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Lecture 1

Jan. 12 — Introduction and Review

1.1 Review and Overview
Remark. Recall that we are interested in representations of Lie groups G, which is closely related to
representations of Lie algebras g.

We are primarily interested in semisimple Lie algebras. In this case, we fix a Cartan subalgebra b C g,
where 7 = dim b is called the rank. We have the Serre generators {h;,e;, f;}i_; and relations

[hise;] = aije;,  [hi, 5] = ai;fj, adii_‘”’j e; =0, ad};ai’j fi =0,
where a; ; = (o, ;) for oy = 20, /(e ;). Here {o,;} C b* and we identify o < h; € h. Then
g=n, dhon_,
where n, is generated by {e;} and n_ is generated by {f;}. We also have

g:h@@gaa

aER

where R = R, UR_. We have R, C Q4 and R_ C Q_, where Q4 = {>_]_, nja; : n; > 0}. If the a;
are degenerate, then we can define g = g[t,t™ 1] ® Cc @ Cd, where Cc is called the central extension and
d= t%. We can think of these as maps S! — g.

We can also consider the universal enveloping algebra U(g), and the related object. U,(g) We have an
R-matrix Ry w for the representations V ® W and W ® V', and we have the relation

RipRi1 3Ry 3 = Ro3Ri 3R 9
in V; ® Vo ® V5. A main goal later in the course will be to relate the representations of U,(g) and g.

In this case, we have the diagram:

g
Uq(g)</ \id

NN

Ey-(9) < Uq(9) < g

The object U,(g) is related to quantum integrable models of spin chain type (XXX and XXZ), and
E,.(g) is the elliptic quantum group (XYZ).
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1.2 Representations of Semisimple Lie Algebras
Remark. Recall the Weyl group W = {s,(A\) = XA — (\,a¥)a}. The weight lattice is

P={\€eE:{\a") EZ,aGR}z@Zwi,

where w; are the fundamental weights satisfying (w;, o)) = d; ;.

We can consider the highest weight representation. The Verma module is My = U(g) ®uvpan +) Gy, where
C, is the 1-dimensional representation of U(h & n,) on which b acts by A(h). Then

P(MX) =\- @4—7
and for each A € h*, M, has a unique irreducible quotient Ly. The dominant integral weights \ satisfy
NalyeZy, 1<i<r,

where A =Y. nw; with n; € Z,..

Theorem 1.1. The finite-dimensional irreps of g are classified up to isomorphism by A € P.. Moreover,
P(V) is Weyl invariant, and for any p € P(V), w € W,

dim Ly [u] = dim Ly[wp).

Example 1.0.1. For g = sly, the dominant integral weights are n € Z>g, L,, = V,,, and the Weyl group
W acts by reflection.

Remark (Weyl character formula). Let xy(g) = try/(g). We can represent g ~ e", where h € h. Then

xv(€") =Y (dim V(p))et ™.

nepP

We can then formally define xv = >_ p(dim V' (u))e”. The Weyl character formula is

> wew (—1) (w)er )
XLA - A 9

where A =[] ¢z, (e/? — /%) = T], e (=1))? is the Weyl denominator. Here p = %ZaeR+ o=
> iy wi. The Weyl dimension formula is then

[locr, (@, A+p)
HaeR+<a7p) .

Recall the Casimir operator Z?i:nfg z;x" € U(g), which acts by the scalar (A, A + 2p).

dim L)\ =

1.3 Representations of SL, and GL,

Proposition 1.1. For general simple g, let A = ., myw; be a dominant integral weight. Let T\ =

X, L™ and v = Q,v3™. Let V' be the subrepresentation of Ty generated by v. Then V = L.
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Remark. For sl,, we have \ = Z;:ll m;w;. The Cartan subalgebra is

We have o = e; —e;_; and 6;; = (w;, o

7)) = (wi,ej — €j41), where w; = (1,...,1,0,...,0) with i ones.
We can associate A\ with the partition

)\: (m1+---+mn_1,m2+---+mn_1,...,mn_1,0) = (/\1,)\2,...,>\n_1,0),

and A\; > Xg--- > \,_1. Note that L, is the defining representation, where v,, = (1,0,...,0)T = vy,
where {vq,...,v,} is a basis of the defining representation. Then we have that L, = A™V with highest
weight vq A -+ A vy,. Here e; = E; ;1. Then we see that Ly C ®?:_11(/\iV)®mi.

Remark. To move to GL,,, we can write
GL,(C) = (C* x SL,(C))/pta,
where p,, are the roots of unity embedded by z +— (271, 2I). We have a covering homomorphism

C* x SL,(C) — GL,(C)
(2, A) — zA.
We need to determine the holomorphic representations of C*. Its Lie algebra is spanned by h such that

e?™" — 1. Within a representation, h acts by an operator H such that e*™ = 1. Thus all irreducible
representations of C* are of the form yy(z) = 2V. So for C* x SL,(C), we have Ly y = xy @ L.

Exercise 1.1. Show that if Ly y = xy ® Ly, then N = nr + Z;:ll A; for some integer 7.

Remark. Letting m, = r > 0 in the above exercise, the representation L, ,,,,, \s~wn1 for gl,, corresponds
to the partition (mq + -+ 4+ My, ... My_1 + My, My,).

Remark. For SL,, the representation A"V is trivial, but it is the determinant for GL,,. For GL,,, we
also have x* and (y*)* = x 7%, these are called the polynomial representations.

Remark. Let A = (Ay,...,\,) with \; > --- > A, be a partition with at most n parts. Then [A| =) . \;

is an eigenvalue of 1,, = Y7 e;; € gl,,. We can realize A as a Young diagram. Note that L, occurs in

VN where V is the defining representation. We can decompose

where m) = Homg,, (c)(Lx, VEY). There is a natural action of Sy on V&V,

Theorem 1.2 (Schur-Weyl duality). Let A be the image of U(gl,,) in End(V®Y) and B be the image of
CSy in End(V®N). Then

1. the centralizer of A is B and vice versa;

2. if X has at most n parts, then the representation wy of B (and hence of Sy ) is irreducible, and
such representations are pairwise non-isomorphic,

3. if dimV > N, then the my\ exhaust all irreducible representations of S.
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Jan. 14 — Applications of Schur-Weyl Du-
ality

2.1 The Schur Functor

Remark. Let V be the defining representation for GL,. Then

Recall that if A = (Ay,...,\,), then we have

AM=my+-4+my, =Moo+ --4+My, ..., \y=mMy,.

Definition 2.1. Suppose we are given the partition A of N. The Schur functor S* is given by
SAV = Homg, (my, V)
for a vector space V. Note that this language, we have V&N = @, S*V @ 7.
Example 2.1.1. Consider the following:
1. SV = §"V where (n) is the partition of n with a single part.
2. SUIV = A"V, where (17) is the partition of n with n parts equal to 1.
3. VeV =5SVeC,.oSHYV @ C_, where C, acts trivially on C, and by the sign on C_.
4

VeVeV=8S0VeC,e SV oC?e StLDV @ C_, where S; acts trivially on C, and by
sign on C_ as before, and C* = {(z,y,2) : x +y + z = 0}.

Note that V@V = S2V @ A%V, 50 S2V @V = 83V & SGUV and A2V @V = AV @ SGDV.
Remark. Let dimV = N and A have k parts. Recall that by the Weyl dimension formula,

[locr, (@, A+p)
HaeR+<a7p) .

We have Ry = {o;; =e;—¢j:i<jand p=S N w;=(N—1,N—2,...,1,0) (recall that w; is i
ones followed by zeros). Thus we see that

sV = ] N= A+ =i 1 =N+ T Ntj—i

- J—1 by J—1 il J—1
1<i<j<N 1<i<j<k 1<i<k<j<N

dim L)\ =

8
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We can rewrite the second product as

NAj—i T (N4+1—i) - (N+\—i)
11 ﬁ_g (k+1—d)--(k+X—1i)

1<<k<j<N

Proposition 2.1. We have dim S’V = Py\(N), where Py is a polynomial of degree |\| with rational
coefficients and integer roots. The roots of Py are all integers from the interval [1 — Ay, k — 1] (occurring
with multiplicities).

Example 2.1.2. Let P,(N) correspond to S"V. Then A\; = n and k = 1, and
N +n— 1)

n

Po(N) = dim S"V = (

Similarly, one can see that

N
n

One can also consider P, ;) (V) corresponding to partitions with two parts. The values P () are
called the Narayana numbers, which are of use in combinatorics.

2.2 Invariant Theory

Remark. Let V' be a finite-dimensional vector space and {7;} € (V*)®™ @ V¥ for i =1,..., k. One
would like to characterize invariants of such collections, i.e. polynomial functions F(71,...,T;) which
are invariant under the action of GL(V).

One can think of such a tensor in (V*)®™ @ V" ag a vertex with m; incoming edges and n; outgoing
edges. Then constructing invariants {T;} reduces to studying graphs where T; corresponds to a vertex v;
of the graph I'. This allows us to assign to a given graph an invariant function Fr.

Theorem 2.1. The functions Fr for various I' span the space of invariant functions.

Proof. We can view an invariant as an invariant element of the space @, ((V*)®™ © V&), which we
can view as Endgrm) (VEM, VEN), where M = )~ d;m; (the number of incoming edges) and N = Y d;n;
(the number of outgoing edges). Note that this space is empty when M # N, and the statement follows
by Schur-Weyl duality when M = N. n

Example 2.1.3. Let m; =n; = 1. Then T}, ..., T} are matrices. Then the graph I' must look like a
cycle, hence the invariants are all of the form

T1yeens jr(Tla"'ka):tr(j—‘]'ln.j-']'r)'

Note that these invariants are asymptotically algebraically independent (when V' is large enough). In
particular, if P(T},...,T}) = 0 in all dimensions, then tr(P(77,...,T)Tk+1) = 0, which cannot be true
as the trace decomposes in terms of the Fj ;. (However, note that [X,Y] =0 for 1 x 1 matrices and
[Z,[X,Y]?] = 0 for 2 x 2 matrices.) This also implies the uniqueness of the y,, in the BCH formula:

log(exp(x) exp(y)) = > W

n>1
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2.3 Weyl Character Formula for GL,

Remark (Weyl character formula for GL,,). Recall that Weyl’s character formula gives

Z eVV(_1)6(111)6'Lu(/\+p)
X\ ==
ZaER

: (%)
+<6a/2 _ 670‘/2)
where the denominator is A = Ha6R+(ea/2 — e ?) = [Tpew (—1)"™ev). Letting p = %ZaeR+ «

A=c¢ef H(l—e_a)—xrf Lph=2.. OH (1—xj/x;),

aERy 1<J
where p = (n—1,n—2,...,1,0) and 2; = ¢ (e.g. 11 = eL00) After multiplying we get that
A= H(x
i<j
On the other hand, using A = [,y (—1)“®e®®), we have
weW SGSn
Comparing these two formulas, we recover the formula for the Vandermonde determinant:
det({z] " h<ijen) = Y sign(s)aly) -+ 2l = [ [ (@i — ).
SESH i<j
Now applying this to the numerator of (x), we have
Z (_1 (w) w(/\—i—p Z Slgn >\1+n 1. x?(nnJ)rO
weW s€Sh
Thus in total, the character y, is given by
3 A n— n +n—1
oy e, S det(f )
Hi<j (zi — ;) Hi<j(xi — ;)

These functions are known as the Schur polynomials sy(z1,...,x,).

Example 2.1.4 (Character of S™V'). Using the above formula, we get the identity

Smy(T1,. .., 2p) = Z Ty x, = hp (21,0, 20),

1<j1<<jm<n
the mth complete symmetric function.

Example 2.1.5 (Character of A™V'). Similarly, one gets the identity

samy (@1, ..., Ty) = E Tjy T = (X1, .o, X)),
1<) <+ <jm<n

the mth elementary symmetric function.
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Example 2.1.6 (Trace in V®V). Consider z ® o, where z = diag(zy, ..., z,) and ¢ has m; cycles of
length ¢. Then we have

By Schur-Weyl duality, we have that

tryen (r® o) = Zx,\(a)s,\(x) = H(szl T

A i

Using the formula for the Schur polynomial, we get the identity

ZXA det({ >\+N J}) H(xZ_I])H(Izl"i_‘i‘l’%)ml

1<J 7

Theorem 2.2 (Frobenius character formula). xx (o) is the coefficient of 23 V1. xE\VN in the polynomial

[T =2 [ ]+ + i)™

1<j %

2.4 Howe Duality

Remark. Fix V, W and consider S™(V ® W), which is a representation of GL(V) @ GL(W).
Theorem 2.3 (Howe duality). We have a decomposition

S Vew)=  SVesw
XA =n

Proof. We can write
SHV QW) = (Ve W) = (Ve @ W)

Using Schur-Weyl duality for each part, we get that

SV @ W) = (( P svemn)e( P S“W®7rM>>Sn

Ai|Al=n pilpl=n

- P sSveswemer)
A | Al=lpl=n

Since my = m}, by Schur’s lemma we have (7, ® )% = Co», O

Corollary 2.3.1 (Cauchy identity). Let x = (xy,...,2,) and y = (y1,...,ys). Then

ZS’\ H_l_[l_ll—zaclyZ

=1 j=1
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Jan. 21 — Minuscule Weights

3.1 Minuscule Weights

Remark. Let g be a simple complex Lie algebra.

Definition 3.1. A dominant integral weight w for g is called minuscule if (w, ) < 1 for every positive
coroot (3 (equivalently, if |(w, )| < 1 for any coroot f3).

Example 3.1.1. Clearly w = 0 is minuscule.
Example 3.1.2. Let g = sl, with fundamental weights {w;}"~ [ where
wi=(1,...,1,0,...,0)
W—/

Let a;; = o ; = e; — e;. Note that (w;, e; —ex) =0 when j, k <ior j, k> i, and (w;,e; — ;) = 1 when

j <i < k. So all of the w; are minuscule in this case.

Lemma 3.1. Fvery nonzero minuscule weight is fundamental.

Proof. Suppose w is minuscule. Then there exists i with (w, ) = 1. Moreover, there can only be one
such i, since if there were many, then (w,0") > 2, where 6" is the longest coroot (i.e. if 0 = _ m;q;
is the longest root, then 0¥ =3 m;ay). So w is necessarily fundamental. O

Example 3.1.3. For Gy, Fy, and Fg, none of the fundamental weights are minuscule.

Lemma 3.2. A fundamental weight w; is minuscule if and only if m; =1 where 0" =3 m;a;.

Proof. By the minuscule condition, we know m; < 1. If m; = 1, then for any positive coroot 5 =Y njoz}/
we have n; < mj, son; < 1. Thus (w;, B) = n; <1, so w; is minuscule. O

Lemma 3.3. If w € Q with |[{w, 8)| < 1 for all coroots 3, then w = 0.

Proof. Assume to the contrary that w =) . a; # 0. We may assume that ) |m;| is smallest possible.
Then 0 < (w,w) = >, m;(w, o), since the form is positive definite. Thus there exists j such that m;
and (w, oz}/> have the same sign. By replacing w with —w if necessary, we may assume both are positive.
Then (w,af) = 1. Consider the reflection s;(w) = w — a; = >, mja;. So m; = m; — 1 and m; = m.
But then ) . |m}| =Y. |m;| — 1 < ). |myl, contradicting the minimality of w. O

'Recall a fundamental weight is a weight w; such that (w;, ) = d; ; for all simple coroots a .

12
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Proposition 3.1. The following conditions are equivalent:
1. w 18 minuscule;
2. all weights of L, belong to the Weyl orbit Wwy;
3. if X is a dominant integral weight such that w — X\ € Q4, then A = w.
Proof. (1= 3) If w=0, then =\ € Q, so (A, p) <0 where p=>""_, w;, so A =0. Now let w = w; be

minuscule. Then w; — A = >, myay, with my, > 0. If m;, = 0 for k # 4, then the problem reduces to a
lower rank Dynkin diagram. So we can assume my > 0 for every k # . Let [ be a positive coroot, then

<wi - )‘75> = <wi>ﬁ> - <>‘75> < <wi>ﬁ> < L.

If o) does not occur in f, then the above is < 0. In particular, we have (w; — A, a]V> <0 for j #i. If
we also have (w; — A\, @) <0, then (w; — A\, w; — ) <0, so w; = A. Otherwise, (w; — A\, o)) = 1. Then
m; > 0 for every j, so (w; — A, 60Y) > 1, since 6¥ is a dominant coweight. Then (X, 6") <0, so we must
have A = 0 since #¥ contains all oz}/ with positive coefficients. But then w; € @), which is impossible by

Lemma [3.3]

(3 = 2) If p is any weight of L,,, then there exists w € W such that A = wu is dominant (since every
orbit of W intersects the dominant chamber at exactly 1 point). Then w — A € @, so A = w, hence
uw=w‘tweWuw.

(2 = 1) Suppose otherwise w is not minuscule. Then (w,«") > 1 for some positive coroot oV. Then
2w, @) > (a, a).

Note that w — a is a weight of L, (weight of f,v,,, where v, is a highest weight vector and {e,, f,, "}
is an sly-triple). But w — a is not W-conjugate to w, since

(w—a,w—a)=(ww) —2w,a)+ (0a) < (w,w)
but the pairing is W-invariant. Contradiction. O

Corollary 3.0.1. If w is minuscule, then x, = Zveww ev.

3.2 Applications of Minuscule Weights

Proposition 3.2. w € P, is minuscule if and only if the restriction of L, to any root sly-subalgebra of
g 1s the direct sum of 1-dimensional and 2-dimensional representations.

Proof. (=) Let w be minuscule and v € L, the highest weight vector (of weight ww) for (sly),. Then
hav = (ww, a")v = (w,w™ a¥)v.

Then h,v = 0 or h,v = v, so the representation is 1-dimensional or 2-dimensional.

(<) Suppose w is not minuscule. Then there exists o € Q4 with (w,a") =m > 1. Let v, be a highest
weight vector, then h,v, = (w, a")v,, which leads to a higher-dimensional sly-representation. O
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Corollary 3.0.2. If w is minuscule, then for every dominant integral weight A of g, we have

L,®Ly= P Ly

yeWw

(1t is assumed that if A+~ is not dominant, then Ly, =0.)

Proof. We know y, = uewew €' Then we have

X = Z#EWW Zwew(_l)z(w)ew(ﬁp)w = Z’YEW(U Zwew(_l)e(w)ewo‘ﬂ“)
Lu®Ly A X

where A is the Weyl denominator. If A+~ ¢ P,, then for some o}, we get (A + v, ) < 0. But we
know (y,a)) > —1,s0 (A +7,)) = —1. Thus (A +~v+p, ;) =0, so for any w-y, the ferm ws;y comes
with the opposite sign. So we get that

LW Ainer; > wew (—1)ertrte) Z

XLw®L/\ = A -

X475
YEWwW : A+yEP4

which proves the desired result. ]

Example 3.1.4. For sl,, we have Ly ® L,, = Lj,+1 & L,,_1, which leads to the formula

m-+n

Ly, ® Ly, = @ Ly,

k=|m—n|
Example 3.1.5. Let V =V, be the defining representation for GL,,. Then

Lw1 ®L)\ = @ L/u

peX+0

where \ is a partition and A + [J denotes the set of partitions obtained by adding a single box to A. For
example, for A = (3,3,2,1) we have

Lwl ® 5(3,3,2,1)‘/ — S(4’3’2’1)V D S(S,3,3,1)v oy 5(3,3,2,2)‘/ D 5(3,3,2,1,1)V

Similarly, for A™V = L, (where w,, = (1,...,1,0,...,0) with m ones), we have

L.,®Ly= @ L.

pEAmMO

where we are allowed to add m boxes to A in A + m[]. For example,

/\2V ® S(3,1)v — S(4,2)v @ 5(4,1,1)‘/ @ 5(3,2,1)‘/ EB 5(3,1,1,1)V



Lecture 4

Jan. 26 — Other Classical Lie Algebras

4.1 Applications of Minuscule Weights, Continued

Proposition 4.1. We have the following:
1. Let X\ be a partition of N. Then CSyi1 ®g, mx = ®u€A+D Ty
2. Let p be a partition of N + 1. Then m,|sy = @y, o mr-

Proof. (1) Let V' be a vector space of sufficiently large dimension. By Frobenius reciprocity,
Homg, , (CSni1 ®sy T, V®(N+1)) >~ Homg, (1, VN @ V) =V ® SV

Now by Schur-Weyl duality, we have

HomsNH( @ 7TWV®(N+1)> — @ SHV/.

peX+O pneEXO

Since V @ S*V = @ SV, we conclude that CSy11 ®g, m\ = ®ueA+D Ty

peX+0

(2) This is left as an exercise. Use a different version of Frobenius reciprocity. O

Definition 4.1. Let A be a partition, and AT be the conjugate partition (the one corresponding to the
transposed diagram). For example, (3,3,2,1)" = (4,3,2).

Corollary 4.0.1. Let C_ be the sign representation of Sy. Then m\ @ C_ = ;.

Proof. This is left as an exercise. The proof is by induction on N = [A|. Let C'= >, _.(i j), and note
that its eigenvalues are the same as the Casimir operator of SLy. m

Proposition 4.2 (Skew Howe duality). We have a decomposition N"(V @ W) = @, S*V @ SNW (as
GL(V) ® GL(W)-modules).

Proposition 4.3. Every coset in P/Q contains a unique minuscule weight. This gives a bijection
between P/Q) and minuscule weights, so the number of minuscule weights is equal to det A, where A is
the Cartan matriz.

Proof. Let C' =a+ Q € P/Q be a coset. Let w € C'N P be the element which minimizes (w, p¥). If A
is the dominant weight for L, then A € C'N P, implies that

(A p7") = (w, p").

15
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Thus (w— X, pY) < 0,80 w— X € Q4. Thus A = w, so w is minuscule. Now suppose wy,ws € C are
minuscule and w; # we with wy —wy € . By Lemma , we must have (w; —ws, §) > 2 for all coroots 5.
But then (wy, 5) =1 (which implies 5 > 0) and (w9, 5) = —1 (which implies 5 < 0), a contradiction. [

Remark. Let A be the Cartan matrix. For every root, we can write

T
o; = E Aww]
Jj=1

We have a covering map R" /Ay — R"/A;, where Ay = P and Ay = ). Then det A is precisely the degree
of this covering, which counts the number of cosets.

