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Lecture 1

Aug. 18 — Historical Perspective

1.1 Origin of Representation Theory

One motivation for representation theory is symmetries in physics. From a mathematical perspective,
we consider groups and algebras (a vector space with a bilinear operation). In this course, we will study
two types of groups:

1. finite groups , e.g. the symmetric group;

2. Lie groups , e.g. the rotation group.

Definition 1.1. A representation of a group G is a homomorphism G → End(V ), where V is some
finite-dimensional vector space.

The history of representation theory is as follows:

1. In the late 19th century, people were interested in crystallography, in particular crystallographic
groups and their classification. There are related objects called Bieberbach groups (e.g. O(n) with
translations, i.e. Rn ⋊O(n)).

Sophus Lie discovered Lie groups in his main manuscript “Transformation groups.” From Lie
groups, one then derives Lie algebras.

2. In the early 20th century (1905), special relativity was discovered, which involves the Lorentz group
SO(1, 3) (the transformations preserving the form −t2 + x2 + y2 + z2). This is a Lie group.

Around the same time, E. Cartan developed the modern theory of semisimple Lie groups and Lie
algebras, and H. Weyl studied their representations.

3. In the period 1920–1930, quantum (“matrix”) mechanics was discovered. Here one has a Hilbert
space H and a self-adjoint Hamiltonian (energy) operator H on H. The symmetry operator A
satisfies the commutator relation [H,A] = 0, and if we set U = eiA, we have UHU † = H.

4. After the discovery of spin by W. Pauli, E. Wigner realized that spin was directly related to the
representation theory of the universal cover π : SU(2)→ SO(3).

In the 1960s, there was a “zoo” of elementary particles. M. Gell-Mann and Y. Neeman realized
that all of these can be described by representations of SU(3). The led to the discovery of quarks
and the later notion of grand unified theories and string theory in the 1970s.

There are also connections to condensed matter theory and quantum information.

This course will cover the following topics:
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LECTURE 1. AUG. 18 — HISTORICAL PERSPECTIVE 6

1. basics about associative algebras and their representations, finite groups and their representations
in general, the symmetric group and its representations, Young tableaux;

2. Lie groups and Lie algebras;

3. the structure of semisimple Lie algebras;

4. representations of SL(n).

1.2 Introduction to Lie Groups and Lie Algebras

In general, groups are complicated, whereas algebras are less complicated. We begin with finite groups.

Definition 1.2. Let G be a finite group and F a field. The group algebra FG is

FG =

{∑
g

agg : ag ∈ F

}
.

This forms an algebra over F with the obvious multiplication operation.

Example 1.2.1. Consider the rotation group, generated by the matrices

Rz(θ) =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 , Rx(ϕ) =

1 0 0
0 cosϕ − sinϕ
0 sinϕ cosϕ

 , Ry(ψ) =

cosψ 0 − sinψ
0 1 0

sinψ 0 cosψ

 .

Letting δ be an infinitesimal value and using a Taylor expansion, we can write

Rz(δθ) = 1 + δθ

 0 1 0
−1 0 0
0 0 0

 = 1 + δθMz,

Rx(δϕ) = 1 + δϕ

0 0 0
0 0 −1
0 1 0

 = 1 + δϕMx,

Ry(δψ) = 1 + δψ

0 0 −1
0 0 0
1 0 0

 = 1 + δψMy.

We can measure the commutativity of these matrices via

Rx(δϕ)Ry(δψ)R
−1
x (δϕ)R−1

y (δψ) = (1 +Mxδϕ)(1 +Myδψ)(1−Mxδϕ)(1−Myδψ)

= 1 + δϕδψ(MxMy −MyMx).

Exercise 1.1. Show that [Mx,My] = −Mz.

Remark. Thus we have a vector space spanned by Mx,My,Mz with an operation [·, ·] satisfying the
identity [Mx,My] = −Mz. Note that this property is satisfied by the cross product on R3. The cross
product also satisfies the following Jacobi identity :

[A, [B,C]] = [[A,B], C] + [B, [A,C]].

The above properties define a Lie algebra.
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Definition 1.3. Let {ek} be a basis of a Lie algebra and [ei, ej] =
∑

k c
k
ijek. The universal enveloping

algebra of the Lie algebra is the free associative algebra on {ek}, modulo the relations [ei, ej] =
∑

k c
k
ijek.

Remark. One way to return to the Lie group from the Lie algebra is exponentiation, e.g. Rz(θ) = eθMz .

1.3 Algebras and Modules

Let k be a commutative ring (most of the time k = C). All rings will be associative and unital.

Definition 1.4. A (associative and unital) k-algebra is a unital ring A with a homomorphism i : k → A
such that i(r) · a = a · i(r), i.e. the image of i commutes with A.

Example 1.4.1. Any ring is a Z-algebra.

Definition 1.5. A homomorphism of k-algebras is a k-linear homomorphism of unital rings.

Definition 1.6. Let A,B be unital rings, and M an abelian group. Then

1. a left A-module structure on M is a Z-bilinear map A×M →M , associative in the sense that

a1(a2m) = (a1a2)m, for all a1, a2 ∈ A, m ∈M,

and such that 1Am = m for all m ∈M ;

2. a right B-module structure on M is a Z-bilinear map M ×B →M , associative in the sense that

(mb1)b2 = m(b1b2), for all b1, b2 ∈ B, m ∈M,

and such that m1B = m for all m ∈M ;

3. an A-B-bimodule structure on M is a left A-module and right B-module structure on M , along
with the condition that (am)b = a(mb) for all a ∈ A, b ∈ B, and m ∈M .

Remark. In general, an A-module will mean a left A-module by default.

Definition 1.7. Let M,N be left A-modules. An A-module homomorphism is a map φ :M → N such
that φ(am) = aφ(m) for all a ∈ A and m ∈M .

Example 1.7.1. A ring A is both a left/right A-module and an A-A-bimodule (the regular bimodule).

Definition 1.8. The direct sum
⊕

i∈IMi of left A-modules Mi is the collection of (mi)i∈I with finitely
many nonzero entries, with component-wise addition and scalar multiplication.

Example 1.8.1. Let I be an index set. Then A⊕I is the coordinate A-module.

Definition 1.9. A submodule of M is a nontrivial subgroup closed under addition and invariant under
the action of A.

Example 1.9.1. Submodules of the regular left/right A-module are the left/right ideals of A.

Definition 1.10. Let M be a left A-module and M0 a submodule of M . The quotient module M/M0 is
the set of equivalence classes m+M0, where the action of A is given by a(m+M0) = am+M0.

Lemma 1.1. Let M,N be A-modules and M0 ⊆M a submodule. Let φ :M → N be A-linear such that
φ(M0) = {0}. Then there exists a unique A-linear map φ : M/M0 → N such that φ = φ ◦ π, where
π :M →M/M0 is the canonical projection.



Lecture 2

Aug. 20 — Algebras and Modules

2.1 More on Algebras and Modules

Definition 2.1. A free module is a module which has a basis.

Example 2.1.1. Consider the coordinate module A⊕I . Then a basis is given by ei = {δij}j∈I for i ∈ I.

Proposition 2.1. Let M be a left A-module. Let I be an index set and let mi ∈M for i ∈ I. Then

1. There exists a unique A-linear map A⊕I →M which sends ei 7→ mi.

2. This map is surjective if and only if the elements mi span M . In particular, every M is isomorphic
to a quotient of a free module.

3. This map is an isomorphism if and only if {mi} form a basis of M . In particular, every coordinate
module is a free module.

Proof. Left as an exercise.

Example 2.1.2. Suppose M is spanned by a single element m. Then M ∼= A/I, where I is the left ideal

I = {a ∈ A : am = 0}.

Example 2.1.3. We can now construct the following examples of algebras:

1. Let Matn(A) be the set of n× n matrices with entries in A. If A is a k-algebra, then Matn(A) is
also a k-algebra.

2. If G is a group, then the group algebra kG (for a ring k) given by

kG =

{∑
g∈G

agg : ag ∈ k

}

is a free module with basis identified with the elements of G.

The importance of of this object is as follows: Let G be a group and B an algebra. Consider the
set of maps satisfying 1G 7→ 1B and respecting the group multiplication. This set is in bijection
with maps kG → B (they extend by linearity). If V is a vector space and B = End(V ), then
this statement says that there is a bijection between the representations of the group G and the
representations of the group algebra kG.
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3. If I is a two-sided ideal, then A/I has a natural algebra structure.

4. If A1, A2 are k-algebras, then the direct sum A1 ⊕ A2 is again a k-algebra (with component-wise
multiplication). One can extend this by induction to a finite direct sum, but note that we lose the
multiplicative identity in an infinite direct sum (so we do not get an algebra in the infinite case).

2.2 Module of Homomorphisms

Definition 2.2. Let k be a commutative ring and A a k-algebra. Let M,N be left A-modules. Denote
by HomA(M,N) the set of all A-module homomorphisms M → N . Give HomA(M,N) a k-module
structure via

[φ1 + φ2](m) = φ1(m) + φ2(m), [rφ](m) = rφ(m)

for φ1, φ2 ∈ HomA(M,N), r ∈ k, and m ∈M .

Remark. Let L,M,N be left A-modules. Then we can define a k-bilinear map

HomA(M,N)× HomA(L,M) −→ HomA(L,N)

(φ, ψ) 7−→ φ ◦ ψ.

Exercise 2.1. Let N2 be an A-module, N1 ⊆ N2 an A-submodule, and N3 = N2/N1. Let i : N1 ↪→ N2

be the inclusion and π : N2 → N3 the projection. Define the maps

ι̃ : Hom(M,N1) −→ Hom(M,N2)

φ1 7−→ i ◦ φ1

π̃ : Hom(M,N2) −→ Hom(M,N3)

φ2 7−→ π ◦ φ2.

Then show that ι̃ is injective and Im ι̃ = ker π̃.

Remark. Let B be a k-algebra and M and A-B-bimodule. Then for all A-modules N , we have that
HomA(M,N) is a left B-module via

[bφ](m) = φ(mb).

Similarly, if N is an A-C-bimodule, then HomA(M,N) is a right C-module via

[φc](m) = φ(m)c.

So if M is an A-B-bimodule and N an A-C-bimodule, then HomA(M,N) is a B-C-bimodule.

Remark. Let M be a left A-module. We write EndA(M) in place of HomA(M,M), and composition
gives EndA(M) the structure of a k-algebra. If M = A⊕n, then we can identify

EndA(M) = Matn(A
opp),

where the opposite algebra exchanges the order of multiplication in the original algebra (this is because
EndA(M) must respect the action by A). Then M becomes an A-(Matn(A))

opp-bimodule.

Remark. If M,N are two left A-modules, then HomA(M,N) is an EndA(N)-EndA(M)-bimodule (by
taking into account compositions).
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2.3 Tensor Product of Modules

Remark. Let A be a k-algebra, M a right A-module, and N a left A-module. We want to produce a
k-module M ⊗A N , which will be the tensor product of M and N over A.

Definition 2.3. Let L be a k-module. We say that a map φ :M ×N → L is A-bilinear if it is k-linear
in both arguments and satisfies

φ(ma, n) = φ(m, an)

for any a ∈ A, m ∈M , and n ∈ N .

Definition 2.4 (Universal property of the tensor product). There is an A-bilinear map

M ×N −→M ⊗A N
(m,n) 7−→ m⊗ n

such that for any A-bilinear map φ :M ×N → L, there exists a unique k-linear map ψ :M ⊗A N → L
such that φ(m,n) = ψ(m⊗ n). As a diagram, this says that

M ×N M ⊗A N

L

(m,n)7→m⊗n

φ ψ

Exercise 2.2. If we choose M ⊗′
A N with bilinear map (m,n) 7→ m ⊗′ n, then there exists a unique

isomorphism i :M ⊗A N →M ⊗′
A N given by i(m⊗ n) = m⊗′ n.

Corollary 2.0.1. Assume M ⊗A N satisfies the universal property. Then {m⊗ n} span M ⊗A N .

Theorem 2.1. The tensor product M ⊗A N exists for all right A-modules M and left A-modules N .

Proof. We sketch the proof. First take M to be free. Then we can define M ⊗A N as N⊕I , where we
have (eiai)⊗ n = (ain)i∈I . The universal property is easy to check for this case, and the general case
can be done by writing M as a quotient of a free module.

Example 2.4.1. IfM,N are both free and {ei}i∈I , {fj}j∈J are bases ofM,N , respectively, thenM⊗AN
is a free k-module with basis vectors {ei ⊗ fj}i∈I,j∈J .

Exercise 2.3. Let M = A/I, where I is a right ideal. Show that M ⊗A N = N/IN . Find out what
happens when N = A/J , where J is a left ideal, what can you say about M ⊗A N in terms of A, I, J?

Proposition 2.2. Assume B is a k-algebra and M a B-A-module. Then M ⊗A N is a left B-module.

Proof. Define φb :M ×N →M ⊗AN by (m,n) 7→ bm⊗n. This is bilinear, so by the universal property,
there exists ψb :M ⊗A N →M ⊗A N such that ψb(m⊗ n) = bm⊗ n, which gives the B-action.

Definition 2.5. Let L be a B-module. A map φ :M ×N → L is called B-A-linear if it is k-linear in
both arguments and

φ(ma, n) = φ(m, an), φ(bm, n) = bφ(m,n)

for all m ∈M , n ∈ N , b ∈ B, and a ∈ A.

Proposition 2.3. The left B-module M ⊗A N has the following universal property:
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Let L be any left B-module and φ : M × N → L a B-A-linear map. Then there exists a
unique B-linear map ψ :M ⊗A N → L such that ψ(m⊗ n) = φ(m,n).

Example 2.5.1. Let A1, A2 be k-algebras. Then

1. A1 ⊗k A2 has the structure of a k-algebra via

(a1 ⊗ a2)(b1 ⊗ b2) = (a1b1)⊗ (a2b2),

where 1⊗ 1 is a unit element.

2. Let Mi be a left Ai-module for i = 1, 2. Then M1 ⊗k M2 is a module for A1 ⊗k A2.

2.4 Tensor-Hom Adjunction

Proposition 2.4 (Tensor-Hom adjunction). Let A,B be associative algebras, N a B-module, M an
A-module, and L an A-B-bimodule. Then

1. L⊗B N is an A-module;

2. HomA(L,M) is a B-module.

Moreover, there is a natural k-linear isomorphism

HomA(L⊗B N,M)
∼=−→ HomB(N,HomA(L,M)).

Proof. By the universal property, there is a natural map

HomA(L⊗B N,M)
∼=−→ BilinA,B(L×N,M).

So it suffices to find

HomB(N,HomA(L,M))
∼=−→ BilinA,B(L×N,M)

f 7−→ ψf .

Construct this map by ψf (e, n) = [f(n)](e), with inverse h 7→ ψ(·, h) for ψ ∈ BilinA,B(L×N,M).

Example 2.5.2. If we have an algebra homomorphism B → A, where A is a an A-B-bimodule. One
can show as an exercise that HomA(A,M) is naturally identified with M as an A-module and B-module.
Thus by the Tensor-Hom adjunction, we have a natural isomorphism

HomA(A⊗B N,M)
∼=−→ HomB(N,M).

Definition 2.6. The A-module A⊗B N is said to be induced from N .

Remark. Assume there is a homomorphism A→ B. Then B is an A-B-bimodule. Take it as L in the
Tensor-Hom adjunction. Note that B ⊗B N ∼= N as A-modules, and we have a natural isomorphism

HomA(N,M)
∼=−→ HomB(N,HomA(B,M)).

Definition 2.7. The B-module HomA(B,M) is said to be coinduced from M .



Lecture 3

Aug. 25 — Complete Reducibility

3.1 Reducibility of Modules

Remark. Consider an associative algebra A over a field F. We proceed to study completely reducible
representations of A. Let U be an A-module.

Definition 3.1. An A-module U is irreducible if it only has two distinct submodules ({0} and U).

Remark. With this definition, {0} is not irreducible.

Definition 3.2. An A-module U is completely reducible if for any submodule U ′ ⊆ U , there exists an
A-submodule U ′′ such that U = U ′ ⊕ U ′′.

Exercise 3.1. Show that any submodule and any quotient module of a completely reducible A-module
is also completely reducible.

Example 3.2.1. Consider A = EndF(U). Then U is an A-module and is irreducible (there is a linear
operator α : U → U taking u 7→ v for any u, v ∈ U , so there are no nontrivial invariant subspaces).

Proposition 3.1. Let U1, U2 be completely reducible A-modules. Then U1 ⊕ U2 is completely reducible.

Proof. Left as an exercise.

Corollary 3.0.1. Let U be a finite-dimensional A-module. Then the following are equivalent:

1. U is completely reducible;

2. U is isomorphic to a direct sum of irreducible submodules.

Exercise 3.2. Show that every irreducible A-module is isomorphic to a quotient module for a regular
module (i.e. one isomorphic to A). In particular, every irreducible module over a finite-dimensional
associative F-algebra is finite-dimensional.

3.2 Schur’s Lemma

Theorem 3.1 (Schur’s lemma). Let A be an associative F-algebra and U, V irreducible A-modules. Then

1. if U, V are not isomorphic, then HomA(U, V ) = 0;

2. EndA(U) is a skew field (i.e. a division ring). Furthermore, if U is finite-dimensional and F is
algebraically closed, then dimEndA(U) = 1.

12
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Proof. (1) Assume we have a nonzero homomorphism φ : U → V . Then kerφ ⊊ U , and Imφ ⊆ V is
nontrivial, so by irreducibility φ must be an isomorphism.

(2) Let φ ∈ EndA(U). From (1), we know that φ is an isomorphism, so φ has an inverse, i.e. EndA(U) is
a skew field. For the second part, since F is algebraically closed, we can find an eigenvalue z for φ. Then
φ− z IdU is not invertible, so we have φ− z IdU = 0 by (1).

Exercise 3.3. Consider 1, i, j, k, where i2 = j2 = k2 = −1 and ij = −ji = k. The quaternion algebra
over R is given by

HR = {q = w + xi+ yj + zk : w, x, y, z ∈ R}

Note that q = w − xi− yj − zk satisfies qq = w2 + x2 + y2 + z2, so q−1 = q/(w2 + x2 + y2 + z2), i.e. HR
is a skew field. Show that EndHR(HR) ∼= Hopp

R .

Remark. We have an embedding HR ↪→ Mat2(C) given by

q 7−→
(
w + xi y + zi
−y + zi w − xi

)
.

If we replace R with C, then HC ∼= Mat2(C), which is reducible (consider the sum of column spaces).

Definition 3.3. Let U be an A-module. We say that U is endotrivial if EndA(U) consists only of scalar
maps, i.e. maps of the form z Id.

Remark. Suppose F is algebraically closed and uncountable (e.g. C), A has countable dimension over
F, and U an irreducible A-module. Then U is endotrivial.

Definition 3.4. Define the center of A to be

Z(A) = {z ∈ A : za = az for all a ∈ A}.

Note that this is a commutative algebra.

Exercise 3.4. Schur’s lemma gives a description of the center of A. Let U be an endotrivial A-module
(e.g. a finite-dimensional irreducible module over A if F is algebraically closed). Show that z ∈ Z(A)
acts as a scalar on U . We call the algebra homomorphism Z(A)→ F the central character of U .

3.3 Completely Reducible Modules

Remark. Consider finite direct sums of endotrivial irreducible modules:

k⊕
i=1

Ui ⊗Mi,

where the Ui are endotrivial modules and the Mi are vector spaces known as multiplicity spaces. Note
that U⊕i

1 = U1 ⊗ Fi. The A-action on the direct sum for a ∈ A is given by

a(u1 ⊗m1, . . . , uk ⊗mk) = (au1 ⊗m1, . . . , auk ⊗mk).

We will use Schur’s lemma to understand homomorphisms between such modules.



LECTURE 3. AUG. 25 — COMPLETE REDUCIBILITY 14

Write U j =
⊕k

i=1 Ui ⊗M
j
i for j = 1, 2. We can produce a linear map

k⊕
i=1

HomF(M
1
i ,M

2
i ) −→ HomA(U

1, U2)

in the following manner: For φ = (φ1, . . . , φk) ∈
⊕k

i=1 HomF(M
1
i ,M

2
i ), we can define

ψφ

(
k∑
i=1

ui ⊗m1
i

)
=

k∑
i=1

ui ⊗ φi(m1
i ).

Theorem 3.2. We have the following:

1. The map φ 7→ ψφ defines a vector space isomorphism

k⊕
i=1

HomF(M
1
i ,M

2
i )

∼=−→ HomA(U
1, U2).

2. Every A-module homomorphism U1 → U2 sends Ui ⊗M1
i to Ui ⊗M2

i for any i.

Proof. Left as an exercise (use Schur’s lemma).

Corollary 3.2.1. We have the following:

1. there is an isomorphism HomA(Ui, U)
∼=−→Mi;

2. there is an isomorphism
⊕k

i=1 Ui ⊗ HomA(Ui, U) ∼= U given by

k∑
i=1

ui ⊗ φi 7−→
k∑
i=1

φi(ui).

Proposition 3.2. For any A-submodule U ′ ⊆ U , there exists a unique collection of determined subspaces
M ′

i ⊆Mi such that U ′ =
⊕k

i=1 Ui ⊗M ′
i as submodules of U .

Proof. Note that HomA(Ui, U
′) ⊆ HomA(Ui, U), set M

′
i = HomA(Ui, U

′), and use Corollary 3.2.1.

Theorem 3.3. Let Ui be irreducible modules for A and consider maps βi : A→ EndF(Ui). Set

β = β1 ⊕ · · · ⊕ βk : A −→
k⊕
i=1

EndF(Ui),

where the Ui are pairwise non-isomorphic. Then the homomorphism β is surjective.

Proof. Replace A by A/ker β, so that β is injective. Then β equips
⊕k

i=1 End(Ui) with an A-bimodule
structure, and there is a natural isomorphism EndF(Ui) ∼= Ui ⊗ U∗

i . View Ui as the multiplicity space for
the right A-module and U∗

i as the multiplicity space for the left A-module. By Proposition 3.2,

A =
k⊕
i=1

Ui ⊗ Vi
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as a left A-module for some Vi ⊆ U∗
i . Similarly for the right A-module, we have

A =
k⊕
i=1

Wi ⊗ U∗
i

for some Wi ⊆ Ui. Then we must have Ui ⊕ Vi = Wi ⊕ U∗
i , so Ui

∼= Wi and Vi ∼= U∗
i (the identity 1 ∈ A

guarantees that no component is zero). Thus β is surjective.

Corollary 3.3.1. Let F be algebraically closed and A a finite-dimensional F-algebra. Then the set of
isomorphism classes of irreducible A-modules is finite and non-empty.

Proof. First this set is nonempty since A is nonzero, so it has an irreducible subrepresentation. To see
that it is finite, note that for all collections U1, . . . , Uk, the map A→

⊕k
i=1 EndF(Ui) is surjective, so

dimA ≥
k∑
i=1

(dimUi)
2.

This proves the desired result, since A is finite-dimensional.

3.4 Simple Algebras

Definition 3.5. An algebra A is simple if the only two-sided ideals are {0} and A (i.e. A is irreducible
as a bimodule over itself).

Theorem 3.4. Let F be an algebraically closed field and A a finite-dimensional F-algebra. Then the
following are equivalent:

1. A is simple;

2. A ∼= EndF(U) for some finite-dimensional vector space U .

Proof. (1⇒ 2): The algebra A has an irreducible representation U , i.e. we have a map A→ EndF(U).
Since A is simple, this map must have trivial kernel, i.e. it is injective. We also already know that it is
surjective, so this map is an isomorphism.

(2⇒ 1): Assume I is a two-sided ideal in EndF(U) ∼= U ⊗U∗ and view I ⊆ U ⊗U∗. Show as an exercise
that we must have I = {0}.

Theorem 3.5. Every finite-dimensional module V for A = EndF(U) is isomorphic to a direct sum of
several copies of U .

