of Uq(ge) (with q not a root of unity). Then C(ge, q) has the structure of a braided tensor category

with σV,W = qRV,W = P1,2RV,W and unity associativity morphism.

25.2 Quantum Casimir Element

Remark. Let A be a quasitriangular Hopf algebra, and define

u = m((γ ⊗ idA)(R
op)) =

∑
i

γ(bi)ai,

where R =
∑

i ai ⊗ bi. Then u ∈ A is well-defined (i.e. u actually lies in A) if A is finite-dimensional.
In the case where A = Uq(ge), the element is still defined as an operator in any finite-dimensional
representation.

Proposition 25.1. We have the following:

1. γ2(x) = uxu−1 for all x ∈ A;

2. u−1 = m((γ−1 ⊗ idA)(R
op));

3. ∆(u) = (u⊗ u)(RopR)−1 = (RopR)−1(u⊗ u).

Remark. Recall that we have defined q2ρ ∈ Uq(ge) satisfying γ
2(x) = q2ρxq−2ρ.

Theorem 25.5. Let A = Uq(ge) and C = q2ρu−1. Then C is a central element and is well-defined for
any finite-dimensional representation. Moreover, C satisfies

∆(C) = (RopR)(C ⊗ C) = (C ⊗ C)(RopR)

and C|V = qLλ,λ+2ρM idV , where V is the highest weight module with highest weight λ.

Corollary 25.5.1. Let Vλ, Vµ, Vν be highest weight modules over Uq(ge) with corresponding highest
weights λ, µ, ν, respectively. Then for any embedding of Uq(ge)-modules Vλ ⊆ Vµ ⊗ Vν, we have

qR2|Vλ⊆Vµ⊗Vν = qc(λ)−c(µ)−c(ν) idVλ
,

where c(λ) = Lλ, λ+ 2ρM.

Proof. Apply qR2 = ∆(C)(C−1 ⊗ C−1) (which follows from Theorem 25.5) to C|V = qLλ,λ+2ρM idV .

25.3 Intertwining Operators

Remark. Let g be a finite-dimensional simple Lie algebra and C(g, q) the category of finite-dimensional
representations of Uq(g) with weight decomposition. Then all morphisms in this category can be described

using HomUq(g)(L
(q)
λ , V ). Let

Hλ
V,µ = HomUq(g)(L

(q)
λ , V ⊗ L(q)

µ ).

Let V,W be finite-dimensional representations. Then⊕
µ

Hλ
V,µ ⊗Hµ

W,ν
∼= HomUq(g)(L

(q)
λ , V ⊗W ⊗ L(q)

ν )

via the composition Φ1 ⊗ Φ2 7! (1⊗ Φ2) ◦ Φ1.
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Remark. Let qR+ = PR and qR− = P (Rop)−1 = (R̂+)−1. We can act on an intertwiner

Φ : L
(q)
λ −! V ⊗W ⊗ L(q)

ν

by multiplying by qR±
V,W ⊗ id

L
(q)
ν
, which gives another intertwiner L

(q)
λ ! W ⊗ V ⊗ L

(q)
ν . This gives

qB±
W,V (λ, ν) :

⊕
µ

Hλ
V,µ ⊗Hµ

W,ν

∼=
−!

⊕
µ′

Hλ
W,µ′ ⊗Hµ′

V,ν .

We call such qB± exchange matrices.

Proposition 25.2. The exchange matrices satisfy

1. qB±
1,2

qB±
2,3

qB±
1,2 = qB±

2,3
qB±
1,2

qB±
2,3, where both sides are viewed as isomorphisms

Hom(L
(q)
λ , V ⊗W ⊗ U ⊗ L(q)

ν ) ! Hom(L
(q)
λ , U ⊗W ⊗ V ⊗ L(q)

ν );

2. qB±
qB∓ = id.

Remark. Write the associativity morphism as α : (V ⊗ L
(q)
ν )⊗W ∼= V ⊗ (L

(q)
ν ⊗W ). Then we have

αV,W (λ, µ) :
⊕
µ

Hµ
V,ν ⊗Hλ

W,µ

∼=
−!