4.2 Other Classical Lie Algebras

Example 4.1.1. Recall that g = sp,,, corresponds to the Dynkin diagram C), (e—s- -s—e=xs), where the
arrow points from longer roots to shorter roots. We have R, = e; & ¢;, 2¢;. The simple roots are

) =€ —€z, Qp=e€3—€3 ..., Qp1=€,1— €y =26,

We have o = ; for i # n and o) = e, and w; = (1,...,1,0,...,0) (with ¢ ones) for 1 <i < n.

Example 4.1.2. The Dynkin diagram B,, (e -s—e=) corresponds to g = $02,, 1. Most things are the
same as above, but we will have «,, = e, and «, = 2en. We have the same w; for i < n, but we get
wy, = (1/2,...,1/2). We have R, =¢; £ej,e;.

Example 4.1.3. The Dynkin diagram D,, (e—s- »{) corresponds to g = s05,. In this case we have

R, = e; £ ¢;, and simple roots given by
a1 = €1 — €3, ceey Qg =€p_1, Qp-1=E€n_1 — €y, Qp==En_1TEn.

We have w; = (1,...,1,0,...,0) (with i ones) for i = 1,...,n — 2, but we get w, 1 = (1/2,...,1/2,1/2)
and w, = (1/2,...,1/2,-1/2).

Remark. We have the following:
e For Gy, Fy, Fy, we have det A = 1 (here A is the Cartan matrix), so the only minuscule weight is 0.

e For B, we have det A = 2 (the nontrivial minuscule weight is (1/2,...,1/2), and the representation
has weights (£1/2,...,£1/2) with all possible combinations of £ and dimension 2").

e For D,,, we have det A = 4. The minuscule weights are wy, w,,_1,w,. Here w; is the 2n-dimensional
defining representation. The other two are spin representations of dimension 2"~!, with weights
(£1/2,...,£1/2), taking even or odd numbers of — signs.

4.3 Representations of Symplectic Lie Algebras

Remark. For g = sp,,,, we have the Dynkin diagram C,, and

w;=(1,...,1,0,...,0).
——

i ones
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The elements of the Cartan subalgebra are given by diag(ay,...,a,, —aq,...,—a,). So L, =V (the
defining representation) with highest weight e;. Note that A%V is not irreducible:

AV = A2V @ C,

where C is the trivial representation spanned by B~! = >~ €4, A ¢; (note that B~ is invariant under
sp,,,. However, one can check that A2V is irreducible.

Now let us consider L, for j > 2. Let B =} . e;j Aef,,. We have an operator
i ATV — ALY

and we can denote A)V = ker(ig|piy/) (note that ig|.iy is injective when ¢ > n). The AjV are irreducible
for i < n, and one can check that these form all of the irreducible representations of sp,, (compute their
dimensions and compare them to the highest weight representations).

We can also define an operator

mpg : NIV — ALY

ur— B Aw.

One can check that mp and ip together with h (acting as ¢ — n on /\iV) form an sly-triple. Then
NV =P Lu, ® Ln_;
i=0

(where wy = 0 and L,,_; is the representation of sly of weight n — j) as representations of sp,, @ sls.

4.4 Representations of Orthogonal Lie Algebras

Remark. First consider B,,, which corresponds to g = s09,41. Let Q = 2?21 TiTitn + T35, 41+ In this
case, the Cartan subalgebra is given by elements of the form diag(as,...,a,, —a,...,—a,,0). Let V
be the (2n + 1)-dimensional defining representation. Then for 1 < i < n — 1, the representation A"V is
irreducible (one can check this using the dimension formula) with highest weight

w; = (1,...,1,0,...,0).
——

i ones

On the other hand, A"V is irreducible but not fundamental, with highest weight (1,...,1) = 2w,,.

Now we consider the spin representation S (whose elements are called spinors). It has weights
(£1/2,41/2,...,£1/2)
(all possible combinations of ). The character of S is given by

Xs(@1,o @) = (0 e ) (@) ),

Remark. We will want to look at the Lie group Spin,, ,(C), the universal cover of SOs,41(C). For
n =1, we have g = s03(C) = sl5(C). We will see that S is 2-dimensional, and 7 (SO3(C)) = Z/2Z.



Lecture 5

Jan. 28 — Other Classical Lie Algebras, Part
2

5.1 More on Orthogonal Lie Algebras
Proposition 5.1. Forn > 3, we have m(SO,(C)) = Z/2Z.

Proof. There is a deformation retract from the surface X,, defined by 22 + -+ + 22 = 1 in C" to the
sphere XE = X,, NIR" defined by 22 + - + 22 =1 in R™ Let Z =7 + iy € X,, for Z,7 € R", and note
that |Z]?> = 1 if and only if |Z]*> — |¢]*> = 1 and 7 - ¢ = 0. We also have

(@ +tig)? = |7 = 2l =1+ (1 - *)|g* > 1.
So we can define a homotopy f; : X,, — X,, by
T+ tiy
VIZ? =[G

which satisfies |f;(2)]? = 1, fi(2) = 2, and fo(2) € XX. Now observe that SO,, acts on X,, with fibers
isomorphic to SO,,_1, so we have a long exact sequence

ft(g) =

7T2(Xn) E— WI(SOn_l(C)) E— WI(SOR((C)) E— 7T1(Xn>.

The first and last groups are trivial for n > 4, so we have that m1(SO,,_1(C)) = 71 (SO, (C)). Thus the
result follows once one checks that m (SO3(C)) = Z/2Z (left as an exercise). O

Remark. Now consider D,,, which corresponds to g = s05,. Let Q) = Z?:l Z;Tirn. The elements of the
Cartan subalgebra are given by diag(as,...,a,, —ai,...,—a,). Let V be the 2n-dimensional defining
representation, and consider A'V for 1 < i < n. We have A’V is irreducible for 0 < i < n — 1, and
L,, = A"V for 1 < n — 2. Note that L.,....1,0) is irreducible but not fundamental. Letting

Wo—1 = (1/2,...,1/2,1/2) and (1/2,...,1/2,—1/2),
the corresponding Sy = L,,, , and S_ = L,,, are the spin representations. The characters are

1/2 ~1/2 _
XS+ = ((%/ + T / ) (‘r}l/z +a, 1/2))i7

where the + denotes an even or odd number of — signs.

18
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Example 5.0.1. We have Spin, = SLs x SLy, where factors correspond to S, and S_. We have Spin; =
Spy, where S is the 4-dimensional defining representation, and SOs5 = Sp,/{%1}. We have Sping = SL4,
where Sy, S_ are the 4-dimensional defining representation and its dual, and SOg = SLy /{£1}.

Example 5.0.2. Let V' be a finite-dimensional vector space, and consider SV = Clz, ..., z,], where
T1,...,%, is an orthonormal basis. Denote R? = "  z7 = S?V and A = >""" | 9*/027. Then:

=11
1. Find a first-order differential operator making {R? A, -} an sly-triple. Make sure that it commutes
with the SO(V') action.

2. Let H,, € S™V be the subspace of harmonic polynomials. Then
SV =P Hpn @ W,
m=0

where H,, = L, is the irreducible representation of SO(V'), and W,, is the Verma module for s,
of highest weight m.

5.2 Clifford Algebras

Definition 5.1. Let V' be a finite-dimensional vector space (over C) and (-, ) a non-degenerate inner
product on V. Give an associative algebra structure to V' by

1
2_ —_—
Ve = 2(1},1}).

Such an algebra is called a Clifford algebra, and is denoted by CI(V).
Corollary 5.0.1. ab+ ba = (a + b)? — a®> — V* = (a, b).
Example 5.1.1. The operators ‘0/dz; and dz; A - define a Clifford algebra.
Example 5.1.2. Let e’e/ + e/e’ = §; ;. Then D =" | €'0; (the Dirac operator) satisfies D* = A.
Theorem 5.1. The algebra C1(V) is isomorphic to Matgn(C) if dim V' = 2n and to Maten (C) ® Matgn (C)
if dimV = 2n + 1.
Proof. First consider the even case. Choose a basis aq,...,ay,bq,...,b, such that
(ai, aj) = (bl, b]) = 0, (ai, bj) = 51"]', aiaj + ajai = O, bzb] + bjbl = O, biCLZ' + Clibi = 1.

Consider Cl(V)-module M = A(ay,...,a,) (note that dim M = 2") with action defined by

ow
plaw =g and plbJw = 5
We have the relations
N Z’@ai N Z@ai 8ai ! ‘70ai B 8012‘ J

for i # j. Let ¢; ;= a;, -+ a;,.bj, -+ bj, for I ={iy,... i} and J = {j1,...,Jm}. Check as an exercise
that the c; ; are linearly independent, then p : C1(V) — End(M) is an isomorphism.
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If dimV = 2n + 1, then we can pick an extra element z satisfying
(z.a;) = (2,b;) =0 and (z,2) =2,
with relations za; + a;2 = 2b; + bjz = 0 and 2% = 1. Then zw = 4(—1)%*8%wz for w € M. O

Remark. There is an embedding so(V) — CI(V'). Define a map

£: ANV =s0(V) — CI(V)

1 1
anNbr— §(ab—ba) =ab— §(a,b).

One can check that [£(a AD),&(c A d)] = &(Ja Ab,c Ad]), so € is a homomorphism of Lie algebras. We
have £*M for even dimensional V' and £* M, for odd dimensional V', and

peem(a) = pu(€(a))
gives £* M the structure of an so(V')-representation (and similarly for £*M... Notice that x*M is reducible:
EM = (&M)o® (M)
as representations, where the first factor corresponds to even degree and the second to odd degree.
Example 5.1.3. We have the following;:

1. (&M)o = Sy and (£*M), = S_ for even dimensional V.
2. If dimV is odd, then x*M_. are both isomorphic to S.



Lecture 6

Feb. 2 — Duals, Maximal Weights, Expo-
nents

6.1 Dwual Representations

Remark. Let L) be the irreducible representation of highest weight A\. What is the highest weight of
the dual representation L}7 Let wy be the maximal element in W.

Proposition 6.1. We have L} = L_,,»).

Proof. Since A is the highest weight in L), for every weight p in L) we have A\ — € Q4. So

Q- 3 wo(A — p) = wo(A) — wo(p),

s0 wo(p) — wo(A) € Q4. Thus wy(A) < wp() for all u € Ly, so the length of wy is |Ry|. Thus —wg(A) is
the lowest weight of Ly, which is the highest weight of L3. ]

Example 6.0.1. Since the length of wq is |R|, wy permutes the fundamental (co)weights and (co)roots,
so wp is an automorphism of Dynkin diagrams. Note that that W acts on P/Q, and wy acts as inversion.

e The Dynkin diagrams Ay, B, C,, G2, Fy, E7, Ex have no automorphisms, so L} = L) for these.

e For A, with n > 2, we have P/Q) = Z/nZ (e.g. if V is the defining representation, then we have
that L}, =V*=A"1V =1L, ).

e For Fs, we have P/Q = Z/37Z, where wy exchanges the two minuscule weights.

e For Dy, 41, we have P/Q = Z/AZ and S* = S_. For D, P/Q = Z/27Z x Z/2Z, and S} = S..

6.2 Maximal Weights

Definition 6.1. Let mazimal weight of g, denoted 6, is the highest weight of the adjoint representation.

Example 6.1.1. If g = s[,,, then 6 is the highest weight for V*®V where V' is the defining representation.
Note that V* = A" 1V, so the highest weight of V* ® V is § = w; + w,_;. It is not fundamental.

Example 6.1.2. For g = sp,,,, we have g = S*V where V is the defining representation for sp,,. Then
0 = 2wy, which is also not fundamental.

Proposition 6.2. For a simple Lie algebra with g # sl,,, sp,,,, the maximal weight 0 is fundamental.

Example 6.1.3. For soy with N > 7 (type B or D), we have g = A?V = L,,.

21
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6.3 Principal sl,-Subalgebra and Exponents

Definition 6.2. Let g be a simple Lie algebra and {e;, f;, h;} (where h; = o) be Chevalley generators.

Let e = > 7, e;, and h such that a;(h) = 2 for all i (so h = 2p"). Note that we have [h,e] = 2e and

)

h=>"_1(2p",wi)ay. Let f =37 (2pY,w;)fi. Then {h,e, f} spans the principal sly-subalgebra of g.

Example 6.2.1. Let g = sl,,1. Then the restriction of the defining representation to the principal sl
is L, the irreducible representation of sly of highest weight n.

Remark. Let g=n_ @ h S ny, so that g = > g[2m| where m is the height of the corresponding root
subspace (and 2m is the weight with respect to h). Note g[0] = h and dim g[0] = r. Let r,, = dim g[2m].

Definition 6.3. We say that m is an exponent of g if r,,, > 1. The multiplicity of an exponent m is

T"m — T'm+1-

Remark. We have 1y = r and there are r exponents (counted with multiplicities) m; < mg < --- < m,.
The roots of height 2 are given by «; + «; (where 7, j are connected in the in the Dynkin diagram). So
ro=r;=1and ro =7 — 1. Thus m; = 1 and my > 1. We have

m, = (p¥,0) = hy — 1,

where 6 is the highest root. We call hy the Cozeter number of g. Note that Y., m; = |R4|.
Proposition 6.3. The restriction of g to its principal sly-subalgebra decomposes as @;_; Loy, +1-
Example 6.3.1. The exponents for sl, are 1,2,...,n— 1.

Definition 6.4. The Cozeter number of g is hy = (0, p") + 1 = m, + 1, and the dual Cozeter number is

hy =(0",p) +1,

where Y = 26/(6,6). If we normalize (6,6) = 2, then hy = 3(0,0 + 2p), which is the eigenvalue of 1C
(where C'is the Casimir operator).

6.4 Complex, Real, and Quaternionic Types

Definition 6.5. Let G be a Lie group. An irreducible representation V' of G or g is of complex type if
V 22 V*, real type if there exists a symmetric isomorphism V' — V* (i.e. a symmetric inner product for
V), and quaternionic (or symplectic) type if the isomorphism is given through an anti-symmetric inner
product.

Exercise 6.1. Let V' be an irreducible representation of a finite group G. Show that Endge (V) (i.c.
V' ® V*) can only be one of three types:

e complex type if Endgg(V) = C,
e real type if Endrg (V) = Matoyxo(R),
e quaternionic type if Endgg(V') = H.

Example 6.5.1. Let L,, be an irreducible representation of sl,. Then L, is of real type for even n and
of quaternionic type for odd n. Thus L, = S™V where V = L; is 2-dimensional. The invariant form on
S™V is S™B, where B is a skew-symmetric invariant form on V.
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Proposition 6.4. Assume A = —wy(), so that the corresponding representation is of real or quaternionic
type. Then Ly is of real type if (2pY, \) is even and of quaternionic type if it is odd.

Proof. The number n = (2p¥, A) is the eigenvalue of h (from the principal sly-subalgebra) on the highest
weight vector. Thus we have a decomposition

Lalst, = Ln © @B ki Lm,

m<n

where L,, has multiplicity 1. One can determine the type based on L,,. O

6.5 Review of Compact Lie Groups
Remark. Let G be a real Lie group of dimension n. Then £ € A"g* gives a generating n-form w, which

is non-vanishing if ¢ is non-vanishing. This gives rise to left- and right-invariant measures p7, and pgr on
G, which are unique up to a constant. We say that G is unimodular if p;, = pg (up to constants).

When does puy, = pg? For a 1-dimensional representation V' of G, let |V| be the representation of G' on
the same space where py|(g9) = |pv(g)| (where py : G — Aut(V) = RX).

Proposition 6.5. We have uy, = pg if and only if |\"g*| is a trivial representation of G.

Proof. We have uy, = g if and only if the left-invariant form is right- or left-invariant up to a sign. This
is equivalent to £ € A"g* being invariant up to a sign under the action of g. O]

Proposition 6.6. A compact group is unimodular.

Proof. For compact groups, the representation |[A"g*| gives a continuous homomorphism G' — R, whose
only compact subgroup is {1}. The result follows by Proposition . O

Proposition 6.7. Let V' be an irreducible representation of G. Then V' admits a G-invariant unitary
structure.

Proof. Take any positive Hermitian form B on V', and define

Buu(v,w) = /G By (9)v. pv (g)w) dg.

This is well-defined and invariant by construction. O]
Corollary 6.0.1 (Weyl unitary trick). Any finite-dimensional representation is completely reducible.

Proof. Write V.= W @ W+, If W is invariant, then so is W+. m
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Feb. 4 — Compact Groups

7.1 More on Exponents

~

Theorem 7.1 (Chevalley’s restriction theorem). There is an isomorphism C[g]® — C[h]".

Theorem 7.2 (Harish-Chandra theorem). There is an isomorphism C[p]W — Z(U(g)).

Remark. Pick an ordering s;,,...,s;. of the simple roots. Then ¢ = s;, - - - s;, is the Coxeter element,
and ¢ = 1 where h is the Coxeter number. Then the eigenvalues of ¢ are ("™+! where ¢ = e2™/" and the
m; are the exponents. Also note that |[W| = []'_,(m; + 1).

If e, f, h is the principal sly-triple, then one can consider e + g/ where g/ = ker ad;.

7.2 Matrix Coeflicients

Remark. For the rest of this lecture, let G be a real compact group and V' a finite-dimensional continuous
complex representation of G.

Definition 7.1. A matriz coefficient of py : G — GL(V) is a function G — C of the form

g+— (f,pv(g)v)
for some v € V and f € V*.

Proposition 7.1. Matrix coefficients are smooth.

Proof. Call v € V' a smooth vector if (f, py(g)v) is smooth for all f € V*. Tt is obvious that such vectors
form a subspace of V', call it Vi, C V. Fix v € V and ¢ : G — C smooth and with compact support. Let

0= [ oo s
We claim that w is smooth. We have
f(p(h)w) (pv /¢ 9)pv(g vdg) /f 9)pv (hg)v dg—/f o(h'g)pv(g)v) dg.

Differentiating under the integral sign and noting that ¢(h~'g) is smooth in h, we see that the above
expression is smooth in A. Now choose a delta-like sequence ¢,, with compact support around 1 so that

/G bulg) dg = 1

24
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Then w,, = w(¢p,v) — v and each w, is smooth, so v is smooth. O

Remark. Let V be an irreducible representation of G. Then:
1. V has an invariant positive-definite inner product which is unique up to scaling;
2. one can use an orthonormal basis vy, ..., v, to define matrix coefficients:
bvij(g) = vi(pv(g)vi) = (pv(g)vi, v;)
(note that this definition is independent of normalization).
Theorem 7.3 (Orthonormality of matrix coefficients). Let V, W be irreducible representations of G.
1. If V,W are not isomorphic, then

/G oy (@) Bunslg) dg = 0.

2. For V=W, we have
zk5 l
/qu kaE( ) g_dlmJV

Proof. Let {v;} and {wy} be orthonormal bases for V' and W, respectively. We have

[ 0vas@scta)ds = [ ((00(6) @ prrto) (s & wi).0; © i) dy
Define the operator
P=[(wvem@ds= | powlo)ds
Since W 2 W*, we have P : V@ W* — V ® W*. Thus
ImP C (Ve We,
which is 0 if V' 22 W. On the other hand, if V' = W, then the only invariant is

ﬁ = Z(Uk ®@k),

k

so P is the orthogonal projection onto #. Thus

pi= "0z
(4, )
so we have (P(v; @ wy),v; @ wy) = 6; ;0k¢/(dim V). O

7.3 Peter-Weyl Theorem

Theorem 7.4 (Peter-Weyl theorem). The matriz coefficients 1y ; form an orthogonal basis in L*(G).
Remark. Let V be a finite-dimensional irrep of G. There is a natural inclusion
iy : V* — Homg(V, L*(Q)),
fr—=Tv=(pv-()N)()]-

We claim that 4y is also surjective. To see this, let ¢ € Homg(V, L?*(G)), i.e. an L? function left-invariant



LECTURE 7. FEB. 4 — COMPACT GROUPS 26

under (. Thus we have that
$(x) = py-(zg~")(9)
(after modifying ¢ on a set of measure zero). Setting g = 1, we get ¢(x) = py«(z)¢p(1), so we have
¢ P vevre @ VeHome(V,L(G)) — LXG),
Velrr(G) Velrr(G)

an embedding of (G' x G)-modules. Call the left-hand side L2, (G).

Theorem 7.5 (Peter-Weyl theorem, alternative). L3, (G) is dense in L*(G), i.e.

—

2 . *
L (G) o @VEIH(G)V ® Ve

Example 7.1.1. Let G = S' = U(1). The irreducible representations of G are ,,(0) = e™?. The ™
form a basis of L?*(G) = L*(S'), where the norm is given by

1 2m
I = 5= [ 1@ a.

This is the usual Fourier series on S'. The Peter-Weyl theorem extends this to non-abelian groups.

Exercise 7.1. Let G be a compact group and H a closed subgroup of G.
1. Show that L*(G/H) = @VEIH(G)NH(V)V, where Ny (V) = dim V¥ (the space of H-invariants).

—

2. Let G = SO(3) and H = SO(2). Then show that L*(G/H) = L*(5%) = @,,-oNu(m)Lam, and
that Ny (m) =1 for every m.

7.4 Introduction to Quantum Mechanics

Remark. Let H be a Hilbert space and H a self-adjoint operator on H. The spectrum of H gives the
energy levels of the system. The elements 1 (z,y, 2) € L*(R3) are called wave functions, and we assume
that they are normalized so that ||[¢||z2 = 1. This is so that

[Y(z,y,2)[PAV
gives the probability of a quantum particle to be in the region AV.

In general, there is also a time dependence in the wave function v, so we have ¢ (z,vy, z,t). The time
dependence is governed by the Schroedinger equation:

One can solve this equation via separation of variables, and we can write
N
where the ¢y are eigenvectors satisfying Hiyny = EntYy.

Example 7.1.2. For the hydrogen atom, we have

1 1
H=—A-
.
where A = 07 + 92 + 07 is the Laplacian and r = /22 4+ y2 4 22. The A/2 is called the kinetic part of

H, and the 1/r is called the potential part of H.
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Feb. 9 — Hydrogen Atom

8.1 Bound States of the Hydrogen Atom

Remark. We are looking for eigenvectors for H = —3A — 1 ie. ¢y € L*(R®) such that Hiy = Exthy
with Eny < 0. We first write the Laplacian in spherical coordinates:

A= Ar + lAsph
r

2

A, =924 =0,
T

1

As h —
P sin’ @

&;(sin 98@ . ),

02 +
¢ sind

where ¢ is the angle in the xy-plane and 6 is the angle from the positive z-axis. Then we have
2 2 1
872’w + _87“¢ + _¢ + _Asphw = —QE%
r r r?
which is solved by ¥ (r, @) = f(r)é(@) for 4 € S? satisfying

Asphg + >‘£ =0 (*)

F(r) + %f/(r) + (; - % + 2E) fr)=0.