Proof. Recall that every finitely generated module V is a quotient of A⊕ℓ for some ℓ ∈ N. We can write
A = U ⊗ U∗. Let A⊕ℓ = U ⊗M and consider the quotient map π : U ⊗M → V . Then kerπ ⊆ U ⊗M
must be of the form U ⊕M0, so we have V ∼= (U ⊗M)/(U ⊗M0) = U ⊗ (M/M0).



Lecture 4

Aug. 27 — Semisimple Algebras

4.1 Semisimple Algebras

Definition 4.1. A finite-dimensional F-algebra A is called semisimple if it is isomorphic to a direct sum
of simple algebras.

Remark. If F is algebraically closed, then A is a direct sum of matrix algebras, i.e.
⊕k

i=1 EndF(Ui).

Theorem 4.1. Let U1, . . . , Uk be finite-dimensional vector spaces over F. Let A =
⊕k

i=1 EndF(Ui), so
that Ui is an irreducible A-module. Then every finite-dimensional A-module V is isomorphic to a direct
sum of several copies of U1, . . . , Uk.

Proof. Left as an exercise.

Corollary 4.1.1. Let F be algebraically closed, and A be semisimple and finite-dimensional. Then

1. The number of isomorphism classes of irreducible A-modules is equal to dimZ(A).

2. Different irreducible modules have different central characters.

Proof. (1) Let A =
⊕k

i=1 EndF(Ui). By Theorem 4.1, the number of irreducible representations is k. We
can also write

Z

(
k⊕
i=1

Ak

)
=

k⊕
i=1

Z(Ai),

where Ai = EndF(Ui). Since dimZ(Ai) = 1, we have dimZ(
⊕k

i=1Ak) = k as well.

(2) Use the projections Z → Z(Ai)→ F, which correspond to the central characteres.

4.2 Characterizations of Semisimple Algebras

Definition 4.2. Let A be a finite-dimensional algebra. We say that a two-sided ideal I ⊆ A is nilpotent
if In = {0} for some n.

Exercise 4.1. If I, J are nilpotent, then show that I + J is also nilpotent.

Definition 4.3. The maximal nilpotent ideal of A, denoted rad(A), is called the radical of A.

Theorem 4.2. Let F be algebraically closed and A a finite-dimensional algebra. Then the following are
equivalent:

16
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1. A is semisimple;

2. all finite-dimensional representations of A are completely reducible;

3. rad(A) = {0}.

Proof. (1⇒ 2) We have already shown this.

(2⇒ 3) Let I = rad(A), so In = {0} for some n ∈ N. Let N be a finite-dimensional A-module. Then
IℓN is an A-submodule for ℓ = 0, . . . , n. Since N is completely reducible and Iℓ+1N ⊆ IℓN , we have

IℓN = Nℓ ⊕ Iℓ+1.

Acting on both sides by I, we get INℓ ⊆ Iℓ+1, so INℓ = {0}. Continuing, we get IN = 0, so A = N .

(3⇒ 1) Take N1, . . . , Nk to be pairwise non-isomorphic irreducible A-modules. We have an epimorphism
A→

⊕k
i=1 EndF(Ni). Let I be the kernel, so I acts trivially on every irreducible A-module. We claim

that I is nilpotent. Take A to be the regular module. Take a filtration

A = A0 ⊇ A1 ⊇ · · · ⊇ An = {0},

where Ai/Ai+1 is irreducible. Now I acts trivially on Ai/Ai+1, so IAi ⊆ Ai+1 for all i, thus I
n = {0}.

Remark. Assume char(F) = 0. Consider the following bilinear form on A:

(a, b)U = trU(ab),

where U is any A-module. Note that U could be A.

Theorem 4.3. Let char(F) = 0, and let A be a finite-dimensional F-algebra. Then A is semisimple if
and only if (a, b)A is nondegenerate.

Proof. (⇒) Assume A is semisimple, so A =
⊕k

i=1 End(Ui). Note that the restriction of (·, ·)A to the
direct summand EndF(Ui) coincides with (·, ·)EndF(Ui). Let Ejℓ denote the matrix with all 0s except a
single 1 in the (j, ℓ) entry. Then we can compute that

(Ejℓ, Ej′ℓ′)EndF(Ui) = δej′ trEndF(Ui)(Ejℓ′) = δeℓδjℓ′ dimUi.

So if {Ejℓ} is a basis, then {(dimUi)
−1Ejℓ} is the dual basis. This is nondenegerate if char(F) = 0.

(⇐) Suppose (·, ·)A is nondegenerate. If I is a nilpotent ideal, then for any a ∈ I such that an = 0. Then
trA(a) = 0 for any a ∈ I, so I ∈ ker(·, ·) = 0. Since (·, ·) is nondegenerate, we have I = {0}.

4.3 Double Centralizer Theorem

Theorem 4.4 (Double centralizer theorem). Let V be a finite-dimensional vector space over F. Let
A ⊆ EndF(V ) be a semisimple algebra, and set B = EndA(V ). Then A = EndB(V ).

Proof. Let A =
⊕k

i=1 End(Ui) and V be a faithful representation of A, so V is completely reducible:

V ∼=
k⊕
i=1

Ui ⊕Mi,



LECTURE 4. AUG. 27 — SEMISIMPLE ALGEBRAS 18

where the Mi are multiplicity spaces. Let a = (φ1, . . . , φk) ∈ A (for φi ∈ End(Ui)) act on EndF(V ) by

(φ1, . . . , φk) 7−→
k∑
i=1

φi ⊗ IdMi
.

Note that the Mi are nonzero since V is faithful. Then B =
⊕n

i=1 End(Mi) embeds into EndF(V ) via

(ψ1, . . . , ψk) 7−→
k∑
i=1

IdUi
⊗ ψi,

which completes the proof.

4.4 Representations of Finite Groups

Remark. Recall that to any group G we can associate the group algebra FG. For any representation of
G, there is a representation of FG and vice versa.

Remark. Consider the following operations with representations. Let U, V be representations of G.

1. the tensor product U ⊗F V , where g(u⊗ v) = (gu)⊗ (gv);

2. the dual U∗ defined by ⟨gα, u⟩ = ⟨α, g−1u⟩ for u ∈ U , α ∈ U∗, g ∈ G;

3. HomF(U, V ), with action given by [gφ](h) = g[φ(g−1u)] for φ ∈ HomF(U, V ).

Exercise 4.2. Show the following:

1. The tensor product of representations satisfies associativity, distributivity, and commutativity.

2. There is an isomorphism of representations U∗ ⊗ V → Hom(U, V ).

3. HomG(U, V ) ⊆ Hom(U, V ) coincides with the space of G-invariant elements.

Remark. For the rest of this section, assume F is algebraically closed and charF = 0.

Theorem 4.5. The group algebra FG is semisimple.

Proof. It suffices to show that (·, ·)FG is nondegenerate. Take g, g′ ∈ G, and note that gg′ : h 7→ gg′h, so

(g, g′)FG = trFG(gg
′) = δ1,gg′|G|,

which is nondegenerate. Moreover, the basis {g} in FG corresponds to the dual basis {|G|−1g−1}.

Corollary 4.5.1. (Let F be algebraically closed and charF = 0.)

1. Every finite-dimensional representation of G is completely reducible.

2. The number of isomorphism classes of irreducible representations is equal to the number of conjugacy
classes of G.

3. If U1, . . . , Uk are all of the pairwise non-isomorphic irreducible representations of G, then

|G| =
k∑
i=1

(dimUi)
2.
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Proof. (1) This follows from the semisimplicity of FG.

(2) It suffices to show that dimZ(FG) equals the number of conjugacy classes of G. We have

Z(FG) =

{∑
g∈G

agg : ag is constant on conjugacy classes

}
,

i.e. we must have ahgh−1 = ag for any h ∈ G. So the dimension is the number of conjugacy classes.

(3) This automatically follows from looking at the dimension of FG.



Lecture 5

Sept. 3 — Representations of Finite Groups

5.1 Representations of S4

Remark. We will write irrep for “irreducible representation.”

Example 5.0.1. Consider the symmetric group S4, with |S4| = 24. The conjugacy classes of S4 are
parametrized by partitions of 4: If we have a partition

λ = (λ1, λ2, . . . , λk), λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 1, λ1 + λ2 + · · ·+ λk = 4,

then the corresponding conjugacy class has cycle type λ. For example, the conjugacy classes are given by

1. λ1 = 4: [4];

2. λ1 = 3, λ2 = 1: [3, 1];

3. λ1 = 2, λ2 = 2: [2, 2];

4. λ1 = 2, λ2 = 1, λ3 = 1: [2, 1, 1];

5. λ1 = 1, λ2 = 1, λ3 = 1, λ4 = 1: [1, 1, 1, 1].

In particular, this means that S4 has 5 irreps. We can enumerate them as follows:

1. We have the 1-dimensional representations: the trivial representation and the sign sign4.

2. Let S4 act on C4 by permuting the basis vectors. The span of (x, x, x, x) gives a 1-dimensional
subrepresentation, but it has a unique 3-dimensional complement refl4.

3. We can take a tensor product refl4⊗ sign4, which is also 3-dimensional. One can check that this is
different from refl4 by looking at the determinant.

4. We have found two 1-dimensional and two 3-dimensional irreps, which account for 1+1+9+9 = 20
of the 24 dimensions. Thus there is a missing 2-dimensional representation.

Note that there is a projection π : S4 → S3 which is a homomorphism with kernel Z/2Z× Z/2Z.
Figure this out and find the last irrep as an exercise.

Exercise 5.1. Let G be a finite abelian group. Prove that all irreps of G are 1-dimensional.

5.2 Characters

Definition 5.1. Let G be a group, and let U a finite-dimensional representation of G. The character
χU : G→ F is defined by χU(g) = trU(g).

20
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Exercise 5.2. Prove the following:

1. χU is constant on conjugacy classes of G.

2. χU⊕V = χU ⊕ χV .

3. χU⊗V = χUχV .

Remark. For the rest of this section, assume G is finite and F = C. So we know every representation of
G is completely reducible. Denote by C[G] the algebra of complex-valued functions on G, and C[G]G
the subalgebra of functions constant on conjugacy classes (i.e. the G-invariant functions). Clearly the
character χU lies in C[G]G for any finite-dimensional representation U of G.

Definition 5.2. Define a Hermitian scalar product on C[G]G (a priori only on the characters) by

(χ1, χ2) =
1

|G|
∑
g∈G

χ1(g)χ2(g).

Proposition 5.1. Let U, V be finite-dimensional representations of G. Then

(χU , χV ) = dimHomG(U, V ).

Proof. We first note that χU∗ = χU . To see this, observe that since G is finite, we have gn = 1 for some
n. In particular, the eigenvalues λi(g) of g have |λi(g)| = 1. Thus λi(g

−1) = λi(g), so we see the result
after taking traces. Another way to see this is the following: For a representation ρ : G→ U , we can
make each ρ(g) into a unitary operator as follows. Begin with a pairing ⟨·, ·⟩0 on U and define

⟨v, w⟩ = 1

|G|
∑
g∈G

⟨ρ(g)v, ρ(g)w⟩0, v, w ∈ U.

Then ρ(g) is unitary with respect to ⟨·, ·⟩, and we get the result.

Continuing, we have V ⊗ U∗ = HomC(U, V ), so χHom(U,V ) = χV χU . Consider the averaging element

ϵ = |G|−1
∑
g∈G

g ∈ C[G].

This is a projector on G-invariants (WG) in any representation W . Thus trW (ϵ) = dimWG. Applying
this to W = Hom(U, V ) and noting that HomG(U, V ) = Hom(U, V )G, we get

dimHomG(U, V ) = trHom(U,V )(ϵ) = |G|−1
∑
g∈G

χHom(U,V )(g) = |G|−1
∑
g∈G

χV (g)χU(g) = (χV , χU),

which proves the desired claim.

Corollary 5.0.1. The characters of irreps form an orthonormal basis in C[G]G.

Proof. Schur’s lemma implies orthonormality. Since the number of irreps equals the number of conjugacy
classes, the characters must form a basis.
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5.3 Induced Representations

Remark. In this section, we only assume k is a commutative ring.

Let H ⊆ G, where H,G are finite groups, let kH, kG be the corresponding group algebras, and let U be
a representation of H. Treating kG as a kG-kH-bimodule, we can construct the tensor product

kG⊗kH U.

Similarly, treating kG as a kH-kG-bimodule, we can construct the representation

HomkH(kG,U).

In fact, these two representations are isomorphic, we call it the induced representation, denoted IndGH U .

Proposition 5.2. There is a natural isomorphism kG⊗kH U ∼= HomkH(kG,U).

Proof. First treat kG as a kH-kG-bimodule, so we can consider HomkH(kG, kH) since kG, kH are both
left kH-modules. So for any element φ : kG→ kH, we have

φ(hg) = hφ(g), h ∈ H, g ∈ G.

with a left G-action and right H-action given by

[gφ](g′) = φ(g′g) and [φh](g′) = φ(hg′).

Note that kG is a free left kH-module with basis given by the orbits of H. Show as an exercise that

HomkH(kG, kH)⊗kH U
∼=−→ HomkH(kG,U)

α⊗ u 7−→ (x 7→ α(x)u)

is an isomorphism. From here it suffices to show that

kG
∼=−→ HomkH(kG, kH)

as kG-kH-bimodules. Define this map via g 7→ φg ∈ HomkH(kG, kH), where

φg(g
′) =

{
g′g if g′g ∈ H,
0 otherwise.

We need to show that φ is H-equivariant, G-equivariant, and an isomorphism of k-modules.

To see H-equivariance, note that φgh(g
′) and φg(g

′)h are nonzero and equal if and only if gg′ ∈ H. For
the G-equivariance, note that φg1g(g

′) and [g1φg](g
′) are given by

φg1g(g
′) = g′g1g if g′g1g ∈ H,

[g1φg](g
′) = g′g1g if g′g1g ∈ H

and zero otherwise, so they coincide. To prove that φ is an isomorphism of k-modules, we need to check
that the φg form a basis in HomkH(kG, kH). Let g1, . . . , gℓ be representatives of the left H-orbits in G.
Then we claim that the following map is an isomorphism of k-modules:

HomkH(kG, kH)
∼=−→ (kH)⊕ℓ

φ 7→ {φ(gi)}ℓi=1.

This follows since for any g ∈ G and i ∈ {1, . . . , ℓ}, there is a unique element h ∈ H such that hgi = g−1,
so φg is sent to the corresponding summand.
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Corollary 5.0.2 (Frobenius reciprocity). Let U, V be representations of H,G, respectively. Then

1. HomG(Ind
G
H(U), V ) ∼= HomH(U, V );

2. HomG(V, Ind
G
H(U))

∼= HomH(V, U).

Proof. This follows from the Tensor-Hom adjunction, check it as an exercise.

Remark. What really is IndGH U? Consider the set of maps (of sets) G→ U , denote it by Fun(G,U).
The action of G on itself gives Fun(G,U) the structure of a kG-module. Then we can define

FunH(G,U) = {f ∈ Fun(G,U) : f(hg) = hf(g)} ⊆ Fun(G,U),

which we can identify with the induced representation HomkH(kG,U).



Lecture 6

Sept. 8 — Representations of Sn

6.1 Motivation for Studying Sn and Summary

Remark. The finite simple groups (those with no nontrivial normal subgroups) are classified as follows:

1. abelian groups: cyclic groups of finite order;

2. alternating groups: Un ⊆ Sn (the subgroup of even permutations) for n ≥ 5;

3. 26 exceptional finite simple groups;

4. finite simple groups of Lie type (analogues of Lie groups for finite fields).

The final parts of the classification were done by Gorenstein (1960–1980s) and Aschbacher-Smith (2004).

Remark. We study Sn because it is easier to work with than directly studying Un, and we can recover
representations of Un from those of Sn via Frobenius reciprocity.

Remark. We have previously seen the following using our abstract theory:

1. Representations of Sn are the same as representations of CSn.

2. The algebra CSn is semisimple: CSn ∼=
⊕

V EndC(V ), where V runs over the isomorphism classes
of irreps of Sn.

3. The number of irreps of Sn (up to isomorphism) coincides with the number of conjugacy classes.

Remark. In the case of Sn, the conjugacy classes are enumerated by partitions of n:

(n1, n2, . . . , nk), n1 ≥ n2 ≥ · · · ≥ nk.

We can write repeated parts via (md1
1 , . . . ,m

de
e ), where m1 > m2 > · · · > me. So for S6, we have

(2, 2, 1, 1)←→ (22, 12).

6.2 The Inductive Approach: Background

Remark. We will follow the inductive approach, due to Okounkov-Vershik. Consider the inclusions

{1} = S1 ⊆ S2 ⊆ · · · ⊆ Sn−1 ⊆ Sn.

Note that if H ⊆ G are finite groups, then an irrep of CG decomposes into irreps of CH.

24
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In general, if B ⊆ A are finite-dimensional associative algebras and τ : B → A is a homomorphism, then
any A-module is also a B-module by the homomorphism τ . We have isomorphisms

A
∼=−→

⊕
V ∈Irr(A)

EndC(V ),

B
∼=−→

⊕
U∈Irr(B)

EndC(U).

Let MV,U = HomB(U, V ) be multiplicity spaces. Then there is a B-linear isomorphism⊕
i

Ui ⊗MV,Ui

∼=−→ V∑
i

ui ⊗ φi 7−→
∑
i

φi(ui).

We can compute MV,U from an algebraic perspective.

Definition 6.1. Define the centralizer of B in A to be

ZB(A) = {a ∈ A : aτ(b) = τ(b)a for all b ∈ B}.

Exercise 6.1. Prove the following:

1. ZA(A) = Z(A).

2. ZB(A) is a subalgebra of A.

Lemma 6.1. There is an isomorphism ZB(A) ∼=
⊕

U,V End(MV,U), with U, V such that MV,U ̸= 0.

Proof. We have the isomorphism

A
∼=−→
⊕
V

End(V ),

and we can view τ : B → A as (τV )V ∈Irr(A), where τV : B → End(V ). Similarly, we can view an element
a ∈ A as (aV ) ∈

⊕
V End(V ). Then a ∈ ZB(A) if and only if aV ∈ ZB(End(V )) for all V , so

ZB(A) =
⊕
V

ZB(End(V )).

Then ZB(End(V )) ∼= EndB(V ) ∼=
⊕

U End(MV,U), which completes the proof.

Remark. Show that the following actions of ZB(A) on End(MV,U) = HomB(U, V ) are the same:

1. EndB(V ) acts on HomB(U, V ) via

EndB(V )× HomB(U, V ) −→ HomB(U, V )

(α, φ) 7−→ α ◦ φ;

2. for z ∈ ZB(A), φ ∈ HomB(U, V ), we can define zφ ∈ HomB(U, V ) by

[zφ](u) = zφ(u),

where the right-hand side is the A-action on V .
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Corollary 6.0.1. The following conditions are equivalent:

1. for all U ∈ Irr(B) and V ∈ Irr(A), we have dimHomB(U, V ) ≤ 1;

2. ZB(A) is commutative.

Proof. ZB(A) =
⊕

U,V End(MV,U) is commutative if and only if End(MV,U) has dimension 1 or 0.

Example 6.1.1. Let A = Mat4(C)⊕Mat3(C) and B = Mat2(C)⊕ C⊕2. Define τ : B → A by

τ(x1, x2, x3) = (diag(x1, x2, x2), diag(x1, x3)), x1 ∈ Mat2(C), x2, x3 ∈ C.

We have B-modules U1, U2, U3 of dimensions 2, 1, 1 and A-modules V1, V2 of dimensions 4, 3. Note that
MV1,U2 is 2-dimensional, and MV1,U1 , MV2,U1 , MV2,U3 are 1-dimensional. So far, we have

ZB(A) ∼= Mat2(C)⊕ C⊕3.

To verify this directly, we know that ZB(A) consists of pairs (y1, y2) ∈ Mat4(C)⊕Mat3(C) such that y1
commutes with diag(x1, x2, x2) and y2 commutes with diag(x1, x3). So

y1 =


a 0 0 0
0 a 0 0
0 0 b c
0 0 d e

 , y2 =

f 0 0
0 f 0
0 0 g

 .

So ZB(A) is parametrized by the 2× 2 matrix and the 3 scalars a, f, g.

6.3 The Inductive Approach: Properties of CSn
Remark. Let Sm ⊆ Sn for m < n, and let Zm(n) be the corresponding centralizer for group algebras.

Lemma 6.2. Let H ⊆ G be finite groups. Then ZCH(CG) ⊆ CG consists of elements of the form∑
g∈G agg such that ahgh−1 = ag for all h ∈ H. In particular, ZCH(CG) has a basis indexed by the

H-conjugacy classes in G, given by (for a conjugacy class C)

C 7−→ bC =
∑
g∈C

g ∈ ZCH(CG).

Example 6.1.2. Note that for CSm ⊆ CSn, conjugation permutes the first m elements. For example,
for S3 ⊆ S6, we can write a conjugacy class as (∗ ∗ 4)(5 ∗)(6), which contains elements like (1 2 4)(5 3)
and (2 3 4)(5 1). For m = n− 1, consider the conjugacy class (∗ n), which consists of

(1 n), (2 n), . . . , (n− 1 n).

Then the basis element b(∗n) (called the nth Jucys-Murphy element) is given by

b(∗n) =
n−1∑
i=1

(i n).
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7.1 Properties of CSn, Continued

Remark. We will now determine algebra generators of Zm(n). It contains

1. Zm(m): the center of CSm;

2. S[m+1,n]: the subgroup of Sn containing permutations fixing 1, . . . ,m;

3. Jk =
∑k−1

i=1 (i k) for k = m+ 1, . . . , n.

Note that Jm+1, . . . , Jn pairwise commute (check this as an exercise).

Theorem 7.1. The algebra Zm(n) is generated by the subalgebras Zm(m), CS[m+1,n], and the elements
Jm+1, . . . , Jn.

Proof. Let C be an Sm-conjugacy class in Sn. Define deg(C) to be the number of elements in {1, . . . , n}
which are moved by the corresponding permutations (for instance, (∗ n) = (∗ ∗) has degree 2). Note
that we either have deg(C) = 0 or deg(C) ≥ 2.

Let A be the subalgebra of Zm(n) generated by Zm(m), CSn−1, and Jm+1, . . . , Jn. We need to show
that bC ∈ A for every C. Assume it is not true, and pick C of minimal degree such that bC /∈ A. First
we show that deg(C) > 2. If deg(C) = 2, then we have two possibilities:

1. C = (∗ k) for k > m. Then

b(∗ k) =
m∑
i=1

(i k) = Jk −
k−1∑

i=m+1

(i k).

Then Jk ∈ A and
∑k−1

i=m+1(i k) ∈ CS[m+1,n] ⊆ A, so we are good.

2. C = (k ℓ) for m < k < ℓ ≤ n. Then b(k ℓ) ∈ CS[m+1,n] ⊆ A.

3. C = (∗ ∗). Then b(∗ ∗) ∈ Zm(m) ⊆ A.

So deg(C) > 2. Now assume that C has more than 1 cycle of degree ≥ 2. Write C = C ′C ′′, then

bC′bC′′ = αbC +
∑

C0,degC0<degC

αC0bC0 .

Since bC′ , bC′′ , bC0 ∈ A by minimality of C, we also get αbC ∈ A, so bC ∈ A since α ̸= 0 (note that we
may have characteristic issues here if we are not working over C).

27
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So we may assume C is a single cycle. Pick a cycle (i1 i2 · · · ik) ∈ Sn. Then if j /∈ {i1, . . . , ik},

(i1 i2 · · · ik)(is j) = (i1 i2 · · · is−1 j is+1 · · · ik).

If j ∈ {i1, . . . , ik}, then (i1 i2 · · · ik)(is j) either splits into two cycles or reduces the degree by 1.

So suppose a cycle in C has elements from {1, . . . ,m} and k ∈ {m+ 1, . . . , n}. We can assume that k is
next to ∗. Denote by C ′ the cycle obtained after eliminating ∗. Then

bC′b(∗ k) = αbC +
∑
C0

αC0bC0 ,

where C0 either contains disjoint cycles or cycles of smaller degree. Thus we get bC′ , b(∗ k), bC0 ∈ A by
the minimality of C, so bC ∈ A as well.