⊕
µ′

Hλ
V,µ′ ⊗Hµ′

W,ν .

For sl2 and Uq(sl2), let V,W be highest weight modules with highest weights i, j. Then αV,W depends
on i, j, λ, ν, µ, µ′, and the elements are called the quantum 6j-symbols (or Racah coefficients).

Remark. The hexagon axiom gives the diagram

V ⊗ (L
(q)
ν ⊗W ) (V ⊗ L

(q)
ν )⊗W

V ⊗ (W ⊗ L
(q)
ν ) W ⊗ (V ⊗ L

(q)
ν )

α−1

id⊗ qR
L
(q)
ν ,W

qR
V ⊗L

(q)
ν ,W

β+

L
(q)
ν ,V,W

Thus we can write qBV,W (λ, ν) = qR2α
−1
V,W (λ, ν) qR−1

1 , where

qR1 :
⊕
µ′

Hµ′

W,ν −!
⊕
µ

Hµ
V,ν and qR2 :

⊕
µ

Hλ
W,µ −!

⊕
µ′

Hλ
W,µ′ .

For Uq(sl2), we have qB = D2qαD1, where D1, D2 are diagonal.

Remark. Let λ, µ, ν be generic, so that L
(q)
λ

∼= M
(q)
λ , and V,W finite-dimensional. Then we can describe

Hλ
V,µ explicitly using the map

⟨·⟩ : HomUq(g)(M
(q)
λ ,M (q)

µ ⊗ V ) −! V λ−µ

Φ 7−! ⟨Φ⟩ = (v∗µ ⊗ idV )(Φvλ),

where vλ is a highest weight vector in M
(q)
λ and v∗µ is a lowest weight vector in (M

(q)
µ )∗. This gives

Hλ
V,µ = HomUq(g)(M

(q)
λ , V ⊗M (q)

µ ) ∼= V λ−µ.
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Thus for any generic λ and v ∈ V λ−µ, there is a unique operator

Φv
λ :M

(q)
λ −!M (q)

µ ⊗ V

such that Φv
λ(vλ) = v⊗ vµ + lower order terms. Similarly, if v ∈ V and w ∈W are homogeneous vectors,

we can define
Φv⊗w

λ = (id⊗ Φw) ◦ Φv
λ : L

(q)
λ −! V ⊗W ⊗ L(q)

ν ,

where ν = λ+ weight(v) + weight(w). Then we have

( qR±
V,W ⊗ id)Φ

vi⊗wj

λ =
∑
i,j

Φ
wj′⊗vi′

λ Bi,j
i′,j′(λ)

±.

Using this, we can define qB±
V,W (λ, ν) : (V ⊗W )λ−ν ∼= (W ⊗ V )λ−ν between weight subspaces. Summing

over ν, we get an operator
B±

V,W (λ) : V ⊗W −!W ⊗ V

which preserves weights. The B±
V,W (λ) satisfy dynamical Yang-Baxter equations.



Lecture 26

Apr. 20 — Geometric Aspects

26.1 Local Systems

Remark. Let X be a real manifold, and let Ωi(X) denote the space of differential i-forms on X. Let

Ωi(X,E) = E ⊗ Ωi(X)

denote the space of differential forms with values in a vector bundle E.

Definition 26.1. A connection on E is a map ∇ : Γ(U,E) ! Ω1(U,E) satisfying

∇(fs) = f∇s+ s⊗ df

for a function f and a section s.

Remark. We can define ∇ξ : E ! E by s 7! ⟨∇s, ξ⟩ with

∇ξ(fs) = f∇ξs+ (∂ξf)s.

In local coordinates, we can write

∇i = ∇∂/∂xi
= ∂xi

+ Ai(x).

If Uα,β are the transition functions for E, then

Uα,β(d+ Aα)U
−1
α,β = ∇β = d+ Aβ.

This implies Aβ = Uα,βAαU
−1
α,β + Uα,βdU

−1
α,β, and such a map is called a gauge transformation. Note that

we get a curvature 2-form by defining F = dA+ A ∧ A, and we have

F (ξ, η) = [∇ξ,∇η]−∇[ξ,η].