Note that (x) implies Ay, is rotationally invariant. By the Peter-Weyl theorem, we have

20q2y _ (TN
L*(S%) = @QOL%,
where S? = SO(3)/SO(2) and Ly, are the irreps of SO(3).

Let Y2 C Ly, be a vector of weight 0, which is invariant under SO(2). Thus it depends only on 6. So we
can write Y,2(0) = Py(cosf), where P is a polynomial of degree ¢. By orthogonality,

/_1 Pi(2)Py(z)dz =0, k#n.

Thus we can write
—AePZ(Z) - Asphpg(2> - (‘L(l - Z2>82Pg(z).

From looking at the leading term we must have A\, = £(¢ + 1).

27
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Now take Y™ € Loy for —¢ < m < £. Write Y;"(¢,0) = ™ P*(cos ). So we have

m2
T —— P4+ 0.1 - 2%)0.P" +((t+1)P" =0, —(<m<L.
This equation has a unique solution (up to scaling) on [—1, 1], given by
Pt = (1 — 22)m294m (1 — 22)°
Now we return to the radial equation:

P+ 270 + (g SA D zE) fr) =o.

Write f(r) = re™"/"h(2r/n), where n is to be chosen later and h satisfies
1
ph" (p) + (20 + 2 — p)I'(p) + (n —(—-1+ é_l(l + 2En2)p) h(p) = 0.
Now choose n = 1/v/—2F, so that E' = —1/2n?. Then the above equation becomes
ph" (p) + (20 +2 — p)I(p) + (n — £ = 1)I(p) = 0.
This equation is known as the generalized Laguerre equation. To get ||1)]|3. < oo, we must have
| #enmran < o
0
26+2 comes from the Jacobian. Solutions around 0 behave like p*(1 + o(1)), so

s(s+20+1)=0.

where the extra +2 in p

Thus either s =0or s = —2¢ — 1.

First consider when ¢ = 0. Then s = —1 and we have p~1(1 + 0(1)), so 9 ~ 1/r as r — 0. Then
Hy = Evy + Cdy,

where Jg is the delta function at 0, so we do not get an eigenvector in this case.

Thus s = —2¢ — 1. Expanding h(p) in a series and substituting, we get the recursive formula

i (1+4—n)---(k+{0—n) ,
— (20+2)- 2£+1+k:)k:"0'

This series converges, and we have
AT
im

p—oo P

=1

unless the series terminates. Thus n — ¢ — 1 € Z>(, so we can write

n—~—1

(I4+l—n)---(k+Ll—n) . 5y
-3 i3 @R = )

k=0
which is known as the generalized Laguerre polynomial:

N

Ly(p) =) (-

k=0

N- (N —k+1)
@t1) - (ath)

r
o
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Theorem 8.1. The bound states (i.e. solutions to Hiyp = Ev in L*(R?)) of the hydrogen atom are
Unem(r, @, 0) = r'e” M LIEL (20 /m)Y™ 6, ),
where n € Zg, { is an integer from 0,...,n — 1, E, = —1/2n%, and m is an integer between —(, ... (.

Remark. In Theorem [8.1] n is known as the principal quantum number, and ¢ is known as the azimuthal
quantum number. Note that if L? = L2 + L2 + L2 = — Ay, where iL,,iL,,iL. are the generators of

s0(3) satisfying [Ly,, Ly] = —iL.y, then L2 =C =(({+1) is the Casimir operator.

Corollary 8.1.1. The space W,, of states with principal number n has dimension n?.

Proof. This follows from )~ (20 + 1) = n?. O

Remark. Note that @an forms a proper, closed subspace L3(R?) of L?(R?). We need to find all ¢
with (He, ) > 0 to reconstruct all of L?(R3). This corresponds to the continuous spectrum of H.

8.2 Spin
Remark. Spin is a kind of intrinsic angular momentum. Instead of just L*(R3), we should consider
LR ®C*=L*R*)® L,
to be the space of states for the hydrogen atom. We have
Va=(Lo®La® @D Lon2) ®L1 =2L1 ®2L3 ® -+ ® 2L20-3 D 2L,

so dim V;, = 2n%. We have an additional spin operator given by

Ss = (162 —?/2) ’

which acts on C? in the standard basis e, ,e_. Then we have

ntm,+ — Wnltm + ntm,— — Pnlm —-
(0 Y ®ey and Y o ®e

The total spin is m + s (where s is the eigenvalue for S,), which is either m + 1/2, or m — 1/2.

8.3 Pauli Exclusion Principle

Remark. The space AFV,, corresponds to the space of states for k electrons at energy level n. Note that
we must have k < 2n? to have A*V, # 0, which gives the Pauli exclusion principle.

In the periodic table, one has orbitals s, p,d, f corresponding to £ = 0,1, 2, 3, respectively, written with
coefficient n and with exponent k corresponding to the number of electrons in the orbital. For example,
the element Ruthenium has

1522522p%3523p°3d 452 4p°4d 55
The periodic table is organized as follows: from left to right ordered by how many valent electrons (i.e.
the number of electrons in the outermost orbital), and from top to bottom ordered by how many energy
levels. For Ruthenium, it is on column 8 and row 5. The number is 44, for 44 total electrons.
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Exercise 8.1. Let 7" = (z,y, 2) and p = (—0,, —i0,, —i0,) be the position and momentum operators.
Let L=7xpand H = 19?4+ U(r), where U is rotationally invariant. Show that:

1. The components iL are generators of the rotations on R?, and [E, 7% =0.

2. Ay = 1(Fx L — L x p) satisfies [Ay, %] = 0.

3. Let A= Ay + ¢(r)r. There exists ¢ such that [f_f, H] =0 if and only if U is a Columb potential
(i.e. U(r) = €+ D), and in this case ¢ is completely determined.

4. (Hidden symmetry of the hydrogen atom) Use the commutation relations between A and L to
define an action on so4 = s03 @ s03, so that L is the diagonal copy in this decomposition.

5 W, = L,_1 X L,_; as representations of s0, = 503 ® s03 = sly P sl,.
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9.1 Automorphisms of Semisimple Lie Algebras

Remark. Recall that we can identify Aut(g) with a Lie group with Lie algebra g. The connected
component of the identity Aut®(g) (also known as the adjoint group G.q) acts transitively on the set of
Cartan subalgebras. If h C g is a Cartan subalgebra, then there is a connected subgroup H C G,q which
acts as 1 on b and as e*® on g, for z € h. Then we have

h/2miPY =~ H,
and H is called a mazimal torus.
Proposition 9.1. The normalizer N(H) of H in Gaq coincides with the stabilizer of b and contains H
as a normal subgroup such that N(H)/H =W (the Weyl group).
Proof. Note that SLy(C) is simply connected, so for any simple root «; there is a homomorphism
Mi : SLa(C) — Gaa = G/Z(G).

Define S; = n; (% §). Consider w = s;, ---s;, and w = S;, --- S;,. Note that w acts on b acts w, and if

w = wiws, then w = wywyh for some h € H. To see the latter claim, note that A has the preserve the
root decomposition, hence kg, = exp(b;). Thus h = exp(3_; bjw)) € H (where (wy, a;) = d;,).

So w and H generate a subgroup N C N(H) such that N/H = W. It remains to show that N(H) = N.
Let € N(H) and consider simple roots o = z(a;). Then there exists w € W such that w(ca}) = o)
for some permutation p. Then wx(c;) = ay), so this is a Dynkin diagram automorphism. Now Wz is an
element of a group, so the fundamental weights are fixed. Thus p = id. O

Remark. Although N(H)/H = W, in general N(H) is not a semidirect product of H and W.
Proposition 9.2. The map & : Aut(D) x Gq — Aut(g) is an isomorphism.
Proof. We have to show that & is surjective. Let a € Aut(g). We can say that a preserves the Cartan

subalgebra (if not, we can shift it by g € G,q). Multiplying by Aut(D)N(H), we can make it act trivially
on b and g,,. Thena=1,s0a € Imé&. O

9.2 Real Forms of Semisimple Lie Algebras

Remark. Recall the Serre presentation for g, i.e. generators {h;, fi,e;} with certain relations. In this
setting, everything was defined over Q.

31
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Definition 9.1. A semisimple Lie algebra is split if it admits a Chevalley-Serre basis over base field K.

Remark. Let L be a Galois extension of K (char K = 0), and assume that g, is a split semisimple Lie
algebra. We want to find g over K such that g ®x L = gr. The problem is then to find a classification
of all such g. Let I' = Gal(L/K). Define an action of I on g; by

which is twisted linear. We can reconstruct g as the invariants g} .

The simplest action of this kind is pg(g), which acts on scalars and preserves {h;, e;, f;}. Any twisted
linear action takes the form p(g) = n(g)po(g) for some n : I' — Aut(gz). As p is a homomorphism,

n(gh)po(gh) = n(g)po(g)n(h)po(h),

and upon rearranging, we have
n(gh) = n(g)g(n(h)),

where g(a) = po(g)apo(g)~* for a € Aut(gr). The above is called a 1-cocycle condition.
Denote the Lie algebra associated to the cocycle n by g,,. When do we have g,, = g,,7 This is the case
when p; and ps are isomorphic, i.e. there exists a € Aut(gy) such that pi(g)a = ap2(g). Then

m(g)po(g)a = ana(g)po(9),

so m1(g) = anz(g)g(a)~t. Thus n; and 1, are cohomologous cocycles.

Proposition 9.3. The semisimple Lie algebras g over K which split over L (where L/K is Galois) are
classified by H' (T, Aut(gr)), where T' = Gal(L/K).

Remark. We will now specialize to K = R, L = C, where I' = Z /27, generated by complex conjugation.
We have Aut(gr) = Aut(D) X Gaq. Since n(1) = 1, n is determined by n(—1). The cocycle condition is

The corresponding Lie algebra (up to isomorphism) depends only on the cohomology class of s, where
s — asa ! for a € Aut(D).

Theorem 9.1. The real semisimple Lie algebras whose complezification is g (i.e. the real forms of g)
are classified by s € Aut(D) X Gaq such that s5 = 1, modulo the equivalence s — asa~' for a € Aut(D).

Remark. Note that complex conjugation acts trivially on Aut(D).

Remark. Denote by gy = {x € g : = s(z)} the real form corresponding to s. Denote by g(1) the split
form consisting of real = € g (so that z = T).

Alternatively, we can define an antilinear involution o4(z) = s(x). Then g is the fixed point set of 0.
Remark. Note that s defines sg € Aut(D) with s3 = 1.
Corollary 9.1.1. The conjugacy class of sqg is invariant under equivalences.

Remark. Since sy permutes the connected components of the Dynkin diagram D, it preserves some and
divides some into pairs. So every semisimple real Lie algebra is a direct sum of simple ones, and each
simple one has either connected Dynkin diagram or consists of two identical components.
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Remark. We now consider the case when D is connected and g is simple.

Definition 9.2. A real form g, of a complex simple Lie algebra is said to be inner to gy if s’ = gs
up to equivalence, where g € G,q (i.e. s, s differ by an inner automorphism). The inner class of g is
the collection of all real forms inner to g(). An inner form is a form inner to a split form. We call g,
quasi-split if s = so € Aut(D).

Corollary 9.1.2. We have the following:
1. Any real form is inner to a unique quasi-split form.
2. A real form which is both inner and quasi-split is split.

Example 9.2.1. Consider the Cartan involution T defined by

7(h;) = =h;, 7(ej) = —f;, T(fi) = —e;.

Then g(;) = g° is called the compact real form of g.
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10.1 Compact Real Forms

Proposition 10.1. Let 7 be the Cartan involution (defined in Example and g° = g(). Then the
Killing form of g¢ is negative definite.

Proof. We can write g° = (h N g°) ® D g, (8o © §-a) N g° The Killing form is negative definite on
h N g¢ since the inner product on a coroot lattice is positive definite. Thus it is negative definite on g¢,
as {iaj'} is a basis for g° N h. Now we need to show that it is negative definite on (g, © g_o) N g° Note
that for g = sly, we have a basis for g° given by ih, e — f, i(e+ f), so g¢ = su(2). So the statement holds
there. For general g, we have that .S; preserves g¢, since

S — (_01 3) € SU(2)

and Lie(SU(2);) C g¢ Thus for any w € W, the lift w preserves g¢, so the restriction of the Killing form
of g° to g° N (sly), is negative definite. O

Remark. Consider Aut(g®). Since the Killing form is negative definite, Aut(g®) is a closed subgroup of
O(g°), so it is compact. Moreover, this is a Lie group with Lie algebra g°.
Corollary 10.0.1. G¢; = Aut(g°)° is a connected, compact Lie group with Lie algebra g°.
Example 10.0.1. We have the following;:
1. For g = sl,,, we have G¢; = PSU(n) = SU(n)/un,, where p, is the nth roots of unity.
2. For g = so0,, we have G¢; = SO(n) for odd n and G$; = SO(n)/{£1} for even n.
3. For g = sp,,, we have G5, = U(n,H)/{£1}. The group

U(n, H) = Sp,,,(C) N U(2n)

is called the quaternionic unitary group.
Example 10.0.2. We have the following:

1. Consider A,,_1, which corresponds to the split form sl(n, R) and compact form su(n). For n > 2,
we have a quasi-split real form as follows: Let s(A) = —JATJ~! where J; ; = (—1)"0; ny1—j. Then

€ fi, hiy— Ent+1—i, fnJrlfiv Pg1—i.-

34
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Note that J is a Hermitian or skew-Hermitian form of signature (p, p) with n = 2p or of signature
(p+1,p),(p,p+ 1), which are isomorphic when n = 2p + 1.

For n = 2, we have su(1,1) = s[(2,R) (and PSU(1,1) = PSL(2,R))[]

2. For type B,,, we have compact form s0(2n + 1) and split form so(n + 1,7n). There are no nontrivial
automorphisms, so there are no non-split quasi-split forms.

Particular cases of interest are SO(3) = SU(2) and SO*(2,1) = PSU(1,1) = PSL(2,R).

3. For type C,,, we have the split form sp(2n, R) and compact form u(n, H). There are no non-split
quasi-split reals forms, as there are no nontrivial automorphisms of the Dynkin diagram.

Note that By = Cy, so we have s0(3,2) = sp,(R) and so(5) = u(2, H).

4. For type D,, we have split form so(n,n) and compact form so(2n). For n > 4, there is a unique
nontrivial involution, while for n = 4, we have Aut(D) = S3;. However, there is still a unique
non-split quasi-split form as there is only one nontrivial involution up to conjugation. Recall

A=—JA"J, Jij = 0iont1—j.

Then the quasi-split form is given by J — J' = gJ, where g permutes e, e,.1 (which corresponds
to ay_1, ). The signature defined by J' is (n+1,n — 1), so the quasi-split form is so(n+1,n —1).

Note that Dy = A; & Ay, so we have the following isomorphisms:

50(4) = su(2) ® su(2),
50(2,2) = su(1,1) ® su(l,1),
50(3,1) = sly(C),

where in the last isomorphism we view sly(C) as a real Lie algebra.

We also have D3 = Aj, which gives the following isomorphisms:

50(6) = su(4),
50(3,3) = sl (R),
s0(4,2) = su(2,2).

10.2 Classification of Real Forms

Remark. Write g = g° ®g C and w = o, the Cartan antilinear involution (so that g° is the fixed points
of 0,). Another real structure on g is given by 0 = w o g for g € Aut(g), as

o’ =wogowog=1
(note that wo gow = w(g), and w(g)g = 1). Define
(X, Y) = tr(adX adw(y)),

which is the Hermitian extension of the Killing form from g° to g. Note that w(g) = (¢7)~!, where ¢' is
the adjoint of g. Thus we see that ¢ is self-adjoint.

'Note that PSU(1,1) is the group of automorphisms of the unit disk, and PSL(2,R) is the group of automorphisms of
the upper half-plane. The isomorphism comes from the Cayley transform from the unit disk to the upper half-plane.
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In particular, g is diagonalizable with real eigenvalues. So we can write

o=,

veER

where g(7) is the eigenspace of g corresponding to eigenvalue 7. Note that

[9(8),8(v)] = 8(57)-
Consider the operator |g|* for ¢ € R, which acts on g(7) as |y|*. We can rewrite
9" = exp(tlog|g]) € Gaa,

which is a 1-parameter subgroup of G.q. Then we can define 6 := g|g|™!, and we have

fow=wodb,
0% =1,

where the first identity follows from (67)~! = 0. We have

0 = |g|~*gw(|g|"?).

We can assume g = 0 with § o w = w o 6, or equivalently, that § € Aut(g®) and #* = 1. Thus ¢ has +1
eigenspaces. Note that ¢’ defines the same real form if and only if

0 = 20(w(x))*
for some x € Aut(g). Then we have zf(w(z))™! = w(x)fz~! (since % =1, 50 '~ = ¢'). Let
2= (w(z)) e,
so that w(z) = 27!, Then 0z = z~'6. Now note that z = z'x is positive definite, so if y = 2271/2,
w(y) = w(m)zl/2 = (xT)_lzl/2 =z 2=y,
Thus y € Aut(g®), and we also have that
0 = xhw(z) ™t = 2207t = 227 V202207 = yoy L.
Theorem 10.1. The real forms of g are in one-to-one correspondence with the conjugacy classes of
involutions 0 € Aut(g®), where 0 — wp :=0ow =wod.
Remark. For 6 : g — g, denote by gy the corresponding real form. For example,
g1 =9°=9(n),
where the latter is our old notation using the split forms.
Remark. We now have a canonical (up to automorphisms of g¢) decomposition
g=tdp,
where # =1 on £ and # = —1 on p. Here ¢ is a Lie subalgebra and [p,p] C €. For g° itself, we have
g =t"Dp".
Moreover, we have go = £° @ py, where py = ip° (a fixed point of ¢ = w o 6 has to have an extra — sign,
which we can achieve by multiplying by 7).

Exercise 10.1. Show that £ is reductive but not necessarily semisimple.
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11.1 Classification of Real Forms, Continued

Proposition 11.1. There exists a Cartan subalgebra by in g which is invariant under 6 and such that
bN¢eis a Cartan subalgebra in €.

Proof. Consider a generic element ¢ € £°. It is regular and semisimple. Consider h7, the centralizer of
t in €. Then necessarily b4 := bS ®r C is a Cartan subalgebra in £. Let h° be a maximal subspace
of p¢ so that h® = b5 @ b is a commutative subalgebra of g°. Then we claim that h = h° @r C is a
Cartan subalgebra of g. Note that h consists of the semisimple elements, and all elements in g° are
anti-self-adjoint operators. If z € g commutes with b, then

2=zy+2-, zy €t z_€p,
where z4 commute with . Then z, € b, and
. =x+1iy, x,yE P
where z,y commute with h. Then z,y € h° (by the definition of h*), so z € b. O

Corollary 11.0.1. We have h =b, & bh_, whered =1 on by and § = —1 on h_.

Lemma 11.1. There are no coroots of g in b_.

Proof. Suppose otherwise that oY € h_. Then 0(a¥) = —a, so
O(eqn) =€_o and O(e_,) = e,
for some ey, € gin. Then z = e, + e_, satisfies 0(x) =z, so x € &. But « ¢ b, (since x L h). Thus

(b1, z] = 0 since « vanishes on b, a contradiction as b is a maximal commutative subalgebra of ¢. [

Remark. Pick a generic element ¢ € b, , which is regular in g. Choose ¢ so that
Re(t,a’) #0
for all ¥ of g. Then we can define a polarization on R by
Ry ={a € R:Re(t,a”) > 0}
which satisfies (R,) = R.. Now {0(i) : i € D} gives the action of 0: If 0 = ¢, then
O(e;) = £ei, O(h;) =hy, 0(f;) ==Lfi
Otherwise, if 0(i) # 4, then we can choose generators h;, e;, €g(s), fi, foi), ho) such that
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9({[‘1) = Tg(5), T =E€, f7 h.

We can then construct markings on the Dynkin diagram as follows:

e Connect vertices ¢ and 0(7) if (i) # 1.

e Mark a vertex ¢ as white if 0(e;) = e;.

e Mark a vertex i as black if f(e;) = —e;.
This is the Vogan diagram associated to the Dynkin diagram. Note that e; € P is a non-compact root.
Exercise 11.1. Showing the following:

1. The signature of the Killing form of gy is (dimp,dim €). Moreover, the Killing form is negative
definite if and only if # = 1, i.e. g = g°.

2. For a split real form, dim ¢ = |R,|.

3. Show that for any real form in a compact inner class, rank(¢) = rank(g).

11.2 Real Forms of Classical Lie Algebras

Example 11.0.1. We have the following real forms of the classical Lie algebras:
1. Type A, _1, compact inner class.
Let 6 be the inner automorphism element of PSU(n) of order 2. Let g € U(n) such that ¢* = 1.
Then 0(z) = gzg™!, so g = id, ®(—id,) with p+ ¢ = n. Thus
go = su(p,q) and €= gl @ sl,
For n = 2, we have su(2) and su(1, 1), with ¢ = gl,.
2. Type A,,_1, split inner class.

If n is odd (so all vertices are divided into connected pairs), then
go = sl,(R).

If n is even, then there is 1 stable vertex (which is either black or white). In these cases we either
have € = sp,,. (in which case gy = sl(k,H)) or € = s09;, (which is just the split form s[,(R)).

3. Type B, (i.e. 509,41).
Let 6 be the inner automorphism of order < 2. We can write
0 = idop+1 B(— id2q)

where p + ¢ = n. The real forms are s0(2p + 1,2q), with € = 509,1 ® §04,.
4. Type C,,.
We can have g € Sp,,(C) such that g> = 1 or g*> = —1. The adjoint compact group is

(Sp(2n)NU(n))/+£1.
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If g2 = 1, then the eigenspace with eigenvalue 1 has dimension 2p, and the eigenspace for —1 has
dimension 2¢ (where p + ¢ = n). Assume that p > ¢ (otherwise take g — —g). Then we have

5p(2p, 2q) = spa, N(p, q) = u(p, ¢, H).
In this case, we have € = sp,, © s5p,,.
If g2 = —1, then C*" = V(i) ® V(—4). In this case, £ = g[,(C), as for any (w,w) = w-w in C",
Im(w,w) = ilm(w A W)
defines a symplectic form on R?**. Thus we can view U(n) C Sp,,(R).
5. Type D,,, compact inner class.
In this case, 0 is given by g € SO(2n) with ¢? = +1.