Thus we may assume the elements in our 1-cycle C sit in either {1, . . . ,m} or {m+ 1, . . . , n}. In the
first case, bC ∈ Zm(m) ⊆ A, and in the second case, bC ∈ CS[m+1,n] ⊆ A.

Corollary 7.1.1. We have the following:

1. Zn−1(n) is commutative;

2. for all U ∈ Irr(CSn−1) and V ∈ Irr(CSn), the multiplicity of U in V is either 0 or 1;

3. the element Jn acts on each irreducible CSn−1-submodule of V ∈ Irr(CSn) by a scalar.

Proof. (1) Zn−1(n) is generated by Z(n− 1) and Jn, which commute.

(2) This follows from the statement about abelian centralizers for algebras.

(3) This follows from Schur’s lemma.

Example 7.0.1. We will determine how Jn acts on various modules and how they decompose:

1. V = refln, which is a CSn-module and is given by

refln = {(x1, . . . , xn) ∈ Cn : x1 + · · ·+ xn = 0}.

As a CSn−1-module, refln decomposes as follows

• U1 = {(x1, . . . , xn−1, 0) ∈ Cn : x1 + · · ·+ xn−1 = 0}. This is refln−1.

• U0 = {(−x, . . . ,−x, (n− 1)x) ∈ Cn}. This is the trivial representation.

Note that Jn =
∑n−1

i=1 (i n) acts on (x1, . . . , xn) by

(x1, . . . , xn) 7−→ ((n− 2)x1 + xn, . . . , (n− 2)xn−2 + xn, x1 + · · ·+ xn).

On refln−1, the eigenvalue is n− 2, and on the trivial subrepresentation, the eigenvalue is −1.

2. When n = 4, there was a representation V of dimension 2, given by the pull-back of refl3 under
the projection S4 → S3. The kernel of the projection is the normal subgroup

{e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)},
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where S3 permutes (1 2)(3 4), (1 3)(2 4), and (1 4)(2 3). Now

J4 = (1 4) + (2 4) + (3 4),

and we are looking for an action of J4 on V . We can take

J4|V = (2 3) + (1 3) + (1 2),

which is an element of CS3. Note that refl3 is given by

refl3 = {(x1, x2, x3) ∈ C3 : x1 + x2 + x3 = 0}.

When J4|V acts on refl3, we get x1 + x2 + x3 = 0 in every coordinate, for any (x1, x2, x3) ∈ refl3, so
the eigenvalue in this case is 0.

7.2 Branching Graphs

Remark. Let V n be an irrep for CSn. We know that V n decomposes into a direct sum of non-isomorphic
CSn−1-modules. These then decompose into CSn−2-modules, and so on.

Definition 7.1. The branching graph is a directed graph, where the vertices are labeled by isomorphism
classes of CSn-modules (for all n), and the edge U → V exists if V is an irreducible module for CSn and
U is an irreducible module for CSn−1 which occurs in the decomposition of V .

Example 7.1.1. The following is the branching graph up to S4:

triv4 refl4 C2 refl4⊗ sign4 sign4

triv3 refl3 sign3

triv2 sign2

triv1

Note that there is a left-right symmetry in the graph, which comes from tensoring with signn.

Definition 7.2. Let V m ∈ Irr(CSm) and V n ∈ Irr(CSn) for m < n. Define Path(V m, V n) to be the set
of all paths from V m to V n in the branching graph. If m = 1, we write Path(V n) = Path(V 1, V n), and
we denote Pathn =

⊔
V n∈Irr(CSn)

Path(V n).

Remark. For P = (V m → V m+1 → · · · → V n) ∈ Path(V m, V n), denote by V m(P ) a copy of V m in V n

according to the path P . Then we can write the decomposition of V n by

V n =
⊕

Vm∈Irr(CSm)

⊕
P∈Path(Vm,V n)

V m(P ).

Definition 7.3. Denote by φP : V m → V n the homomorphism sending V m to its copy in V n according
to the path P , which is defined uniquely up to rescaling, and define

wP = (wm+1, . . . , wn) ∈ Cn−m

where wk is the scalar by which Jk acts on V k−1 ⊆ V k. Call wP the weight of P .
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Remark. Recall that HomCSm(V
m, V n) is an irreducible Zm(n)-module from properties of centralizers.

Lemma 7.1. We have the following:

1. The elements φP form a basis in HomCSm(V
m, V n).

2. Each φP is an eigenvector for Jk with eigenvalue wk, for each k = m+ 1, . . . , n, where

(wm+1, . . . , wn) = wP .

Proof. (1) We can write

HomCSm(V
m, V n) =

⊕
V ′m∈Irr(Sm)

⊕
P∈Path(V ′m,V n)

Hom(V m, V ′m(P ))

=
⊕

P∈Path(Vm,V n)

Hom(V m, V m(P )),

where the second equality is by Schur’s lemma. By Schur’s lemma again, Hom(V m, V m(P )) ∼= C. Since
the φP correspond to these summands, this proves (1).

(2) For any u ∈ V m, we have [JkφP ](u) = Jk[φP (u)]. By construction, V m(P ) lies in some copy of V k−1

in V k for k = m+ 1, . . . , n, so JkφP = wkφP implies (2).
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8.1 More on Branching Graphs

Remark. Consider HomCSm(V
m, V n). When m = 1, we may identify HomCS1(V

1, V n) = HomC(C, V n)
with V n itself. For P ∈ Path(V n), we will write vP for φP .

Corollary 8.0.1. We have the following:

1. the vectors vP for P ∈ Path(V n) form a basis in V n;

2. each vP is an eigenvector for Jk with eigenvalue wk for k = 1, . . . , n. Note w1 = 0 since J1 = 0.

Example 8.0.1. Consider the following:

1. V n = refln. We have refln ∼= refln−1⊕ trivn−1. When n = 2, we have refl2 = triv1. Then any path
P ∈ Path(V n) must be of the form

P = triv1 → · · · → trivi → refli+1 → · · · → refln .

The corresponding weights are wP = (0, 1, . . . , i− 1,−1, i, . . . , n− 2): Recall from before that Jk
acts on reflk−1 ⊆ reflk by k − 2 and trivk−1 ⊆ reflk by −1.

Exercise 8.1. Check that vP = (1, . . . , 1,−i, 0, . . . , 0) in Example 8.0.1 (there are i ones).

Exercise 8.2. Let V = C2 be a representation of S4. Write down two elements in Path(C2) and find
the corresponding weights.

Corollary 8.0.2. Let m < n and V m ∈ Irr(CSm), V n ∈ Irr(CSn), P ∈ Path(V m), P ∈ Path(V m, V n).
Let P be the path obtained by concatenating P and P . Then vP is proportional to φP (vP ).

Proof. Both are clearly nonzero and lie in V 1(P ), which is one-dimensional.

8.2 Properties of Weights

Theorem 8.1. Let P, P ′ ∈ Pathn. If wP = wP ′, then P = P ′.

Proof. The proof is by induction. The n = 1 case is trivial. Now suppose the statement is true for n− 1.
Let P , P ′ ∈ Pathn−1 be truncations of P, P ′ ∈ Pathn. Assume that{

wP = (w1, . . . , wn),

wP ′ = (w′
1, . . . , w

′
n),
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so wP = (w1, . . . , wn−1) and wP ′ = (w′
1, . . . , w

′
n−1). If wP = wP ′ , then we have wP = wP ′ and thus

P = P ′ by the inductive hypothesis.

Now assume V, V ′ are the endpoints of P, P ′, respectively, V, V ′ ∈ Irr(CSn). We need to show that
V ∼= V ′. Let U ∈ Irr(CSn−1) be the endpoint of P = P ′. Note that each z ∈ Zn−1(n) acts on U ⊆ V
and U ⊆ V ′ as a scalar. Denote these scalars by χ(z) and χ′(z), and note that χ(z) = χ′(z): We know
that Zn−1(n) is generated by Zn−1 and Jn, any z ∈ Zn−1 acts on U as a scalar with χ(z) = χ′(z), and
Jn acts on both U ’s embedded in V, V ′ by wn, so χ(Jn) = χ′(Jn) = wn.

Let Zn(n) be the center of CSn, which is contained in Zn−1(n). Every z ∈ Zn(n) acts on V and V ′ as
scalars χV (z) and χV ′(z), which must be the same scalars by which z acts on U . Then χV and χV ′ are
the same central characters, so we find that V ∼= V ′.

Definition 8.1. Define Wtn = {wP : p ∈ Pathn}. We say that two elements in Wtn are r-equivalent
(the r is for “representation”) if the weights of the two paths are in the same irreducible module.

Remark. Theorem 8.1 states that there is a one-to-one correspondence Pathn ←→ Wtn. Moreover,
r-equivalence is an equivalence relation and gives a one-to-one correspondence between equivalence
classes and isomorphism classes of irreducible representations.

Theorem 8.1 also implies that the basis vectors vP for P ∈ Path(V n) are in bijection with weights in the
corresponding equivalence class. Thus it suffices to study weights going forward.

Remark. We now see what happens when we vary paths. Consider a path

P = (V 1 → · · · → V n) ∈ Pathn .

Pick i ∈ {1, . . . , n− 1}, and consider the space of all paths of the form

P ′ = (V ′1 → · · · → V ′n), where V ′j = V j for j ̸= i.

Denote this set by Path(P, i). We will prove the following theorem later:

Theorem 8.2. Let wP = (w1, . . . , wn). Then the following are true:

1. wi ̸= wi+1;

2. if wi+1 = wi ± 1, then Path(P, i) = {P};

3. if wi+1 ≠ wi ± 1, then Path(P, i) consists of two elements P, P ′ and wP ′ is obtained from wP by
permuting wi, wi+1;

4. if i < n− 1, then wi = wi+1 ± 1 implies wi+2 ̸= wi.

Remark. To simplify notation, denote V = V n, Zi−1(i+ 1) ⊆ CSn, and

VP,i = Span{vP ′ : P ′ ∈ Path(P, i)}.

Note that the vP ′ actually form a basis of VP,i.

Proposition 8.1. The subspace VP,i ⊆ V is an irreducible Zi−1(i+ 1)-module.

Proof. Let P = P0P1P2, where P0 ∈ Path(V i−1), P1 ∈ Path(V i−1, V i+1), and P2 ∈ Path(V i+1, V n).
Then Path(P, i) consists of paths of the form P0P

′
1P2, where P

′
1 ∈ Path(V i−1, V i+1). We have

VP0P ′
1P2

= φP2(φP ′
1
(vP0)).
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Now consider the linear map

HomCSi−1
(V i−1, V i+1) −→ V

ψ 7−→ φP2(ψ(vP0)).

Note that we have φP ′
1
7→ vP0P ′

1P2
in VP,i, where the vP0P ′

1P2
form a basis of VP,i and the φP ′

1
form a basis

in HomCSi−1
(V i−1, V i+1). In particular, this map is injective with image VP,i.

It only remains to show that this map is Zi−1(i+ 1)-linear, which is left as an exercise.

8.3 The Degenerate Affine Hecke Algebra

Remark. We want to study Zi−1(i+ 1) ⊆ CSn better. We know Zi−1(i+ 1) is generated by Zi−1(i− 1),
Ji, Ji+1, and (i, i+ 1), and we know that VP,i is an irreducible representation for Zi−1(i+ 1). Note that
the elements in Zi−1(i− 1) act as scalars, so we only need to worry about Ji, Ji+1, and (i, i+ 1).

Lemma 8.1. We have the following relations:

1. JiJi+1 = Ji+1Ji;

2. (i, i+ 1)2 = 1;

3. (i, i+ 1)Ji = Ji+1(i, i+ 1)− 1.

Proof. We already know (1) and (2). For

(i, i+ 1)Ji(i, i+ 1) =
i−1∑
j=1

(j, i+ 1) = Ji+1 − (i, i+ 1),

which becomes (3) after right-multiplying by (i, i+ 1).

Definition 8.2. Define the degenerate affine Hecke algebra H(2) to be the algebra with generators
X1, X2, T and relations X1X2 = X2X1, T

2 = 1, and TX1 = X2T − 1 (equivalently, X1T = TX2 − 1).

Remark. There is a unique homomorphism H(2)→ Zi−1(i+ 1) given by

X1 7→ Ji, X2 7→ Ji+1, T 7→ (i, i+ 1).

Corollary 8.2.1. Let M be an irreducible module for Zi−1(i + 1). Then M stays irreducible as an
H(2)-module.

Proof. Note that Zi−1(i− 1) is the central subalgebra of Zi−1(i+ 1). Any element of the center acts as
a scalar on an irreducible Zi−1(i+ 1)-module, so a subspace invariant under Zi−1(i+ 1) is also invariant
under H(2). This proves the claim.

Remark. A basis of H(2) is given by {Xd1
1 X

d2
2 σ : σ ∈ {1, T}}.

Remark. One can generalize this construction to Zi(d) to get H(d), with generators X1, . . . , Xd and
T1, . . . , Td−1, with similar relations.
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Example 8.2.1. We consider finite-dimensional irreps of H(2). Note that X1, X2 commute, so they
have a common eigenvector m ∈M . So X1m = am and X2m = bm for a, b ∈ C. We have two cases:

1. Tm ∼ m. Since T 2 = 1, we have two options:

(a) Tm = m. Then TX1m = am, and applying TX1 = X2T − 1 to m, we get

(X2T − 1)m = (b− 1)m.

Thus we must have b = a+ 1.

(b) Tm = −m. Then one can check that b = a− 1 as an exercise.

2. m,Tm are linearly independent. Then

X1(Tm) = (TX2 − 1)m = b(Tm)−m,
X2(Tm) = (TX1 + 1)m = a(Tm) +m.

In particular, Span{m,Tm} is stable under H(2). Since M is irreducible, {m,Tm} is a basis of
M . In this case, one can check that

T 7→
(
0 1
1 0

)
, X1 7→

(
a 0
−1 b

)
, X2 7→

(
b 0
1 a

)
defines an H(2)-module on C2, denoted as M(a, b).

Lemma 8.2. M(a, b) is irreducible if and only if a ≠ b± 1. If a ≠ b± 1, then M(a, b) ∼= M(a′, b′) if
and only if (a, b) = (a′, b′) or (b, a) = (a′, b′).
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Sept. 17 — Combinatorial Weights

9.1 More on the Degenerate Affine Hecke Algebra

Proof of Lemma 8.2. Assume a ≠ b. Then X1, X2 have two distinct eigenvalues, hence they are diag-
onalizable. Since a ≠ b, every subspace in M(a, b) stable under X1 (or X2) must be the sum of these
eigenspaces. If one has a 1-dimensional submodule for H(2), then T must preserve it. If a = b± 1, then
m± Tm is an eigenvector for X1, X2, T , so M(a, b) is not irreducible.

For the last part, we can simply switch the two eigenvalues.

Proposition 9.1. The finite-dimensional irreps of H(2) are classified by pairs of complex numbers (a, b),
(a, b) 7→ L(a, b), where L(a, b) ∼= L(b, a) if b ̸= a, a± 1. Moreover, we have

1. If b = a+ 1, then L(a, b) = C with T 7→ 1, X1 = a, X2 = b.

2. If b = a− 1, then L(a, b) = C with T 7→ −1, X1 = a, X2 = b.

3. If b ̸= a± 1, then L(a, b) ∼= M(a, b).

4. The action of X1, X2 on L(a, b) is diagonalizable if and only if a ̸= b.

Proof. This is Example 8.2.1 and Lemma 8.2.

Proof of Theorem 8.2. Let wP = (w1, . . . , wn), P
′ ∈ Path(V, i), and wP ′ = (w′

1, . . . , w
′
n), where the w′

j

depend only on Vj, Vj−1. Note that V ′
j = Vj for all j ̸= i implies w′

j = wj for all j ̸= i. We have shown
that VP,i is an irreducible Zi−1(i + 1)-module and also an irreducible H(2)-module, and that X1, X2

(Ji, Ji+1) are diagonalizable with eigenvalues (wi, wi+1) and (w′
i, w

′
i+1). This proves (1)-(3).

(4) If wi+1 = wi ± 1, then wi+2 ̸= wi (check this as an exercise). By (2), wi+1 = wi ≠ 1 implies that
VP,i+1 is also 1-dimensional, and CvP is invariant under (i, i+ 1), (i+ 1, i+ 2). Now observe that

(i, i+ 1)(i+ 1, i+ 2)(i, i+ 1) = (i, i+ 2) = (i+ 1, i+ 2)(i, i+ 1)(i+ 1, i+ 2),

which is the same element. But (i, i+ 1) and (i+ 1, i+ 2) act on vP by ±1 and ∓1, respectively, so the
above implies that ∓1 = ±1, which is a contradiction.

9.2 Combinatorial Weights

Definition 9.1. We say two elements of Cn are c-equivalent (the c is for “combinatorial”) if one can
be obtained from the other through a sequence of admissible transpositions (those where the difference
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between two adjacent entries in the transposition is not ±1).

Definition 9.2. A combinatorial weight is an element of Cn such that every element (w1, . . . , wn) ∈ Cn

combinatorially equivalent to it satisfies:

1. w1 = 0;

2. for all i = 1, . . . , n− 1, wi ̸= wi+1;

3. for all i = 1, . . . , n− 2, we have wi+1 = wi ± 1 implies wi+2 ̸= wi.

Denote the set of combinatorial weights by cWtn.

Corollary 9.0.1. We have the following:

1. Wtn ⊆ cWtn, so Wtn is a collection of c-equivalence classes.

2. c-equivalence implies r-equivalence. Moreover, |Wtn/∼r| ≤ |Wtn/∼c| ≤ |cWtn/∼c|.

3. There is a one-to-one correspondence Wtn/∼r ←→ Irr(CSn).

Lemma 9.1. Every c-equivalence class contains elements of the form

(0, 1, . . . , n1 − 1,−1, 0, 1, . . . , n2 − 2,−2, . . . , (1− k), . . . , nk − k),

where n1 ≥ n2 ≥ · · · ≥ nk and n1 + · · ·+ nk = n.

Proof. First we show that all components of combinatorial weights are integers. Suppose not, and let i
be the minimal number such that wi /∈ Z. Then we can make admissible transformations from right to
left until it reaches the first slot, which is a contradiction since w1 = 0 ∈ Z.

Consider the lexicographic order on cWtn, i.e. (w1, . . . , wn) > (w′
1, . . . , w

′
n) if there exists i such that

wj = w′
j for each 1 ≤ j < i and wi > w′

i. Let (w1, . . . , wn) be a maximal element in this equivalence
class. We need to show that this maximal element is of the desired form.

To do this, first take n1 such that n1 − 1 = max{wi}. Let k be the smallest index such that wk = n1 − 1.
We claim that k = n1 and wi = i− 1 for all i < n1. Assume not. Then pick the largest index j < k with
wj ̸= n1 − 1− (k − j). By the choice of k, we have wj < n1. We also have wj ≥ j − 1 (otherwise one
can permute j and j + 1, which increases the order). Note that if wj ≥ j, then we can make admissible
transformations to the left until we arrive to (wj, wj), (wj, wj±1, wj), or wj in the first position, which
are all impossible. Thus wj = n1 − 1− (k − j) for all j < k. But w1 = 0, so k = n1.

Thus we have shown that we can take an element starting with 0, 1, . . . , n1 − 1. Now if n1 = n, then we
are done. Otherwise, we need to prove that wn1+1 = −1. Note that wn1+1 ≤ n1 − 1 by our choice of n1,
and wn1 ̸= n1 − 1 since wn+1 ̸= wn. If we move wn+1 to the left, then we encounter

(wn1+1, wn1+1 + 1, wn1+1)

for any wn+1 ≥ 0. If wn+1 < −1, then we can move it to the first position, which is impossible since we
always have w1 = 0. So the only possibility is wn+1 = −1.

Now we can repeat the above argument to get the rest of the form.

Remark. Lemma 9.1 implies the following:

1. cWtn = Wtn;
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2. ∼c = ∼r;

3. n1, . . . , nk uniquely characterize the equivalence class.

Example 9.2.1. Consider the following:

1. triv4 for S4, i.e. (x, x, x, x). Here (w1, w2, w3, w4) = (0, 1, 2, 3), so k = 1, n1 = 4.

2. refl4 with path P = triv1 → · · · → trivi → refli+1 → · · · → refln. In this case, we have seen that

(w1, . . . , wn) = (0, 1, . . . , i− 1, i, . . . , n− 2).

For refl4, we can get (0,−1, 1, 2), (0, 1,−1, 2), (0, 1, 2,−1). The last one has k = 2, n1 = 3, n2 = 1.

Exercise 9.1. Compute the combinatorial weights for C2 (for S4).
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Sept. 22 — Lie Groups

10.1 Young Tableaux

Remark. Recall there is a one-to-one correspondence between partitions (n1, . . . , nk) of n (satisfying
n1 ≤ · · · ≤ nk and n1 + · · ·+ nk) and Irr(CSn). Also recall the Young tableau for a partition, which is
consists of k rows of nk boxes stacked on top of each other, where the 1st row is at the top.

Definition 10.1. A standard Young tableau is a Young tableau filled with numbers {1, . . . , n} so that
they strictly increase from bottom to top and from left to right. Denote by SYT(n) the set of standard
Young tableaux (corresponding to a partition of n).

Definition 10.2. To a Young tableau T , assign its content as follows. Let (xi, yi) be the coordinates of
the box numbered i. Then the content of the box is xi − yi. The content of the tableau is

c(T ) = (x1 − y1, x2 − y2, . . . , xn − yn).

Exercise 10.1. Show that the map T 7→ cT is injective.

Proposition 10.1. The map T 7→ c(T ) is a bijection SYT(n)→ cWtn, and the shape of T coincides
with the partition assigned to n.

Proof. This is an exercise in combinatorics.

Definition 10.3. The Young tableau with numbers 1, . . . , n1 in the bottom row, n1 + 1, . . . , n1 + n2 in
the second-to-bottom row, and so on is called the normal Young tableau.

Corollary 10.0.1. Let λ be a Young tableau with n boxes and Vλ the corresponding CSn-module. Then
there is a basis {vT} in Vλ which is labeled by SYT(n) associated to λ. Moreover, each vT is an eigenvector
of the Jucys-Murphy’s elements such that the eigenvalue of Ji is the content xi − yi of the ith box.

Remark. Take (w1, . . . , wn) ∈ cWtn, and consider (w1, . . . , wn−1). What does this mean in terms of
SYT(n)? The new tableau T ′ is obtained from the original tableau T by removing the box labeled n.

Corollary 10.0.2. Let λ be a partition of n and Vλ the corresponding irrep of CSn. As CSn−1-modules,

Vλ ∼=
⊕
µ

Vµ,

where µ runs through all (unlabeled) Young tableaux obtained from λ by removing one box.
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Definition 10.4. The Young graph is the directed graph whose vertices are Young tableaux and we
have an edge µ→ λ if µ is obtained from λ by removing one box.

Corollary 10.0.3. There is a graph isomorphism between the Young graph and the branching graph.

Exercise 10.2. Prove that tensoring any Vλ with signn gives a transposed Young tableau.

10.2 Lie Groups

Remark. We will denote a C∞ manifold by M , and its tangent space at m ∈M by TmM . Denote by

TM =
⊔
m∈M

TmM

the tangent bundle of M , and Vect(M) the sections of TM . If f : X → Y is a C∞ map, then we denote
its differential at x ∈ X by Txf : TxX → Tf(x)Y .

Recall that a map f : X → Y is an immersion if rankTxf = dimX for all x ∈ X. In this case, by the
inverse function theorem, we can choose local coordinates around x and f(x) such that

f(x1, . . . , xn) = (x1, . . . , xn, 0, . . . , 0).

An immersed submanifold N ⊆M is a subset with the structure of a manifold such that i : N ↪→M is
an immersion (the topology of N need not be inherited from M). An embedded submanifold N ⊆M is
an immersed submanifold such that i : N ↪→M is also a homeomorphism onto its image.

Example 10.4.1. The figure eight curve R→ R2 is an immersed submanifold but not embedded.

Definition 10.5. A (real) Lie group G is a group with a manifold structure such that the multiplication
G×G→ G and inversion G→ G are C∞ maps. A morphism of Lie groups is a C∞ map f such that

f(gh) = f(g)f(h) and f(1) = 1.