The components of the 2-form F are given by

[∂i + Ai, ∂j + Aj] = ∂iAj − ∂jAi + [Ai, Aj] = Fi,j.

Definition 26.2. A flat connection is a connection with 0 curvature, i.e.

[∇ξ,∇η] = ∇[ξ,η],

or equivalently, Fi,j = 0. A local system is a vector bundle which admits a flat connection.

92



LECTURE 26. APR. 20 — GEOMETRIC ASPECTS 93

Remark. A connection ∇ gives rise to parallel transport. Given a curve γ : [0, 1] ! X and v ∈ Eγ(0)

(the fiber of E at γ(0)), there is a unique section s of E along γ such that ∇γ̇s = 0 and s(γ(0)) = v.
There is a holonomy operator Mγ : Eγ(0) ! Eγ(1) given by s(γ(0)) 7! s(γ(1)).

Theorem 26.1. If ∇ is a flat connection, then Mγ depends only on the homotopy class of γ.

Corollary 26.1.1. The map γ 7!Mγ (with fixed basepoint) gives a representation of the fundamental
group in Ex0.

Remark. Building on Corollary 26.1.1, there is in fact a bijection between local systems and finite-
dimensional representations of π1(X, x0).

Definition 26.3. Let U ⊆ X and s a section of E over U . We say that s is flat if ∇ξs = 0 for all ξ ∈ U .
We denote the space of flat sections over U by Γf (U,E).

Lemma 26.1. Let U ⊆ X be open and simply connected. Then for any p ∈ U , there is an isomorphism

Γf (U,E) −! Ep

s 7−! s(p).

In other words, the sheaf of flat sections is locally constant.

Remark. Let E,E ′ be two vector bundles over X with connections ∇,∇′. Then

∆(s⊗ s′) = (∇s⊗ s′) + (s⊗∇′s′)

defines a connection on E ⊗ E ′. Similarly, if E∗ is dual to E with pairing ⟨s, s∗⟩, then

⟨∇ξs, s
∗⟩+ ⟨s,∇ξs

∗⟩ = ∂ξ⟨s, s∗⟩

defines a connection on E∗. One can also define a pullback bundle f ∗E and corresponding connection,
given a map f : Y ! X and vector bundle E on X.

26.2 Cohomology of Local Systems

Remark. We have a sequence

0 E Ω1(X,E) Ω2(X,E) · · · Ωn(X,E) 0∇ ∇ ∇ ∇

where ∇(s⊗ ω) = ∇(s) ∧ ω + s⊗ dω. However, this is not a complex in general.

Proposition 26.1. If ∇ is a flat connection, then ∇2 = 0 and Ω•(X,E) is a complex.

Remark. If ∇ is flat, then we can consider the de Rham cohomology H•
dR(X,E) with coefficients in a

local system (the cohomology of the complex Ω•(X,E)).

Remark. Let σ : Σk ! X be a singular k-simplex. Consider
∑

j εjσj, where εj is a flat section of σ∗E
over Σk. Then we can define a boundary map ∂ by

∂(εjσj) =
∑
j

∑
ℓ

εℓjσ
ℓ
j(−1)ℓ,

where εℓj is the restriction of the section to the ℓth face and σk
j is the ℓth face of σj. This gives rise to

the singular homology H•(X,E) and singular cohomology H•(X,E).
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Remark. Let E be a local system with fiber V . Let ω ∈ Ωk(X,E) and σ : Σk ! X, so σ∗ω is a
differential form on Σk with coefficients in the local system σ∗E. If

ω ∈ Ωk(Σk, σ
∗E) = Ωk(Σk)⊗ V

and C = εσ (where ε is the coefficient section of the dual bundle), then we can define∫
C

ω = ⟨ε,
∫
Σk

σ∗ω⟩.

Theorem 26.2 (Stokes theorem). We have∫
C

dω =

∫
∂C

ω,

and integration defines a pairing B : H•(X,E∗)⊗H•
dR(X,E) ! C.