If g2 =1, then C** = V(1) ® V(—1) ( where dim V(1) = 2p and dim V(—1) = 2¢q with p + ¢ = n).
Note that det(g) = 1, so the eigenspaces are even-dimensional. Then

g9 = 50(2p,2q) and €= s0(2p) ® s0(2q).
If g2 = —1, then C*" = V(i) ® V(—1), so € = g[,(C). In this case, we have
g9 = 507(2n),
which is known as the quaternionic orthogonal Lie algebra.
6. Type D,,, the other inner class.

In this case, 0 is given by g € O(2n) with det(g) = —1 and ¢* = +1.
Note that if g> = —1, then det(g) = 1, which is a contradiction. So we can only have g*> = 1. Then

C"=V(1)eV(-1),

where dim V(1) =2p+ 1 and dim V' (—1) = 2¢ + 1. Here ¢ =s0(2p + 1) B so(2¢ + 1).

11.3 More on Compact Groups

Exercise 11.2. Show that if K¢ is a compact Lie group, then ¢ = Liec(K*¢) is a reductive Lie algebra.

Example 11.0.2. Let G,q = Aut(g)° for a semisimple Lie algebra g, and let G¢; be its compact form.
Consider the following product:

(SH" x G<,.
We will see that any Lie algebra of a compact group is isomorphic to a Lie algebra of such a product.
We can also consider covering spaces, i.e. what is m1(GSy)?
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Feb. 23 — Classifications of Lie (GGroups

12.1 Classification of Compact Lie Groups

Remark. Let g be semisimple and G the corresponding simply connected Lie group (which is the
universal cover for G,q = Aut(g)°®). Define

Z =ker(G — Gag) = m(Gaa).

Recall that the finite-dimensional representations of G are in one-to-one correponsdence with the finite-
dimensional representations of g, which (the irreducible ones) are given by {L,} for A € P,. Then Z
acts as x» : Z — C* on every Ly, and xxX, = Xr+n- Note that

X : P — Hom(Z,C>),
and ys = 1 (where 0 is the longest root) as Z acts trivially on the adjoint representation.
Exercise 12.1. If A(h;) is sufficiently large, then show that for all & € g we have
L)\+a g L)\ X 9,

so in particular, Xx1a = X, 1.€. Xo = 1.

Remark. We can define maps P/Q) — Hom(Z,C*) and Z — PY/Q" (and similarly for G¢,, G¢, Z°).
Proposition 12.1. A representation Ly of g of highest weight \ € P, lifts to a representation of Gaq
(equivalently, of GSy) if and only if A € PN Q.

Proof. We have shown if A € P, N (@), then L, lifts. The converse follows from Proposition [12.2] O
Proposition 12.2. If V s a faithful finite-dimensional representation of a compact Lie group, then any
irrep Y is contained in VO @ (V*)®™ for some n,m.

Lemma 12.1. If X is a compact manifold, then m(X) is finitely generated.

Proof. Cover X with balls around each point, by the compactness of X there is a finite subcover. Let
x1,...,%, be the centers of the finitely many balls, and create a graph G by connecting x;. Then there
is a surjection 7 (G) — m(X), and 7 (G) is finitely generated. O

Theorem 12.1. Let g be a semisimple complex Lie algebra and G¢, the corresponding adjoint compact
group. Then m(GSy) = PY/QY. In particular, the universal cover of G4 is a compact Lie group.

40



LECTURE 12. FEB. 23 — CLASSIFICATIONS OF LIE GROUPS 41

Proof. Let G¢ be a finite cover of G§; and define
Zge, = ker(Gy — Gy) € GY.

A finite-dimensional irrep is classified by P.(G¢$) C P, with P, NQ C P, (G¢). Let P(G¢) C P be the
lattice generated by P, (G¢), and consider the character x, for the action of Zge on Ly (an irrep of GY).
Then x gives a map

£:P(GY)/Q — Zggd = Hom(Zg: ,C*).

Since G¢ is compact, by the Peter-Weyl theorem ¢ is surjective. It just remains to show that m (G¢) is
finite. Let GS¢ = G¢, the universal cover. Then P(G¢) = P, so P/Q = ZV, and thus

Z =m(Gh) = PV/QV-

By Lemma [12.1], 71 (G¢,) is finitely generated, and it is also abelian. Take a subgroup of finite index N
and take G¢ to be the corresponding cover. Then we have

N = |Zae| < |P(GY)/Q| < |P/Q],
which for abelian groups implies that the group is finite. O

Corollary 12.1.1. We have the following:

1. If g is a semisimple complex Lie algebra, then the simply connected Lie group G corresponding to
the Lie algebra g¢ is compact and its center is PY/QV, which is the same as w1 (GSy).

2. Let T'C PY/QV. Then the irreps of G/T are the Ly such that \ defines the trivial character of T.

3. Let G be compact Lie groups corresponding to simple Lie algebras g;, and let g = @, g;. Then
any connected Lie group with Lie algebra g¢ is compact and of the form

(H G?) /2.
i=1
where Z = m1(G°) is a subgroup of [[, Z; for Z; = P /Q; (the center of G§). Moreover, every
semisimple connected compact Lie group has this form.
Example 12.0.1. Let G¢ = SO(4,R). Then G5, = SO(3,R) x SO(3,R) and G° = SU(2) x SU(2), and
SO(4, ) = (SU(2) x SU(2))/{£(1, 1)}.

Example 12.0.2. Let G, = SO(4,C). Then G = SL(2,C) x SL(2,C) = Spin(4), and
SO(4,C) = (SL(2,C) x SL(2,C))/{£(1, 1)}.
In this case, G,g = PSL(2,C) x PSL(2,C).

Corollary 12.1.2. Any connected compact Lie group with Lie algebra of the form g¢ @ a with a abelian
is a quotient of T x C by a finite central subgroup, where T = (S*)™ and C' is compact, semisimple, and
simply connected.

12.2 Polar Decomposition

Remark. Consider Guq9 C Gaq corresponding to gg C g. Note that G,ap is a closed subgroup, but it
may be disconnected (e.g. if gg = sl(2,R) C sl((2,C), then G,g = PGLy(C) and Gaq9 = PGLy(R), which
is disconnected as det : GLy(R) — R\ {0} and R\ {0} is disconnected; but C \ {0} is connected).
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Now let K¢ C G,q9 be the subgroup of elements acting on g by unitary operators, i.e. K€ is the fixed
points of wy. Note that K€ is a closed but possibly disconnected subgroup. Let Lie(K¢) = ¢°, and note
that K¢ is compact. Let Py = exp(ps) C Gaag, Where py = ip® (note that Py need not be a subgroup).
Now Py acts on g by Hermitian operators, so we get a diffeomorphism

exp : pg — by,

thus Py is a closed embedded submanifold in Gaq .

Theorem 12.2 (Polar decomposition). The multiplication K¢ x Py — Gaag s a diffeomorphism, hence
Gad,@ ~ ¢ % Rdimp
as manifolds. In particular, Gaqg is homotopy equivalent to K°.

Proof. By the polar decomposition for matrices, any invertible matrix A can be written as A = UqR 4,
where Uy is unitary and Ry is positive Hermitian. Explicitly, we have

Ry = (ATA)Y?2 and Uy = A(ATA)7V2

Let g € Gaap C Aut(g) C GL(g). Note that g'g is an automorphism of g with positive eigenvalues, so
(gfg)t/? = R, € Py, the positive self-adjoint elements. Since Uy is unitary, it has to belong to K¢. Thus
we have constructed an inverse map to p. O

Corollary 12.2.1. We have Goq = G* x P, where P is the set of elements acting on g by positive
Hermitian operators. In particular, m(Gaq) = m1(GS4) = PY/QY.

Corollary 12.2.2. If G is a semisimple complex Lie group, then the center Z of G is contained in G,
hence Z coincides with the center Z¢ of G°. Thus the restriction of finite-dimensional representations
from G to G° defines an equivalence of categories.

Remark. By considering coverings, the polar decomposition also applies to the real form Gy C G of any

connected complex semisimple Lie group G. However, note that Gy need not be simply connected even
if G is (e.g. for G = SLy(C) we have Gy = SLy(R) = SO(2) = S, so m(Gy) X Z).

Example 12.0.3. We have the following:
1. If G = SL,,(C), then K¢ = SU(n) and P is the set of positive Hermitian matrices of determinant 1.
2. If Gy = SL,(R), then K¢ = SO(n) and Fy is the positive symmetric matrices of determinant 1.
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Feb. 25 — Maximal Tori

13.1 Classification of Reductive Lie Groups

Definition 13.1. A connected complex Lie group G is reductive if it has the form
((C)" x Gs)/2,

where G is semisimple and Z is a finite central subgroup. A complex Lie group G is called reductive if
G° is reductive and G /G| is finite.

Example 13.1.1. Recall that GL,,(C) = (C* x SL,(C))/n, hence GL,(C) is reductive.

Remark. With this definition, a simply connected complex Lie group with reductive Lie algebra is not
necessarily reductive (e.g. C).

Remark. Given G = ((C*)" x Gy)/Z, we have Z C (S')" x Gy C (C*)" x Gy. Then
G" = (S'Y x G&)/Z € G.

Recall that restriction from G to G¢ defines an equivalence of categories between their representations,
so the representations of G are completely reducible and the irreps are characterized by

(n1,...,nA), A€ Py (Gs), n; € Z.

Thus we have the characterize the trivial character of Z.

Definition 13.2. A connected Lie group G is called linear if it can be realized as a subgroup of GL,,(C)
(or GL,(R)) for some n.

Remark. Any complex semisimple Lie group can be realized as a linear one, but this is not true for real
Lie groups (e.g. the universal cover of SLy(R)).

Proposition 13.1. Suppose gy is a real form of a semisimple Lie algebra g, and let G be the connected
complex Lie group corresponding to g. Define Gy = G*?. Then Gy and Gy are linear Lie groups, and
every connected real semisimple Lie group is of the form Gy for some gg.

13.2 Maximal Tori

Remark. Let g be a complex semisimple Lie algebra and g¢ its compact form. Let G be the corresponding
connected Lie group and G° its compact part. Let h¢ C g° be a maximal commutative Lie subalgebra.
Note that h* @g C = b C g, where b is a Cartan subalgebra in g.

43



LECTURE 13. FEB. 25 — MAXIMAL TORI 44

Remark. Recall that we have {(h,II)} (here b is a Cartan subalgebra and II the set of simple roots)
are all conjugate: For any (h,II) and (', I1"), there exists g € G such that

Adg(bv H) = (h/7 H/)

The same happens for g°.

Lemma 13.1. Any two Cartan subalgebras in g¢ equipped with systems of simple roots are conjugate
under some g € G°.

Proof. Fix (h¢,II) and ((h°)’,II"). Then there exists g € G such that
Adg(hcv IT) = ((bc),7 Hl)?

and for g = w(g), we have Adg(h¢,II) = ((h¢)',II'). Then g 'g commutes with h¢, so it preserves II. Now
gh = g for some h € H = exp(hg). Write g = kp for some k € G° and p € P by the polar decomposition.
Then g = kp~ !, so kp~'h = kp, so h = p>. So p = h'/? commutes with h¢ and preserves II. Thus we can
take k € G° to be the desired element. m

Definition 13.3. Given a Cartan subalgebra h¢ C g¢, the corresponding Lie group H¢ = exp(h®) C G°
is called a mazimal torus.

Corollary 13.0.1. Any two maximal tori in G or G¢ equipped with systems of simple roots are conjugate.

Theorem 13.1. Every element of a connected compact Lie group K is contained in a mazimal torus,
and all maximal tori are conjugate.

Proof. We can assume K is semisimple and K = G°. Let K’ C K be the set of elements contained in
some maximal torus. Fix a maximal torus T' C K, and define

[ KxT—K
k,t — ktk™L.

Clearly Im f = K’. Note that K’ is compact, so K’ is closed and hence K \ K’ is open. Note that a
generic x € g° is a regular element, i.e. its centralizer 3, has dim 3, = rank g. Then every regular element
g € K is contained in the maximal torus exp(3,), so the elements of K’ \ K are non-regular. Since the
non-regular elements are defined by a set of polynomial equations, K’ \ K is also closed. Hence K’ \ K
must be empty by connectedness. O]

Corollary 13.1.1. On compact groups, the exponential map exp : g¢° — G is surjective.

13.3 Semisimple and Unipotent Elements

Definition 13.4. Let G be a connected complex reductive Lie group. An element g € G is semisimple
(resp. unipotent) if it acts in every finite-dimensional representation of G' by semsimple (resp. unipotent,
i.e. all eigenvalues are 1) operators.

Exercise 13.1. Recall that for any compact G, there is a faithful finite-dimensional representation
Y. Show that g € G is semisimple (resp. unipotent) if and only if it acts on Y by a semisimple (resp.
unipotent) operator.
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Exercise 13.2. Show that if G is semisimple, then the exponential map defines a homeomorphism
between the set of nilpotent elements in g = Lie(G) and the set of unipotent elements in G.

Exercise 13.3. Let Z be the center of a connected complex reductive Lie group G.

1. Show that the homomorphism 7 : G — G/Z defines a bijection between the unipotent elements of
G and G/Z.

2. Show that the set of semisimple elements of GG is the preimage under 7 of the set of semisimple
elements in G/Z.

Proposition 13.2 (Jordan decomposition). Any g € G has a unique factorization

9 = GsGu,

where gs € G is semisimple, g, € G is unipotent, and gsgu = gugs-

Proof. We can reduce to the adjoint group. Then we can decompose

Ad, = su

uniquely on the level of matrices, where s is semisimple and « is unipotent. It then suffices to show that
s,u are Ad,,, Ad,, for some group elements. Fill in the details as an exercise. O

13.4 Cartan Decomposition

Remark. Let G be a connected complex semisimple Lie group. Let Gy C G be a real form, and write
Gy = K°Py. Then gy = € @ py and g° = £ P p© where py = 1p°.

Proposition 13.3. We have the following:

1. Let a be a mazimal abelian subspace in py. Then the centralizer 3 of a in g° has the form m @ a,
where m is a reductive Lie algebra in €. Moreover, t is a Cartan subalgebra in m, t&®ia is a Cartan
subalgebra in t & a is a Cartan subalgebra in gy.

2. If a € a is sufficiently generic in pgy, then the centralizer of a in pg s a.
3. For all p € py, there exists k € K¢ such that Adg(p) € a.
4. All mazimal subspaces of py are conjugated by K€.

Theorem 13.2 (Cartan decomposition). Let a C py be a mazimal abelian subspace. Let A = exp(a) C
Py C Gy, which is isomorphic to R™ where n = dima. Then Gy = K°AK°®.

Remark. The decomposition in Theorem is not unique.

Remark. For Gy = GL,(C), the Cartan decomposition is U; DU, where Uy, U, are unitary and D is
diagonal with positive entries, a classical theorem of linear algebra.

Theorem 13.3 (E. Cartan). Let Gy be a real form of a connected semisimple complex Lie group. Then
any compact subgroup L of Gy is conjugated to a subgroup of K¢ by an element of Py. Also, every
compact subgroup of Gy is contained in a maximal one. Therefore, all maximal compact subgroups are
conjugate to each other.
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Mar. 2 — Verma Modules

14.1 Integral Form of Weyl Character Formula

Theorem 14.1. If f is a conjugation invariant continuous function on a compact connected Lie group
K with maximal torus T' C K and Haar probability measures dk and dt, then

1 2
@ = o [ rwpsora,
where §(t) = p(t) ™" [1oer, (a(t) — 1)E|

Proof. First (exercise) use the Peter-Weyl theorem to show that the characters form a dense set in the
space of conjugation invariant functions. So it suffices to show the formula for f a character. Then

/ X)\UC) dk = 5)\,0
K

is the left-hand side by the orthogonality of characters. Now write

e(w)teO+e)
alt) = 2 SO A~ S ) = 470 T] o~ 1) = o) ] () - ),

weW acRy acRy

so A = §(t). Here e(w) = (—1)“®) is the sign of w. Then we get

X}\ X |5 |2 dt = / tw (A +p) t_ w’ (p+p) dt
W] / ! W] Z 2w

w'eW

This is equal to d, , by the orthogonality of characters, so we get the formula. m

Remark. If 7= R"/A where A = Z" and F is a fundamental domain for 7', then H = >, | x;¢; and

dzry...dz,
vol(F)

For €% on U(n), this is given by (df; ...dd,)/(27)".

dt =

Exercise 14.1. Let f be a conjugation invariant function on U(n). Show that

1 : W0,
f(k)dk_mf — lf(dlag(zl,...,zn))H\zm—2j|2d61...d0n, zj = e,

'Recall that if o € Ry and efl =t for H € t = Lie T, then we denote e*) =t = a(t).
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14.2 More on Verma Modules

Remark. Let g be a complex semisimple Lie algebra and h C g a Cartan subalgebra. Let A\ € h* and
M) the Verma module of highest weight A, i.e. it is generated by one vector v, with

ey =0 and h(vy) = A(h)vy

for 1 <i <r. Note that M, = Indyg,+ C,, where C, is the one-dimensional representation for h & n™*
defined by by the above actions. Note that M) is irreducible for generic A. In these cases,

Ly = M,/I,

is irreducible, where I, is the maximal proper submodule of M),. Note that exchanging e; and f; in the
above definitions gives the lowest weight Verma modules.

There is a unique symmetric bilinear form on M), satisfying the contravariance property:
(Lora=1) and (eu,w)= (u, fiw)

for u,w € M. This form is known as the Shapovalov form, and its kernel is precisely I. Note that if w
is the Chevalley involution given by w(e;) = —f;, w(fi) = —e;, and w(h;) = —h;, then

<Q?U, U> = _<u7 w(x)v>
is the contravariance property from above.

Let V = @ V* be the weight decomposition (note that the weight spaces are finite-dimensional). Then
the V# and V" are orthogonal with respect to the Shapovalov form for p # v. Let

V* = @ (V)\)*
A
be the restricted dual of V', and let Hom¢(V7, Va) be the space of all linear maps.

Proposition 14.1. If M, is irreducible, then its restricted dual is the lowest weight Verma module with
lowest weight —\.

Definition 14.1. Define V¢ to be the restricted dual of V' with action of g twisted by w:
(zuf,v) = —(u w(z)v), ueViveV, xeg.
Naturally, V¢ has the same weight subspaces as V. We call My the contragredient Verma module.

Remark. There is a unique M, — M5 with image L), and combining it with the pairing above gives
M )\c & M D (C,

which is exactly the Shapovalov form.

Theorem 14.2. The Verma module is irreducible if and only if the following condition is satisfied: For
any o € Ry, we have (A + p,a’) ¢ N.

Definition 14.2. We will call A generic if for all « € R, we have (\,a") ¢ Z.
Theorem 14.3. We have the following:
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1. The module Ly is finite-dimensional if and only if A\ € PT.

2. The representations Ly for A\ € P™ are pairwise non-isomorphic, and any finite-dimensional irrep
s isomorphic to one of them.

3. If A=Y nw; withn; € Zy, then Ly is generated by some vy and the action of g on vy with the

: n;+1 _ y * A~
constraints f{""" vy =0 forv=1,...,r. Moreover, we have L\ = L_, ).

Proposition 14.2. The category C(g) of finite-dimensional representations is semisimple, i.e. every
module V is isomorphic to a direct sum of simple modules Ly for X € P*. Moreover, the map

O — D(vy)
identifies the multiplicity space Homy(Ly, V) for X € P with the space
(VMY ={v e V*:ew =0}

of singular vectors of weight \.

14.3 Maximal Roots and the Casimir Operator

Remark. Recall that the mazimal root 6 is the highest weight in the adjoint representation.

Proposition 14.3. The mazimal root is uniquely determined by the following conditions: For all o € R,
we have  —a € Q7.

Remark. We normalize the pairing so that (6,6) = 2. Let
o 0= Zl hia,
o h=1+3%h,
o hY = hi(ay, ;) /2 (these are the coefficients of the expansion of 6Y),
o bW =1+4+>.h/=(p,0)+ 1 (this is the dual Coxeter number).
For root systems of type A, D, E, we have h = h".
Remark. Recall that C = Y x;2" is the Casimir operator, where {z'} is the dual basis for z;. Then
Q= Z(mz ® 1)
does not depend on the choice of basis, and the value of C' on any irreducible highest weight module L

is given by (A, A + 2p) (and for the lowest weight L_, by (4, 1 + 2p)). The value of C' in the adjoint
representation is given by 2h".

Exercise 14.2. Show that in a tensor product of two representations, the action of g commutes with €.

Proposition 14.4. We have

~ MA+2p) = (py e+ 2p) — (v, v+ 2p)
Qvicvien, = 5 :

Proof. The proof relies on the identity

1
Q=(A0) —c@l-1®0),

where A : U(g) — U(g) @ U(g) is given by 2 — 2 ® 1 + 1 ® z. Note that (A® I)A = (I A)A. O
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14.4 Affine Lie Algebras

Remark. Consider a manifold M and a 1-form J satisfying d(x.J) = 0. The 1-form J takes values in a
Lie algebra, and we have

[7%(2), I ()] = f*" T (x)d(z — y),

where the f%€¢ are the structure constants of the Lie algebra. These are called current algebras, see the
book by J. Mickellson for more details (e.g. for maps S — g).

We will consider the case where M is 2-dimensional. Then the conservation property becomes
(%JZ + (92 Jg - O

In some cases, this can be separated, so that d-J, = 0, i.e. J, is holomorphic. Then we can write

J, = Z J, 2t

neL

The J, in this expansion are called modes (one can think of this as some kind of wave expansion). Then
the commutation relations become (with some correction term)

[Ja Jb] — fa,b,CJTcl+m.

n’“m

Remark. One can think of the modes above as loops. The loop algebra is
Lg=g®C[t,t ']
One can also think of them as maps S' — g. The commutation relations for Lg are
[r® Py®Q]=[r,y© PQ,
so that x ® t" = z[n| has commutation relations
[z[n], y[m]] = [z, y][m + n].
This algebra has a unique nontrivial central extension, i.e. a short exact sequence of Lie algebras

0 > g > g > Cc > 0

Here g is a simple Lie algebra. Then on g, we have [c,x @ P] = 0 for P € C[t,t™!] and

[m@P,y@Q]:[m,y]®PQ+c($’—y) QdP,

21 [t|=1
which gives the commutation relation

[zln], ylm]] = [, y][m + n] + ndn, (2, y)c.
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Mar. 4 — Afline Lie Algebras

15.1 Affine Lie Algebras, Continued

Remark. We can extend g again by the grading operator d = t% to get g = g ® Cd, where

[d,z[n]] = nz[n] and [d,z®@Pl=z® t%P.