Definition 10.6. A complex Lie group is the same as a real Lie group, except with a complex manifold
structure, i.e. there are charts to Cn such that the transition maps are analytic.

Example 10.6.1. The following are examples of Lie groups:

1. Rn with addition.

2. R∗ = R \ {0} with multiplication, which has two components R± = {x ∈ R : ±x > 0}.

3. S1 = {z ∈ C : |z| = 1} with multiplication.

4. GL(n,R) ⊆ Rn2
with matrix multiplication.

5. SU(2) = {A ∈ GL(2,C) : AAT = 1, detA = 1}, or

SU(2) =

{(
α β

−β α

)
: α, β ∈ C, |α|2 + |β|2 = 1

}
∼= S3 ⊆ R4.

Note that SU(2) is a real Lie group.

6. The classical groups SL(n,R), SL(n,C), O(n,R), O(n,C), Sp(n,R), Sp(n,C), etc.
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Theorem 10.1. Let G be a (real or complex) Lie group. Denote by G0 the connected component of the
identity. Then G0 is a normal subgroup of G and is a Lie group. The quotient is a discrete group.

Proof. Note that the image of a connected topological space under a continuous map is connected, so
the inverse map sends G0 → G0. The same argument works for multiplication, so G0 is a Lie group.

To show that G0 is normal, let h ∈ G0. Note that for any g, the map h 7→ ghg−1 is continuous, so ghg−1

must lie in the same connected component G0. Thus G0 is a normal subgroup of G.

Finally, the quotient is discrete since G0 is open and its cosets partition G.

Theorem 10.2. If G is a connected (real or complex) Lie group, then its universal cover G̃ has a

canonical structure of a Lie group such that the covering map p : G̃→ G is a morphism of Lie groups,
and ker p ∼= π1(G) is discrete and central.

Definition 10.7. A closed Lie subgroup H of a (real or complex) Lie group G is a subgroup which is a
submanifold (complex submanifold in the complex case).

Theorem 10.3 (Cartan’s theorem). Let G be a (real or complex) Lie group.

1. Any closed Lie subgroup is closed in G.

2. Any closed subgroup of a Lie group is a closed real Lie subgroup.

Corollary 10.3.1. We have the following:

1. If G is a connected (real or complex) Lie group and U is a neighborhood of 1, then U generates G.

2. Let f : G1 → G2 be a morphism of (real or complex) Lie groups, where G2 is connected and the
differential T1f : T1G1 → T1G2 at the identity is surjective. Then f is surjective.

Proof. (1) Assume H is a subgroup generated by U . Then H is open in G, since for any h ∈ H, hU is a
neighborhood of h in G. Since H is an open subset of a manifold, H is a submanifold. Then H is a
closed Lie subgroup of G, so it is also closed. Thus H = G since G is connected.

(2) Check this as an exercise.
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Sept. 24 — Lie Groups, Part 2

11.1 More on Lie Groups

Theorem 11.1. Let G be a (real or complex) Lie group with dimG = n, and H ⊆ G a closed Lie
subgroup with dimH = k. Then the coset space G/H has the structure of a manifold with dimension
n− k, such that p : G → G/H is a fiber bundle with fibers diffeomorphic to H. The tangent space at
1 = p(1) is given by T1G/T1H.

Proof. Consider p : G → G/H, which sends g 7→ g = p(g). Note that gH ⊆ G is a submanifold
(since multiplication by g is a diffeomorphism). Choose a submanifold M which is transversal to
gH (i.e. such that TgG = Tg(gH) ⊕ TgM). Let U be a sufficiently small neighborhood of g so that
UH = {uh : u ∈ U, h ∈ H} is open in G, which exists by the inverse function theorem applied to
the multiplication map U × H → G. Then let U = p(U). Since p−1(U) = U is open, U is an open
neighborhood of g in G/H. This gives p : G→ G/H the natural structure of a fiber bundle.

For the tangent space, consider the map T1p : T1G→ T1G/H, and note that ker(T1p) = T1H.

Corollary 11.1.1. Let H be a closed Lie subgroup of G.

1. If H is connected, then the set of connected components satisfies π0(G) = π0(G/H).

2. If G,H are connected, then there is an exact sequence

π2(G/H) −→ π1(H) −→ π1(G) −→ π1(G/H) −→ {1}.

Remark. Often, π2(G/H) and π1(G/H) are known, which allows us to compute π1(G).

Example 11.0.1. Let G1 = R and G2 = R2/Z2 (the torus). Define f : G1 → G2 by

f(t) = (t mod Z, αt mod Z),

for some fixed irrational α. Then the image of f is everywhere dense in G2.

Definition 11.1. A Lie subgroup H in a (real or complex) Lie group G is an immersed submanifold
which is also a subgroup.

Theorem 11.2. Let f : G1 → G2 be a morphism (in the real or complex sense). Then H = ker f
is a normal closed Lie subgroup of G1, and f gives rise to an injective map G1/H → G2 which is an
immersion. In particular, Im f is a Lie subgroup of G2. If Im f is an embedded submanifold, then it is a
closed Lie subgroup. Moreover, f gives an isomorphism (of Lie groups) G1/H ∼= Im f .

Proof. We will prove this later using Lie algebras.
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11.2 Actions of Lie Groups on Manifolds

Definition 11.2. An action of a real Lie group G on a real manifold M is an assignment

g 7→ ρ(g) ∈ Diff(M)

with ρ(1) = Id and ρ(g)ρ(h) = ρ(gh), such that the map G ×M → M by (g,m) 7→ g.m is smooth.
When G is a complex Lie group and M is a complex manifold, we require G×M →M to be analytic.

Example 11.2.1. The following are examples of actions on Lie groups:

1. GL(n,R) acts on Rn.

2. O(n,R) acts on Sn−1 ⊆ Rn.

3. U(n) acts on S2n−1 ⊆ Cn.

Definition 11.3. A representation of a (real or complex) Lie group G is a vector space V (complex if G
is complex and real or complex if G is real) together with a homomorphism ρ : G → GL(V ). If V is
finite-dimensional, we require ρ to be smooth (or analytic if G is complex).

A morphism between two representations ρV and ρW is a map f : V → W such that it commutes with
the G-action, i.e. fρV (g) = ρW (g)f for all g ∈ G.

Remark. Any action of G on a manifold M gives the following infinite-dimensional representations:

1. Space of functions (the space of analytic functions O(M) in the complex case or C∞(M) in the
real case), given by ρ(g)f(m) = f(g−1.m).

2. Vector fields on M (denoted Vect(M)), given by the pushforward

(ρ(g)v)(m) = g∗v = Tg−1.m(g)(v(g
−1.m)).

3. Assume m is a fixed point of G, i.e. g.m = m for all g ∈ G. Then G acts on TmM by differentials

Tmg : TmM → TmM.

This representation is finite-dimensional if dimM <∞.

11.3 Orbits and Homogeneous Spaces

Definition 11.4. Define the orbit of a point m ∈M to be

Om = G.m = {g.m : g ∈ G}.

and the stabilizer of m to be Gm = {g ∈ G : g.m = m}.

Theorem 11.3. Let M be a manifold with action of Lie group G (or complex manifold with action of
complex G). Then for all m ∈M , the stabilizer Gm is a closed Lie subgroup of G, and g 7→ g.m forms
an injective immersion G/Gm ↪→M whose image coincides with Om.

Corollary 11.3.1. The orbit Om is an immersed submanifold in M with tangent space

TmOm = T1G/T1Gm.

If Om is a submanifold, then g 7→ g.m gives a diffeomorphism G/Gm → Om.
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Definition 11.5. If the action of G on M is transitive (i.e. there is just one orbit), then we call M a
homogeneous space for G.

Corollary 11.3.2. Let M be a G-homogeneous space. Then the map G → M by g 7→ g.m is a fiber
bundle over M with fiber Gm.

Example 11.5.1. Consider the following:

1. SO(n,R) acting on Sn−1 ⊆ Rn. Then Sn−1 is a homogeneous space, and the stabilizer of any point
in Sn−1 (which can be moved to (1, 0, . . . , 0)) is SO(n− 1,R). So we have the diagram

SO(n− 1,R) SO(n,R)

Sn−1

p

2. SU(n) acting on S2n−1 ⊆ Cn. Here we have

SU(n− 1) SU(n)

S2n−1

Remark. The action of G can be used to define a smooth structure on M . If M is a set with a transitive
action by G, then M is in bijection with G/H, where H = StabG(m). Then M has a natural structure
of a manifold of dimension dimG− dimH.

Example 11.5.2. A (full) flag in Rn is a collection of subspaces

{0} ⊆ V1 ⊆ V2 ⊆ · · · ⊆ Vn = Rn,

where dimVi = i. Denote by Fn(R) the space of all flags in Rn. There is an action of GL(n,R) on Fn(R).
We can move any flag to the standard flag

V st = {0} ⊆ ⟨e1⟩ ⊆ ⟨e1, e2⟩ ⊆ · · · ⊆ ⟨e1, . . . , en⟩,

which has stabilizer StabV s,t = B(n,R) ⊆ GL(n,R), the subgroup upper-triangular matrices, so

Fn(R) ∼=
GL(n,R)
B(n,R)

.

Now dimB(n,R) = n(n+ 1)/2, so we can see that

dimFn(R) = dimGL(n,R)− dimB(n,R) = n2 − n(n+ 1)

2
=
n(n− 1)

2
.

11.4 Actions of a Lie Group on Itself

Remark. We can define actions Lg : G→ G and Rg : G→ G by

Lg(h) = gh and Rg(h) = hg−1.

There is also an adjoint action Adg : G→ G by Adg(h) = LgRg(h) = ghg−1.

For v ∈ TmG, we will write g.v for TmLg and v.g for TmRg−1 .
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Exercise 11.1. Check that the above agrees with matrix multiplication for G = GL(n,R).

Remark. Note that Adg sends 1 7→ 1, so there is a representation Adg : T1G→ T1G, called the adjoint
representation of a Lie group G.

Definition 11.6. A vector field v ∈ Vect(G) is called left-invariant if g.v = v for all g ∈ G, and v is
called right-invariant if v.g = v for all g ∈ G.

Theorem 11.4. The map v 7→ v(1) (where 1 is the identity of G) defines an isomorphism of the vector
space of left-invariant vector fields on G with T1G. Similarly, one has the same isomorphism for the
vector space of right-invariant vector fields.

Theorem 11.5. The map v 7→ v(1) defines an isomorphism of the vector space of bi-invariant vector
fields on G with the vector space of invariants under the adjoint action, i.e.

(T1G)
AdG = {x ∈ T1G : Adg(x) = x for all g ∈ G}.
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Sept. 29 — The Exponential Map

12.1 Classical Lie Groups

Example 12.0.1. Let K be R or C. The classical Lie groups are

1. the general linear group GL(n,K),

2. the special linear group SL(n,K),

3. the orthogonal group O(n,K),

4. the special orthogonal groups SO(n,K) and SO(p, q),

5. the symplectic group Sp(n,K),

6. the unitary groups U(n) and SU(n) which are real Lie groups,

7. the compact symplectic group USp(n) = Sp(n,C) ∩ SU(2n) which is a real Lie group.

Remark. How do we compute the dimensions of these classical Lie groups?

12.2 The Exponential Map for Matrix Groups

Remark. For GL(n,K), write its Lie algebra as gl(n,K).

Definition 12.1. For x ∈ Matn(K) = gl(n,K), define the exponential map

exp(x) =
∞∑
k=0

xk

k!
.

This defines an analytic map gl(n,K)→ GL(n,K) with inverse map in a neighborhood of I given by

log(1 + x) =
∞∑
k=1

(−1)k+1xk

k
.

Theorem 12.1. We have the following:

1. log(exp(x)) = x and exp(log(x)) = x.

2. exp(x) = 1 + x+ . . . , exp(0) = 1, and d exp(0) = Id.
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3. If xy = yx, then exp(x+ y) = exp(x) exp(y); if X and Y commute (for X, Y in some neighborhood
of I), then log(XY ) = log(X) + log(Y ); also, exp(−x) exp(x) = Id, so exp(x) ∈ GL(n,K).

4. For any x ∈ gl(n,K), the map K→ GL(n,K) by t 7→ exp(tx) is a morphism of Lie groups. So in
particular one has exp((t+ s)x) = exp(tx) exp(sx).

5. exp(AxA−1) = A exp(x)A−1 and exp(xT ) = (exp(x))T .

Theorem 12.2. For any classical subgroup G ⊆ GL(n,K), there exists a vector space g ⊆ gl(n,K) such
that for some neighborhood U of 1 in GL(n,K) and some neighborhood V of 0 in gl(n,K), the following
maps are inverses of each other:

(U ∩G) (V ∩ g)
log

exp

Proof. We have already proved this for GL(n,K) and g = gl(n,K).

Now consider SL(n,K). Let g ∈ SL(n,K) be close enough to the identity, so that g = exp(x) for some
x ∈ gl(n,K). Then 1 = det(g) = det(exp(x)). Now recall that

det(exp(x)) = exp(tr x),

which can be proved using the Jordan normal form. So this deg(g) = 1 if and only if tr x = 0. Thus we
can take g = sl(n,K) = {x ∈ gl(n,K) : trx = 0}.

Next consider O(n,K) and SO(n,K). For g ∈ O(n,K), we have gTg = I. Writing g = exp(x) and
gT = exp(xT ), we have exp(xT ) exp(x) = I since x and xT commute. This translates to x+ xT = 0, so

o(n,K) = {x ∈ gl(n,K) : x+ xT = 0}.

Note that o(n,K) = so(n,K) (x+ xT = 0 implies tr x = 0) since SO(n,K) is a neighborhood of I.

For U(n), one can check we have the condition x+ x† = 0 (where x† denotes the conjugate transpose of
x) on the Lie algebra. This time, we do not automatically get tr x = 0, so the Lie algebra of SU(n) has
the two conditions x+ x† = 0 and tr x = 0.

One can check the remaining classical groups similarly.

Corollary 12.2.1. Each classical group is a Lie group with tangent space at the identity T1G = g
and dimG = dim g. Also, U(n), SU(n), and USp(n) are real Lie groups, while GL(n,K), SL(n,K),
SO(n,K), O(n,K), and Sp(n,K) are real or complex depending on K.

12.3 The Exponential Map in General

Remark. For g = T1G, we want to define exp : g→ G for a general Lie group G.

Proposition 12.1. Let G be a (real or complex) Lie group, g = T1G, and x ∈ g. Then there exists a
unique morphism of Lie groups γx : K→ G such that γx(0) = x. Here γx(t) is known as a 1-parameter
subgroup.

Proof. Motivated by the matrix case, where γx(t) = exp(tx) satisfies γ̇(t) = γ(t)γ̇(0) = γ(t)x, we define
the differential equation

γ̇(t) = T1Lγ(t)γ̇(0),
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for which it suffices to construct γ satisfying γ(t+ s) = γ(t)γ(s) by the uniqueness of solutions to the
differential equation. So it suffices to show that such a γ exists. Let γ(t) = Φt(1) and γ(t+ s) = Φt+s(1),
where Φ is the flow of a left-invariant vector field. By left-invariance, we have

Φt(g1g2) = g1Φ
t(g2) and Φt+s(1) = Φs(Φt(1)) = Φs(γ(t) · 1) = γ(t)Φs(1) = γ(t)γ(s).

Thus γ(t+ s) = γ(t)γ(s), and we get the desired map γx : K→ G.

Remark. The uniqueness of the 1-parameter subgroups implies that γx(λt) = γλx(t) since

dγx(λt)

dt

∣∣∣∣
t=0

= λx.

Example 12.1.1. Let G = (R,+) with g = R. Then for a ∈ g, we have γa(t) = ta and exp(a) = a.

Example 12.1.2. Let G = S1 = R/Z = {z ∈ C : |z| = 1}, where the identification R/Z → {z ∈ C :
|z| = 1} is given by θ 7→ e2πiθ for θ ∈ R/Z. Then g = R, and for a ∈ g,

exp(a) = a mod Z or exp(a) = e2πia,

depending on if we view S1 as R/Z or as {z ∈ C : |z| = 1}.

Proposition 12.2. Let G be a (real or complex) Lie group.

1. Let v be a left-invariant vector field on G. Then time flow of the vector field v is given by
g 7→ g exp(tx), where x = v(1).

2. Let v be a right-invariant vector field on G. Then the time flow of the vector field v is given by
g 7→ exp(tx)g, where x = v(1).

Theorem 12.3 (Summary). Let G be a (real or complex) Lie group and g = T1G. Then

1. exp(x) = 1 + x+ . . . , exp(0) = 1, and T0 exp : T1G
Id−→ T1G

2. The exponential map is a diffeomorphism (analytic map for complex G) between some neighborhood
of 0 in g and some neighborhood of 1 in G.

3. exp((t+ s)x) = exp(tx) exp(sx) for all t, s ∈ K.

4. For any morphism of Lie groups φ : G1 → G2 and any x ∈ T1G1, we have

exp(T1φ(x)) = φ(exp(x)).

5. For any g ∈ G and x ∈ g, we have g exp(x)g−1 = exp(Adgx).

Proof. (4) Note that φ(exp(tx)) is a one-parameter subgroup with tangent vector at identity

d

dt

∣∣∣∣
t=0

φ(exp(tx)) = T1φ · x.

By the uniqueness of one-parameter subgroups, this must be equal to exp(T1φ · x).

(5) This follows from (4) by taking φ to be conjugation by g.
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Proposition 12.3. Let G1, G2 be (real or complex) Lie groups. If G1 is connected, then any Lie group
morphism φ : G1 → G2 is uniquely determined by the linear map T1φ : T1G1 → T1G2.

Example 12.1.3. Consider SO(3,R), and let

Jx =

0 0 0
0 0 −1
0 1 0

 , Jy =

 0 0 1
0 0 0
−1 0 0

 , Jy =

0 −1 0
1 0 0
0 0 0

 ,

which form a basis for g = so(3,R). Then one can check that

exp(tJz) =

cos t − sin t 0
sin t cos t 0
0 0 1

 ,

with similar formulas for exp(tJx) and exp(tJy).



Lecture 13

Oct. 1 — Lie Algebras

13.1 Commutator Structure

Remark. Recall that for small enough x, y ∈ g = T1G, we have

exp(x) exp(y) = exp(µ(x, y)), µ(x, y) ∈ g.

Lemma 13.1. The Taylor series for µ(x, y) is given by

µ(x, y) = x+ y + λ(x, y) + . . . ,

where . . . stands for higher order terms in x, y, and λ : g× g→ g is bilinear and skew-symmetric.

Proof. We can write µ(x, y) = α1(x) + α2(y) + Q1(x) + Q2(y) + λ(x, y) + . . . , where α1, α2 are linear
maps, Q1, Q2 are quadratic forms, and λ is bilinear. Setting y = 0 gives µ(x, 0) = x, so α1 = x and
Q1 = 0. Similarly, setting x = 0 gives α2 = y and Q2 = 0. So it suffices to show that λ is skew-symmetric.
To see this, note that exp(x) exp(x) = exp(2x), so λ(x, x) = 0, which implies λ is skew-symmetric.

Definition 13.1. A commutator of two elements x, y ∈ g is [x, y] = 2λ(x, y).

Proposition 13.1. We have the following:

1. Let φ : G1 → G2 be a morphism of (real or complex) Lie groups and T1φ : g1 → g2. Then

T1φ[x, y] = [T1φx, T1φy] for all x, y ∈ g1.

2. The adjoint action of G on g satisfies Adg[x, y] = [Adg x,Adg y].

3. exp(x) exp(y) exp(−x) exp(−y) = exp([x, y] + . . . ), where . . . denotes higher order terms in x, y.

Proof. (1) This follows from the fact that morphisms “commute” with the exponential map.

(2) Apply (1) to the conjugation morphism φ(h) = ghg−1.

Corollary 13.0.1. If G is a commutative Lie group, then [x, y] = 0 for all x, y ∈ g.

Example 13.1.1. Consider a Lie subgroup G ⊆ GL(n,K). Then [x, y] = xy − yx (expand log(exey)).

Remark. Consider [·, ·] : g× g→ g and associate to a morphism φ of Lie groups to a morphism T1φ of
g. Note that there is a representation Ad : G→ GL(g) given by g 7→ Adg.

49
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Lemma 13.2. ad = T1Ad : g→ gl(g) is a map of tangent spaces satisfying

1. adx y = [x, y],

2. Adexp(x) = exp(adx).

Proof. By definition, we have

Adg y =
d

dt

∣∣∣∣
t=0

g exp(ty)g−1.

Then we can write

adx y =
d

ds

∣∣∣∣
s=0

d

dt

∣∣∣∣
t=0

exp(sx) exp(ty) exp(−sx)

=
d

ds

∣∣∣∣
s=0

d

dt

∣∣∣∣
t=0

exp(ty + ts[x, y] + . . . ) = [x, y],

which proves (1). Then (2) follows since Ad is a morphism of Lie groups.

13.2 Lie Algebras

Example 13.1.2. For matrices, we have exAe−x = eadxA, where adx = [x, ·].

Theorem 13.1. Let G be a (real or complex) Lie group, g = T1G, and [·, ·] : g× g→ g the commutator.
Then [·, ·] satisfies the following (equivalent) versions of the Jacobi identity:

1. [x, [y, z]] = [[x, y], z] + [y, [x, z]],

2. [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0,

3. adx[y, z] = [adx y, z] + [y, adx z],

4. ad[x,y] = adx ady− ady adx.

Proof. These are clearly all equivalent, so it suffices to prove (4). Let Ad : G→ GL(g) and note that
ad : g→ gl(g) preserves the commutator. In gl(g), we have [A,B] = AB −BA, so

ad[x,y] = adx ady− ady adx .

This proves the identity (4).

Definition 13.2. A Lie algebra over a field K is a vector space g with a bilinear map [·, ·] : g× g→ g
which is skew-symmetric and satisfies the Jacobi identity.

Example 13.2.1. Any vector space has a structure of a Lie algebra on it by [v, v] = 0. This is called
the abelian Lie algebra.

Example 13.2.2. Any associative algebra over K can be made into Lie algebra by [x, y] = xy − yx.

Theorem 13.2. Let G be a (real or complex) Lie group. Then g = T1G has a canonical structure of
a Lie algebra with commutator defined as 2λ(x, y). We sometimes write g = Lie(G). Moreover, every
morphism of Lie groups φ : G1 → G2 induces a morphism of Lie algebras φ∗ : g1 → g2. If G is connected,
then the map Hom(G1, G2)→ Hom(g1, g2) by φ 7→ φ∗ is injective.
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Definition 13.3. Let g be a Lie algebra over K. A subspace h ⊆ g is called a Lie subalgebra if it is
closed under the commutator, and h ⊆ g is called an ideal if [x, y] ∈ h for all x ∈ g and y ∈ h.

Corollary 13.2.1. If h is an ideal in g, then g/h has a canonical structure of a Lie algebra.

Theorem 13.3. Let G be a (real or complex) Lie group and g = Lie(G).

1. Let H be a subgroup in G (not necessarily a closed Lie subgroup). Then h = T1H is a Lie subalgebra
in g.

2. Let H be a normal closed Lie subgroup in G. Then h = T1H is an ideal in g and Lie(G/H) = g/h.
Conversely, if H is a closed Lie subgroup such that H,G are connected and h = T1H is an ideal,
then H is normal.

Proof. (1) If x ∈ T1H, then we have exp(tx) ∈ H for all t ∈ K. Then using λ(x, y) as the commutator
implies that [x, y] ∈ h for x, y ∈ h.

(2) If H is a normal closed Lie subgroup, then we have

exp(x) exp(y) exp(−x) ∈ H

for all x ∈ g and y ∈ h. So [x, y] ∈ h, i.e. h is an ideal. If h is an ideal, then

Adexp(x) h ⊆ h for all x ∈ g

since Adexp(x) = exp(adx). Since g exp(y)g
−1 = exp(Adg y) for all y ∈ h and g ∈ G, we have

g exp(y)g−1 ∈ H,

i.e. we have ghg−1 ∈ H for all h ∈ H. Thus H is normal.