Theorem 26.3 (De Rham theorem). If X is a smooth real manifold and B is nondegenerate, then
H•(X,E∗) ∼= H•

dR(X,E).

Remark. Consider an affine complex manifold, i.e. a complex manifold X which is isomorphic to a
closed subvariety in CN . We can write X = CN \D for some subvariety D ⊆ CN of codimension 1.

Theorem 26.4 (Complex de Rham theorem). Let X be an affine complex manifold and H•
dR(X,E) be

the cohomology of the global holomorphic forms. Then B is nondegenerate and H•(X,E∗) ∼= H•
dR(X,E).

Corollary 26.4.1. For a complex affine manifold of complex dimension n, we have that Hi(X,E) and
H i(X,E) are nonzero only for i ≤ n.

26.3 Hyperplane Arrangements

Remark. Consider a finite set S of codimension 1 affine hyperplanes in Cn (a hyperplane arrangement),
and let X be the complement of its union. Let H ∈ S and ℓH the corresponding linear functional (i.e.

H is the set of solutions to ℓH(z⃗) = 0). Let λ⃗ = {λH}H∈S for some constants λH ∈ C and define

ψ(z⃗) =
∏
H∈S

ℓH(z⃗)
λH .

Definition 26.4. For any S and λ⃗, denote by Lλ⃗ the 1-dimensional local system over X with local
sections ψ(z⃗)f(z⃗) (where f is a holomorphic function on X) and connection ∇i = ∂i. Equivalently, we
can define Lλ⃗ to be the trivial line bundle with connection

∇if = ∂if + f∂i(logψ) = ∂if + fψ−1∂iψ.

Definition 26.5. Define the Orlik-Solomon algebra OS•(X) to be the graded exterior algebra generated
by d(log ℓH(z⃗)), which can be described by generators and relations.

Remark. For f ∈ OS•(X), we call ψf a hypergeometric form, and denote the space of hypergeometric
forms by Ω•

hg(X,Lλ⃗) ⊆ Ω•(X,Lλ⃗).
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Theorem 26.5. For almost all λ⃗ (including λ⃗ = 0), the map

Ω•
hg(X,Lλ⃗) −! Ω•(X,Lλ⃗)

is a quasi-isomorphism.

Example 26.5.1. Let X = C \ {0} and ψ(z) = zλ. Then

zλd(log z) = zλ
dz

z

is a hypergeometric 1-form, and zλ is a 0-form. Note that

d(zλ) = λzλ
dz

z
.

We have H1 = C for λ = 0 and H1 = 0 for almost all λ ̸= 0.

Exercise 26.1. Show that in Example 26.5.1, we have H1 = C if λ ∈ Z and H1 = 0 if λ /∈ Z. So we see
that Theorem 26.5 holds for λ /∈ Z \ {0}.

Remark. One can consider discriminantal arrangements on configuration spaces. Let z⃗ = (z1, . . . , zN ) ∈
CN such that zi ̸= zj. For m ≥ 0, we have a map Xm+N ! XN given by forgetting all but the first N
components. This map is a fiber bundle. Denote the fiber over z⃗ ∈ XN by Yz⃗,m, i.e.

Yz⃗,m = {t⃗ = (t1, . . . , tm) ∈ Cm : ti ̸= tj, ti ̸= zp}.

Moreover, there is a natural action of SN on XN and of Sm on Yz⃗,m by permuting coordinates. Let

Q = {qp,n, rp,j : 1 ≤ p < n ≤ m, 1 ≤ j ≤ N}.

Then we can define
ψz⃗ (⃗t) =

∏
p<n

(tp − tn)
qp,n
∏
p,j

(tp − zj)
rp,j .

If qp,n, rp,j are symmetric with respect to Sm, then this defines a local system LQ on Y z⃗,m = Yz⃗,m/Sm.
Moreover, we have H•(Y z⃗,m,LQ) = (H•(Yz⃗,m,LQ))

Sm .