We can also define a nondegenerate form on g by

(e®PyoQ) = DY f o
=1

and on g by (¢,d) =1 and (¢,¢) = (d,d
/r)\:

)
Definition 15.1. Define § C § by h@® Ccand h Cgby h=ha® Cd, these are Cartan subalgebras.

Their duals are R _
h*=h"®CAy and bh* =" CAy @ Co,

where Ag(c) =1, Ag(d) = Ag(h) =0 for h € b, and §(d) =1, §(c) = d(h) =0 for h € b.

g=haoPyg.

veR

where 7 = {z € §: [h.2] = y(h)z for h € b} and R = {o + nd : « € RU{0},n € Z not both 0}. Then

Remark. We can write

§a+n6 — goz ® t"  and ’gvné — b ® tn7
with o € R, n € Z, and n € Z \ {0}, respectively. We can choose a polarization

R=R.UR._, }A%+:{oz+n5:n>00rn:(),a€R+},

where as usual R_ = —§+. The simple roots in §+ are the ones which cannot be represented as a
nontrivial sum of positive roots. Let aq, ..., a, be the simple roots of g and
Qg = 0 — 9,

where 6 is the highest root. Then we can define n* = n* @ (g ® tF'C[t*!]) and write

g=ntehen .
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The root lattices @ =,_,Za; and @Jr =Y 'y Z>ocy. We can define the coroot
2
a(\)/:&:hao =c—0".
(Oéo, ao)
Then we can define the weight lattice by P = (A € h* : A(aY) € Z) = P & ZAy & C6, and
Pt={Aebh :A))eZ}={A=A+kA—Ad: Ne PT keZ  AeC,()0) <k}

From this we get a Cartan matrix A = {a;;}] ;.

15.2 Generalized Cartan Matrices

Remark. A generalized Cartan matriz is a matrix A = {a; ;}] ;_, satisfying
1. a;; = 2 for all 1,
2. a;; <0fori#j,
3. a;,; = 0if and only if a;; = 0.

Definition 15.2. Let A be a generalized Cartan matrix. The Kac-Moody algebra g(A) is the Lie algebra
generated by elements {e;, h;, f;} together with the standard Serre relations.

Theorem 15.1. The Lie algebra g is the Kac-Moody algebra associated with the Cartan matriz which
we constructed above.

Remark. We have eg € g7/ @t, fo € g’ ®@t7L, (eo, fo) = 1, and hg = [eq, fo] = c — 0".

Remark. Let A be a generalized Cartan matrix and assume that it is symmetrizable, i.e. there exist d;
such that d;a; ; = d;ja;;. Then we can define an inner product

Q4,5

d;

(hi’ hj) =

on the Cartan subalgebra. Let Z be the kernel of this inner product. Let

ge(A) =g(A) @ 2

with commutation relations [z1, zo] = [21,h] = 0, [2,¢;] = z(a;)e;, and [z, f;] = —z(a;) f;. Then
(6791
(hi, hj) = f, (h,z) = z(h), (z1,22) =0
j

defines a nondegenerate pairing on g.(A).

15.3 Verma Modules and Weyl Modules

Definition 15.3. Let A € H* The Verma module corresponding to A is

My =Ind? _ Cy

where C, is the 1-dimensional representation of E @n'. Let vy be the basis vector, with hvy = A(h)v,.
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Remark. We have a weight decomposition given by
My= D My,
meA—Q+
where A = X\ + kAg — Ad for some X\ € h*. From the g perspective, we have

(M A+ 2p)

A=AW = S

(here hY is the dual Coxeter number). We call k the central charge (or level) of the representation. In
this case, we say that a g-module V' is of level k£ or V' is a module with central charge k. We denote the
corresponding Verma module My by M) .

The case k = —h" is called the critical level, though this generally does not happen.
Remark. The Verma module M) ; has a natural Z-grading given by
My = EB M) k[—n],
n>0
where M) x[—n] is naturally a g-module and an eigenspace of d with eigenvalue —n — A(\).
Example 15.3.1. We have M), ;[0] = M,, the Verma module for g.

Remark. Let Ly = My /I, where I, is the maximal proper submodule of My. Then Ly := L, is an
irreducible module. The Chevalley involution w is given by

w(d) = —d
and on Lg = g ® C[t,t7!] by t — t~1. Then & gives a contravariant Shapovalov form with kernel I,.
Remark. We can construct a class of representations of g induced from g-modules. Let
g =9g®C[t]@CcpCd C 3.

If V' is a module for g, then automatically V' is also a module for g* by letting

1. g®tCJt] act by 0,

2. ¢,d act by k,—A, respectively.
Then one can define Indg+ V', which is a module for g.
Example 15.3.2. Verma modules belong to this class, as we can write

My, = Indg, M,

where d acts on My by —A(\).

Example 15.3.3. Let V) ;, = Indg+ Ly, where d acts as —A(X). If A € Py, we call V, a Weyl module.

Remark. We get a contragradient Verma module by replacing w with w. This gives maps M), — M5,
and V) x — VY, which are isomorphisms it M)y, Vi are irreducible.
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15.4 Integrable Representations
Theorem 15.2. The Verma module My 1is irreducible if the following condition is satisfied: For every
a€ R, and N €{1,2,...}, we have (A + p,a) # N(a,)/2, where p = p+ h"A,.

Remark. For (@, @) # 0, the above condition becomes (A + p,a") # N, which is the analogue of the
simple Lie algebra case.

Remark. We call weights satisfying (A + p, @) # N(a, @)/2 generic. For generic weights, Ly = Mj.

Theorem 15.3. Let A € b* and k € C be such that k ¢ Q{a¥,\) + Q for all « € Ry. Then the induced
module V) i, 1s irreducible. If this holds, we say that k is generic with respect to A.

Corollary 15.3.1. If A € PT and k ¢ Q, then the Weyl module V), is irreducible.
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16.1 Integrable Representations, Continued

Remark. Recall that the Weyl module is given by
Ve = Ind% Ly,

where L, is an irreducible representation for g and A € P*. When k ¢ Q(a”,\) +Q for any a € Ry, we
have that V) j is irreducible.

Definition 16.1. A highest weight representation V' of g is integrable if for all u € V and 0 < i < r,

fi”iﬂu =0

for some positive integer n;.

Remark. The action of g on integrable representations can be extended to the corresponding centrally
extended loop group.

Remark. Integrable representations are the analogues of finite-dimensional representations for g.
Theorem 16.1. We have the following:
1. The module Ly s integrable if and only if A € P+,

2. The representations Ly for A € Pt are pairwise nonisomorphic, and any highest weight integrable
module is isomorphic to one of the Ly.

3. If A is a dominant integral weight and n; = (A, a), then the g-module Ly is generated by a highest
weight vector vy, with relations (for 0 <i <r)

n;+1 _
evp =0,  hoy =nwva,  fT oy =0.

Remark. Let V be a module for g. For a fixed z € C*, define
(x® P(t)u = P(2)zu

for uw € V. If V is finite-dimensional, then this representation V'(z) is an integrable g-module (called an
evaluation module). Note that V(z) = V[z,27!]. Let d = 2(d/dz). Then we get a g-action on

V[, =V R 2ACz, 271,

where d acts by —A + n.

o4
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16.2 The Virasoro Algebra

Remark. The Witt algebra is generated by L, (for n € Z) with relations
(L, L) = (m —n) Ly yn.

If we write L, = —2"*1(d/dz) for z = €, then the Witt algebra can be realized as vector fields on a
circle. Consider z +— z + 2" and f(z) — f(z +t2"™1). The Virasoro algebra Vir is generated by the
L, and an additional element K, with relations

m3 —m

12

Ly, Ly) = (m —n)Lppyn + Om—nK, [K,L,]=0.

The Witt algebra and the Virasoro algebra act on g as follows:
[Lim,z[n]] = —nxim +n] and [L,,c = [K, ] =0.
Note that the action of Ly coincides with the action of —d. Thus we have a semidirect product Vir x g,
which contains g as a subalgebra.
Let V be a highest weight representation of g at level k, with k # —h". Define
Ly = k+hV ;% m—n]: and K:’Zi—m}iid, (%)

where B is an orthonormal basis for g. Here :a[n|a[k]: is the normal ordered product

anjalk]: = {a[n]a[kz] if £ > n,

alkla[n] if k <mn,
i.e. modes which kill the highest weight vector are pushed all the way to the right.

Theorem 16.2. The formulas (%) define an action of the Virasoro algebra on V. This action with the
original action of g combine into a (Vir x §)-action on V.

Remark. Let v be the highest weight vector. Then

1 (A, A +2p)
Lov = _ ; w=-—-——=
ov = k+hV ZZ 2(k—|—hv)z a[0]a[0]:v D v,
nEZ a€B a€B
where )°, 5 :a[0]a[0]: = >, 5 a® is the Casimir operator. Thus we can choose A so that d = — L.

16.3 Currents

Definition 16.2. Let z[n] = 2 ® t" for € g. The current associated to x is

To(z) =) ]z = Jf(2) = T, (2),

ne”L

where Jf(2) = >, gx[n]z™" " and J (2) = = 3, o x[n]z
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Remark. Note that J_ (z) is a well-defined operator on a highest weight module V. Similarly, the
products J;(2)J;(C), J; (2)J, (¢), and Jf(2)J; (¢) are well-defined as operators on V. On the other

T

hand, J; (2)J,7(¢) is not always well-defined: The components of J; (z).J;" (¢)u are of the form
=2 # T alyln — jlu. (+%)
J=jo
Nevertheless, z[jlu = 0 for j sufficiently large, and so

z[jlyln — jlu = [z[j], y[n — jllu = ([z,y])[n]u + j{z, y)dnoku.

Thus, analytically, the convergence of the series (x%) amounts to the convergence of

Zz—]—IC—TL-F‘]—l and ij—j—lc—n-i-]—l‘
J=>Jo J=2jo

These converge for |z| > [(], so the operator J (z).J,7(() is well-defined on V in this region.

Theorem 16.3. We have the following:

1

EE), T2 ()] = ——— (T (2) = JE (), = # w

1 k(z,y)

[z (2), Iy ()] = ———(Jpg 1 (2) = Ty (w)) = G —w)’ 2| > |wl.

Corollary 16.3.1. We have the following:

TR T = I )

Remark. Let L(z) =Y, _, L,z2~" 2 Then the formulas () from Section can be rewritten as

nez —n

1 2
L(z) = ST Y Z:Ja(z) :

a€eB

where the normal ordered product is extended C|z, z2!]-linearly.
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17.1 Classification of Intertwining Operators

Remark. Let Ly,, Ly, be irreps of g and k a complex number generic with respect to A;, Ag. Then the
induced modules V), , = Ind§+ L), are irreducible, and V), x = Ly, x. Note that V), x[0] = Ly,.

We will be interested in g-intertwining operators ® : Vi, x — Vi,x ® V(2), where V(z) is an evaluation
module and ® denotes completed tensor product, i.e. elements of V), , ® V() take the form Y >°, w; @,
where w; € V), are homogeneous with deg(w;) — —oo and v; € V(2). Note that we must have

Paln] = ((2ln] @ 1) + 2" (1 © 2))

by the assumption that ® is an intertwining operator.

Theorem 17.1. Let g : Ly, — L), ® V' be a g-homomorphism. For generic k, there exists a unique
g-intertwining operator
DI(2) : Vs — Vi @V (2)

such that for all w € Vi, x[0], the degree 0 component of ®9(z)w is equal to gw.

Proof. For simplicity assume that V' is finite-dimensional, the proof for infinite-dimensional V' is similar.
We construct an operator ®9(z) satisfying the given conditions uniquely. Let w € V), x[0] = Ly,. Then
®9(z)w is annihilated by g ® tC[t] and the degree 0 component of ®9(2)w is gw. Thus

DY (z)w € (Vagk ® V(z))g@th[t} = HOHlQ@tC[t](V)\*O,k: V(2)).

Note that V3 , is freely generated by (Vi x[0])* = L3 over g @ tC[t] for generic k, so ®(z)w is uniquely
determined by its restriction in Homc¢(L3,, V) = Ly, ® V, i.e. its degree 0 component. Using

?(z)z[njw = ((z[n] ® 1) + 2"(1 © 2)) ¥ (2)w

for w € V), and n < 0, we can extend ®9(z) to all of V), ; inductively, as V), j is generated by its
degree 0 component over g ® ¢t 'C[¢t~!]. This defines the operator ®?(z). Now note that no choices were
allowed in the above construction, hence ®9(z) must be unique. O

Proposition 17.1. For any A € C, the expression z~2®9(2) is also a g-intertwiner
V)q,k — V)\o,k @) Z_AV[Z, Z_l].

It is a g-homomorphism if and only if A = A(X\) — A(Ng).

57
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Proof. Note that z=2®9(2) is a g-homomorphism if and only if

2TR0I(2)d — (d® 1)z 2d9(2) = (1 ® z%) 2TRDI(2).

Since 2 2®9(z) = >, ®9[n]z"""* and ®9[n] has degree n, it suffices to have the above identity in
degree 0, which is given by —A(A;) + A(XAg) = —A. O

Remark. Denote ®9(2) = 27 2®9(2) = 3 ®9[n]z"""2 for A = A(\) — A(\).

17.2 Operator KZ Equations

Remark. Let V* be the restricted dual of V, so that V*(z) = (V(z))* as g-modules. Let u € V*, and
define ®9(z)w = u(P9(2)w) for w € Vy, x, so that ®Y(z) is an operator Vy, p — V), . The intertwining
relation is given by [z[n], ®9(z)] = 2"®Y, (z). Note that the currents act on V*(z) by

JHQu =Y alnlu =Y e e = [ <2,
n>0 n>0 2=¢
T (Qu==>" ¢ alnlu= =Y ¢ = ——, |2l < [¢],
n<0 n<0 z=¢
and in terms of currents, the intertwining relation is given by
+ g — 1 g

Let V =V, be a lowest weight g-module with lowest —p, so that the Casimir element C acts on V), by
the scalar (u, pn +2p). Let ®9(z) = z72WPI(2) =3 ®I[n]z7""2 for A = A(N\) — A(No) + A(p).

nez

For a € g, define the normal ordered product

Ja(2)PY(2): = TH(2)@4(2) — (=), ().

The following result is known as the operator Knizhnik-Zamolodchikov (KZ) equation.

Theorem 17.2 (Frenkel-Reshetikhin). Let B be an orthonormal basis for g. Then

(k + hV%ag(z) = " 1Ja(2)09,(2):

a€B
Proof. Since ®9(z) is invariant under d, we have z(d/dz)®9(z) = —[d, ®9(z)], or equivalently,
= B0(2) = [0, B(2)] - AGF(2).
z

Using the expansion for d = — Ly, the above equality becomes

d ~ 1 ~ ~ ~

2P () = — _nl. P9 _ o9 NI

2 81) = gy O ( Slabalr B4 + lel-nlalnl, 8621 ) - AGB)

a€B n<0 n>0

S(a)
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By the intertwining relation (%), we can rewrite the inner sum above as

S(a) =Y (= "a[n] @4, () + 2" P9, (2)al—n]) + D _("a[-n]®4,(2) + =" ®4,(2)aln))

n<0 n>0

= 2207 (2)®9,(2) — 2209, (2) ] (2) + a[0]®9, () — DY, (2)a[0] = 22:J,(2)DY,(2): + BY, (2).

Substituting this back in, we get

) = e 3 (B 38,6 - AW

a€B
Now > .5 &DZQU(,Z) = Y, (2) = (11, 1 + 2p)P4(2), so the last two terms cancel, and we have

d ~ 1

ZE@Z(Z) = Zz:Ja(z)Cbgu(z):.
a€B
Rearranging gives the desired equation from here. O
Proposition 17.2. We have the following:
[Lins B4(2)] = 1 (2)4(2): + m=" A () B (2).

k+ hY
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18.1 KZ Equations for Correlation Functions

Remark. Recall that if we write J,(2) = J () — J; (2), then
1
[T (2), @) (w)] = o, (w).

®9[n]z7""2, where A = A(\;) — A(No) + A(p) and

Then &Dg(z) =2 2WPI(z) =%

neL

<I>g(z) : V)\l,k — V)\OJg ® VM(Z)
Theorem 18.1 (FR, also Theorem [17.2)). We have

(k + hV)%cig(z) = " 1Ja(2)09,(2):

a€eB

Remark. Let &Sgi(zi) :Vak ® Z_AVM [Ziﬂ] and

Yz, o) = (D9 (21) @ - @ 1)+ (B9 (2y-1) @ DO (2y),

where ¢ : Vi — Vi k ® Vi (1) R R Vv (2n). Here V,,, are the lowest weight modules with lowest
weight —p;. Let ug € (Vy,[0])* = L}, and uni1 € Vayx[0] = Ly. Then

<u07w(217 s 7ZN)UN+1> S V,ul Q& V#N.

We can also treat this as lying in 2, - 23 "¥C[za/21, . . ., 2v/2v-1]. Fix ug and define a V-valued
function (called the correlation function)

(21, ..y 2n) = (uo, (21, .-y 2N)1),
where V=V, ® ---®V,, ® L} . For u; € V], we have

¢u1 77777 uN+1(Zl7...,ZN) = <UO,(I>le "'CI)zJI\\[,UN+1> S C.
Theorem 18.2. The correlation function V¥ (z1,...,zy) satisfies the following system of differential
equations:
N Q.
(k_‘_h\/)a%q?b _ ( Z %, + z,N+1)¢’
kT & 2
j=1,j#i J

where Q=Y x; @' and A;; = (x);(y); for A=z QyeEg®ag.

60
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Proof. We can write

61

j=1
N
+ ) (o, Py (21), - [Py (2), Iy ()]s By (2n) ) ()
j=i+1
+ (uo, J;(zi)cb (21) e Do (20)s e Doy (2)UN+1) (%)
— (19, Buy (1), -+, P (), - Puy (28) J, (2)una).
Now we have J; (2)unt1 = (—1/2)aun41 and (ug, JF (z)w) = 0 since w € V) . Then
i—1 1
(%) = Z Z . (g, Puy (21), -+ Paw, (25)5 -+, Paw (20, - -+, Puy (28)UN11),s
j=1aeB 7" J
and similarly,
al 1
(**) = Z % — 2 <u07 ® (Zl) (I)auz(zl) q)auj (Zj)v T (I)UN (ZN)UNJrl)'
j=i+1la€eB
We also get
1 . ~ ~
(k) = Z f(on Doy (21), ooy Pan; (i) ooy Puy (2N)QUNL1)-
aceB 7"
This is the action of the Casimir element ). O
Remark. For j > i, we can write
1
Remark. The usual form of the KZ equations (call this the symmetric form) is written as
9 N4
k+ hY = —
( * >8zi¢ (Z AZi_Zj>w
J=Lj#i
for i = 1,...,N + 1. These systems are equivalent: If J(zl, ...,2n+1) 1s a solution to the above

system, then J(zl, ..., 2n,0) is a solution to the system in Theorem call this the non-symmetric

form). Similarly, if ¥(z1, ..., 2x) is a solution to the system in Theorem then ¢¥(z1,...,2y41) =
¥(z1 — 2N41, -+, 2N — Zn+1) 1S & solution to the above system.
Remark. If ¢(z1,...,2y41) is a solution to the KZ equations, then so is ¥(z; + ¢, ..., zy41 + ¢) for

constant c¢. Also notice that for Ay = 0, the non-symmetric system turns into the symmetric one.
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Remark. If ug € (V),x[0])* is the lowest weight vector with respect to g, then

(21,0 2n) = (uo, ¥(21, .- -, 2N)")

(which a priori has values in V =V, @ --- @V, ® L3 ) takes values in V"-. If X\ = 0, then this is
g-invariant, and v takes values in V9.

Theorem 18.3. The KZ system is consistent, i.e. for allp,q=1,...,N +1,

N4 o NAL o
v _ P.J v _ 4. _
(k+h")o.,, Z — (k+ k), Z ——| =0
j=lg#p P j=lj#q¢ "1

Proof. We trivially have €, , = €, ,, so

Qpgs Qs + Q] = [Z 4y @ ag, » by @b+ > by@b| =0.

a b b
Expanding this out, we get that
0= Z (aqlap, bylbr + aplag, bylby) = Z[Qp,qa by + blby,
a,beB beB

so that [Q,b® 14+ 1®b] =0. Since Q = > a ® a, this proves consistency. O

Remark. The above results imply that the KZ equations define a flat connection on a trivial vector
bundle V' over

XN+1 = {(21, .. .,ZN+1) S (CN Lz 7é Zj}.

We will see later that for any open disk D C Xy, 1, the space of solutions I'(D, Vi) is a space of flat
sections of Vkz over D. If D is simply connected, then I'(D, Vkz) = V by ¢ — 9(p). In other words,
Vikz is a direct sum of finite dimensional vector bundles (i.e. local systems).

Theorem 18.4. The KZ system is g-invariant, meaning that if x € g and ¥ s a solution, then xv is
also a solution.

Proof. Check as an exercise that [ij:t’l#p Q,;/(2p — 2), 2] = 0, where z = SN+ ;. O

18.2 Analyticity of Correlation Functions

Remark. We change variables from zq,..., 2y to §; = 2z;41/2; fori=1,...,N — 1, and (i = zy. Then
the KZ equations become the following system:
0
Cl_w = Ai(Cl? s 7CN—1)¢-

9G;

To see this, one can take logarithmic derivatives and then take differences. Here the A; are holomorphic
functions in the region
{Igl <1:1<j <N},

and we have [A4;(0), 4;(0)] = 0 for all 4, j.
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Proposition 18.1. Let A;((y,...,(n) for 1 < i < m be n X n matriz-valued functions holomorphic in
the region R = {|(;| <1:1 < j <m} and such that the differential operators (;0,, — A; commute with
each other. Assume also that for all i, the eigenvalues of A;(0) do not differ by a nonzero integer. Then
the differential equation

0 ,
Cia—QF—Ai(Cla-'-;Cm)Fv Z_l""’m

has a unique n X n matrix solution of the form

F(Cl? s 7Cm) = FO(Cla s >Cm) {41(0) te 'Crlim(())?

where Fy is an n x n matriz valued function holomorphic in the region R and Fy(0) = id.