13.3 The Lie Algebra of Diffeomorphisms

Definition 13.4. Let M be a manifold. Then Diff(M) is the group of diffeomorphisms of M .

Remark. Note that Diff(M) is not a Lie group, since it is infinite-dimensional. However, we can still
think of a “Lie algebra” in this setting. Let φt :M →M be a 1-parameter family of diffeomorphisms.
Then ϕt(m) for m ∈M defines a curve in M . Taking its derivative, we have

d

dt

∣∣∣∣
t=0

φt(m) ∈ TmM.

If we look at all m ∈M , we get a vector field d
dt

∣∣
t=0

φt on M .

Definition 13.5. Define the Lie algebra of diffeomorphisms to be Lie(Diff(M)) = Vect(M).

Remark. For ξ ∈ Vect(M), exp(tξ) generates a 1-parameter family of diffeomorphisms with derivative
ξ at t = 0. So we get a differential equation

d

dt

∣∣∣∣
t=0

φt(m) = ξ(m),

which defines a time flow Φt for ξ. Then we can define exp(tξ) = Φt
ξ.
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Proposition 13.2. We have the following:

1. Let ξ, η ∈ Vect(M). There exists a unique vector field [ξ, η] such that

Φt
ξΦ

s
ηΦ

t
−ξΦ

s
−η = Φts

[ξ,η] + . . . .

2. The commutator defines a structure of a Lie algebra on Vect(M).

3. [ξ, η] = d
dt

∣∣
t=0

(Φt
ξ)∗η, and ∂[ξ,η]f = (∂η∂ξ − ∂ξ∂η)f satisfies[∑

i

fi∂i,
∑
i

gi∂i

]
=
∑
i,j

(gi∂ifj − fi∂igj)∂j.

Remark. The minus sign in (3) is since Φ :M →M acts on f by (Φf)(m) = f(Φ−1(m)).

Example 13.5.1. For x 7→ x+ t, we have Φtf(x) = f(x− t) and

∂xf = − d

dt

∣∣∣∣
t=0

Φtf.

Theorem 13.4. Let G be a finite-dimensional Lie group action on M and let ρ : G→ Diff(M).

1. This action defines a linear map ρ∗ : g→ Vect(M).

2. ρ∗[x, y] = [ρ∗x, ρ∗y], where the right-hand side is the commutator of vector fields.

Example 13.5.2. Let GL(n,R) act on Rn. Let a ∈ gl(n,R) and Φt
a = eta. Then for x⃗ ∈ Rn,

d

dt

∣∣∣∣
t=0

Φt
af(x⃗) =

d

dt

∣∣∣∣
t=0

f(e−tax⃗) =
d

dt

∣∣∣∣
t=0

f(x⃗− tax⃗+ . . . ) = −
∑
i,j

ai,jxj∂xif(x⃗).

Check as an exercise that ρ∗ maps a 7→ −ai,jxj∂xi for matrices, which matches the above.



Lecture 14

Oct. 8 — Stabilizers and Center

14.1 Stabilizers

Proposition 14.1. Consider the left action of G on itself: Lgh = gh. Then for all x ∈ g = Lie(G),
there is a corresponding vector field ξ = L∗x ∈ Vect(G) which is right-invariant and satisfies ξ(1) = x.

Proof. The curve exp(tx) lies in G and

L∗x(h) =
d

dt

∣∣∣∣
t=0

(exp(tx)h) = xh,

which is a right-invariant vector field.

Corollary 14.0.1. g = Lie(G) is isomorphic to the Lie algebra of right-invariant vector fields.

Theorem 14.1. Let G be a (real or complex) Lie group acting on a manifold M by ρ. Then

1. Gm = {g ∈ G : gm = m} is a closed Lie subgroup with Lie algebra h = {x ∈ g : ρ∗(x)(m) = 0},
where ρ∗(x) is the vector field (generator) corresponding to x.

2. The map G/Gm →M is an immersion. In particular, Om is an immersed submanifold.

Proof. (1) We have to show that there is some neighborhood U around 1 in G such that U ∩Gm is a
submanifold with tangent space T1Gm = h. Note the following:

(i) h is closed under the commutator (the vector field commutator)

(ii) ξ = ρ∗(x) ∈ h vanishes at m, so ρ(exp(tx))(m) = Φt
ξ(m) = m, so exp(tx) ∈ Gm.

Write g = h⊕ u as vector spaces. Then ρ∗ : g→ TmM has ker ρ∗ = h, so ρ∗|u is injective. Thus the map

u −→M

y 7−→ ρ(exp(y))(m)

is injective in some neighborhood of 0 in u by the implicit function theorem, so exp(y) ∈ Gm if and only
if y = 0. So in a small neighborhood of 1, we can write any g ∈ G as

g = exp(y) exp(x), y ∈ u, x ∈ h

by the inverse function theorem. Then we have

gm = exp(y) exp(x)m = exp(y)m,
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so g ∈ Gm if and only if g ∈ exp(h) (elements of this kind generate the submanifold).

(2) We have seen that T1(G/Gm) ∼= g/h ∼= u, so the injectivity of ρ∗ : u → TmM shows that the map
ρ : G/Gm →M is an immersion, as desired.

Corollary 14.1.1. Let f : G1 → G2 be a morphism of (real or complex) Lie groups and f∗ the induced map
of Lie algebras. Then ker f is a closed Lie subgroup with Lie algebra ker f∗, and the map G1/ker f → G2

is an immersion. If Im f is a submanifold, then we have an isomorphism Im f ∼= G1/ker f .

Proof. Let G1 act on G2 by ρ(g)h = f(g)h for g ∈ G1, h ∈ G2. The stabilizer of 1 is exactly ker f , so it
is a closed Lie subgroup by Theorem 14.1. The rest also follows from Theorem 14.1.

Corollary 14.1.2. Let V be a representation of G and v ∈ V . Then the stabilizer Gv is a closed Lie
subgroup in G with Lie algebra {x ∈ g : xv = 0}.

Example 14.0.1. Let V be a vector space over K and B a bilnear form on V . Then

O(V,B) = {g ∈ GL(V ) : B(gv, gw) = B(v, w) for all v, w ∈ V }

has Lie algebra
o(V,B) = {x ∈ gl(V ) : B(xv, w) +B(v, xw) = 0}.

We claim that O(V,B) is always a Lie group with such Lie algebra: Let G act on the space of bilinear
forms by gF (v, w) = F (g−1v, g−1w), then O(V,B) is the stabilizer of B.

Example 14.0.2. Let A be a finite-dimensional associative algebra with multiplication µ : A×A→ A,
and define

Aut(A) = {g ∈ GL(A) : µ(ga, gb) = gµ(a, b) for all a, b ∈ A}.
We claim that Aut(A) is a Lie group with Lie algebra

Der(A) = {x ∈ gl(A) : µ(xa, b) + µ(a, xb) = xµ(a, b) for all a, b ∈ A}.

Let W be the space of all linear maps A⊗ A→ A, and let GL(A) acts on W by

(gf)(a⊗ b) = gf(g−1a⊗ g−1b).

Then Aut(A) is exactly the stabilizer Gµ. The same argument shows that

Aut(g) = {g ∈ GL(g) : [ga, gb] = g[a, b] for all a, b ∈ g}

is a Lie group with Lie algebra

Der(g) = {x ∈ gl(g) : [xa, b] + [a, xb] = x[a, b] for all a, b ∈ g}.

Note that x could be adc for some c ∈ g, these are called the inner derivations.

14.2 Center

Definition 14.1. Let g be a Lie algebra. The center of g is

z(g) = {x ∈ g : [x, y] = 0 for all y ∈ g}.

Remark. The center z(g) is an ideal in g.



LECTURE 14. OCT. 8 — STABILIZERS AND CENTER 55

Theorem 14.2. Let G be a connected Lie group. Then its center Z(G) is a closed Lie subgroup with
Lie algebra z(g). If G is not connected, then Z(G) is still a closed Lie subgroup, however its Lie algebra
is smaller than z(g).

Proof. Let g ∈ G and x ∈ g. Note that

exp(Adg tx) = g exp(tx)g−1,

so g commutes with exp(tx) if and only if Adg x = x. For connected Lie groups, the elements exp(tx)
for all x ∈ g generate the entire group, so g ∈ Z(G) if and only if Adg x = x for all x ∈ g. Thus we have
Z(G) = kerAd for the adjoint action Ad : G→ GL(g).

Example 14.1.1. O(2) and SO(2) have the same Lie algebra, but O(2) has center {±I}.

Remark. Call G/Z(G) the adjoint group associated to G. Denote

AdG = G/Z(G) = Im(Ad : G→ GL(g)) and ad g = g/z(g) = Im(ad : g→ gl(g)).

Example 14.1.2. Consider SL(2,R). Then Ad(SL(2,R)) = SL(2,R)/{±I} = PSL(2,R).

14.3 The Baker-Campbell-Hausdorff Formula

Theorem 14.3. Let x, y ∈ g such that [x, y] = 0. Then

exp(x) exp(y) = exp(x+ y) = exp(y) exp(x).

Proof. Let ξ, η be the right-invariant vector fields corresponding to x, y, and Φt
ξ,Φ

t
η the corresponding

time flows. Then the formula
Φt
ξΦ

s
ηΦ

−t
ξ Φ−s

η = ts[ξ, η] + · · ·
implies that [ξ, η] = 0 since this is an isomorphism of Lie algebras. Now observe that

(Φs
ξ)∗

d

dt

∣∣∣∣
t=0

(Φt
η)∗η = 0,

so d
dt
(Φt

η)∗η = 0, which implies that (Φt
η)∗η = η since the flow of ξ preserves η. Then

Φt
ξΦ

s
ηΦ

−t
ξ = Φs

η,

and applying this to 1 gives exp(tx) exp(sy) exp(−tx) = exp(sy).

Theorem 14.4 (Baker-Campbell-Hausdorff formula). For small enough x, y ∈ g, we have

exp(x) exp(y) exp(µ(x, y)),

where µ is given by

µ(x, y) = x+ y +
∑
n≥2

µ(x, y) = x+ y +
1

2
[x, y] +

1

12
([x, [x, y]] + [y, [y, x]]) + · · · .

In the above, the µn are degree-n commutators of x and y.



Lecture 15

Oct. 13 — Fundamental Theorems of Lie
Theory

15.1 Fundamental Theorems of Lie Theory

Remark. We know the following about Lie theory so far:

1. Every (real or complex) Lie group G defines a Lie algebra g = Lie(G), and every morphism
φ : G1 → G2 gives a morphism φ∗ : g1 → g2. The map Hom(G1, G2)→ Hom(g1, g2) is injective.

2. Every Lie subgroup H ⊆ G defines a Lie subalgebra h ⊆ g.

3. The group law can be recovered from [·, ·] on g.

Now we want to understand the following:

1. Given a morphism Lie(G1) = g1 → g2 = Lie(G2), can we lift it to a morphism G1 → G2?

We will see that the answer is no in general.

2. Given a Lie subalgebra h ⊆ g, does there always exist a subgroup H such that h = Lie(H)?

We will see that the answer is yes.

3. Can every finite-dimensional Lie algebra be obtained as the Lie algebra of a Lie group?

Example 15.0.1. Let G = S1 = R/Z and G2 = R. Then g1 = g2 = R. Consider the identity map

Id : g1 → g2.

If this lifted to a morphism G1 → G2, then we must have θ 7→ θ. But f(Z) = 0, so this is impossible.
Thus morphisms g1 → g2 cannot always be lifted to morphisms G1 → G2 in general.

Theorem 15.1. For any (real or complex) Lie group G, there is a bijection between connected Lie
subgroups H ⊆ G and Lie subalgebras h ⊆ g given by H 7→ h = Lie(H) = T1H.

Theorem 15.2. If G1, G2 are Lie groups and G1 is simply connected, then

Hom(g1, g2) = Hom(G1, G2),

where gi = Lie(Gi) for i = 1, 2.

Theorem 15.3. Any finite-dimensional (real or complex) Lie algebra is isomorphic to the Lie algebra of
a (real or complex) Lie group.
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Corollary 15.3.1. For any (real or complex) finite-dimensional Lie algebra g, there exists a unique
(up to isomorphism) connected and simply connected (real or complex) Lie group G with Lie(G) = g.
Any other connected Lie group G′ with Lie algebra g must be of the form G/Z ′ for some discrete central
subgroup Z ′ ⊆ Z ⊆ G.

Proof. We sketch the proof. Theorem 15.3 says that there is a Lie group G̃ with Lie(G̃) = g. Take a
neighborhood of the identity, and construct the universal cover to get G. Then for any other G′, there is
a covering map G→ G′. One can check that the deck transformations are a normal subgroup and that
they form a subgroup of the center Z. Then we may take Z ′ = π1(G

′).

Corollary 15.3.2. The categories of simply connected finite-dimensional Lie groups and Lie algebras
are equivalent.

15.2 Complex and Real Forms

Definition 15.1. Let g be a real Lie algebra. Its complexification is

gC = g⊗R C = g⊕ ig,

where the commutator extends naturally from g to gC.

Example 15.1.1. Consider the following:

1. For g = sl(n,R), gC = sl(n,C).

2. For g = u(n) (the skew-Hermitian matrices), gC = gl(n,C) as ig are the Hermitian matrices.

Definition 15.2. Let G be a connected complex Lie group and g = Lie(G). If K ⊆ G be a closed real
Lie subgroup such that k = Lie(K) is a real form of g (meaning that kC = g), then K is called a real
form of G.

Remark. It can be shown that if g = Lie(G) where G is simply connected and complex, then for any
form k ⊆ g, one can obtain a real form K ⊆ G with Lie(K) = k.

It is not true that one can represent any real Lie group as a subgroup of some complex Lie group, an
example is the universal cover of SL(2,R).

Example 15.2.1. We will study so(3,R), su(2), and sl(2,C). Recall that so(3,R) has a basis

Jx =

0 0 0
0 0 −1
0 1 0

 , Jy =

 0 0 1
0 0 0
−1 0 0

 , Jz =

0 −1 0
1 0 0
0 0 0


with commutator relations [J{x, Jy] = Jz} (the brackets mean that x, y, z can be replaced with any cyclic
permutations). A basis of su(2) is given by the Pauli matrices times i:

iσ1 =

(
0 i
i 0

)
, iσ2 =

(
0 1
−1 0

)
, iσ3 =

(
i 0
0 −i

)
with commutator relations [iσ{1, iσ2] = −2iσ3}. Note that there is an isomorphism su(2) ∼= so(3,R) by
iσ1 7→ −2Jx, iσ2 7→ −2Jy, iσ3 7→ −2Jz. A basis for sl(2,C) is given by

e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
, h =

(
1 0
0 −1

)
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with commutation relations [h, e] = 2e, [h, f ] = −2f , [e, f ] = h. One can check as an exercise that

(su(2))C ∼= (so(3,R))C ∼= so(3,C) ∼= sl(2,C).

The h element will play a similar role to the Jucys-Murphy’s elements in representation theory.

15.3 Representations of Lie Groups and Lie Algebras

Definition 15.3. Recall the definition of a representation:

1. A representation of a Lie group G is a vector space V with a morphism of Lie groups

ρ : G→ GL(V ).

2. A representation of of a Lie algebra is a vector space V with a morphism of Lie algebras

ρ : g→ gl(V ).

A morphism between two representations V,W of G is a map f : V → W such that

fρ(g) = ρ(g)f.

Similarly one defines morphisms between representations of Lie algebras. Denote the set of morphisms
of representations by HomG(V,W ) and Homg(V,W ), these are also known as intertwining operators.

Theorem 15.4. Let G be a (real or complex) Lie group and g = Lie(G). Then

1. Every representation ρ : G→ GL(V ) defines a representation ρ∗ : g→ gl(V ), and every morphism
of representations of G is a morphism of representations of g.

2. If G is simply-connected and connected, then ρ 7→ ρ∗ gives an equivalence of the categories of
representations of G and representations of g. In particular, every representation of g can be lifted
to a representation of G.

Remark. Note the following:

1. The representations of su(2) is the same set as the representations of SU(2) (since SU(2) ∼= S3 is
simply-connected).

2. For G simply-connected, Theorem 15.4 can be used to describe representations of G̃ = G/Z̃ for

Z̃ ⊆ Z (where Z is the center of G). These are the representations of G such that ρ(Z̃) = Id.

Lemma 15.1. Let g be a real Lie algebra and gC its complexification. Then any complex representation
of g has a unique structure of a representation of gC. Moreover,

Homg(V,W ) = HomgC(V,W ).

In particular, the categories of complex representations of g and gC are equivalent.

Proof. Let ρ : g→ gl(V ) be a representation. For x, y ∈ g, define ρ on x+ iy ∈ gC by

ρ(x+ iy) = ρ(x) + iρ(y).

One can check that this gives the desired representation of gC.
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Example 15.3.1. Using Lemma 15.1, we see that the categories of complex representations of SL(2,C),
sl(2,C), SU(2), su(2) are all equivalent.

Remark. We can define the following operations on representations:

1. Let W ⊆ G be a subrepresentation of G or g (meaning that W is invariant). Then we can construct
the quotient representation V/W .

2. The dual, the direct sum and the tensor product.

Lemma 15.2. Let V,W be representations of G (resp. of Lie(G) = g). There is a canonical structure
of a representation on V ∗, V ⊕W , and V ⊗W .

Proof. The direct sum is easy to define. For the tensor product, one defines

ρ(g)(v ⊗ w) = (ρ(g)v)⊗ (ρ(g)w)

for g ∈ G. If x ∈ g, then we can choose a curve γ such that d
dt

∣∣
t=0

γ(t) = x and γ(0) = 1, and define

ρ(x)(v ⊗ w) = d

dt

∣∣∣∣
t=0

(ρ(γ(t))v ⊗ ρ(γ(t))w)

= ρ(γ̇(0))v ⊗ ρ(γ(0))w + ρ(γ(0))v ⊗ ρ(γ̇(0))w
= ρ(x)v ⊗ w + v ⊗ ρ(x)w
= (ρ(x)⊗ Id + Id⊗ ρ(x))(v ⊗ w).

For the dual, let ⟨·, ·⟩ : V ⊗ V ∗ → C be the natural pairing. Then for g ∈ G, we need

⟨ρ(g)v, ρ(g)v∗⟩ = ⟨v, v∗⟩,

so we can define ρV ∗(g) = ρ(g−1)T . On the level of Lie algebras, we need

⟨ρ(x)v, v∗⟩+ ⟨v, ρ(x)v∗⟩ = 0,

so we can define ρV ∗(x) = −ρ(x)T . One can check as an exercise that these definitions work.



Lecture 16

Oct. 15 — Representations of Lie Groups

16.1 More Examples of Representations

Example 16.0.1. Let V,W be representations of G or Lie(G). Then

1. End(V ) ∼= V ⊗ V ∗ is a representation, with G-action

g : A 7→ ρV (g)AρV (g)
−1

for g ∈ G and g-action x : A 7→ ρV (x)A− AρV (x) for x ∈ g.

2. Hom(V,W ) is a representation. Write down the G- and g-actions as an exercise.

3. The space of bilinear forms is a representation with G-action gB(v, w) = B(g−1v, g−1w).

16.2 Invariants

Definition 16.1. Let V be a representation of a Lie group G. Then v ∈ V is called an invariant of the
Lie group action if ρ(g)v = v for all g ∈ G. The space of invariants is denoted by V G. For a Lie algebra
g, we say v is an invariant if ρ(x)v = 0 for all x ∈ g. Similarly, V g denotes the space of invariants.

Proposition 16.1. If G is connected, then V G = V g where g = Lie(G).

Example 16.1.1. Let V,W be representations. Then G acts on Hom(V,W ) by

g : A 7→ ρW (g)AρV (g)
−1,

and we have (Hom(V,W ))G = HomG(V,W ). In particular, V G = (Hom(C, V ))G = HomG(C, V ), where
C is the trivial representation of G.

Example 16.1.2. Let B be a bilinear form. The space of bilinear forms on V ⊗W form a representation
of G if V,W are representations of G. The invariants are those B such that B(gv, gw) = B(v, w).

Proposition 16.2. A bilinear form B is an invariant if and only if v 7→ B(v, ·) is a morphism of
representations.

16.3 Irreducible Representations

Definition 16.2. A representation V of G or g = Lie(G) is called irreducible if it has no subrepresenta-
tions except for V and {0}. Otherwise, we say that V is reducible.
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Example 16.2.1. SL(n,C) acting on Cn is irreducible.

Remark. Note that if W is a subrepresentation of V , then we have an exact sequence

0 −→ W −→ V −→ V/W −→ 0.

Do we have V = W ⊕ V/W? If this is true for every W , then V is completely reducible (see below).

Definition 16.3. A representation V is called completely reducible if V ∼=
⊕

i Vi for Vi irreducible.

Remark. In general, we can write a completely reducible representation V as

V ∼=
⊕
i

niVi,

where the ni are multiplicities, i.e. contributions of isomorphic summands.

Example 16.3.1. Let G = R with g = R. Then a representation of V is a linear map R→ End(V ), so
it is of the form t 7→ tA for any element A ∈ End(V ). On the group level this is t 7→ exp(tA). Note that
A has some Jordan normal form, so it will not split into irreducibles unless A is diagonalizable.

Remark. The following are the classic goals of representation theory:

1. For a given group G, classify all irreducible representations.

2. For a given representation V of G, if it is completely reducible, find the decomposition of V into
irreducibles.

3. For which Lie groups G are all representations completely reducible?

Lemma 16.1. Let ρ : G→ GL(V ) be a representation of a Lie group G (with corresponding Lie algebra
representation ρ∗ : g→ gl(V )). Let A : V → V be a diagonalizable intertwining operator, and let Vλ ⊆ V
be the eigenspace of A with eigenvalue λ. Then the following holds for both G and g:

1. Each Vλ is a subrepresentation.

2. As a consequence of (1), V =
⊕

λ Vλ.

Lemma 16.2. Let V be a representation of G and z ∈ Z(G) be a central element such that ρ(z) is
diagonalizable. Then V =

⊕
λ Vλ where Vλ is the eigenspace of ρ(z) with eigenvalue λ.

Example 16.3.2. Let GL(n,C) act on Cn ⊗ Cn. Then P : v ⊗ w 7→ w ⊗ v is an intertwining operator
(i.e. it commutes with the action of G). Then S2Cn and ∧2Cn are eigenspaces of P , so

Cn ⊗ Cn = S2Cn ⊕ ∧2Cn,

but we do not know at this point if these are irreducible.

Lemma 16.3 (Schur’s lemma). We have the following:

1. If V is a complex irreducible representation of G, then the space of intertwining operators if
HomG(V, V ) = C Id. In other words, any endomorphism of an irreducible representation of G is
multiplication by a scalar.

2. If V,W are non-isomorphic complex irreducible representations, then HomG(V,W ) = 0.

Example 16.3.3. Let G = GL(n,C). Then Cn is an irreducible representation of G, so every operator
commuting with GL(n,C) must be scalar. Thus Z(GL(n,C)) = {λ Id : λ ∈ C×}. Similarly, we can use
this to see that z(gl(n,C)) = {λ Id : λ ∈ C} for the Lie algebra.
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Exercise 16.1. Extend the above to all other classical Lie groups.

Corollary 16.0.1. Assume V is a completely reducible representation of a Lie group G (or Lie algebra
g). Then we have the following:

1. If V =
⊕

Vi with Vi irreducible and pairwise non-isomorphic, then any intertwining operator
Φ : V → V is of the form Φ =

⊕
i λi IdVi.

2. If V =
⊕

i niVi =
⊕

i(Cni ⊗ Vi), then any intertwining operator Φ : V → V is given by

Φ =
⊕
i

(Ai ⊗ IdVi), Ai ∈ End(Cni).

Proposition 16.3. If G is a commutative group (resp. if g is a commutative Lie algebra), then every
irreducible complex representations of G (resp. g) is 1-dimensional.

Proof. Note that ρ(g) commutes with the action of G for every g, so ρ(g) ∼ Id.