Remark. Consider the KZ equations for sl2. Let z⃗ = (z1, . . . , zN), t⃗ = (t1, . . . , tm), and κ ∈ C×. Let
L = L(µ⃗, κ). Then recall that we have

ψm⃗(z⃗, t⃗) =
∏
i<j

(zi − zj)
µiµj/2κ

∏
p,j

(tp − zj)
−µj/κ

∏
p<n

(tp − tn)
2/κ,

where
∏

i<j(zi − zj)
µiµj/2κ is constant on every Yz⃗,m.
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27.1 Relation to KZ Equations

Remark. Recall that for V =Mµ1 ⊗ · · · ⊗MµN
and z1, . . . , zN , we have

ψC =
∑
m⃗

(∫
C

ψm(z⃗, t⃗)ρm(z⃗, t⃗) dt⃗

)
vm⃗,

where m⃗ = (m1, . . . ,mN) with
∑
mi = m and vm⃗ = em1v1 ⊗ · · · ⊗ emNvN . Note that dimYz⃗,m = m.

Also, the above integral depends only on the class of C ∈ Cm(Yz⃗,m,L∗).

Theorem 27.1 (Aomoto). Let m = 1. Then for almost all µ, κ,

1. H0(Yz⃗,1,L∗) = 0;

2. dimH1(Yz⃗,1,L∗) = dimH1(Yz⃗,1,L) = N − 1;

3. the forms ψ(z⃗, t)dt/(t− zj) for j = 1, . . . , N for a basis in H1(Yz⃗,1,L);

4. the Pochhammer loops Ci around zi, zN form a basis in H1(Yz⃗,1,L∗).

Corollary 27.1.1. For every z⃗ and almost all µi, κ, the map C 7! ψC is an isomorphism between
H1(Yz⃗,1,L∗) and the space of W -valued solutions of the KZ equations, where W is the space of singular
vectors of weight −

∑
µi + 2.

Theorem 27.2 (Arbitrary level). For all z⃗ and almost all µ⃗, κ,

1. Hi(Yz⃗,m,L∗) = 0 for i < m;

2. dimHm(Yz⃗,m,L∗) = dimHm(Yz⃗,m,L) = m!pN−1(m), where pk(m) is the number of partitions of m
into ordered sums of k nonnegative integers.

Remark. Taking the smaller space Hm(Yz⃗,m,L∗)Sm , gets rid of the m! in Theorem 27.2(2). This gives a
natural generalization of Corollary 27.1.1 for arbitrary m: We have

Hm(Yz⃗,m,L∗)Sm ∼= W,

where W is the space of singular vectors of weight −
∑
mi + 2m.

27.2 Gauss-Manin Connection

Remark. Consider the fiber bundle π : Xm+N ! XN with fiber Yz⃗,m. Recall that there is an action of
SN on XN . We have can choose a cycle in every fiber, but we want to match them in a compatible way.

96
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Note that ψm(z⃗, t⃗) defines a local system on Xm+N , which gives local systems on Yz⃗,m by restriction.
Thus we get a vector bundle Hm(Xm+N/XN ,L) with a fiber at z⃗ given by Hm(Yz⃗,m,L). Note that by
analytic continuation we may move z⃗ ! z⃗′, so for any z⃗ ∈ XN , a choice of C ∈ Hi(Yz⃗,m,L) defines a
cycle in each Yz⃗′,m defines a cycle in each Yz⃗′,m for z′ close enough to z. This defines a connection in

C(Xm+N/XN ,L)

via the condition that all local sections produced in this way are flat (the Gauss-Manin connection).

Theorem 27.3. For all µi and almost all κ, the map C 7! ψC gives an isomorphism of local systems

Hm(Xm+N/XN ,L(µ, κ))Sm ∼= WKZ,

where the left-hand side is endowed by the Gauss-Manin connection and the right-hand side is the trivial
vector bundle over XN with fiber W = (V n−)λ (λ = −

∑
µi + 2m), endowed with the KZ connection.

Remark. Theorem 27.3 fails for k ∈ Z+ (recall that κ = k + h∨).