Corollary 18.4.1. In the notation of Proposition let f be a vector-valued power series

f(Clv“-aCm) = fl"'cgsz()(glv"'acm)?

where fo € C*[(y,...,(n] and 6; € C. Then there exists such a vector v € C™ such that f((1,. .., n) =
F(¢h, ..o Gn)v, where Fis the fundamental solution from Proposition and f converges to an
analytic solution in the region R.

Proof. Let v((1,...,(n) = F71f, then differentiating gives v = 0. O

Theorem 18.5. The correlation function is absolutely convergent in the region |z1| > |zo| > -+ - > |2n| >
0 and defines a reqular, multi-valued function in this region.

Corollary 18.5.1. For |z| > -+ > |zx| > 0, the product ., (z) - - CfluN(zN) is a well-defined operator
V,\N,k B ‘7,\0,k

(i.e. all matriz elements are converging series).
Corollary 18.5.2. In the limit |z1| > - -+ > |zn], the correlation function has the following asymptotics:

Ay AN

(21,0 2N) ~ 21 sz Mo,

where v = (ug, g1+ gn-) € V.
Remark. By Corollary |18.5.2] we can write ¢ = zl_Al e z;,ANwo, where

Yo =1o(C1, -+, Cn-1) = Yo(22/21, ..., 28 /2N 1)
is analytic in a neighborhood of {¢; = 0} and 1,(0) = v.
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19.1 Correlation Functions, Continued

Proposition 19.1. The correlation functions span the space of solutions of the KZ equations.

Remark. Let { = (Ao,...,An;g1,---, 9N U0), Ni € b*, gs € Homg(Ly,, Ly,_, ® V,,;) where ug € L3 . Let

N
== @ (50 @ony(La L, 91,

A0y AN 1 i=1

The only nonzero terms satisfy \; + u; — A\;—1 € @, and this space has a natural g-module structure, and
the Homgy(Ly,, Ly, , ® V,,,) are trivial g-modules. Each £ € = defines a unique correlation function

V8 (21, 2N) EV =V, @@V, @ L} .

Theorem 19.1. Fiz Ay and p; fori=1,...,N. Let V,, be the lowest weight modules satisfying either
of the two following conditions:

1. Generic case: The weights Ay, AN + pin, - - - s AN + iy + - - + p1 are generic and k is generic with
respect to each;

2. Finite-dimensional case: Ay, p; € P, k ¢ Q, and the V,, are irreducible finite-dimensional modules
with lowest weight — ;.

Then the correlation functions span the space of V -valued solutions of the KZ equations in a region D.
Moreover, the following map

E — F(D, VKZ)
Er— 5(21,. .., 2N)
s an isomorphism of g-modules.

Remark. In Case 1 of Theorem [19.1] the \; are generic, and in Case 2, the \; € P+,
Lemma 19.1. Under assumptions (1) or (2) of Theorem the map

(A0 s ANZ13 01, - - -5 gN; Uo) — (U0, g1 - gN+)

s an isomorphism of g-modules.
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Proof. Note that Homg(Ly,, Ly, , ® V,,;) = Homgy (L3, ,V,, ® L} ). So it suffices to show that

P Homy(L;, V, ® L}) @ Ly — V, ® L

is an isomorphism. This is true if we are in the finite-dimensional case. In general, if A and A + p are
generic, the L? being irreducible implies that the above map is injective. Since v is generic, L} = M}
and L} = M;, so Homy (L%, V, ® L}) = V2™ (the weight subspace). O

Corollary 19.1.1. If ug s the lowest weight vector, then the correlation functions span solutions with
values in V. Moreover, if ug is g-invariant, then the correlation functions take values in V9.

Remark. We had an identification I'(D, Vikz) = V via ¢ +— 9(p) (i.e. evaluation at p). Now we have
(D, Vkz) =22V,

which is a more sophisticated identification that is not attached to a particular point.

19.2 Trigonometric KZ Equations
Remark. Let ¢(z1,...,2y) = (uo, ¥(21, ..., 28)unt1) € Vi @ -+ @ V. Then
¢ € (VM SO V#N)AN_AO7

and ¢ satisfies the following differential equation

w0 Yoy 1 ¢
(k+h )az(b: (Z+>¢__Z(ae)'i(u()?w(zla“'az]\/')a uN+1>7
J

e

where a®, a, are dual basis elements in g. For a € Ry, let e, € g%, fo € g~ such that (e, fo) = 1. Then

Q= Z(ea®fa+fa®ea)+zxp®xp7

acER p

where z, is the dual basis in h, and C'=>_ . (eafa + fa€a) + 2, x5, We can rewrite

Z(ae) <u0’¢a uN+1> = Z (ea)i<u07 ¢fau]\7+1> + Z(xp)i>u07 ¢<xp’ /\N>UN+1>

e acRy D
N

= Z ’Z fa 925"_ hAN ¢
acR4 j=1

Note that ug is n_-invariant. Now ¢ has weight Ay — Ao, so

Z Z(%)z’(%)ﬁ = (hay—x0)i®-

p j=1

Then we can rewrite
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N

Z(ae)KUo,@DaEUNH) = Z Z (ea)i(fa); + ! Z( p)i(Tp)i |0+ 5 (hAN + Ao)i¢
e j—l acERy 2 p
1 2
_ZQ h)\N+)\O)¢+ ( Z €afa+52$p)‘¢7

a€ER p
1
where OF =3 p €a® fa+ 50,7, ® 1

QO =0-Q = Zfa®ea+ Zx,,@xp

acER

Check as an exercise that [e,, fo] = hq and that
I , 1
E eafa+§gp CCp:§C+h

Then we have that

N
) batuner) = Y3000+ S Uiryornsap)io + 5 (O
J#

1
(ZQ hAN+Ao+2p) +§<Miaﬂi+2p>)¢'

Thus we can rewrite the KZ equations as

0+ 2500 1 1
(k+1h")z0.¢ = ( E — - Z] 5 Payrozo)i = 5 (i i + 2p>>¢
j=1 v
i

Theorem 19.2. Let z; = €*. Then

N
1
(k+n)00 6 = (Z rig (i = 5) = 5 (hawaorep)i = (pis i + 2P>) 9,
=1
i

where r(x) = (e"Q~ + Q1) /(e* — 1).

19.3 Factorizable Systems

Remark. The equations we are studying take the form

0
8ZZ'

where 9;A4;0;A; + [A;, Aj] = 0 and the A; are holomorphic in D C CV.

¢(217 s 7ZN> = Ai(’zla s 7ZN)¢(217 . '7ZN)7 ¢ € V> A’L € EHd(V),

Definition 19.1. We say that such a system is factorizable if
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1. V=Vi®: - ® Vy, where the {V;} are g-modules,

2. there exists a function r(z) € g ® g of one complex variable meromorphic in a neighborhood of the
origin, and s € C such that

1
Az .. B § y ._._E (i — 2 .
i(z1,. .., 2n) /i(' 'rm(zl zj) : '7“],1(2] zz>+51)
J>1 j<i
for s € g such that [s ® 1 +1® s,7(z)] = 0.

Proposition 19.2. A factorizable system is consistent if
[ri(zi = 25),mie(z5 — 20)] + [rie(zi — 20) miel(z5 — 2)] + [rig (2 — 25), riw(z — 2)] = 0.

These are called the classical Yang-Baxter equations.

Remark. There are also quantum Yang-Baxter equations, which is of the form
Ri,j(zi — Zj) =1 + h?"(zl — Zj) + O(h2),

and one can recover the classical equation from it.

Remark. We can naturally take V; = U(g) to make a factorizable system, and in this case the condition
in Proposition is satisfied in U(g)®3.

Definition 19.2. Classical r-matrices are solutions of the classical Yang-Baxter equations which are
meromorphic in a neighborhood of the origin with at least one point z where r(z) is nondegenerate.

Definition 19.3. Two classical r-matrices r(z), 7(z) are equivalent if there is ¢(x) € Aut(g) such that

(21 — 22) = (&(21) @ B(22))r(21 — 22).

Theorem 19.3. A classical r-matriz r(z) extends to a meromorphic function on the complex plane
satisfying r1o(—z) = —re1(z). Moreover, they fall into one of the following classes:

1. Rational: r(z) = ¢Q2/z + P(z) for some P € g® g ® C[z] and ¢ € C*.

2. Hyperbolic (or trigonometric): r = f(e**), where

P(eaz)

T(Z) - ea(ntl)z _ 1 te Q(e )

where P, Q are polynomials and r(z + 2mi/a) = r(z).
3. Elliptic: r(z 4+ nwy) = r(z 4+ nwq) = r(z). This case exists only for Type A Lie algebras.



Lecture 20

Mar. 30 — KZ Equations for slo

20.1 KZ Equations for sl,

Remark. For this lecture, let g = sly. Then we have (letting k = k + h")

0 Mo .
IiaZZ@b—(;m)@b, Z—l,...,N.

Note that v takes valuesin V=V, ® ---®V,,, where V. are the lowest weight modules (with height

—u;) Let (V™)2 be the space of singular vectors, where ) is a weight. Write A = — ZZ]\LI Wi + p, where
p=>_ na;. Call |u| =>""_ n; the level of the solution. Let

=0 =00 =60

and Q=e® f+ f®e+ th®h. Let (z,y) = tr(zy), so that

(B,7) = (Bw,yw) = %

With this normalization, we have h — 1, = 2, p=1,k+h"Y — k+2,and h = hY = 2.

Now we find the dimension of W. Let py(m) be the number of ordered partitions of m into N parts, i.e.

pu(m) = {ii = (ma, .. omy) €2V 3 my=m} = <N+m—1)  (N+4m—1)

m oml(N -1

Note that py has generating function 1/(1 — ¢)". Let v; be the lowest weight vector in V,,,. Consider
e ® - ®e"™Nuy,
then we see that dim V* = py(m) where A = — >~ p; + 2m.

Proposition 20.1. Let W be the space of singular vectors of weight A = — > pu; +2m in V. Then for
generic j;, we have

N -2
dimW = py_1(m) = ( o )

m

Remark. In level 0, we have W° = Cv, where v = v; ® - -- ® vy. Then

1
Qi’jvz§(U1®"'®hvi®"'®hvj®"'®UN):/JJQ'UJJU'

Define the function
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wo(Zl, Ce ,ZN) = H(ZZ — Zj)“i'uj/Qﬁ.
i<j
Then 1y = 1o(21, ..., 2,)v is a solution to the KZ equations.
We will now consider N = 3, which gives the simplest level 1 solution.

Proposition 20.2. Any solution (21, 22, 23) of the KZ equations can be rewritten as

(Ql,2+91,3+92,3)/'€f (21 — 22)

21,29, 23) = (21 — 2
(21, 22, 23) = (21 — 23) S

where f satisfies the equation

o) = (24 22 1),

z

Remark. Consider Lo, L+, with —d/dz, —zd/dz, and —2%d/dz. Let

21 — 22

T = Yy=2—23, =21+ 20+ 23.

Z1 — 2’37
Then we have that

5’1/1 (Q1 2 Qo3 )%Z) o (24 Q3+ Qas) —0

K— = Y 31#
"o x x—1 dy y T

Then we see that f =y~ (P2t s+@23)/5y), (1 /) does not depend on .
Remark. Note that W is 2-dimensional on level 1: Assume pu; # 0, then

= eV Q Vg ® v3 — UV K eV2 @ V3

Wy = p3v1 @ evy ® V3 — Hav1 @ Vg & evs
Theorem 20.1. Any solution f(z) of the equation (x) can be written as follows:
f@>=%mm2m2WW%1—wwww%(F@mh+sz%aw9,
H3

where F(z) is a solution of the Gauss hypergeometric equation:

d? dF
(1—2)@F [c—(a—i—b%—l)z]%—abF—O,
where a = pg/k, b= —p1 /K, and c =1 — (g + po) /K.

Remark. The unique solution of the Gauss hypergeometric equation with F'(0) = 1 is given by

oFi(a,b,c,z) = Z (@)n()n

n=0

in |z| < 1, where (a), =ala+1)---(a+n—1).
Proposition 20.3. For generic values of parameters,
FO = ,F(a,b,c,2) and F® =2'"%F(a—c+1,b—c+1,2—¢,2)

form a basis for the space of solutions.
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20.2 Integral Formulas for Hypergeometric Equation

Remark. Let 2= (z1,...,2y), and define ¢ (Z,t) = HJ (t — 2;)7#/% Then we claim that

el = ) /wl

t—zr

is a well-defined integral, where v =v; ® -+ - Quy and e, =1 ® --- @ e® --- ® 1 (r-th position).

Remark. Fix two distinct points z1, 2o € C. Consider a closed contour around zp, 2z, which wraps
around z; once in the negative direction, then z; once in the negative direction, then z; once in the
positive direction, and finally z; once in the positive direction. This is called the Pochhammer contour.
Using this, one can show that ¢ is well-defined.

Proposition 20.4. The function ¥ as defined above is a W-valued solution of the KZ equations.

Proof. This is a direct calculation. Define

T =nE0 S YEN =Y REY, HE) =Y

t— 2z
We use the following lemma, which is also a direct calculation using commutators:
Lemma 20.1. We have

. 0
8zi

N
Qi

Zi—Zj

hi +
ﬂ—TiH’—mgTi
t—Zi 815

Y — Y| =Y

j=1

Now we check that 1¢ is a solution. We can write

() = () [ V(o
c

Since 1y(2)v is a solution, it is enough to see that

0 = /
K— — vdt = k—Tvdt =
[ -2y

To check that ¥ is W-valued, we want to show that fic = 0. Note that

£YE =00 Y

t—Zi

so we get that

foo(Zt) = ¢05/¢1 ey

t— 2z
:wo(g)/C’Q/]l( Z & vdt —wg()/ %zpl(z,t)dt:o.

This proves the desired result. O
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Example 20.0.1. Let N = 3. Then z; =0, 29 = 2z, and z3 = 1. We have
wc(o, Z, 1) = me/%(l _ Z)uzus/%

/ e (R Ve (wl 2 - D%, U ®t602 AL ®tv2 (8; €U3)dt.
c -z -

Note that the function

dt
F = (m+u2)/n/ R ) TR2/R (] ) Rs/R
o) = 2 [ s =yl gyl S

is a solution of the hypergeometric equation. Let t = xz, z=! € [0, 1], and C be the Pochhammer contour
around 0, 1. Then we have that

Fe(z) = /Cx_l_’“/”(l — x) MR — za) MR
=(1- 627”’#1/%)(1 _ 62m’u2/ﬁ) /1 x—l—ul/ﬁ(l _ m)_m/“(l _ Zx)—u:a/fi dr.
0
For Re(u;/k) < 0, Re(ua/k) < 1, and p;/k ¢ Z, we have that
F(z) = /1 g — ) THIR(T — ) TR/
0

is a solution of the hypergeometric equation.

Proposition 20.5. We have

1
25 (1)(a,b,¢,2) = o5~ = / 271 — 2)7 N1 — za) " da.
0

20.3 Solutions in Higher Levels

Remark. Let m = /2 € Z, be the level of the solution. Let
Z=(21,...,25), t=(ty,....tm), di=dty A---Adtp,.
Define the multi-valued differential form

wem = | [(tp = ta)*Y(Zt1) - Y (Z, ) dE € Ve = {t €C™ 1 t; # 1), 1; # 2} CC”

p<n

Theorem 20.2. The function
() = tn(2) | wemo

c
15 a solution of the KZ equations if C' is a “legitimate” cycle.

Remark. Define the function
V(2 1) = 1_[(2,Z _ Zj)uiuj/% H(tp _ Zj)—ltj/fi H(tp _ tn)Q/m’
i<j p.J p<n

and let (here X, is the set of maps s: {1,...,m} — {1,..., N} such that s7*(j) = m; for 1 < j < N)
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pa(Z ) = D [ tn = 2zsm)

SEXm n=1

where m = (my,...,my) with > m; = m. Then we have that

Ye(Z) = (Zme(Z,t)pm(E,t) dtlA---/\dtm) (€™ ®

e ® €mNUN).
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Lecture 21

Apr. 1 — Vertex Operators

21.1 KZ Equations in Higher Rank

Remark. Let g be a simple Lie algebra. In the general setting, we are looking for W = (V"-)* where
V:VH1®"'®VMN7

A=—3" i+ pfor pe Q. We call u = 3 liey; the multilevel and m = |u| = 3 ¢; the level of the
solution. Let p, =3 °_, ¢; and v : {1,...,m} — {1,...r} (where 7 is the rank of g) such that v(p) = s
if ps_1 < p < ps. Then we can define the function

N m
wu(aﬂ _ Z (2 — Zj)<m,#j>/ﬁ H H(tp _ Zj)%au(p):uﬂ/ﬁ H (tp _ tﬂ)(%(my%(n))/ﬁ_
1<i<j<N Jj=1p=1 1<p<n<m

This is the multi-valued part, which we can combine with a rational part to give solutions to the KZ
equations. The details can be found in the paper by V. Schechtman and A. Varchenko.

21.2 Vertex Operators

Remark. Let § = h @ C[t,t7!] ® Cc C g be the extended Cartan subalgebra in g, which is called the
Heisenberg algebra. For any h, g € b, we have the commutation relation

[h[m], gln]] = m(h, g)bm —nc.
Let Hy (for A € b*) be the Fock module over $, which is generated by a highest weight vector v, with
hinJuy =0 for n > 0, h[0Jvy = A(h)vy, cvy = v).
We can decompose $ = H, & Hy & H_, and H_ = b dt'C[t7!] acts freely on H,. Write
Nz =H1 ©H-DCe.
Note that H, does not notice A, and we have

6“ . H)\ — H)‘J"/J'

Ux Ux4p

which is an isomorphism of §)_-modules. Note that et = e M,
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Define the vertex operator (for z € C*, u € b*)

X(p,2) = exp (Z hﬁ—[nn]z_”) exp (Z hi_[:]z—n) el Zhuld]

n<0 n>0
which acts via Hy — Hy,.

Definition 21.1. The normal ordered product : X (u1, z1)X (112, z2): is defined so that

. . hl[n]hﬂmL it m >0, . B ol D M
:hi[n]ha[m]: = {hg[m]hl[n], S and :h[0]e": = :e"h[0]: = e"h[0].

Proposition 21.1. If |z1]| > |z, then X (u1, 21) X (p2, 22) is a well-defined operator Hy — fhﬂﬁm,
and we have
X (p1,21) X (p12, 22) = (21 — 22) "2 X (1, 21) X (2, 22):-

[A,B]

Proof. Note that by the Baker-Campbell-Hausdorff formula, we have e4e? = ePede in this case. Let

h h
MQZZ“_Q—ELR]%" and Mf:—zu_l—gl]zl”

n<0 n>0

Then we have

a az] = 3 P el ) (?)

1

m,;n>0 n>0
y b z z
__Z Iul : < 2> <M1>H2>1Og(1_—2)7
<1 21
n>0
o we see that eMi eMz = M M (1— 22/21)<u1,u2>' B

Corollary 21.0.1. We have

X(pr,20) - X (i, za) = [ [ (= 2) 00X (1, 21) -+ X (s 20):-

i<j

Proposition 21.2. We have the following:

1. [hk[n]vX(/%Z)] = <>‘7M>ZnX(:U’7Z);
2. for h(z) = >_ hln]z7""! and |21| > |22|, we have

ha(z1) X (p, 22) = tha(21) X (i, 29): + %X(u, z9) and dizX(’u’ 2)thy,(2) X (1, 2):.

Remark. Let g be a Lie algebra of type ADE. The basic representation of g is Ly, and
Loy = P Hs
BER

by the Weyl-Kac character formula, where @) is the root lattice of g. Note that g can be represented by
hin| and e* (i.e. the action of g is generated by h[n] and e*).
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Theorem 21.1. Let g be a Lie algebra of type ADE, so that {(o,a) = 2 for all « € R. Let
e:QxXQ — {£1}

such that (o, B)e(B,a) = (—=1) P where Q is the root lattice of §. Then Lg = Dscq Hp such that
the action of g on Lo is given by

()Y hlnlz™ Y T (2) = X(,2)Ca,  Jp,(2) = X (=0, 2)Cq,

neZ
where J, = Y- x[n]z"""! for v € g and Colu, = e(a, B).

Definition 21.2. Define yi' = p/\/k (where k = k + h"), and define a linear functional v, on H, by
(v, vw) = 1 and (v}, v) = 0 if v is a homogeneous vector of nonzero degree in H,.

Proposition 21.3. We have

(i, X (py, 21) - - X(ptly, 28 ) o) = H(Zz' — z) R = g (2, .. 2N),

i<j
where 1 =">""_| .
Corollary 21.1.1. We have
Z 5 —X? _ai/(l)vtl)"'X(_a;(m)’tm)X(ﬂllvzl) "'X(MEWZN)UO)?

where A = — Zfil i + .

21.3 The [-v System
Remark. Consider the 8-y system B, which is generated by 5, v,, ¢ for n € Z with relations
[ﬁm ’Ym] = 5n,fmca [571) ﬁm] = [7717 P)/m] =0, [C, 6n] = [07 'Vn] =0.

Define 3(z) = 3", c7 Bnz " Hand y(2) = 37, 772", and let

. o ) Bum, it <0,
BrYm: = YmBn: = {'ymﬁn, 0> 0.

The Fock module H(B) over B is generated by v with cv = v, y,v = 0 for n > 0, and S8,v = 0 for n > 0.



Lecture 22

Apr. 6 — KZ Equations for sly, Part 2

22.1 The p-v System, Continued

Remark. Let z € C*, then 3(2),7(z) are well-defined operators H(B) — H(B). Moreover, :3(z)7(22):
is also well-defined as an operator H(B) — H(B).

Proposition 22.1. If |z;| > |22, then
B(z1)7(22) = :B(z1)v(22): +

C

21—22.
Proof. We have
B(z1)7(20) = B)(z0): = 3 [Br vz ™ =S g = —

bl
27—z
n>0 n>0 1 2

which is the desired result. O

Remark. Let H be a vector space and w and antisymmetric bilinear form on H. Let H = H & Cc with
[hl + >\10, hg + )\20] = w(hl, hg)C.

Then we have H = H* @ H'® H- @ Ce, where H™, H™ are isotropic subspaces with respect to w and
H® = kerw. We can define relations

cu=u, hTu=h'u=0frh"ecH" r e H.