Example 16.3.4. Let G = R and g = R. Then a 1-dimensional representation of g is given by a 7→ λa
for a ∈ g. Then for b ∈ G, we have ρ(b) = exp(λb). So λ labels representations. For U(1) = S1 = R/Z
and g = R, we have ρ(a) = 1 for all a ∈ Z, so ρ(a) = exp(2πika). Here k labels the representations.

16.4 Unitary Representations

Remark. Recall that for finite groups, every representation is completely reducible.

Definition 16.4. A complex representation of a real Lie group G is called unitary if there exists an
invariant inner product (i.e. a Hermitian positive-definite bilinear form) on V , i.e.

(ρ(g)v, ρ(g)w) = (v, w).

One can make a similar definition for Lie algebras by differentiating.

Theorem 16.1. Every unitary representation is completely reducible.

Proof. We induct on dimension. Assume that V is not irreducible. Then we can write V = W ⊕W⊥ for
some nontrivial subrepresentation W . We claim W⊥ is also a subrepresentation: For w ∈ W⊥, v ∈ W ,

(gw, v) = (w, g−1v) = 0

since g−1v ∈W , so gw ∈W⊥. Thus W⊥ is a subrepresentation, and dimW, dimW⊥ < dimV .

Remark. Let G be finite. Recall that if B(V,W ) is any inner product on V , then we can define

(v, w) =
1

|G|
∑
g∈G

B(gv, gw),

which one can check is positive-definite and G-invariant. So we get that every complex representation of
a finite group is completely reducible. We can apply a similar idea to Lie groups.
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16.5 Compact Lie Groups and Haar Measure

Definition 16.5. A right Haar measure on a real Lie group G is a Borel measure dg which is invariant
under the right action of G on itself, i.e. we have∫

f(gh) dg =

∫
f(g) dg

for any integrable function f and h ∈ G. One defines a left Haar measure similarly.

Lemma 16.4. Let V be a 1-dimensional real representation of a compact Lie group G. Then for any
g ∈ G, we have |ρ(g)| = 1.

Proof. If |ρ(g)| < 1, then we have ρ(g)n → 0 as n → ∞. But ρ(G) is a compact subset of R×, so it
cannot contain a sequence converging to 0. A similar argument works for |ρ(g)| > 1.

Theorem 16.2. Let G be a real Lie group. Then

1. G is orientable. Moreover, the orientation can be chosen such that the right action of G on itself
preserves orientation.

2. If G is compact, then for a fixed choice of right-invariant orientation on G, there exists a unique
right-invariant top form ω such that ∫

G

ω = 1.

3. ω is also left-invariant if G is connected (otherwise it is left-invariant up to sign).

Proof. Choose an element in
∧n g∗ where n = dimG. It can be uniquely translated by right-invariance

to give a non-vanishing form ω̃. Then let

I =

∫
G

ω̃,

then ω = ω̃/I gives the desired ω. Now note that
∧n g∗ is a 1-dimensional representation of G via the

adjoint action. Left-invariance of ω follows from Lemma 16.4, and the sign is obtained as follows. Let
i : g 7→ g−1 be the inversion map. If ω is left-invariant, then i∗(ω) is right-invariant, and ω and i∗(ω) are
equal up to a sign: i∗ : g→ g is given by x 7→ −x, so i∗ :

∧n g∗ →
∧n g∗ is given by ω 7→ (−1)nω.

Theorem 16.3. Let G be a compact real Lie group. Then it has a canonical Borel measure dg, called
the Haar measure, which is both left and right invariant, invariant under g 7→ g−1, and satisfies∫

G

dg = 1.

Theorem 16.4. Any finite-dimensional representation of a compact Lie group is unitary and is thus
completely reducible.

Proof. Let B(v, w) be a positive-definite Hermitian inner product. Then one can check

B(v, w) =

∫
G

B(gv, gw) dg

is unitary, and thus the representation is completely reducible by Theorem 16.1.



Lecture 17

Oct. 20 — Representations of sl(2,C)

17.1 Irreducible Representations of sl(2,C)
Remark. Consider sl(2,C), SL(2,C), su(2), SU(2). Recall from last time that the categories of complex
representations of these Lie groups and Lie algebras are equivalent and completely reducible.

We will now study (finite-dimensional) irreducible representations of sl(2,C). Recall that sl(2,C) has a
basis given by

h =

(
1 0
0 −1

)
, e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
,

with relations [e, f ] = h, [h, e] = 2e, and [h, f ] = −2f .

Definition 17.1. Let V be a representation of sl(2,C). A vector v ∈ V is called a vector of weight λ
(for λ ∈ C) if it is an eigenvector for h with eigenvalue λ, i.e. hv = λv. Denote by V [λ] the subspace of
vectors with eigenvalue λ.

Lemma 17.1. eV [λ] ⊆ V [λ+ 2] and fV [λ] ⊆ V [λ− 2].

Proof. Let v ∈ V [λ]. Then hv = λ, so we have

hev = ehv + [h, e]v = ehv + 2ev = (λ+ 2)ev,

so ev ∈ V [λ+ 2]. This proves the first statement, and one can prove the second similarly.

Theorem 17.1. Every finite-dimensional representation V of sl(2,C) can be written in the form

V =
⊕
λ

V [λ].

Such a decomposition is called the weight decomposition of V .

Proof. Since every representation for sl(2,C) is completely reducible, it suffices to prove the statement
for irreps. So let V be irreducible. Let V ′ =

∑
λ V [λ] =

⊕
λ V [λ]. By Lemma 17.1, V ′ is stable under

the actions of e, f , so it is a subrepresentation of V . Since V is irreducible, V ′ = V .

Remark. Let λ be a weight of V (i.e. V [λ] ̸= 0) which is maximal in the following sense:

Reλ ≥ Reλ′ for all weights λ′ of V .

Then the corresponding eigenvector v ∈ V [λ] is called the highest weight vector, and it always exists for
finite-dimensional V .
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Lemma 17.2. Assume v ∈ V [λ] is the highest weight vector. Then

1. ev = 0.

2. vk := fkv/k! (for k ≥ 0) satisfies the following formulas:

hvk = (λ− 2k)vk, evk = (λ− k + 1)vk−1, fvk = (k + 1)vk+1.

Proof. We prove the second formula in (2), the rest is left as an exercise. We induct on k. For k = 1,

ev1 = efv = [e, f ]v + fev = hv = λv.

Now assume it is true for k, and we prove the formula for k + 1. We have

evk+1 =
1

k + 1
efvk =

1

k + 1
(hvk + fevk) =

1

k + 1
((λ− 2k)vk + (λ− k + 1)fvk−1)

=
1

k + 1
(λ− 2k + (λ− k + 1)k)vk = (λ− k)vk,

which is the corresponding formula for k + 1.

Lemma 17.3. Let λ ∈ C. Define Mλ (the Verma module) to be the infinite-dimensional vector space
with basis v0, v1, v2, . . . . Then

1. The formulas from Lemma 17.2(2) and ev0 = 0 define the structure of an infinite-dimensional
representation on Mλ.

2. If V is a finite-dimensional irreducible module of sl(2,C) which contains a nonzero highest weight
vector of highest weight λ, then V =Mλ/W , where W is some subrepresentation.

Proof. This follows from Lemma 17.2.

Theorem 17.2. We have the following:

1. For any n ∈ Z≥0, let Vn be the finite-dimensional vector space with basis v0, v1, . . . , vn. Define an
action of sl(2,C) on V by the formulas from Lemma 17.2(2), with fvn = 0 and ev0 = 0. Then Vn
is an irreducible representation.

2. For n ̸= m, the representations Vn, Vm are non-isomorphic.

3. Every finite-dimensional irrep of sl(2,C) is isomorphic to one of the Vn.

Proof. (1) Start with the Verma module Mλ for λ = n. Consider the subspace

M ′ = Span{vn+1, vn+2, . . . }.

Note that evn+1 = (n+1− (n+1))vn = 0. Then Mn/M
′ is a finite-dimensional representation with basis

v0, v1, . . . , vn, so it is isomorphic to Vn. Now we show that it is irreducible: If there is a subrepresentation
V ′ = Span{vi} where {vi} ⊆ {v0, . . . , vn}, then V ′ = Vn since otherwise V ′ is not invariant under the
action of e, f, h. Thus Vn is irreducible.

(2) This follows since Vn and Vm have different dimensions.

Remark. The actions of f and e have the following actions on the Vn (f on top, e on bottom):
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Vn Vn−1 Vn−2 · · · V1 V0

1 2

n

3

n−1

n−1

n−2

n

2 1

Note that the eigenvalues of h are n, n− 2, . . . ,−n.

For SU(2), we have Jz =
1
2
h, with eigenvalues n

2
, . . . ,−n

2
. This is called the spin in quantum mechanics.

We have seen that any representation of su(2) lifts to a representation of SU(2). A representation of
so(3,R) will lift to a representation of SO(3,R) if and only if the spin is an integer.

Theorem 17.3. Let V be any finite-dimensional complex representation of sl(2,C). Then

1. V admits a weight decomposition with respect to integer weights: V =
⊕

n∈Z V [n].

2. dimV [n] = dimV [−n], and en : V [n]→ V [−n], fn : V [−n]→ V [n] are isomorphisms.

17.2 The Universal Enveloping Algebra

Definition 17.2. Let g be a Lie algebra over some field K. The universal enveloping algebra U(g) of g
over K is the associative algebra with unit over K with generators i(x) for x ∈ g, subject to the relations

1. i(x) + i(y) = i(x+ y),

2. i(cx) = ci(x) for c ∈ K,

3. i(x)i(y)− i(y)i(x) = i([x, y]).

Remark. We will see that the map i : g→ U(g) is injective, so we will just write x instead of i(x).

Remark. Without the condition (3), this is just the tensor algebra Tg =
⊕

n≥0 g
⊗n. So we can say

U(g) = Tg/{xy − yx− [x, y]}.

Example 17.2.1. Let g be a commutative Lie algebra. Then U(g) is generated by x ∈ g subject to
conditions {xy = yx}. Thus U(g) = S(g), the symmetric algebra on g. One can view S(g) as polynomials
on the dual space g∗. From this perspective, S(g) = K[x1, . . . , xn], where x1, . . . , xn form a basis of g. In
particular, this shows that U(g) is infinite-dimensional.

Example 17.2.2. Recall that sl(2,C) is the associative algebra generated by 1, e, f, h subject to
ef − fe = h,

he− eh = 2e,

hf − fh = −2f.

Note that the product hmekf ℓ is not a matrix multiplication (we have e2 = f 2 = 0 as matrices).

Theorem 17.4. Let A be an associative algebra with unit over K, and let ρ : g→ A be a linear map
satisfying ρ(x)ρ(y)− ρ(y)ρ(x) = ρ([x, y]). Then ρ can be extended in a unique way to a morphism of
associative algebras, i.e. to a map ρ : U(g)→ A.

Corollary 17.4.1. Any representation of g (not necessarily finite-dimensional) has a canonical structure
of a U(g)-module. Conversely, every U(g)-module has a canonical structure of a g-representation.



Lecture 18

Oct. 22 — The Universal Enveloping Alge-
bra

18.1 The Universal Enveloping Algebra, Continued

Example 18.0.1. Let sl(2,C) be generated by {e, f, h}, and

C =
1

2
h2 + ef + fe.

This is known as the Casimir operator. Note that C commutes with e, f, h and hence lies in the center
of sl(2,C). We can explicitly check this for e as follows:

eC = e2f + efe+
1

2
eh2 = e(fe+ h) + (fe+ h)e+

1

2
(he− 2e)h

= efe+ fe2 +
1

2
heh+ eh+ he− eh = efe+ fe2 +

1

2
h(he− 2e) + he

= efe+ fe2 +
1

2
h2e =

(
ef + fe+

1

2
h2
)
e = Ce.

Thus ρ(C) for any representation V of sl(2,C) acts as a constant.

Proposition 18.1. We have the following:

1. The adjoint action of g on g can be extended to an action on U(g) by

adx(ab) = adx(a)b+ a adx(b) and adx a = xa− ax.

2. Let Z(U(g)) be the center of U(g). Then Z(U(g)) = (U(g))ad g.

18.2 The Poincaré-Birkhoff-Witt Theorem

Remark. Let g be a finite-dimensional Lie algebra over a field K, and let U(g) be its universal enveloping
algebra. Note that we cannot put on a grading on U(g) since if we assign deg(xi) = 1 for x1, . . . , xn a
basis of g, then deg(x1 . . . xℓ) = ℓ, but we have [xi, xj] =

∑
k c

k
ijxk.

Instead we can define a filtration. Let Uk(g) be the subspace in U(g) spanned by the products xi1 · · · xip
for p ≤ k. Then

K = U0(g) ⊆ U1(g) ⊆ · · · ⊆ U(g) =
⋃

Up(g).
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Proposition 18.2. We have the following:

1. U(g) is a filtered algebra, i.e. if x ∈ Up(g), y ∈ Uq(g), then xy ∈ Up+q(g).

2. If x ∈ Up(g), y ∈ Uq(g), then xy − yx ∈ Up+q−1(g).

3. Let x1, . . . , xn be an ordered basis in g. Then the monomials xk11 . . . xknn for
∑
ki ≤ p span Up(g).

Proof. (1) This is obvious.

(2) We use induction on p. First let p = 1. Then we have

x(y1 · · · yq)− (y1 · · · yq)x =
∑
i

y1 · · · [x, yi] · · · yq

where [x, yi] = xyi − yix. So the above expression lies in Uq(g). Now assume it is true for p. Then

x1 · · · xp+1y ≡ x1 · · · xpyxp+1 ≡ yx1 · · · xpxp+1 (mod Up+q(g)).

So the result is true for p+ 1.

(3) We again induct on p. The case p = 1 is obvious. Note that Up+1(g) is generated by xy for x ∈ g and
y ∈ Up(g). By the induction hypothesis, y can be represented as such a sum of monomials

xi(x
k1
1 · · · x

ki
i · · · xknn ) ≡ xk11 · · · x

ki+1
i · · · xknn (mod Up(g)).

This proves the claim.

Corollary 18.0.1. Each of the Up(g) are finite-dimensional.

Corollary 18.0.2. Define GrU(g) =
⊕

p Up(g)/Up−1(g). This is a graded commutative algebra.

Theorem 18.1 (Poincaré-Birkhoff-Witt). Let x1, . . . , xn be an ordered basis in g. Then the monomials
as in Proposition 18.2(3) form a basis in U(g).

Proof. We need to show linear independence. The idea is to construct a representation V so that the
operators corresponding to these monomials are linearly independent. We can take V = U(g) · 1 with

ρ(xi)xj1 · · · xjn = xixj1 · · · xjn
for i ≤ j1, . . . , jn. For i > j1, note that we have

ρ(x2)x1 = ρ(x2)(ρ(x1)) · 1 = ρ(x1)ρ(x2) · 1 + ρ([x2, x1]) · 1 = x1x2 +
∑

aixi.

We can define the general case in a similar way.

Theorem 18.2 (Poicaré-Birkhoff-Witt, alternative). GrU(g) is isomorphic to the symmetric algebra
S(g). There is a well-defined map

Sp(g) −→ Grp(g)

a1 · · · ap 7−→ a1 · · · ap mod Up−1(g).

with well-defined inverse given by

Grp(g) −→ Sp(g)

a1 . . . ap 7−→ a1 · · · ap
a1 . . . ae 7−→ 0, e < p.
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Corollary 18.2.1. The map g→ U(g) is injective.

Corollary 18.2.2. Let g1, g2 ⊆ g be subalgebras. Then g = g1 ⊗ g2 as vector space, and

U(g)⊗ U(g1) −→ U(g2)

is an isomorphism of vector spaces.

Corollary 18.2.3. U(g) has no zero divisors.

Theorem 18.3. The map S(g)→ U(g) which sends

sym(x1 · · · xp) =
1

p

∑
s∈Sp

xs(1) · · · xs(p)

is an isomorphism of g-modules (with respect to the adjoint action).

18.3 Ideals and Subalgebras

Remark. Recall that h ⊆ g is an ideal if [x, y] ∈ h for every x ∈ g, y ∈ h.

Lemma 18.1. If f : g1 → g2 is a morphism, then ker f is an ideal of g1, Im f is a subalgebra of g2, and
g1/ker f ∼= Im f .

Lemma 18.2. Let I1, I2 be ideals in g. Define

1. I1 + I2 = {x1 + x2 : x1 ∈ I1, x2 ∈ I2}.

2. [I1, I2] is the subspace spanned by [x, y] for x ∈ I1, y ∈ I2.

3. I1 ∩ I2.

Then (1)-(3) are all idals in g.

Definition 18.1. The commutant of a Lie algebra g is the ideal [g, g].

Lemma 18.3. g/[g, g] is an abelian Lie algebra. Moreover, [g, g] is the smallest ideal with the property
that g/I is an abelian Lie algebra.

Example 18.1.1. [gl(n,K), gl(n,K)] = [sl(n,K), sl(n,K)] = sl(n,K). To see this, let z = [x, y], so we
have tr z = 0. Note that Ei,i − Ej,j = [Ei,j, Ej,i], where Ei,j contains a single 1 in the (i, j) position and
0 otherwise, so 2Ei,j = [Ei,i − Ej,j, Ei,j].

18.4 Solvable and Nilpotent Lie Algebras

Definition 18.2. Let g be a Lie algebra. The derived series Dig of g is defined by

D0g = g and Di+1g = [Dig, Dig].

Remark. Each Dig is an ideal in g and Dig/Di+1g is abelian.

Proposition 18.3. The following conditions are equivalent:

1. Dng = 0 for large enough n.
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2. There exists a sequence of subalgebras g = a0 ⊇ a1 ⊇ · · · ⊇ an = {0} such that ai+1 is an ideal in
ai and the quotient ai/ai+1 is abelian.

3. For large enough n, all commutators of the form

[. . . [[x1, x2], [x3, x4]] . . . ]

(2n terms) is zero.

Proof. (1⇔ 2) This is clear.

(1⇒ 2) Take ai = Dig.

(2⇒ 1) If ai satisfies (2), then ai+1 ⊇ [ai, ai], so by induction we have (1).

Definition 18.3. A Lie algebra g is called solvable if it satisfies one of the above conditions.

Definition 18.4. Define the lower central series Dig ⊆ g by

D0g = g and Di+1g = [g, Dig].

Proposition 18.4. The following conditions are equivalent:

1. Dng = 0 for large enough n.

2. There exists a sequence of ideals such that g = a0 ⊇ a1 ⊇ · · · ⊇ an = {0} such that [y, ai] ⊆ ai+1.

3. For large enough n, all commutators of the form

[. . . [[x1, x2], x3], x4] . . . xn]

(n terms) are zero.

Definition 18.5. A Lie algebra g is called nilpotent if it satisfies one of the above conditions.

Example 18.5.1. The Lie algebra of strictly lower triangular matrices is nilpotent. The non-strictly
lower triangular matrices form a solvable Lie algebra.

Theorem 18.4. We have the following:

1. A real Lie algebra is solvable (resp. nilpotent) if and only if its complexification is solvable (resp.
nilpotent).

2. If g is solvable, then any subalgebra and any quotient are solvable. The same applies to nilpotence.

3. If g is nilpotent, then g is solvable.

4. If I ⊆ g is an ideal and both I, g/I are solvable, then g is solvable.

Proof. (4) Consider the map φ : g→ g/I, then φ(Dng) = Dng/I = 0 for n large enough. So Dng ⊆ I,
and Dn+kg ⊆ DkI, which vanishes for k large enough. So g is solvable.



Lecture 19

Oct. 27 — Semisimple Lie Algebras

19.1 Lie’s and Engel’s Theorem

Theorem 19.1 (Lie’s theorem). Let ρ : g→ gl(V ) be a complex representation of some real or complex
solvable Lie algebra. Then there exists a basis where all ρ(x) are given by upper-triangular matrices.

Proposition 19.1. Let ρ : g → gl(V ) be a complex representation of a solvable Lie algebra g. Then
there exists a vector v ∈ V which is a common eigenvector for all ρ(x) for x ∈ g.

Proof. The proof is by induction on dim g. If g is solvable, then [g, g] ̸= g. Consider the subspace g′ of
codimension 1 which contains [g, g], and write g = g′ ⊕ Cx. So g′ is an ideal.

We assume for induction that there exists a common eigenvector v ∈ V , i.e. for all ρ(h) for h ∈ g′, we
have ρ(h)v = λ(h)v. Then we can write

W = Span{v, ρ(x)v, ρ(x)2v, . . . } = {v0, v1, v2, . . . }.

We claim that W is stable under any action of h ∈ g′. To see this, write

hvk = λ(h)vk +
∑
ℓ<k

ak,ℓv
ℓ.

We prove this by induction:

hvk = hxvk−1 = xhvk−1 + [h, x]vk−1 = λ(h)xvk−1 + λ([h, x])vk−1 + . . . .

this formula holds by induction on k, so W is stable. Now assume n is the smallest integer such
that vn+1 ∈ Span{v0, v1, . . . , vn}. Therefore,v0, v1, . . . , vn form a basis of W . Therefore, ρ(h) is upper-
triangular in this basis, and moreover, tr ρ(h) = (n+ 1)λ(h). Then

trw([ρ(x), ρ(h)]) = 0,

so λ([h, x]) = 0 for all h ∈ g′. Then hvk = λ(h)vk, so we can choose the vector as an eigenvector of x.

Proof of 19.1. The proof is by induction on dimV . By Proposition 19.1, there exists a common
eigenvector v ∈ V/Cv. By the induction hypothesis, there exists a basis v3, v2, . . . of C such that the
action of g is upper-triangular. Now choose a preimage v̂i for any vi. The action of any x ∈ g in the
basis v, v̂1, v̂2, . . . will be upper-triangular.

Corollary 19.1.1. We have the following:
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1. Any irreducible complex representation of a solvable Lie algebra is 1-dimensional.

2. If a complex Lie algebra g is solvable, then there exists a sequence

0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ In = g,

where each Ik is an ideal in g and Ik+1/Ik is 1-dimensional.

3. g is solvable if and only if [g, g] is nilpotent.

Proof. If [g, g] is nilpotent, then g is solvable. Now assume g is solvable and assume g is complex.
Applying Lie’s theorem to the adjoint representation, we have

adg ⊆ b = upper-triangular matrices...,

so [adg, adg] = ad[g,g] ⊆ η, the set of strictly upper-triangular matrices. Thus

[x1, [. . . [xn−1, xn]]] = 0

for sufficiently large n, so [y, [x1, . . . [xn−1, xn]]] = 0 for sufficiently large n. So [g, g] is nilpotent.

Theorem 19.2. Let V be a finite-dimensional vector space (either real or complex) and g ⊆ gl(V ) be a
Lie subalgebra which consists of nilpotent operators. Then there exists a basis in V such that all operators
x ∈ g are strictly upper-triangular.

Theorem 19.3 (Engel’s theorem). A Lie algebra is nilpotent if and only if for every x ∈ g the operator
adx ∈ End(g) is nilpotent.

Proof. If g is nilpotent, then [x, [x, . . . , [x, y]]] = 0, so adnx y = 0. If adx is nilpotent for all x, then by the
previous theorem there exists a sequence of subspaces

0 ⊆ g1 ⊆ g2 ⊆ · · · ⊆ gn = g

such that adx gi =⊆ gi−1, so gi is an ideal in g and [g, gi] ⊆ gi−1.

19.2 Semisimple Lie Algebras

Definition 19.1. A Lie algebra is called semisimple if it contains no nonzero solvable ideals.

Remark. A semisimple Lie algebra has z(g) = 0.

Definition 19.2. A Lie algebra is called simple if it is not abelian and contains no ideals except itself
and {0}.

Lemma 19.1. Any simple Lie algebra is semisimple.

Proof. If g is simple, then it has no ideals except for g and {0}. So if g contains a nonzero solvable ideal,
then it must coincide with g. But by solvability, the ideal [g, g] ̸= g, a contradiction.

Example 19.2.1. We claim that sl(2,C) is simple. Notice that adh is diagonal in the basis {e, f, h}:

adh = diag(2,−2, 0).