27.3 Relative Homology

Example 27.0.1. Let X = C \ {0, 1} and E the 1-dimensional local system on X defined by

ψ(z) = zα(1− z)β

for α, β ∈ C. Then for generic α, β, we have H1(X,E
∗) ∼= C, generated by the Pochhammer loop. For

Reα≫ 0 and Re β ≫ 0, we can write∫
C

f(z)ψ(z) dz = (1− e2πiα)(1− e2πiβ)

∫ 1

0

f(z)ψ(z) dz.

We call this integral on the right-hand side the regularization of [0, 1], and denote it by [0, 1]reg.

Definition 27.1. Let X = X \D, where X is a real manifold and D ⊆ X is a closed subset. The space
Ck(X,D,E) of relative chains is the space of finite linear combinations∑

εiσi,

where εi is a flat section of E over σi(Σ
k) ∩X and σi is a singular k-simplex in X.

Remark. Note that Ck(X,E) ⊆ Ck(X,D,E), which gives a map

Hk(X,E) −! Hk(X,D,E), (∗)

though this map is generally not injective or surjective.

Example 27.1.1. Note that [C] = (1− e2πiα)(1− e2πiβ)[0, 1] in Example 27.0.1, and in fact the map on
homology is surjective for all α, β ∈ Z. This is not true for standard homology, e.g. consider α = β = 0.

Theorem 27.4. For a general hyperplane arrangement and general λH , the map (∗) is an isomorphism.

Definition 27.2. Call any subset L of the set of all hyperplanes S such that
⋂

H∈LH ̸= ∅ an edge, and
denote λL =

∑
H∈L λH .
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Theorem 27.5. If for every edge L, we have λL /∈ Z, then the map (∗) is an isomorphism.

Theorem 27.6. Let Dz⃗,m be the union of the hyperplanes {ti = tj, ti = zk}, so that Yz⃗,m = Cm \Dz⃗,m.
Then for all µi, κ generic, we have:

1. Hi(Cm, Dz⃗,m,L(µ⃗, κ)) = 0 for i < m.

2. For z⃗ ∈ RN , define
Y R
z⃗,m = {t⃗ ∈ Rm : ti ̸= tj, ti ̸= zk}

Let {Di} be the set of bounded connected components of Y R
z⃗,m (so each Di is the interior of some

convex polytope), and fix an arbitrary section of L(µ⃗, κ) over each Di. Then

Hm(Cm, Dz⃗,m,L(µ⃗, κ)) =
⊕

C[Di],

and thus Hi(Yz⃗,m,L(µ⃗, κ)) = 0 for i < m.

Remark. We can pick another basis for the homology from m⃗ = (m1, . . . ,mN−1) (with mi ≥ 0) and a
bijection ϕ which assigns to a pair 1 ≤ a, b ≤ N − 1 an index i = ϕ(a, b) ∈ {1, . . . ,m} (m =

∑
mi).

Theorem 27.7. Let z1, . . . , zN such that [zi, zN ] do not intersect except for at zN , and define

Dm⃗,ϕ =

t1, . . . , tm :

ti = zN + uab (za − zN) if i = ϕ(a, b),
0 < u11 < u12 < · · · < u1m1

< 1,
...

0 < uN−1
1 < · · · < uN−1

mN−1
< 1

 ⊆ Yz⃗,m.

Then for almost all µi, κ, the Dm⃗,ϕ form a basis for the relative homology.

27.4 Monodromy of KZ Equations

Remark. Recall the KZ equations:

κ
∂

∂zi
ψ =

( N∑
j=1,j ̸=i

Ωi,j

zi − zj

)
ψ, κ /∈ Q.

We can interpret this system as a flat connection in a trivial bundle with fiber V1 ⊗ · · · ⊗ VN over

XN = {(z1, . . . , zN) ∈ CN : zi ̸= zj}.

The solutions are then given by the flat sections, which we denote by Γf (U, VKZ).

Proposition 27.1. For every γ, the map Mγ : V ! V is a g-homomorphism and Mγ preserves singular
vectors. If z⃗0 = (z1, . . . , zN) and γ(0) = γ(1) = z⃗0, then γ !Mγ is a representation of π1(XN , z⃗0).