We call u the vacuum vector. Note that F = Cu® H~F, and if u* is the linear functional with (u*,u) = 1,
then u* vanishes on H~F.

Theorem 22.1 (Wick). Denote by P(N) the set of partitions of {1,..., N} into N/2 unordered pairs
of numbers (with P(N) = & for odd n). Let hy,...,hy € H. Then

N/2 N/2
(u i+ hyu) = Z H (", Py () ps (ny Z H w(hp, (n (n));
peP(N pEP(N) n=1

where py(n) < pa(n) is the nth pair in p.

Remark. Consider a correlation function of the type

o (2,7) = ﬁm Blt2) -+ Bltm)(21)™ - A(zn) ™ u).

By Wick’s theorem, this reduces to
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pin(Z8) = mal-myt > T, Bta)v(2sm)u),

SEX; n=1

where for z € C* we have

22.2 Factorization of KZ Solutions for sl

77

Remark. Consider the case for g = sly. Let U(t) = X(—«/,t), where « is the positive root of sly, and

Zm(A\ z) = X(N,2) ® y™(2). Then we have actions

H,® H(B)
y Xm(k,z)
]?ZM_O, ® }AI(B) }AI,HX ® ﬁ(B)

Then we can write solutions to the KZ equations as

ve(Z) = Z/C<UA0 @, Utr) -~ Ultin) Zony (M 21) =+ Zin (Aw, 2 )00 @ w) dE

mN

e"miln ® - ® ——UN,
my:

where \g = > p; — 2m.

22.3 Intertwining Operators via Fock Modules
Remark. Let « be the positive root for sly. Define an algebra A by
[, Q] = 200, —pe and [, a,] = 0,
where «,, = hy[n], and define a module H)y(A) generated by v with
co=uv, au=0forn>0, aw=>for\eC.

Let h* = C where o — 2, so that

X(p,2) =X (pa/2,2), peC.
Let a(z) = >, o 2”7 " (compute a(z1)a(z,) as an exercise for 21| > |25]). Then

dy(2)

Jo(2) = B(2), Jn(2) = =2:9(2)B(2): + VEa(z), Ji(2) = —9(2)?B(2): + VEa(2)y(2) + k 7

gives an action of the affine Lie algebra sly on H\(A) ® H(B).
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Remark. Let = d/dx, v = x, then

e=8, h=-298+j, f=-B+ijvy

define a representation of the contragradient Verma module of highest weight j on C[z]. There is then a
notion of “affinization” which yields the above action for sls.

Theorem 22.2 (Wakimoto realization). Define an sly-action on Hy\(A)® H(B) as above. If A\, k are
such that M sy 1s irreducible, then this representation is isomorphic to M /gy .

Remark. Let g = sly and A\, A + p, k& be generic. Then for all m > 0, there is a unique (up to scalar)
intertwiner of level m -
D" (2) : My — Myjp—ompr @ Vu(2),

where V), is the lowest weight Verma module. Writing Hy = H)(A) ® H(B), we have
(I)m<2> : H)\/ R — H}\/+#1_2m/ ® VM(Z).
Lemma 22.1. We have
DOw = X (i, 2)e " (w @ v,),

where w € Hy and v, is the lowest weight vector of V,(2).
Proof. Let E(z) = exp(—7v(z) ® e). Then one can compute that
(X(i,2)E(z), ) @ llw@ v, =2"(1® )X (1, 2)E(z)waV,
for all x € sly and w € Hy. O

Lemma 22.2. Let U(t) = X(—d/,t)B(t), where o/ = a/\/k. Then

" U)] =0 and [J}Z,U(t)]:n%(t"X(—o/,t)).

Remark. Consider the expression
/ U(t) dt : IHA/ E— 7:2)\/_&/.
c

For generic A, such an operator does not exist.

Remark. Define an operator

E . H}\/ — H}\/+M/_2m/ ® VN

(2,t1, o t) — X (i, 2)e YO0 () - Ult) (w @ v,,),
valid for |z| > |t1] > -+ > |t,;n]| > 0 (but can be extended to a larger region via analytic continuation).

Proposition 22.2. We have

m

E(z by, tn) = 2 [ (2 = ) Y T — 1) E0 (2t ),
j:l i<j

where Zg is a meromorphic operator-valued function on (C*)™+1,
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Proof. We have

1®e
t— =z

6—7(Z)®eﬁ(t) S

and thus we see that

1®e
tl—Z

e_"’(z)®65(t1> e Btm) = rexp(—y(2) ®e) <5(t1> -

which implies the result.

I 1) = sexpl () 8 ) (50

) (ﬁ(w _

1®e
t— 2

1®e
tin — 2

)
)
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Lecture 23

Apr. 8 — Quantum Groups

23.1 Intertwining Operators via Fock Modules, Continued

Theorem 23.1. We have (here C =Cy x --- x Cy)

B (z) = /CE(Z,tl,...,tm) Gt A e A dbyy.

/ 35’ dt = 0.
o Ot;

Furethermore, (®(z;) -+ ®(zy)) reproduce the solutions of the KZ equations for |z;| > -+ > |zn].

Remark. We also have

Remark. Let ® : V), , — ‘7,\2’/% ® V,u(2). A Kazhdan-Lusztig (Moore-Seiberg) intertwiner is
&) . V,u,k ® V>\1,k — ‘7)\2’]@(7;).

Here V), is a highest weight module for g and V,,(z) is a lowest weight evaluation module. Then we
have J"®(2) = ®(2)A, o(J"), where

Azo(J") = fd—g.f"(Z(f - z)‘m‘lym) 1+10J"

27

Note that ¢, J(z) =3, Jnz " '. In vertex operator algebras, there is an expansion

A©B) =30 P

and these correspond to shifting certain vector spaces “sitting at z” like above.

23.2 Hopf Algebras

Remark. A good reference for quantum groups is A guide to quantum groups by Chari and Pressley.
Definition 23.1. A Hopf algebra an algebra A with

e aproduct m: AQ A— A,

e a coproduct A: A — A® A,
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e auniti: C — A,
e a counit € : A — C,
e an antipode v: A — A,
such that the following are satisfied:
1. properties of the product and coproduct:
(a) m(z @m(y® z)) =m(m(zr ®y) ® z) (or more simply, m(id ® m) = m(m ®id));
(b) (A®id)A = (id® A)A;
2. properties of the unit and counit:
(a) m(i(1) @ 2) = m(z @ i(1)) = 5
(b) (e ®id)A = (id® e)A = id;
3. properties of the antipode: m((id ® 7)(A(z))) = m((y ® id)(A(z))) = i(e(z));
4. consistency of product and coproduct: A(m(z ® y)) = m @ m(P3(A(z) ® A(y))), where A(a) =
Y aM ®a® and
(zy)V @ (29)? = m(zW @ y) @ m(a® @ y?);
5. consistency of unit and counit: €(i(1)) = 1,
6. consistency of product and counit (and of coproduct and unit):
(a) e(m(z®y)) = e(x)e(y);
(b) Ai(1)) = i(1) ®@i(1));
7. consistency of product (and of coproduct) and antipode:
(a) y(m(z ®@y)) = m(y(z) ®y(y)), where m*(z @ y) = m(y @ x);
(b) A(y(x)) = (v @ 7)(A%(x)), where A% (z) = Pyo(A(x)) and Py : 2 @y —y @ ;
8. consistency of unit (and of counit) and antipode:
() 1(i(1) = i(1);
(b) =(1(x) = e(2).
Remark. We have the following:
1. Any Hopf algebra is an associative algebra with unit, and an associative coalgebra with counit.

2. To describe the Hopf structure for an associative algebra with unit, it is enough to describe
the action and relations on generators. Moreover, The unit, counit, and antipode are uniquely
determined by the multiplication and comultiplication.

Corollary 23.1.1. We have the following:
1. If A is a finite dimensional Hopf algebra, then A* is also a Hopf algebra with m' = A*, etc.
2. Let A — A°P define another Hopf algebra. If A is commutative, then A°® = A with isomorphism .
3. If A, B are Hopf algebras, then A ® B is also a Hopf algebra.
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Example 23.1.1. We have the following:
1. Let G be a group and A = C[G]. Then we can define a Hopf algebra structure on A by

m(g@h) =gh, Alg)=g®g, ~(g)=g" elg)=1 1il)=e

If G is finite, we can also define the dual Hopf algebra A* to be F(G) (functions on G) with

m(f @ ¢)(g) = f(9)d(9),  Af)g.h) = flg.h), i(1)=1, e(f)=fle), (f)lg)=Fflg7").
2. Let G be a linear algebraic group. Then A = P(G) (the space of polynomial functions on G) is a
Hopf algebra with the same formulas as above for F(G) in the finite group case.

3. Let g be a Lie algebra. Then U(g) is a Hopf algebra with

Alx)=2z1+1®z, c(z)=0, ~v(z)=—uz.

Note that the examples (2) and (3) are dual to each other.
Definition 23.2. A representation of a Hopf algebra A is a left module over A as an associative algebra.
Example 23.2.1. We can take 2\ = (), where X is a C-valued representation.

Remark. Let V' be a finite-dimensional representation of A. Then there are two dual modules V* and
*V for A given by

e Aactson V* by af(v) = f(y(a)v) forveV, f eV

e Aactson*V by af(v) = f(y ' (a)v).
Exercise 23.1. Show that *V* is canonically isomorphic to V', but **V and V** are different in general.
Remark. Note that V* @ V — C and C — V ® V* are A-homomorphisms.
Remark. Let p; : A — End(V;) for i = 1,2. Define p: A — End(V; ® V3) by

p(x) = p1 @ pa(A(2)).
Then A(A® I) = (I ® A)A implies associativity of the tensor product.

23.3 Quantum Groups
Remark. Let A be a generalized Cartan matrix with d;a;; = d;a;,;. Fix {d;} to be positive integers

with greatest common divisor 1. Then we get an extended Lie algebra g. with nondegenerate form (-, -).
Normalize the form (-, ) so that

d; = (i, O-/il)’
2
or equivalently, (o, ) = 2 for short roots a. Then b, = h*, and we can define
20
hi == a

(ai, i)

Write ¢ = ¢! for t € C and ¢ = €' (assume that ¢ is not a root of unity). Then U,(g) is generated by
e;, fi for 1 <i <r and ¢" for h € b, with relations
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e ¢° =1 and ¢*** = ¢%¢® for a,b € b;
o ¢"eig" = g We; and ¢" fig™h = g f;;

q ity q 11t )
o eifj— fiei = 51‘,;'W,
e ¢-Serre relations: 1§j (=" ele el "™ — (. where
s [n]l‘[l — ai,j — n]z' v ’
nd; —nd; n
q (e q T
[n)i = T and  [n];! = H[p]z‘,

p=1
and identical relations hold for the f;.

Note that we can formally write the g-Serre relations as (ad{?)'=%(e;) = 0, where

€

(c,8)

[z,y], = ad? (y) = zy — ¢ Pya.
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Lecture 24

Apr. 13 — Quantum Groups, Part 2

24.1 Quantum Groups, Continued

Remark. Recall the algebra U,(g) defined last time. It is a Hopf algebra with coproduct
Al =d"®d¢", Ale)=e0¢"™ +10e, Alf)=fiol+q™ e fi
with counit e(e;) = &(f;) = 0 and £(¢") = 1. The antipode is given by
Yer) = —eiq™™, y(fi) = =" fi, (d") =q7"

There are two Hopf subalgebras U,(g") and U,(g~) generated by {¢",e;} and {¢", f;}, respectively.

24.2 Representations with Weight Decomposition

Remark. Suppose that we have a weight decomposition V = @u V# where ¢"v = ¢*My for v € V#
and p € h*. Similarly as before, we have the Verma module

M{? = Tnd %)) X,

where X, is the 1-dimensional module where all e; act as 0. We can also define LE\Q) =M iq) /I, where I,

is the maximal proper submodule of M iq).

Theorem 24.1. Let g be a simple finite-dimensional Lie algebra and q € C (not a root of unity). Then

1. LE\Q) is finite-dimensional if and only if X € P, and in this case, dim LE\q) = dim Ly (the same is
true for the dimensions of the weight subspaces);

2. the category C(g,q) of finite-dimensional U,(g)-modules is semisimple.

Remark. The contragradient module for M = @, M* is given by the restricted dual M¢ = @, (M*)*,
where we have
(gu™sv) = (W T(g)v), v" € M v € M, g € Uyfg)-

Here 7(e;) = q%"i fi, 7(f;) = e;q~ %", and 7(¢") = ¢". Note that 7(ab) = 7(b)7(a), this is done so that
(M ® Msy)® = M7 ® Ms as Uy(g)-modules. Note that the U,(g)-morphism

M}(\‘]) N (M)(\Q))C

is generally not an isomorphism, its image is Lg\q).
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Remark. Let p € h* such that (p, h;) = 1, i.e. a;(p) = d;. Then

v (x) = ¢ g™
Let V* be the dual module of V. Then a priori, V** has a different U,(g.)-module structure from V[]
Proposition 24.1. If V is a finite-dimensional module over U,(g.) with weight decomposition, then

oy V — V™

v — ¢*Pv

is an isomorphism of U,(g.)-modules.

24.3 Quasitriangular Structure

Definition 24.1. Let A be a Hopf algebra and R =) . a; ® b; € A ® A invertible such thatﬂ
RA(J?) = AOP(.’L')R, (A X I)R = R1,3R273, ([ X A)R = R173R172.

Such an R is called a universal R-matriz for A, and A with a choice of R is called quasitriangular.

Remark. Note that if Vi, V5 are two finite-dimensional representations of A, then V1 @ V5 = 15, ® V4.
Thus we can define Ry, v, = Pi2R|v,gv,, Where Py is the isomorphism V; @ Vo — Vo ® V) given by
permuting the factors.

Proposition 24.2. We have the following:
(e®@id)(R) = (id@e)(R) =14, (y@id)(R)=(dey " )(R)=R", (y®1)(R) =R
Moreover, R°® = P(R) (where P(a®b) =b® a) is a universal R-matriz for A°P.

Definition 24.2. A braided tensor category is an additive category C with a distinguished object 1, a
bifunctor ® : C x C — C, and isomorphisms

avivas s (Vi@ V) @ V3 = Vi@ (Vo @ V),
A1V EV, pp:Vel=V,
oy, VIV EVL,eV
satisfying the following properties:

1. triangle axiom: the following diagram commutes:

px ®id

Xel)eY » XY
am) A Y
X®((1eY)

2. pentagon aziom: all maps (V1 @ Vo) ® V3) @ Vi — V1 ® (Vo ® (V3 ® Viy)) obtained by composing o
and o~ ! are equal;

'Recall that g, is the extended Lie algebra with an added derivation d, which gives a non-degenerate bilinear form (-, -)).
*Here R; ; denotes R acting in the i, j factors of the tensor product 4 @ A @ A.
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3. hezagon azioms: the isomorphisms V; ® (Vo ® V3) — (Vo ® Vi) ® Vi given by oy, v,ev, and

ail(id\/b ® 5V1,V3)05(6V17V2 ® ist)ail
are equal, and similarly for o1,

Theorem 24.2. Let A be a quasitriangular Hopf algebra. The category of representations of A is a
braided tensor category with 1 = C, trivial unit morphisms and associative morphisms, and dyw = Ry,w .

Remark. In this category, every object V has a dual V*, and we have morphisms 1 — V ® V* and
V*®V — 1. This is known as rigidity.

24.4 Quantum Yang-Baxter Equation
Proposition 24.3 (Quantum Yang-Baxter equation). We have Ry 2Ry 3R23 = Ro 3Ry 3Ry 2.

Proof. We can write
Ri9R13Ry3 = Ri2(A®id)R = (A® ®id)(R)R12 = Pi2(R13R23)R12 = RosR1 3R 2,

which is the desired formula. O

Definition 24.3. Define the braid group on N strands to be the group By generated by by, ...,by_1
with relations b;b;41b; = b;+1b;b,41 and b;b; = b;b; for |i — j| > 1.

Theorem 24.3. Let A be a quasitriangular Hopf algebra and Vi, ..., Vi representations of A. Define

~

R=Vi®@ VW —V® QViuV,® o Vy
by R; = P iRy, v,,.,. Then RZ§Z+1RZ = éi—&-léiéi—kl-
Corollary 24.3.1. In a braided tensor category, we can define isomorphisms
Biyvy, XY @Z) —Ya(X®Z)
by B vz = aloxy ®idz)a™t and Bxy , = a(oyy ®idg)a™". Let
Bir=Pxyz  X@ V@ (ZaU) —YeXe(Zal),
B =1d® B, X (Y ®(ZeU) — X (28 (Y aU)).

+ pt ot + ot ot + .
Then we have 31,252,351,2 = 52,351,262,3 and ﬂX,Y,Zﬁ):'/iX,Z = id.

24.5 Quantum Double

Remark. Let A be a finite-dimensional Hopf algebra. Let {a;} a basis for A, and {a'} the dual basis
of A*. Define D(A) = A® (A*)°?. We want a Hopf algebra structure on D(A) so that the natural
embeddings A — D(A) and (A*)°? — D(A) are Hopf algebra morphisms.

One constructs the quantum double (or Drinfeld double) as follows. Let the structure constants of

ARARA — A
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(note that m(m ® id) = m(id ® m)) be m}, ,, i.e. ajaza; = Y, m}; ,a;, and the structure constants of
A— ARARA

(note that (A ® id)A = (id ® A)A) be p7**. Then we can define multiplication on D(A) by relations

14

kogmmt wOha“a;

m

t__
asa/ - MS p7£1

(with implied summations), which uniquely defines a Hopf algebra structure on D(A).

Theorem 24.4. The Hopf algebra D(A) is quasitriangular, with

R = Z(ai®1A*) (029 (1A®CLZ)

Example 24.3.1. Let G be a finite group and A = C[G]. Then A* = F(G), and we have

D(A) = C[G] x F(G).



Lecture 25

Apr. 15 — Quantum Groups, Part 3

25.1 Quantum Double for U,(g.)

Remark. We construct the quantum double for U,(g.). First consider U,(gZ), generated by {¢", e;}
and {¢", f;}, respectively:
Uy(97) = Clbe] ® Uy(n™),

where Cl[h,] is the group algebra associated with ¢". Then we can define the restricted dual (by degree)
Uy(6%)" = C[hz] © Uy (n*)",

where the pairing is (¢, ¢*) = ¢* for X\ € b?.

Theorem 25.1. There is an isomorphism of Hopf algebras
0:Uylge) — (Uylgd)")™

such that 0(q") = ¢" for all h € b., where we identify b, with b using (-, ).

Example 25.0.1. Check that Theorem does not hold for ¢ = 1 (one algebra is commutative whereas
the other is not).

Theorem 25.2. Theorem implies that we can identify
D(Uy(gd)) = Uylad) @ Uylae ),
which has a two-sided ideal H generated by ¢" @ 1 —1® ¢".
Theorem 25.3. The map given by
e@le, 10fimfi, "@lmd, 10¢ -
defines an isomorphism ¢ : (Uy(gF) @ Uy(g.))/H — Uy(ge).
Remark. The algebra D(U,(g!)) has R-matrix given by

R = ¢>» %o Z a; ®at = Z tn(Zp T ® Tp) Zai ®a’,

n!
n>0 i

where {a;} is a basis in U,(n™) and {a’} is a basis in U,(n™).

Example 25.0.2. For U,(sly), we have

-1\, n n

1 S i ¢g—q )e"® f

R —= q2h’®h q ( 1)/2< [/n/)]‘ ,
n>0

where [n] = (¢" — ¢ ™) /(¢ — q~'). For general g., the formula is given by Khoroshkin-Tolstoy.
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Theorem 25.4. Let C(g.,q) be the category of finite-dimensional representations with weight decompo-
sition of Uy(ge) (with ¢ not a root of unity). Then C(ge,q) has the structure of a braided tensor category
with oyw = Ryw = PioRyw and unity associativity morphism.

25.2 Quantum Casimir Element

Remark. Let A be a quasitriangular Hopf algebra, and define
u=m((y®ida)(R?)) = > y(bi)as,

where R =) . a; ® b;. Then u € A is well-defined (i.e. u actually lies in A) if A is finite-dimensional.
In the case where A = U,(g.), the element is still defined as an operator in any finite-dimensional
representation.

Proposition 25.1. We have the following:
1. ¥4 (z) = uzu=! for all v € A;
2wt =m((y' ®ida)(R™));
3. Au) = (u®@u)(RPR)™ = (RPR)*(u ® u).
Remark. Recall that we have defined ¢* € U,(g.) satisfying ?(x) = ¢*zq=? .

Theorem 25.5. Let A =U,(g.) and C = ¢**u~'. Then C is a central element and is well-defined for
any finite-dimensional representation. Moreover, C' satisfies

A(C)=(RPR)(C®(C)=(C®C)(R®R)
and Cly = g™ 2V idy,, where V is the highest weight module with highest weight .

Corollary 25.5.1. Let V),V,,V, be highest weight modules over U,(g.) with corresponding highest
weights A, pu, v, respectively. Then for any embedding of U,(g.)-modules Vy CV, ® V,,, we have

R2|V>\QVM®VV = QC(A)_C(M)_C(V) idVM

where c(A) = (A, A+ 2p)).

Proof. Apply k% = A(C)(C~! ® C~) (which follows from Theorem [25.5) to C|, = ¢?**+2id,,. O

25.3 Intertwining Operators

Remark. Let g be a finite-dimensional simple Lie algebra and C(g, q) the category of finite-dimensional
representations of U, (g) with weight decomposition. Then all morphisms in this category can be described

using Hoqu(g)(Lg\Q), V). Let
Hy), = Homy, o (L, V & LY).

Let V, W be finite-dimensional representations. Then

P Y, @ Hiy, = Homy, o (LY, V @ W & L?)
n

via the composition ®; ® $y — (1 ® $y) o D;.
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Remark. Let R = PR and R~ = P(R°®)~' = (R*)~!. We can act on an intertwiner
o: LY —VeweLW

by multiplying by E’?}W ®id, (), which gives another intertwiner LE\q) W eV ®LY. This gives

By (\v) P HY, © HYy,, — P Hy, @ HY,

I Iz

We call such B* exchange matrices.
Proposition 25.2. The exchange matrices satisfy

1. Bf,By,Bf, = Bi,Bf,Bi,, where both sides are viewed as isomorphisms

Hom(L(f), VeoWeU®oLYW) - Hom(Lg\q), UW VLW,

2. B*B7 =1id.
Remark. Write the associativity morphism as o : (V ® L) @ W 2 V @ (L ® W). Then we have
avw(\p) P HE, @ Hy),, — P HY,, @ Hiy,,
1% w

For sly and U,(sly), let V, W be highest weight modules with highest weights 4, j. Then oy, depends
on i,j, A\, v, u, ', and the elements are called the quantum 6j-symbols (or Racah coefficients).