So any ideal must also be stable under adh. We use the following lemma from linear algebra:
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Lemma 19.2. If A is diagonalizable with different eigenvalues Avi = λivi with λi ̸= λj for
i ̸= j, then the only subspaces invariant under A are spanned by eigenvectors.

So any ideal in sl(2,C) must be spanned by e, f, h. Assume first the ideal contains h. Since [h, e] = 2e
and [h, f ] = 2f , this ideal is sl(2,C). If it contains e, then [e, f ] = h, so this ideal is also sl(2,C). One
can check the same for f , so we see that sl(2,C) is simple.

Proposition 19.2. In any Lie algebra g, there exists a unique solvable ideal that contains any other
solvable ideal. This solvable ideal is called the radical of g and is denoted rad(g).

Proof. First we show existence. If I1, I2 are solvable, then so is I1 + I2 since we can write

(I1 + I2)/I1 = I1/(I1 ∩ I2),

so I1 + I2 contains I1 and I1/(I1 ∩ I2), which are both solvable. By induction, any sum of solvable ideals
is solvable. Thus we can take rad(g) =

∑
I. Uniqueness is clear.

Remark. We can also say g is semisimple if rad(g) = {0}.

Theorem 19.4. For any Lie algebra g, the quotient g/rad(g) is semisimple. Conversely, if b is a solvable
ideal in g such that g/b is semisimple, then b = rad(g). In particular, we have an exact sequence

0 b g gss 0

where b is solvable and gss is semisimple.

Theorem 19.5 (Levi). Any Lie algebra can be written as a direct sum g = rad(g)⊕ gss, where gss is
semisimple subalgebra (but not necessarily an ideal in g).

Example 19.2.2. Consider the semidirect product G = SO(3,R)⋉R3 given by

x⃗ 7→ Ax⃗+ b⃗,

for A ∈ SO(3,R) and b⃗ ∈ R3. Then we have g = so(3,R)⊕ R3 with the relations

[(A1, b1), (A2, b2)] = ([A1, A2], A1b2 − A2b1),

for Ai ∈ so(3,R) and b1, b2 ∈ R3.

Theorem 19.6. Let V be an irreducible complex representation of g. Then any h ∈ rad(g) acts in V by
scalar operators ρ(h) = λ(h) Id. Also, any h ∈ [g, rad(g)] acts by zero.

Proof. We have seen that there is a common eigenvector v ∈ V for all h ∈ rad(g), so ρ(h)v = λ(h)v.
This gives a map λ : rad(g) → C. Define Vλ = {w ∈ V : ρ(h)w = λ(h)w for all h ∈ rad(g)}. Using a
similar argument to before, we get that ρ(x)Vλ ⊆ Vλ for all x ∈ g, so Vλ is a subrepresentation. Since Vλ
is nonzero and V is irreducible, we have V = Vλ. The second statement is trivial.

Definition 19.3. A Lie algebra is called reductive if rad(g) = z(g). In other words, g/z(g) is semisimple,
or g = z(g)⊕ gss for some semisimple subalgebra gss ⊆ g.



Lecture 20

Oct. 29 — Semisimple Lie Algebras, Part 2

20.1 Invariant Bilinear Forms

Definition 20.1. Recall that a bilinear form B on g is invariant if

B(adx y, z) +B(y, adx z) = 0.

Lemma 20.1. Let B be an invariant bilinear form on g and I ⊆ g an ideal. Then

I⊥ = {x ∈ g : B(x, y) = 0 for all y ∈ g}

is also an ideal in g. In particular, g⊥ = kerB is an ideal.

Remark. In general, g ̸= I ⊕ I⊥ as we may have I ∩ I⊥ ̸= 0.

Example 20.1.1. Let g = gl(n,C) and B(x, y) = tr(xy). Then

tr([x, y], z) + tr(y, [x, z]) = tr(xyz − yxz + yxz − yzx) = tr([x, yz]) = 0,

so B is invariant. An even easier proof of this is tr(gyg−1gzg−1) = tr(yz) for any g ∈ GL(n,C), so B is
invariant under the adjoint action of GL(n,C), hence it is also invariant under the action by gl(n,C).

Proposition 20.1. Let V be a representation of g with ρ : g→ gl(V ), and define

BV (x, y) = trV (ρ(x)ρ(y)).

Then BV is a symmetric invariant bilinear form on g.

Theorem 20.1. Let g be a Lie algebra with a representation V such that the form BV is non-degenerate.
Then g is reductive.

Proof. We need to show that [g, rad(g)] = 0. Let x ∈ [g, rad(g)], so x acts as 0 in any irreducible
representation. Thus x ∈ kerBV for any irreducible V . Now if we have a short exact sequence

0 V1 W V2 0

then BW = BV1 +BV2 , so x ∈ kerBV for all V . Thus x = 0, since BV is non-degenerate for some V .

Theorem 20.2. All classical Lie algebras are reductive. Moreover, sl(n,K), so(n,K) (for n > 2),
su(n), sp(n,K) are semisimple; gl(n,K), u(n) have 1-dimensional center, and gl(n,K) = K Id⊕ sl(n,K),
u(n) = iR Id⊕ su(n).
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Proof. Take BV with V being the definition representation, i.e.

V =

{
Kn for all except sp(n,K),

K2n for sp(n,K).

Then we can check that:

• for gl(n,K), we have B(x, y) = tr(x, y) =
∑

i,j xi,jyj,i, which is non-degenerate;

• for sl(n,K), it follows from the gl(n,K) case and gl(n,K) = K Id⊕ sl(n,K);

• for so(n,K), we have B(x, y) =
∑
xi,jyj,i = −2

∑
i<j xi,jyi,j, which is non-degenerate;

• for u(n), we have B(x, y) = − tr(xyt) = −
∑

i<j xi,jyi,j, which is non-degenerate.

• for su(n), it follows from the result for u(n) since su(n) ⊆ u(n).

Note that the bilinear form for u(n,K) is negative-definite. The case sp(n,K) is left as an exercise.

20.2 Cartan’s Criterion

Definition 20.2. The Killing form on g is the bilinear form

K(x, y) = trg(adx ady).

Remark. Let h be a subalgebra in g. We write Kh for the Killing form with taking the trace over h:

Kh : h⊗ h −→ K
(x, y) 7−→ trEnd h(adx ady),

and Kg for the Killing form with taking the trace over g:

Kg : h⊗ h −→ K
(x, y) 7−→ trEnd g(adx ady).

Exercise 20.1. Show that if I ⊆ g is an ideal, then KI coincides with Kg : I × I → K.

Example 20.2.1. Let g = sl(2,C) with basis {e, h, f}. We have

ade =

0 −2 0
0 0 1
0 0 0

 , adh =

2 0 0
0 0 0
0 0 −2

 , adf =

 0 0 0
−1 0 0
0 2 0

 .

Then K(h, h) = 8 and K(e, f) = K(f, e) = 4.

Theorem 20.3 (Cartan’s criterion for solvability). A Lie algebra g is solvable if and only if

K([g, g], g) = 0.

Theorem 20.4 (Cartan’s criterion for semisimplicity). A Lie algebra is semisimple if and only if its
Killing form is non-degenerate.
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Theorem 20.5. Let V be a finite-dimensional vector space.

1. Any linear operator A can be uniquely written as a sum

A = As + An,

where AsAn = AnAs and As is semisimple, An is nilpotent.

2. For any linear operator A : V → V , define adA : EndV → EndV by adAB = AB −BA. Then

(adA)s = adAs,

and adAs = P (adA) for some polynomial P ∈ tC[t].1

3. Define As to be the operators with complex conjugate eigenvalues as As, i.e. Asv = λv if and only
if Asv = λv. Then adAs can be written in the form adAs = Q(adA) for some Q ∈ tC[t].

Proof of Theorem 20.3. If g is real, then g is solvable if and only if gC is solvable, and K([g, g], g) = 0 if
and only if K([gC, gC], gC) = 0. So we may assume that g is complex.

(⇒) If g is solvable, then by Lie’s theorem there exists a basis such that all adx are upper-triangular.
Then [g, g] is strictly upper-triangular, so K([g, g], g) = 0.

(⇐) We use the following lemma:

Lemma 20.2. Let V be a complex vector space and g ⊆ gl(V ) a Lie subalgebra such that for
all x ∈ [g, g] and y ∈ g, we have tr(xy) = 0. Then g is solvable.

Proof. Since x ∈ [g, g], we can write x = xs + xn by Theorem 20.5. Then

tr(xxs) =
∑

λiλi =
∑
|λi|2, (∗)

where the λi are the eigenvalues of x. Now x ∈ [g, g] implies that x =
∑

i[yi, zi], so

tr(xxs) = tr

(∑
i

[yi, zi]xs

)
= −

∑
i

tr(yi[xs, zi]) = 0,

where [xs, zi] = adxs zi = Q(adx)zi ∈ [g, g]. Thus x is nilpotent by (∗) (all of its eigenvalues
are zero), which implies [g, g] is nilpotent, so g is solvable.

Thus if K(g, [g, g]) = 0, then by the lemma ad g ⊆ gl(g) is solvable. So both z(g) and g/z(g) = ad g are
solvable, hence g is solvable.

Proof of Theorem 20.4. (⇐) If x ∈ z(g), then adx = 0, so x ∈ ker(K). Thus z(g) = 0, so g is semisimple.

(⇒) If g is semisimple, then take I = kerK. Note that I is an ideal in g, and the restriction of K to I
coincides with KI , so KI is trivial on I. Hence I is solvable, so I = 0 since g is semisimple.

20.3 Properties of Semisimple Lie Algebras

Theorem 20.6. Let g be a semisimple Lie algebra. If I ⊆ g is an ideal, then there exists an ideal I ′

such that g = I ⊕ I ′.
1Note that 0 is always an eigenvalue as adA A = 0.
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Proof. Let I⊥ be the orthogonal complement of I with respect to K, which is also an ideal. Then I ∩ I⊥
is an ideal in g with zero Killing form, so I ∩ I⊥ is solvable, which implies I ∩ I⊥ = {0}.

Corollary 20.6.1. A Lie algebra is semisimple if and only if it is a direct sum of simple Lie algebras.

Corollary 20.6.2. If g is semisimple, then [g, g] = g.

Proposition 20.2. Let g be a real Lie algebra and gC its complexification. Then g is semisimple if and
only if gC is semisimple.

Remark. Proposition 20.2 does not hold with “semisimple” replaced by “simple”: We have

so(3, 1)C = sl(2,C)⊕ sl(2,C),

but so(3, 1) is simple.



Lecture 21

Nov. 3 — Semisimple Lie Algebras, Part 3

21.1 Properties of Semisimple Lie Algebras, Continued

Proposition 21.1. Let g = g1 ⊕ · · · ⊕ gk with gi simple. Then any ideal I in g has the form

I =
⊕
i∈J

gi, J ⊆ {1, . . . , k}.

Proof. The proof is by induction on k. Let πk : g → gk, so πk(I) ⊆ gk. Since gk is simple, we either
have πk(I) = 0 or πk(I) = gk. In the first case, I ⊆ g1 ⊕ · · · ⊕ gk−1, so we are done by the induction
hypothesis. Otherwise if πk(I) = gk, we have

[gk, I] = [gk, πk(I)] = gk.

Since I is an ideal, this implies gk ⊆ I, so I = I ′ ⊕ gk with I ′ ⊆ g1 ⊕ · · · ⊕ gk−1, and again we are done
by the induction hypothesis.

Corollary 21.0.1. Any ideal in a semisimple Lie algebra is semisimple. Also, any quotient of a
semisimple Lie algebra is semisimple.

Proposition 21.2. If g is a semisimple Lie algebra and G is the connected Lie group corresponding to
g, then Der g = g and Aut(g)/AdG is discrete, where AdG = G/Z(G).

Proof. For any x ∈ g, we have an inner derivation adx. The natural morphism g → Der g is injective
since z(g) = 0. Now let δ : g→ g be a derivation, so

δ[a, b] = [δa, b] + [a, δb].

Then adδ(x) = [δ, adx] = δ adx− adx δ, where δ, adx are operators from End(g). So we can view g ⊆ Der(g)
as an ideal. Extend the Killing form to Der(g) by setting

K(δ1, δ2) = trg(δ1δ2).

Let I = g⊥ ⊆ Der(g), which is an ideal since K is invariant. The restriction of K to g is non-degenerate,
so I ∩ g = 0. Thus Der g = I ⊕ g. These are ideals, so we have [I, g] = 0. Since

adδ(x) = [δ, adx] = 0

for all δ ∈ I, we have δ(x) = 0, so I = 0.
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Example 21.0.1. Let g = u(n) and consider the trace form (x, y) = tr(xy). Note tr(xy) = − tr(xyT ), so

tr(x, x) = −
∑
i,j

|xi,j|2.

In particular, we see that the trace form is negative definite.

Theorem 21.1. Let G be a compact real Lie group and g = Lie(G) (which is reductive). Then the
Killing form of g is negative semidefinite with kerK = z(g). Moreover, the Killing form of the semisimple
part g/z(g) is negative definite. Conversely, if g is a semisimple real Lie algebra with negative definite
Killing form, then g is the Lie algebra of some compact real Lie group.

Proof. We have proved that when G is compact, any complex representation is unitary. So we have
ρ : G→ GL(V ) where ρ(G) ⊆ U(V ). Then we have ρ(g) ⊆ u(V ), so the trace form BV (x, y) is negative
semidefinite, and kerBV = ker ρ. Applying this to the complexified adjoint representation V = gC
implies that the Killing form is negative semidefinite and kerK = z(gC).

Now assume g is a real Lie algebra and K is negative definite. Let G be the connected Lie group for g,
and define B(x, y) = −K(x, y), which is positive definite and leaves Ad(G) invariant. By choosing an
appropriate basis, we can embed Ad(G) ⊆ SO(g). We know that Ad(G) is the connected component of
the identity in Aut(g), and Aut(g) ⊆ GL(g) is a closed Lie subgroup, so Ad(G) is a closed Lie subgroup
of SO(g). Thus Ad(G) is compact.

Remark. One can actually prove a stronger result: Let g be a real Lie algebra with negative definite
Killing form. Then any connected Lie group with Lie algebra g is compact. In particular, the simply-
connected one is compact.

Exercise 21.1. If g is a real Lie algebra with positive definite Killing form, then show that g = 0.

Theorem 21.2. Let g be a complex semisimple Lie algebra. Then there exists a real subalgebra k such
that k⊗ C = g and k is the Lie algebra of a compact Lie group K. This k is known as a compact form
of g, and it is unique up to conjugation. If G is a complex Lie group corresponding to g, then one can
choose K ⊆ G (known as a compact form of G).

Example 21.0.2. For g = sl(n,C), we have k = su(n).

21.2 The Casimir Element

Proposition 21.3. Let g be a Lie algebra and B a non-degenerate invariant symmetric bilinear form on
g. Let {xi}dim g

i=1 be a basis of g and {xi}dim g
i=1 the dual basis with respect to B. Then

CB =
∑
i

xix
i ∈ U(g)

does not depend on the choice of basis and is central in U(g). It is called the Casimir element determined
by B. When g is semisimple, CK is called the Casimir element of g.

Proof. Define I =
∑dim g

i=1 (xi ⊗ xi) ∈ g⊗ g. As an element of End(g), it is the identity operator. Thus I
is adg-invariant. Since the multiplication map g⊗ g→ U(g) is a morphism of representations, we get
that CB =

∑
xix

i is adg-invariant, so it is central.
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Example 21.0.3. For g = sl(2,C), we have C = 1
2
h2 + ef + fe.

Remark. For simple Lie algebras, the invariant bilinear form is unique up to a constant. In particular,
the Casimir element is unique up to a constant in this case.

To see this, let B1(x, y) and B2(x, y) be two bilinear forms on a simple Lie algebra g. Then they differ by
an operator A : g→ g which is adg-invariant. Since g is simple, Schur’s lemma implies A is a constant.

Proposition 21.4. Let V be a non-trivial irreducible representation of a semisimple Lie algebra g. Then
there exists a central element CV ∈ Z(U(g)) which acts by a non-zero constant on V and which acts by
0 on the trivial representation.

Proof. Let BV (x, y) = tr(ρV (x)ρV (y)). If BV is non-degenerate, then we can take CV = CBV
. In this

case, by Schur’s lemma we obtain the result since

tr(CV ) =
∑

tr(xix
i) = dimV,

so CV = λ Id implies that λ ̸= 0. In general, let I = kerBV ⊆ g. Then I is an ideal in g and I ≠ g
(otherwise ρ(g) ⊆ gl(V ) would be solvable, which is not possible). Thus g = I ⊕ g′ for some ideal g′

which is semisimple, so BV |g′ is non-degenerate and we can repeat the above procedure.

Remark. One can prove the following stronger result: The Casimir element defined by the Killing form
acts by a nonzero constant in any non-trivial representation.



Lecture 22

Nov. 5 — Cartan Subalgebras

22.1 Semisimple Elements

Definition 22.1. An element x ∈ g is called semisimple if ad x ∈ End(g) is a semisimple operator. An
element x ∈ g is called nilpotent if adx is nilpotent.

Theorem 22.1. If g is a semisimple complex Lie algebra, then any x ∈ g can be uniquely written as

x = xs + xn,

where xs is semisimple, xn is nilpotent, and [xs, xn] = 0. Moreover, if for some y ∈ g we have [x, y] = 0,
then [xs, y] = 0.

Proof. Uniqueness follows from uniqueness in the Jordan decomposition: If

x = xs + xn = x′s + x′n,

then (ad x)s = adxs = adx′s, so ad(xs − x′s) = 0. Thus xs = x′s since g is semisimple.

For existence, consider ad x : g→ g, which we can decompose into its Jordan blocks, i.e.

g =
⊕

gλ,

where (ad x− λ Id)n|gλ = 0 for n≫ 0. Now we use the following lemma:

Lemma 22.1. [gλ, gµ] ⊆ gλ+µ.

Proof. By the Jacobi identity, we can write

(ad x− λ Id−µ Id)[y, z] = [(ad x− λ)y, z] + [y, (ad x− µ)z]

for y ∈ gλ, z ∈ gµ. Iterating this, we get that

(ad x− λ− µ)n[y, z] =
∑
k

(
n

k

)
[(ad x− λ)ky, (ad x− µ)n−kz].

This vanishes for sufficiently large n, so we get the result.

Write ad x = (ad x)s + (ad x)n, so (ad x)s|gλ = λ. The lemma implies that (ad x)s is a derivation. Then
it must be an inner derivation, so (adx)s = adxs for some xs ∈ g.

Corollary 22.1.1. In any semisimple Lie algebra, there exists nonzero semisimple elements.
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Proof. If there are no nontrivial semisimple elements, then x = xn for every x ∈ g. Then Engel’s theorem,
g is nilpotent, contradicting semisimplicity.

Definition 22.2. A Lie subalgebra h ⊆ g is called toral if it is commutative and consists of semisimple
elements.

Theorem 22.2. Let g be a complex semisimple Lie algebra and h a toral subalgebra. Let (·, ·) be a
non-degenerate invariant bilinear form on g (e.g. the Killing form). Then

1. g =
⊕

α∈h∗ gα, where gα is a common eigenspace for all operators adh, with h ∈ h, with eigenvalue
α, i.e. we have

adh x = ⟨α, h⟩x, x ∈ gα.

In particular, h ⊆ g0.

2. [gα, gβ] ⊆ gα+β.

3. If α+ β ̸= 0, then gα, gβ are orthogonal with respect to (·, ·).

4. For every α, the form (·, ·) gives a non-degenerate pairing gα ⊗ g−α → C.

Proof. (1) This follows directly from our previous results.

(2) Let y ∈ gα and z ∈ gβ. We can write

adh[y, z] = [adh y, z] + [y, adh z] = [⟨h, α⟩y, z] + [y, ⟨h, β⟩z] = ⟨h, α+ β⟩[y, z],

which proves the claim.

(3) Let x ∈ gα and y ∈ gβ. For any h ∈ h, by the invariance of (·, ·) we have

0 = ([h, x], y) + (x, [h, y]) = (⟨h, α⟩x, y) + (x, ⟨h, β⟩y) = (⟨h, α⟩+ ⟨h, β⟩)(x, y),

which gives (x, y) = 0 since α + β ̸= 0.

Lemma 22.2. We have the following:

1. The restriction of (·, ·) to g0 is non-degenerate.

2. If x ∈ g0 with x = xs + xn, then xs, xn ∈ g0.

3. g0 is a reductive subalgebra of g.

22.2 Cartan Subalgebras

Definition 22.3. Let g be a complex semisimple Lie algebra. A Cartan subalgebra h ⊆ g is a toral
subalgebra which coincides with its centralizer C(h) = {x : [x, h] = 0 for all h ∈ h}.

Example 22.3.1. Let g = sl(n,C). Then a Cartan subalgebra is

h = {diagonal matrices with trace 0}.

If we take h ∈ h such with all eigenvalues distinct, then [x, h] = 0 implies

[h,Ei,j] = (hi − hj)Ei,j

where h = diag(h1, . . . , hn), so x is also diagonal. Thus C(h) = h.



LECTURE 22. NOV. 5 — CARTAN SUBALGEBRAS 83

Theorem 22.3. Let h ⊆ g be a maximal toral subalgebra. Then h is a Cartan subalgebra.

Proof. Let g =
⊕

gα for adh. We first show that g0 = C(h) is toral, which will imply that C(h) = h.
Note that for x ∈ g0, we have adx|g0 is nilpotent (otherwise, xs has a nonzero eigenvalue and xs ∈ g0
is a semisimple element, so adxs|g0 ̸= 0 implies xs /∈ h). By Engel’s theorem, g0 is nilpotent, so g0 is
reductive, so g0 is commutative.

Now we show that any element x ∈ g0 is semisimple. We show that xn = 0 for every x. Note that adxn
is nilpotent and g0 is commutative, so for any y ∈ g0, we have adxn ady is also nilpotent. Then

trg0(adxn ady) = 0.

Since the Killing form is 0, we must have adxn = 0, so xn = 0.

Corollary 22.3.1. For any complex semisimple Lie algebra g, there exists a Cartan subalgebra.

Definition 22.4. Define the rank of g to be rank(g) = dim h.

Example 22.4.1. rank(sl(n,C)) = n− 1.

22.3 Root Decomposition

Theorem 22.4. Let g be a semisimple Lie algebra.

1. We have the following decomposition for g (called the root decomposition):

g = h⊕
⊕
α∈R

gα,

where gα = {x : [h, x] = ⟨α, h⟩x for all x ∈ h} and R = {α ∈ h∗ \ {0} : gα ≠ {0}}. We call R a
root system of g and {gα} root subspaces.

2. [gα, gβ] ⊆ gα+β, where g0 = h.

3. If α+ β ̸= 0, then gα, gβ are orthogonal with respect to the Killing form.

4. For every α, the Killing form gives a non-degenerate pairing gα ⊗ g−α → C. In particular, the
restriction of K to h is non-degenerate.

Theorem 22.5. Let g1, . . . , gn be simple Lie algebras and g =
⊕

gi. Then

1. If hi ⊆ gi is a Cartan subalgebra of gi and Ri ⊆ h∗i is a root system, then h =
⊕

hi is a Cartan
subalgebra of g and R =

⊔
iRi is a root system of g.

2. Every Cartan subalgebra in g has a decomposition h =
⊕

hi as above.

Example 22.4.2. Let g = sl(n,C) and h = {diagonal matrices with trace 0}. Define linear functionals

ei =


h1 0 · · · 0
0 h2 · · · 0
...

...
. . .

...
0 0 · · · hn

 7−→ hi.
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Note that
∑
ei = 0. We can write h∗ = (

⊕n
i=1 Cei)/C(e1 + · · ·+ en). Then Ei,j are eigenvectors for adh

for every h ∈ h, since
[h,Ei,j] = (hi − hj)Ei,j = (ei − ej)(h)Ei,j.

Thus the root system is

R = {ei − ej : i ̸= j} ⊆
⊕n

i=1Cei
C(e1 + · · ·+ en)

,

with root subspaces gei−ej = CEi,j. The Killing form on h is given by

(h, h′) =
∑
i̸=j

(hi − hj)(h′i − h′j) = 2n
∑

hih
′
i = 2n tr(hh′).