Theorem 27.8 (Artin). We have the following:

1. π1(XN) = PBN , the pure braid group defined by PBN = kerσ where σ : BN ! SN ;

2. SN acts on XN by permuting coordinates, and π1(XN/SN) = BN .

Remark. The map BN ! π1(XN/SN ) in Theorem 27.8(2) is defined as follows: Fix z⃗0 = (z1, . . . , zN ) ∈
RN such that zN < zN−1 < · · · < z2 < z1, and for each σ ∈ SN let

V σ = Vσ−1(1) ⊗ · · · ⊗ Vσ−1(N).

Let σ : V ! V σ be defined by v1 ⊗ · · · ⊗ vN 7! vσ−1(1) ⊗ · · · ⊗ vσ−1(N). Fix a basepoint and lift a loop γ
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in XN/SN to a path in XN . We have an operator

M̃γ = σMγ : V −! V σ,

and we can define |M±
i (z) = (M̃γi)

±1 for some path γi.

Theorem 27.9. We have the following:

1. |M±
i

|M∓
i = id;

2. |M±
i

|M±
i+1

|M±
i = |M±

i+1
|M±

i
|M±

i+1.

Corollary 27.9.1. If all representations Vi ∼= W are isomorphic and z1 > · · · > zN , then bi 7! |M±
i (z⃗)

is a representation of the braid group BN on V = W⊗N .



Lecture 28

Apr. 27 — Geometric Aspects, Part 3

28.1 Asymptotics of Solutions to KZ Equations

Remark. Let z1 ≫ z2 ≫ · · · ≫ zN , and let

D = {(z1, . . . , zN) ∈ RN : z1 > · · · > zN} ⊆ XN

Make a change of variables (note that ui > 0)

u1 = z1 − z2, u2 =
z2 − z3
z1 − z2

, . . . , uN−1 =
zN−1 − zN
zN−2 − zN−1

, uN = z1 + · · ·+ zN .

Let z⃗(t) ! 0 as t! 0 be a path, then zi(t)/zi+1(t) ! ∞ for i = 1, . . . , N − 1, and ui(t) ! 0.

Definition 28.1. Let f be a smooth vector-valued function on D. We say that

lim
z1≫···≫zN

f(z) = v

if limui!0 f(u) = v. We write f ∼ ϕ(z)v at z1 ≫ · · · ≫ zN if

f(z) = ϕ(z)(v + o(z)),

where o(z) vanishes in the limit ui ! 0.

Lemma 28.1. We have the following

κ
∂

∂ui
=

Ωi + · · ·+ ΩN−1

ui
+Reg and

∂

∂uN
ψ = 0,

where Reg is regular in ui around 0. Here Ωi =
∑

j>iΩi,j, and the Ωi commute with each other.

Proposition 28.1. Let κ /∈ Q.

1. For every vector v ∈ V (the space where solutions take values) which is a common eigenvector for
Ωi with eigenvalues ωi, there exists a unique solution ψv such that

ψv ∼
∏
i

u
(ωi+···+ωN−1)/κ
i v.

2. If {va} forms a basis in V consisting of eigenvectors of Ωi, then ψa forms a basis in the space of
solutions. In particular, we have an isomorphism

ϕz1≫···≫zN : Γf (D, VKZ)
∼=

−! V

ψa 7−! va.

We call (D,ϕ : Γf (D, VKZ) ! V ) an asymptotic zone.

100
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Remark. Let fi : Li−1 ! Vi ⊗ Li. Then,

F = fN−1 · · · f1 : L0 −! V1 ⊗ · · · ⊗ VN ,

and the F (v) (ranging over all choices of v ∈ L0 and fi) form a basis in V1 ⊗ · · · ⊗ VN .

Theorem 28.1. Let v ∈ L0 and fi as above. Let f ∗
i : L∗

i ! L∗
i−1 ⊗ Vi be the adjoint operator, and define

Φi = Φ̂f∗
i : Vλ∗

i ,k
−! Vλ∗

i−1,k
⊗ Vi(zi).

Then ψ(z1, . . . , zN−1) = ⟨v,Φ1 · · ·ΦN−1·⟩ ∈ V1 ⊗ · · · ⊗ VN is an asymptotic solution with vector F (v).