Remark. The hexagon axiom gives the diagram

—1

VoUILPoW) % (Ve L))o W

id®I:j”L(q) Wl lév (a)
v ,3+ QL W
(a)
VeoWeLP) 2w e (Ve LW)

Thus we can write EV,W()\, v) = }VQQa;},V(/\, V)R, where
él : EBH{;[;’V — @H&V and ]\%2 : @Hﬁ\v,u — EBHSV,M"
W 1% 1% W

For U,(sly), we have B = Dya Dy, where Dy, Dy are diagonal.

Remark. Let A\, u, v be generic, so that L(;I) =M )(\q), and V, W finite-dimensional. Then we can describe
Hy), explicitly using the map
(-): Hoqu(g)(M)(\Q), Ml(ﬂ) QV) — VA
d— <(I)> = (U; X idv)(@u),

where v), is a highest weight vector in M SI) and vy, is a lowest weight vector in (M,SQ))*. This gives

H},, = Homy, (M,", V @ MP) = V-~
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Thus for any generic A and v € VA7#, there is a unique operator
MY — MO oV

such that ®%(vy) = v ® v, + lower order terms. Similarly, if v € V' and w € W are homogeneous vectors,

we can define
PV = (Id®@d) o @Y : LYW — Ve W o LW,

where v = \ + weight(v) + weight(w). Then we have

(R‘:‘;W ®1d vz®wj Z(I)w /®’U/BZ,], ) .

Using this, we can define éﬁw()\, V) (VW) =2 (W @ V) " between weight subspaces. Summing
over v, we get an operator

Bﬁw()\) VoW —WwWeV
which preserves weights. The B‘%,W()\) satisty dynamical Yang-Bazter equations.



Lecture 26

Apr. 20 — Geometric Aspects

26.1 Local Systems

Remark. Let X be a real manifold, and let ©2°(X) denote the space of differential i-forms on X. Let
Q(X,E) = E®Q(X)

denote the space of differential forms with values in a vector bundle E.

Definition 26.1. A connection on E is a map V : I'(U, F) — Q'(U, F) satisfying
V(fs)=fVs+s®df

for a function f and a section s.

Remark. We can define V¢ : E — E by s — (Vs,§) with
Ve(fs) = fVes + (0 f)s.
In local coordinates, we can write
Vi=Vo/ou;, = O, + Ai(T).
If U, s are the transition functions for E, then
Uap(d+ Aa)Us = Vs =d+ Ag.

This implies Ag = U, AU 51t Ua 5dU , and such a map is called a gauge transformation. Note that
we get a curvature 2-form by defining F=dA+ AN A, and we have

F(&m) = [Vg, Vn] — Vigy)-

The components of the 2-form F' are given by

[0i + A, 0; + Aj] = 0;A; — ;A + [Ay, Aj] = Fij.

Definition 26.2. A flat connection is a connection with 0 curvature, i.e.
[Ve, Vn] = Viga);

or equivalently, F; ; = 0. A local system is a vector bundle which admits a flat connection.
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Remark. A connection V gives rise to parallel transport. Given a curve vy : [0,1] — X and v € E,
(the fiber of E at v(0)), there is a unique section s of E along vy such that Vs = 0 and s(y(0)) = v.
There is a holonomy operator M, : E.qy — E, 1) given by s(v(0)) — s(v(1)).

Theorem 26.1. If V is a flat connection, then M., depends only on the homotopy class of .

Corollary 26.1.1. The map v — M., (with fized basepoint) gives a representation of the fundamental
group in Ly, .

Remark. Building on Corollary [26.1.1], there is in fact a bijection between local systems and finite-
dimensional representations of (X, xo).

Definition 26.3. Let U C X and s a section of £/ over U. We say that s is flat if Ves =0 for all £ € U.
We denote the space of flat sections over U by I'¢(U, E).

Lemma 26.1. Let U C X be open and simply connected. Then for any p € U, there is an isomorphism

Ff(Uv E) - Ep

s — s(p).

In other words, the sheaf of flat sections is locally constant.

Remark. Let E, E' be two vector bundles over X with connections V,V’. Then
A(s®s)=(Vs®s)+ (s V's)
defines a connection on F ® E’. Similarly, if E* is dual to £ with pairing (s, s*), then
(Ves, s%) + (s, Ves™) = Oc(s, ")

defines a connection on £*. One can also define a pullback bundle f*F and corresponding connection,
given a map f:Y — X and vector bundle £ on X.

26.2 Cohomology of Local Systems

Remark. We have a sequence

0 s E— QY(X,E) Y (X, E) Y .. Y5 Q"X ,E) —— 0

where V(s ® w) = V(s) Aw + s ® dw. However, this is not a complex in general.
Proposition 26.1. If V is a flat connection, then V? =0 and Q°(X, E) is a complex.

Remark. If V is flat, then we can consider the de Rham cohomology H3 (X, E) with coefficients in a
local system (the cohomology of the complex Q*(X, E)).

Remark. Let 0 : ¥; — X be a singular k-simplex. Consider »_ ;€505 where ¢, is a flat section of o*F
over Y. Then we can define a boundary map 9 by

Oejo) =Y ehol(-1),
7 V4

where 5§ is the restriction of the section to the /th face and 0}“ is the fth face of o;. This gives rise to
the singular homology He(X, F) and singular cohomology H®(X, E).
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Remark. Let £ be a local system with fiber V. Let w € QF( X, E) and 0 : ¥y — X, so o*w is a
differential form on 3, with coefficients in the local system o*FE. If

we QD o*E) = Q8 @V

and C' = o0 (where ¢ is the coefficient section of the dual bundle), then we can define

/Cw: (6,/Zka*w>.

Theorem 26.2 (Stokes theorem). We have

/dw:/ w,
c acC

and integration defines a pairing B : H*(X, E*) @ Hiz (X, E) — C.

Theorem 26.3 (De Rham theorem). If X is a smooth real manifold and B is nondegenerate, then
H*(X,E*) =2 HR (X, E).

Remark. Consider an affine complex manifold, i.e. a complex manifold X which is isomorphic to a
closed subvariety in C¥. We can write X = C" \ D for some subvariety D C C" of codimension 1.

Theorem 26.4 (Complex de Rham theorem). Let X be an affine complex manifold and H3y (X, E) be
the cohomology of the global holomorphic forms. Then B is nondegenerate and H®(X, E*) = H3z (X, E).

Corollary 26.4.1. For a complez affine manifold of complex dimension n, we have that H;(X, E) and
HY (X, E) are nonzero only for i < n.

26.3 Hyperplane Arrangements

Remark. Consider a finite set S of codimension 1 affine hyperplanes in C" (a hyperplane arrangement),
and let X be the complement of its union. Let H € S and ¢ the corresponding linear functional (i.e.

H is the set of solutions to £z(Z) = 0). Let X = {Ay }yes for some constants Ay € C and define

Definition 26.4. For any S and X, denote by L5 the 1-dimensional local system over X with local
sections 1 (2) f(2) (where f is a holomorphic function on X)) and connection V; = 9;. Equivalently, we
can define L5 to be the trivial line bundle with connection

Vif = 0if + foi(log) = if + fo~ O
Definition 26.5. Define the Orlik-Solomon algebra OS®*(X) to be the graded exterior algebra generated

by d(log ¢1(Z)), which can be described by generators and relations.

Remark. For f € OS*(X), we call ¥ f a hypergeometric form, and denote the space of hypergeometric
forms by Op (X, L5) € Q*(X, L5).
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Theorem 26.5. For almost all X (including X = 0), the map
Ql.lg(Xa £X) — Q.(Xa ‘CX)

1S a quasi-isomorphism.

Example 26.5.1. Let X = C\ {0} and ¢(z) = z*. Then

2d(log 2) = z’\%
z

is a hypergeometric 1-form, and z* is a O-form. Note that
dz
d(z) = X =,

z

We have H' = C for A = 0 and H' = 0 for almost all A # 0.

Exercise 26.1. Show that in Example [26.5.1] we have H' = Cif A € Z and H' =0 if A\ ¢ Z. So we see
that Theorem holds for A ¢ Z \ {0}.

Remark. One can consider discriminantal arrangements on configuration spaces. Let 2= (z1,...,2x) €
CY such that z; # z;. For m > 0, we have a map X,,+ny — Xy given by forgetting all but the first N
components. This map is a fiber bundle. Denote the fiber over Z € Xy by Yz,,, i.e.

Y;?’m = {F: (tla s >tm) cC™: t; 3‘& tj, t; 7é Zp}.
Moreover, there is a natural action of Sy on Xy and of S, on Yz, by permuting coordinates. Let
Q={qpnrp;:1<p<n<m,1<j< N}

Then we can define

ps(t) = H(tp — tn) ™" H(tp — zj)""9.

p<n D,J

If ¢y, 7p; are symmetric with respect to S,,, then this defines a local system Lg on Yz, = Yz, /S
Moreover, we have H*(Y z,,, Lo) = (H*(Yzm, Lg))"™.

Remark. Consider the KZ equations for sly. Let 2= (21,...,25), t = (t1,...,tn), and k € C*. Let
L = L(fi,x). Then recall that we have

V(2 1) = [ [ (2 = )P [ [ty = 2) 75/ [ [ (ko — )",

1<j D,J p<n

where T];_;(zi — z;)"#/%% is constant on every Yz,.



Lecture 27

Apr. 22 — Geometric Aspects, Part 2

27.1 Relation to KZ Equations

Remark. Recall that for V =M, ®---® M,, and z,..., zy, we have

Yo = ; (/Cwm(zif)pm(iﬂdf)vm,

where m = (my,...,my) with Y m; = m and vz = €™v; ® --- ® ¢"Vuy. Note that dimYz,, = m.
Also, the above integral depends only on the class of C' € C,(Yzm, £*).

Theorem 27.1 (Aomoto). Let m = 1. Then for almost all p, K,
1. Ho(Yz1, L) =0;
2. dim Hy(Yzy, £4) = dim H'(Yzy, £) = N — 1;
3. the forms (2, t)dt/(t — z;) for j=1,...,N for a basis in H (Yz1,L);
4. the Pochhammer loops C; around z;, zy form a basis in Hy(Yz1, L").

Corollary 27.1.1. For every z and almost all p;, k, the map C — ¢ is an isomorphism between
H,(Yz1,L*) and the space of W-valued solutions of the KZ equations, where W is the space of singular
vectors of weight — > p; + 2.

Theorem 27.2 (Arbitrary level). For all Z and almost all ji, K,
1. Hi(Yz, L5) =0 fori <m;

2. dim H,,,(Yzm, L) = dim H™(Yz, £) = mlpy_1(m), where pp(m) is the number of partitions of m
into ordered sums of k nonnegative integers.

Remark. Taking the smaller space H,,(Yz,,, £*)*", gets rid of the m! in Theorem [27.2(2). This gives a
natural generalization of Corollary [27.1.1] for arbitrary m: We have

Hy (Yo, L) =W,

where W is the space of singular vectors of weight — > m; + 2m.

27.2 Gauss-Manin Connection

Remark. Consider the fiber bundle 7 : X,y — Xy with fiber Yz,,. Recall that there is an action of
Sy on Xx. We have can choose a cycle in every fiber, but we want to match them in a compatible way.

96
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Note that ,,(Z, f) defines a local system on X,,;y, which gives local systems on Yz,, by restriction.
Thus we get a vector bundle H,,(X,,+n/Xn, £) with a fiber at 2 given by H,,(Yz,,, L£). Note that by
analytic continuation we may move 2 — 2’, so for any zZ € Xy, a choice of C' € H;(Yz,, £) defines a
cycle in each Yz ,, defines a cycle in each Yz ,, for 2’ close enough to z. This defines a connection in

C(Xm+N/XN7 E)
via the condition that all local sections produced in this way are flat (the Gauss-Manin connection).
Theorem 27.3. For all j1; and almost all k, the map C +— e gives an isomorphism of local systems
Hp(Xan /X, L(p, 1))5 = Wiy,

where the left-hand side is endowed by the Gauss-Manin connection and the right-hand side is the trivial
vector bundle over Xy with fiber W = (V* )* (A= =" p; +2m), endowed with the KZ connection.

Remark. Theorem fails for k € Z, (recall that k = k + hY).

27.3 Relative Homology
Example 27.0.1. Let X = C\ {0,1} and E the 1-dimensional local system on X defined by

U(z) = 21— 2)

for o, 5 € C. Then for generic a, #, we have H,(X, E*) = C, generated by the Pochhammer loop. For
Rea > 0 and Re 8 > 0, we can write

/ F()(2)dz = (1 — e*™)(1 — 62”5)/ f(2)¥(z) dz.
c 0

We call this integral on the right-hand side the regularization of [0, 1], and denote it by [0, 1]eg-

Deﬁ_nition 27.1. Let X = 7\ D, where X is a real manifold and D C X is a closed subset. The space
Crw(X, D, E) of relative chains is the space of finite linear combinations

Z €i04,
where ¢; is a flat section of E over 0;(X*) N X and o; is a singular k-simplex in X.

Remark. Note that C(X, E) C Cx(X, D, E), which gives a map
Hk(XvE) —>Hk(77D7E)7 (*)

though this map is generally not injective or surjective.

Example 27.1.1. Note that [C] = (1 — e*>™)(1 — €2™)[0, 1] in Example [27.0.1} and in fact the map on
homology is surjective for all «, f € Z. This is not true for standard homology, e.g. consider a = 3 = 0.

Theorem 27.4. For a general hyperplane arrangement and general Ay, the map (%) is an isomorphism.

Definition 27.2. Call any subset L of the set of all hyperplanes S such that (,., H # @ an edge, and
denote A\p, = > ycp Am-
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Theorem 27.5. If for every edge L, we have Ay, ¢ 7, then the map (x) is an isomorphism.

Theorem 27.6. Let Dz, be the union of the hyperplanes {t; =t;,t; = 2z}, so that Yz, = C™ \ Dz,,.
Then for all p;, k generic, we have:

1. H(C™ Dz, L(fI, k) =0 fori<m.

2. For 7 € RY, define
Vi, ={teR™ t; #t;,t; # 2}
Let {D;} be the set of bounded connected components of YZRm (so each D; is the interior of some
convez polytope), and fix an arbitrary section of L(ji, k) over each D;. Then

Hyu(C™, Dz, L(. 1)) = D CIDI,
and thus H;(Yzm, L(f, k) =0 fori < m.
Remark. We can pick another basis for the homology from m = (my,...,my_1) (with m; > 0) and a
bijection ¢ which assigns to a pair 1 < a,b < N — 1 an index i = ¢(a,b) € {1,...,m} (m = > m;).
Theorem 27.7. Let z1,...,zx such that [z;, zy]| do not intersect except for at zy, and define

ti = zn + uy (20 — 2n) if i = ¢(a,b),
0<uy <up <+ <up <1,
Dm’(ﬁ = tl,...,tmt : CYé‘,m‘

N—-1 ’ N—-1
O<uy <o <ty - <1

Then for almost all ;, k, the Dy, 4 form a basis for the relative homology.

27.4 Monodromy of KZ Equations

Remark. Recall the KZ equations:
N
H@z/’b_ (Z 4?’%)% k¢ Q.
Jj=1,j#i
We can interpret this system as a flat connection in a trivial bundle with fiber V; ® --- ® Vy over
XN = {(Zl,...,ZN) S (CN Lz 7& Zj}.
The solutions are then given by the flat sections, which we denote by I' (U, Vikz).

Proposition 27.1. For every vy, the map M, : V — V is a g-homomorphism and M, preserves singular
vectors. If Zo = (21,...,2n) and ¥(0) = v(1) = 2, then v — M, is a representation of m(Xn, 20).

Theorem 27.8 (Artin). We have the following:
1. m(Xn) = PBy, the pure braid group defined by PBy = ker o where o : By — Sy;
2. Sy acts on Xy by permuting coordinates, and m(Xxn/Sy) = By.

Remark. The map By — m(Xy/Sy) in Theorem 27.8|2) is defined as follows: Fix zy = (z1,...,2n) €
RY such that zy < 2y_1 < -+ < 29 < 21, and for each 0 € Sy let

Ve = Vg—l(l) (%) VU—I(N).
Let 0 : V — V7 be defined by v; ® - - @ vy + Ug-1(1) @ + * - @ v5-1(vy. Fix a basepoint and lift a loop
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in Xy/Sy to a path in Xy. We have an operator

—~

M,=0cM,:V —V°,

and we can define ]\\/fli(z) = (M%)jEl for some path ;.
Theorem 27.9. We have the following:
1. MFMF = id;

AT

o, WIS T* — 37 ATE0TE .

41" i+1

Corollary 27.9.1. If all representations V; = W are isomorphic and z, > --- > zy, then b; — ]\Zi(E)
is a representation of the braid group By on V = W®N,



Lecture 28

Apr. 27 — Geometric Aspects, Part 3

28.1 Asymptotics of Solutions to KZ Equations

Remark. Let z; > 20 > --- > zy, and let
D:{(Zl,...,ZN> ERNi,Zl > e >ZN} C Xn
Make a change of variables (note that u; > 0)

o _ R2 T &3 _ AN-1 &N .
Uy = 21— 22, U2= s ey, UN g =————————, Uy =21+ -+ 2n.
1T A2 ZN-2 — ZN-1

Let Z(t) — 0 as t — 0 be a path, then z;(t)/z;41(t) > oo fori=1,..., N — 1, and u,(t) — 0.
Definition 28.1. Let f be a smooth vector-valued function on D. We say that

li =
ol fz) =

if lim,,, o f(u) =v. We write f ~ ¢(z)v at z; > --- > zy if
f(2) = ¢(2)(v + o(2)),
where o(z) vanishes in the limit u; — 0.
Lemma 28.1. We have the following
0 Qi+ +Qn g
K =
0ui U;

where Reg is regular in u; around 0. Here €); = Zj>2. Q. j, and the €; commute with each other.

+ Reg and iw =0,
8uN

Proposition 28.1. Let k ¢ Q.

1. For every vector v € V' (the space where solutions take values) which is a common eigenvector for
Q; with eigenvalues w;, there exists a unique solution 1, such that

by ~ H ul(wz'+~~~+wN71)/"”~U_

2. If {vy} forms a basis in V consisting of eigenvectors of ;, then v, forms a basis in the space of
solutions. In particular, we have an isomorphism

oy >y Ff(Da Vkz) = Vv

Wy — Ug.

We call (D, ¢ :T'f(D,Vkz) — V) an asymptotic zone.

100
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Remark. Let f;: L;_ 1 — V; ® L;. Then,
F=fnvi1fi:ly—Vi1®- - ®Vy,

and the F'(v) (ranging over all choices of v € Ly and f;) form a basisin V; ® - -- ® V.
Theorem 28.1. Let v € Ly and f; as above. Let f/: LY — L} | ®V; be the adjoint operator, and define

O = D Vaey — Vae s ® Vilz).

Then ¥(z1,...,2y-1) = (v, Py Py_1) EVI ® - ® Vv is an asymptotic solution with vector F(v).

28.2 Monodromy of KZ Equations, Continued

Remark. We have an isomorphism ¢, : I'(o(D), Vkz) — V for any ¢ € Sy. Define the monodromy
operator as the following composition:

IR

M*(0) : V=5 T§(D, Viz) — D(a(D), Vi) — V.

Let ]\\Zii(oo) = oMV — Vi,

Lemma 28.2. Let A(Z) = [1V" (% — 2n) "%/, Then

~ ~

212> >2ZN

Remark. Let V be a finite-dimensional g-module and A\, u € PT. Let

H), =Homy(L,L,®V).

For every g € ﬁ;\,v’ we get an intertwiner ®9 : Vy , — Vik ® V(2). Define
21\)91@)92 = (21\)91 & ld) o ®92 : V)x,k: — Vu,kz & V(Zl) & W(ZQ)

for g, € f[ff v and go € H /i\,W' Let g = g1 ® g9, then we can define AT P9 (21, 29) by analytic continuation.
Theorem 28.2. We have the following:

1. The operators Aifﬁg(zh z9) are well-defined for zy > 2o > 0 and are g-intertwiners.

2. For zp > z1 > 0, we have AT®9(21, zp) = PVVWCIDBig(zg, 21), where

éﬁw(y*, A*) : Hom(L:,V @ W @ L%) — Hom(L:, W @ V @ L}).

28.3 Equivalence of Categories

Remark. In 3 variables 21, 25, 23, we have the equation

20 (T D),
ox

T r—1

where x = (21 — 29)/(21 — 23). We have the following asymptotic zones:
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® 21 > zy > 23, corresponding to x — 1;
® 2, > 21 > z3, corresponding to x — —o0;
® 21 — 23> 2y — 29 > 0, corresponding to z = 0.

We can define the Drinfeld associator ®v, v, v, : (Vi @ Va) @ V3 — V1 ® (Vo ® V3) by the composition

—1

V z1—23>21—29>0 F]C(D’ VKZ)

¢)zl >z9>23

v

This is a nontrivial isomorphism.

Theorem 28.3. Let k ¢ Q. Then the category C(g) of finite-dimensional representations of g is a
braided tensor category with av, vyvs = Py vevs and oy, y, = Pe™x,

28.4 Quantum Affine Algebras

Remark. Recalled that in the classical case, the KZ equations had solutions taking values in Vj(z1) ®
.-+ ® Vn(zy), which are representations of g[z,271]. One can similarly construct

Vil(z1) ® -+ @ Vi (an),

which are representations of the quantum affine algebra U,(g), defined similarly as before. We then have
the Frenkel-Reshetikhin equations (or ¢KZ equations)

2
V(P21,P22, - PZis Zigds - -0 2N) = CRY )00V () Visr (s101) @0V (o) U

where Ry, (21),va(z0) 1s the R-matrix for affine algebras. There is a dual equation ¢(p¢) = |R?+, and
the interaction of the two equations leads to 38D mirror symmetry (or symplectic duality, see the
review paper by Kamnitzer), which then leads to the g-Langlands correspondence (see the paper by
Aganagic-Frenkel-Okounkov).
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