28.2 Monodromy of KZ Equations, Continued

Remark. We have an isomorphism ϕσ : Γ(σ(D), VKZ) ! V for any σ ∈ SN . Define the monodromy
operator as the following composition:

M±
σ (∞) : V

∼=
−! Γf (D, VKZ)

∼=
−! Γ(σ(D), VKZ)

∼=
−! V.

Let |M±
i (∞) = σiM

±
i : V ! V σi .

Lemma 28.2. Let A(z⃗) =
∏N−1

i=1 (zi − zN)
−Ωi/κ. Then

|Mi(∞) = lim
z1≫···≫zN

A(σi(z⃗))|Mi(z⃗)A
−1(z⃗).

Remark. Let V be a finite-dimensional g-module and λ, µ ∈ P+. Let

H̃λ
µ,V = Homg(Lλ, Lµ ⊗ V ).

For every g ∈ H̃λ
µ,V , we get an intertwiner Φ̂g : Vλ,k ! Vµ,k ⊗ V (z). Define

Φ̂g1⊗g2 = (Φ̂g1 ⊗ id) ◦ Φg2 : Vλ,k −! Vν,k ⊗ V (z1)⊗W (z2)

for g1 ∈ H̃µ
ν,V and g2 ∈ H̃λ

µ,W . Let g = g1 ⊗ g2, then we can define A±Φ̂g(z1, z2) by analytic continuation.

Theorem 28.2. We have the following:

1. The operators A±Φ̂g(z1, z2) are well-defined for z1 > z2 > 0 and are ĝ-intertwiners.

2. For z2 > z1 > 0, we have A±Φ̂g(z1, z2) = PV,W Φ̂
qB±g(z2, z1), where

qB±
V,W (ν∗, λ∗) : Hom(L∗

ν , V ⊗W ⊗ L∗
λ) −! Hom(L∗

ν ,W ⊗ V ⊗ L∗
λ).

28.3 Equivalence of Categories

Remark. In 3 variables z1, z2, z3, we have the equation

κ
∂ψ

∂x
=

(
Ω1,2

x
+

Ω2,3

x− 1

)
ψ,

where x = (z1 − z2)/(z1 − z3). We have the following asymptotic zones:
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• z1 ≫ z2 ≫ z3, corresponding to x! 1;

• z2 ≫ z1 ≫ z3, corresponding to x! −∞;

• z1 − z3 ≫ z1 − z2 ≫ 0, corresponding to x = 0.

We can define the Drinfeld associator ΦV1,V2,V3 : (V1 ⊗ V2)⊗ V3 ! V1 ⊗ (V2 ⊗ V3) by the composition

V Γf (D, VKZ) V
ϕ−1
z1−z3≫z1−z2>0 ϕz1≫z2≫z3

This is a nontrivial isomorphism.

Theorem 28.3. Let κ /∈ Q. Then the category C(g) of finite-dimensional representations of g is a
braided tensor category with αV1,V2,V3 = ΦV1,V2,V3 and σV1,V2 = PeπiΩ/κ.

28.4 Quantum Affine Algebras

Remark. Recalled that in the classical case, the KZ equations had solutions taking values in V1(z1)⊗
· · · ⊗ VN(zN), which are representations of g[z, z−1]. One can similarly construct

V q
1 (z1)⊗ · · · ⊗ V q

N(zN),

which are representations of the quantum affine algebra Uq(ĝ), defined similarly as before. We then have
the Frenkel-Reshetikhin equations (or qKZ equations)

ψ(pz1, pz2, . . . , pzi, zi+1, . . . , zN) = ζR2
V1(z1)⊗···⊗Vi(zi),Vi+1(zi+1)⊗···⊗VN (zN )ψ,

where RV1(z1),V2(z2) is the R-matrix for affine algebras. There is a dual equation ψ(pζ) = |R2|ψ, and
the interaction of the two equations leads to 3D mirror symmetry (or symplectic duality, see the
review paper by Kamnitzer), which then leads to the q-Langlands correspondence (see the paper by
Aganagic-Frenkel-Okounkov).
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