Now we find the dual pairing on h∗: If λ =
∑
λiei ∈ h∗, µ =

∑
µiei ∈ h∗ with

∑
i λi =

∑
i µi = 0, then

(λ, µ) =
1

2n

∑
i

λiµi.

We have a natural isomorphism h→ h∗ given by (·, ·), which is defined by

(α, β) = ⟨Hα, β⟩ = (Hα, Hβ)

for α, β ∈ h∗, where Hα, Hβ ∈ h are the corresponding elements.

Lemma 22.3. Let e ∈ gα and f ∈ g−α. Then [e, f ] = (e, f)Hα.

Proof. By the invariance of (·, ·), for any h ∈ h we have

([e, f ], h) = (e, [f, h]) = −(e, [h, f ]) = ⟨f, α⟩(e, f) = (e, f)(h,Hα),

which proves the desired claim.



Lecture 23

Nov. 10 — Root Decomposition

23.1 Root Decomposition, Continued

Lemma 23.1. We have the following:

1. For α ∈ R, we have (α, α) = (Hα, Hα) ̸= 0.

2. Let e ∈ gα and f ∈ g−α such that (e, f) = 2/(α, α) and let hα = 2Hα/(α, α). Then ⟨hα, α⟩ = 2
and e, f, hα form an sl(2,C)-triple.

3. The hα defined in (2) does not depend on the choice of bilinear form.

Proof. (1) Assume (α, α) = 0, then (Hα, α) = 0. Take e ∈ gα, f ∈ g−α such that (e, f) ̸= 0, and let
h = [e, f ] = (e, f)Hα. Consider the algebra a generated by {h, e, f}. Then

[h, e] = ⟨h, α⟩e = 0

[h, f ] = −⟨h, α⟩f = 0.

Thus a is solvable, so by Lie’s theorem one can choose a basis in which adh, ade, adf are upper-triangular.
Since h = [e, f ], we get that adh is strictly upper-triangular, so adh is nilpotent. But h ∈ h, so it is also
semisimple, so we have h = 0.

(2)-(3) This follows from (1) and Lemma 22.3.

Lemma 23.2. Assume α is a root and let sl(2,C)α be the Lie subalgebra generated by {hα, e, f} (where
e ∈ gα, f ∈ g−α). Consider the space

V = Chα ⊕
⊕

k∈Z,k ̸=0

gkα ⊆ g.

Then V is an irreducible representation of sl(2,C)α (under the adjoint action).

Proof. Note that ade gkα ⊆ g(k+1)α and ade g−α ⊆ Chα, so V is naturally a representation of sl(2,C)α.
Since ⟨hα, α⟩ = 2(α, α)/(α, α), we have V [k] = 0 for odd k, V [2k] = gkα for k ̸= 0, and V [0] = Chα.
Note that V [0] is 1-dimensional, which implies that V is irreducible by weight counting.

Theorem 23.1 (Main theorem for the structure of semisimple Lie algebras). Let g be a complex
semisimple Lie algebra and h a Cartan subalgebra. Let g = h⊕

⊕
a∈R gα be the root decomposition and

(·, ·) a non-degenerate invariant bilinear form on g. Then
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1. R spans h∗ as a vector space, and {hα} span h as a vector space.

2. For every α ∈ R, the root subspace gα is 1-dimensional.

3. For any roots α, β, the number ⟨hα, β⟩ = 2(α, β)/(α, α) is an integer.

4. For α ∈ R, define reflection operators sα : h∗ → h∗ by

sα(λ) = λ− ⟨hα, λ⟩α = λ− 2(α, λ)

(α, α)
α.

Then for any α, β ∈ R, we have sα(β) ∈ R.1

5. For any root α, the only multiples of α which are also roots are 0 and ±α.

6. For roots α and β ̸= ±α, the subspace

V =
⊕
k∈Z

gβ+kα

is an irreducible representation of sl(2,C)α.

7. If α, β ∈ R such that α+ β is also a root, then [gα, gβ] = gα+β.

Proof. (1) Assume R does not generate all of ∗. Then there exists h ∈ h such that ⟨h, α⟩ = 0 for all
α ∈ R By the root decomposition, we have adh = 0. But we have zero center since g is semisimple.

(2) Let V = Chα ⊕ gα ⊕ g−α be the irreduclbe representation of sl(2,C)α, and note the subspaces of a
given weighht are one-dimensional.

(3) Let g be the representation of sl(2,C)α. For elements of gβ,

[hα, gβ]a = ⟨hα, β⟩,

so the weight ⟨hα, β⟩ = 2(α, β)/(α, α) is an integer.

(4) Assume ⟨hα, β⟩ = n ≥ 0. The elements of gβ have weight n with respect to fnα : V [h]→ V [−h]. So if
v ∈ gβ, then f

n
αv ∈ gβ−nα is also nonzero. Thus β − nα = sα(β) ∈ R. For n ≤ 0, we can apply the same

argument but using e−nα instead of fnα .

(5) Assume β = cα for some c ∈ C. Then 2c = 2(α, β)/(α, α) ∈ Z, so c ∈ Z/2. Applying the same
argument to α = (1/c)β, we get that 1/c ∈ Z/2 as well. So c ∈ {±1,±2,±1/2}. By exchanging α, β
and replacing α with −α if necessary, we get c = 1, 2. Let

V = Chα ⊕
⊕

k∈Z,k ̸=0

gkα

be the irreducible representation of sl(2,C)α. By part (2), V [2] = gα = Ceα, so adeα gα = 0. Thus the
highest weight in V is equal to 2, hence V = g−α ⊕ Chα ⊕ gα. Thus we must have c = ±1.

(6) This follows from dim gβ+kα = 1.

(7) We know [gα, gβ] ⊆ gα+β and dim gα = 1 for all α ∈ R, so it remains to show [eα, eβ] ̸= 0 if α+β ∈ R.
This follows from (6) and the fact that if v ∈ V [k] is nonzero and V [k + 2] ̸= 0, then eαv ̸= 0.

1Note that sα(α) = −α.
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Theorem 23.2. We have the following:

1. Let hR ⊆ h be the real vector space generated by hα for α ∈ R. Then

h = hR ⊕ ihR

and the restriction of the Killing form to hR is positive-definite.

2. Let h∗R ⊆ h∗ be the real vector space generated by α ∈ R. Then

h∗ = h∗R ⊕ ih∗R

and h∗R = {α ∈ h∗ : ⟨α, h⟩ ∈ R for all h ∈ hR} = (hR)
∗.

Proof. (1) We have

(hα, hβ) = trg(adhα adhβ) =
∑
γ∈R

⟨hα, γ⟩⟨hβ, γ⟩.

Since ⟨hα, γ⟩, ⟨hβ, γ⟩ ∈ Z, we get that (hα, hβ) ∈ Z. Now take h =
∑
cαhα ∈ hR. Then

⟨h, γ⟩ =
∑

cα⟨hα, γ⟩ ∈ R

for all roots γ. Finally, we can compute that

(h, h) = tr(adh adh) =
∑
γ

⟨h, γ⟩2 ≥ 0,

so the Killing form is positive. Note that it is negative definite on ihR, so h ∩ ihR = {0}. Since

dimC h = dimR hR = dimR ihR = r

we get the direct sum decomposition h = hR ⊕ ihR.

Remark. If k is a compact real form of g then k ∩ h = ihR.

Example 23.0.1. In the case g = sl(n,C), h are the traceless diagonal matrices, and k = su(n) are the
anti-Hermitian traceless diagonal matrices.

23.2 Regular Elements

Example 23.0.2. Let g = sl(n,C) and h ∈ g such that the eigenvalues {λi} of h are distinct (note that
the space of such matrices is open and dense in g). Thus adh has eigenvalues λi − λj, so

[h, x] = 0

if and only if x is diagonal in the corresponding basis. Then a Cartan algebra is the centralizer of h.

Definition 23.1. For any x ∈ g, define the nullity of x, denoted n(x), to be the multiplicity of 0 as a
generalized eigenvalue of adx.

Remark. For any x ∈ g, we have n(x) ≥ 1 since adx(x) = 0.

Definition 23.2. For a Lie algebra g, its rank is rank(g) = minx n(x). We say that an element x ∈ g is
regular if n(x) = rank(g).
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Lemma 23.3. For any finite-dimensional complex Lie algebra g, the set greg of regular elements in g is
connected, open, and dense in g.

Proposition 23.1. Let g be a complex semisimple Lie algebra and h a Cartan subalgebra. Then

1. dim h = rank(g).

2. h ∩ greg = {h ∈ h : ⟨h, α⟩ ̸= 0 for all a ∈ R} is open and dense in h.



Lecture 24

Nov. 12 — Root Systems

24.1 Abstract Root Systems

Definition 24.1. An abstract root system R ⊆ E \ {0} (where E is a Euclidean vector space, i.e. a real
vector space with inner product (·, ·)) such that

(R1) R generates E as a vector space.

(R2) For all α, β ∈ R, nα,β = 2(α, β)/(α, α) ∈ Z.

(R3) Define sα : E → E by sα(λ) = λ− 2((α, λ)/(α, α))α. Then for all α, β ∈ R, sα(β) ∈ R.

The number r = dimE is called the rank of R.

(R4) If additionally α, cα being roots implies c = ±1, then R is called a reduced root system.

Remark. Note that (R2) and (R3) have geometric meaning: For (R3), if we define

Lα = {λ ∈ E : (α, λ) = 0},

then sα is the reflection across this hyperplane, i.e. sα(λ) = λ if (α, λ) = 0 and s(α) = −α. For (R2), if
pα is the projection onto the line containing α, then pα(β) = (hβ,α/2)α.

In this language, we can reformulate Theorem 23.1 as follows:

Theorem 24.1 (Structure of semisimple Lie algebras). Let g be a complex semisimple Lie algebra with
root decomposition. Then the set of roots R ⊆ h∗ \ {0} is a reduced root system.

Definition 24.2. For α ∈ R, define the coroot α∨ ∈ E by

⟨α∨, λ⟩ = 2(α, λ)

(α, α)
.

Remark. For a semisimple Lie algebra, we have α∨ = hα ∈ h, and

⟨α∨, α⟩ = 2, nα,β = ⟨α, β∨⟩, sα(λ) = λ− ⟨λ, α∨⟩α.

Example 24.2.1. Let ei be the standard basis vectors of Rn, so (ei, ej = δij), and let

E =

{
(λ1, . . . , λn) ∈ Rn :

n∑
i=1

λi = 0

}
.
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Define R = {ei − ej : 1 ≤ i, j ≤ n, i ≠ j}. Then we claim that R is a reduced root system. Note that if
we let α = ei − ej, then one can check that we have

sei−ej(. . . , λi, . . . , λj, . . . ) = (. . . , λj, . . . , λi, . . . ).

Also check the remaining properties as an exercise. The R defined above is a root system for sl(n,C),
and it is of rank n− 1. It is denoted as a root system of type An−1.

Definition 24.3. Let R1 ⊆ E1, R2 ⊆ E2 be two root systems. An isomorphism φ : R1 → R2 is a vector
space isomorphism E1 → E2 such that φ(R1) = R2 and

nφ(α),φ(β) = nα,β, α, β ∈ R1.

Note that the last condition is automatically satisfied if φ preserves the inner product.

Definition 24.4. The Weyl group W of a root system is the subgroup of GL(E) generated by the
reflections {sα : α ∈ R}.

Lemma 24.1. We have the following:

1. The Weyl group is a finite subgroup of O(E) and the root system is invariant under W .

2. sw(α) = wsαw
−1 for any w ∈W , α ∈ R.

Proof. (1) Any reflection is an orthogonal transformation. We also have w(R) = R for any w ∈W , so R
finite implies that W ⊆ Aut(R) is finite.

(2) On the hyperplane wLα = Lw(α), we have

wsαw
−1wLα = Lw(α)

since wsαw
−1 acts as the identity on this hyperplane. Also,

wsαw
−1w(α) = wsα(α) = −w(α),

so we get that wsαw
−1 = sw(α).

Example 24.4.1. Let R be a root system of type An−1. Then W = Sn. For root systems of type A1,
we have W = Z/2Z = S2 = {1, s}, where s : α 7→ −α.

24.2 Reduced Root Systems of Rank 2

Proposition 24.1. Consider roots α, β with α ≠ cβ. Assume |α| ≥ |β|, where |α| =
√

(α, α). Let φ be
the angle between α and β. Then we can only have the following possibilities:

1. φ = π/2 (i.e. α, β are orthogonal) with nα,β = nβ,α = 0.

2a. φ = 2π/3 with |α| = |β| and nα,β = nβ,α = −1.

2b. φ = π/3 with |α| = |β| and nα,β = nβ,α = 1.

3a. φ = 3π/4 with |α| =
√
2|β| and nα,β = −2, nβ,α = −1.

3b. φ = π/4 with |α| =
√
2|β| and nα,β = 2, nβ,α = 1.
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4a. φ = 5π/6 with |α| =
√
3|β| and nα,β = −3, nβ,α = −1.

4b. φ = π/6 with |α| =
√
3|β| and nα,β = 3, nβ,α = 1.

Proof. We can write (α, β) = |α||β| cosφ, then nα,β = 2(|α|/|β|) cosφ, so

nα,βnβ,α = 4 cos2 φ ∈ Z.

Thus we must have nα,βnβ,α = 0, 1, 2, 3. The length statement follows from nα,β/nβ,α = |α|2/|β|2.

Example 24.4.2. Let A1 ∪A1 be two perpendicular line segments (one vertical and one horizontal), A2

be the diagonals of a regular hexagon, B2 be A1 ∪ A1 plus the diagonals of a square, and G2 be two
copies of A2 with scales 1 and

√
3 and angles π/6 between all segments. See Kirillov Section 7.4.

Theorem 24.2. We have the following:

1. Consider A1 ∪ A1, B2, A2, G2 as sets of vectors in R2. Then each of them is a rank 2 root system.

2. Any rank 2 reduced root system is isomorphic to one of these.

Proof. Left as an exercise.

Lemma 24.2. Let α, β ∈ R such that α ̸= cβ and (α, β) < 0. Then α + β ∈ R.

Proof. It is enough to check this for rank 2, which can be done directly using the pictures.

24.3 Positive and Simple Roots

Remark. Let t ∈ E such that (t, α) ̸= 0 for all α ∈ R (such elements are called regular). Then

R = R+ ⊔R−,

where R+ = {α ∈ R : (α, t) > 0} is the set of positive roots and R− = {α ∈ R : (α, t) < 0} is the set of
negative roots (note that R+, R− depend on the choice of t). This decomposition is called a polarization
of R. Assume from now on that we have a fixed polarization of R.

Definition 24.5. A root α ∈ R+ is called simple if it cannot be written as a sum of two positive roots.
Denote the set of simple roots by Π.

Lemma 24.3. Any positive root can be written as a sum of simple roots.

Proof. If a root α is not simple, then we can write α = α′ + α′′ with

(α′, t) < (α, t) and (α′′, t) < (α, t).

If α′ or α′′ is not simple, then we can iterate this process. Since (α, t) can only take finitely many values,
this process will eventually terminate.

Example 24.5.1. Consider the root system A2 with α1 pointing right and α2 pointing 60◦ counterclock-
wise from α1. The α1 + α2 lies between them, and we can choose a regular element t to point between
α1 + α2 and α1, closer to α1 + α2. Then α1, α2 are simple roots.
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Lemma 24.4. If α, β ∈ R+ are simple and α ̸= β, then (α, β) ≤ 0.

Proof. Assume (α, β) > 0. Apply Lemma 24.2 to −α, β to get that β′ = β − α ∈ R. If β′ ∈ R−, then
−β′ ∈ R+, so α = −β′ + β cannot be simple. Contradiction.

Theorem 24.3. Let R = R+ ∪R− ⊆ E be a root system. Then the simple roots form a basis of E.

Proof. We have already seen that span(Π) = R. The result then follows from:

Lemma 24.5. If v1, . . . , vk is a collection of nonzero vectors in a Euclidean space E such that
for (vi, vj) ≤ 0 for i ̸= j and (vi, t) > 0 for some t, then v1, . . . , vk are linearly independent.

This is an exercise in linear algebra.

Corollary 24.3.1. For any α ∈ R+, we can write it as a linear combination of simple roots such that

α =
r∑
i=1

niαi, ni ≥ 0,

where r is the rank of the root system. A similar statement holds for R− with ni ≤ 0.

Definition 24.6. For a root α =
∑
niαi ∈ R+, define its height to be ht(α) =

∑r
i=1 ni.

Remark. We have ht(αi) = 1 for a simple root αi.

Example 24.6.1. Let R be of An−1 type. Then

R+ = {ei − ej : i < j} and R− = {ei − ej : i > j}.

The simple roots are α1 = e1 − e2, α2 = e2 − e3, . . . , αn−1 = en−1 − en.



Lecture 25

Nov. 17 — Weyl Chambers

25.1 Weyl Chambers

Definition 25.1. Recall that the Weyl group W is generated the reflections sα across the hyperplane
Lα (i.e. α⊥). A Weyl chambers C is a connected component of E \

⋃
α∈R Lα.

Remark. There is a one-to-one correspondence between R+ (the set of positive roots), Π (the set of
simple roots), and Weyl chambers: Given a Weyl chamber C+, we can define a set of positive roots

R+ = {α ∈ R : (α, t) > 0 for all t ∈ C+}.

Conversely, given a set R+ of positive roots, we can define a Weyl chamber

C+ = {t ∈ E : (α, t) > 0 for all α ∈ R+} = {t ∈ E : (α, t) > 0 for all α ∈ Π}.

Proposition 25.1. Let C be a Weyl chamber. Then

1. C is an unbounded convex cone.

2. C \C is a union of codimension 1 faces. These faces Fi ⊆ Lα are called the walls of C, and α ∈ Π.

Theorem 25.1. The action of the Weyl group W on the Weyl chambers {C} is transitive, i.e. if C,C ′

are Weyl chambers, there there exists w ∈W such that w(C) = C ′.

Proof. Call a Weyl chamber C1 adjacent to C2 if they have a codimension 1 face in common. Then:

1. Any two Weyl chambers C,C ′ are connected by a chain of adjacent Weyl chambers.

2. If C1 is adjacent to C2 via the common codimension 1 face ⊆ Lα, then C1 = sα(C2).

(One can pick a line going through C,C ′ not going through the origin, then the Weyl chambers which
this line intersects form a chain which connects C and C ′.) So let

C = C0, C1, . . . , Ck = C ′

be the chain of adjacent Weyl chambers from C to C ′. Let Lαi
be the codimension 1 face between Ci−1

and Ci and sαi
the corresponding reflection. Then w = sαk

◦ · · · ◦ sα2 ◦ sα1 takes C to C ′.

Corollary 25.1.1. Let Π,Π′ be two families of simple roots. Then there exists w ∈W with w(Π) = Π′.

Theorem 25.2. Let R,R+,Π = {α1, . . . , αr} be fixed, and let s1, . . . , sr be the reflections corresponding
to α1, . . . , αr. Then
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1. s1, . . . , sr generates W .

2. W (Π) = R.

Proof. (2) Fix a set Π of simple roots, and let α ∈ R. Choose a Weyl chamber with a face ⊆ Lα. Let C+

be the Weyl chamber corresponding to Π, then there exists w ∈W such that w(C+) = Cα, so α ∈ w(Π).

(1) We claim that for any s = sα ∈ W , there exist si1 , . . . , siℓ ∈ {s1, . . . , sr} such that si1 ◦ · · · ◦ siℓ = s.
Let C = s(C+), then we want

(si1 ◦ · · · ◦ siℓ)(C+) = C.

We induct on the length of this chain. Suppose Lα = sβLγ and assume that sα, sβ are both products of
simple reflections. Let Ci be the chamber bounded by Lα and Lβ, and let Ci+1 be the chamber bounded
by Lβ and Lγ. Then we can write

sγ = sβ ◦ sα ◦ sβ
since α = sβ(γ). Thus sγ is also a product of simple reflections. So we have chains Ci+1 → C+, Lγ → Li,
and γ → αi, which proves the inductive step.

Corollary 25.2.1. ⟨s1, . . . , sr⟩Π = R.

Definition 25.2. Let w ∈W . Define the length

ℓ(w) = number of hyperplanes separating C+ and w(C+)

= number of roots α ∈ R+ with w(α) ∈ R−.

Theorem 25.3. For w ∈ W , write w = si1 ◦ · · · ◦ siℓ such that ℓ is minimal. Then ℓ = ℓ(w).

Proof. Let C0 = C+ and Ck = (si1 ◦ · · · ◦ sik)(C+). Let βk = (si1 ◦ · · · ◦ sik−1
)(αik). Then

Ck = sαik
(Ck−1)

since Ck = (si1 ◦ · · · ◦ sik−1
)(sikC+), βk = (si1 ◦ · · · ◦ sik−1

)(αik), and Ck−1 = (si1 ◦ · · · ◦ sik−1
)(C+). This

proves that ℓ(w) ≤ ℓ. On the other hand, we have βk ̸= ±βj, since otherwise for j > k,

αik = ±(si1 ◦ · · · ◦ sij−1
)(αij),

so sik = (si1 ◦ · · · ◦ sij−1
) ◦ sij ◦ (si1 ◦ · · · ◦ sij−1

)−1 = sik ◦ · · · ◦ sij−1
◦ sij ◦ sij−1

◦ · · · ◦ sik , so

w = si1 ◦ · · · ◦ sik−1
◦ sik ◦ · · · ◦ sij−1

◦ (sij ◦ · · · ◦ sik+1
) ◦ (sik+1

◦ · · · ◦ sij) ◦ · · · ◦ siℓ .

The parts in parentheses can be canceled, contradicting the minimality of ℓ. So ℓ(w) ≥ ℓ.

Corollary 25.3.1. If w(C+) = C+, then w = 1.

25.2 Root Lattices

Definition 25.3. Define the following lattices (note that these are in fact all lattices):

1. The root lattice (⊆ E) is the abelian group generated by the roots.

2. The coroot lattice (⊆ E∗) is the abelian group generated by the coroots.

3. The weight lattice is {λ ∈ E : (λ, α) ∈ Z} ⊆ E.



Lecture 26

Nov. 19 — Classification of Semisimple Lie
Algebras

26.1 Kirillov Exercise 6.4

Exercise 26.1 (Kirillov Exercise 6.4, updated). Let h ⊆ so(4,C) be the subalgebra
0 a 0 0
−a 0 0 0
0 0 0 b
0 0 −b 0

 .

Show that it is a Cartan subalgebra and find the root decomposition.

26.2 More on Simple Root Systems

Remark. So far, we have written
R = R+ ⊔R−

and Π = {α1, . . . , αr} ⊆ R+, where we can recover the above decomposition from Π. Moreover, all
systems of simple roots are related to each other by the action of W .

Definition 26.1. A root system is called reducible if it can be presented as R = R1⊔R2, where R1 ⊥ R2

(with respect to the Euclidean inner product on E). Otherwise, it it called irreducible.

Example 26.1.1. The root system A1 ∪ A1 is reducible.

Lemma 26.1. Let R be a reduced root system with a fixed polarization. Let Π be the corresponding
simple roots. Then:

1. If R is reducible with R = R1 ⊔R2, then Π = Π1 ⊔ Π2, where Πi = Π ∩Ri for i = 1, 2.

2. If Π = Π1 ⊔ Π2 with Π1 ⊥ Π2, then R = R1 ⊔R2 with R1 ⊥ R2.

Proof. (1) This is obvious.

(2) If α ∈ Π1 and β ∈ Π2, then sα(β) = β. So W =W1 ×W2, and

R = W (Π1 ⊔ Π2) = W1Π1 ⊔W2Π2,

so we can take R1 = W1Π1 and R2 = W2Π2.
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Definition 26.2. A Cartan matrix of a simple root system Π ⊆ R is the r × r matrix A = {ai,j}ri,j=1,
where r is the rank and

ai,j = nαj ,αi
= ⟨α∨

i , αj⟩ =
2(αi, αj)

(αi, αi)
.

Lemma 26.2. We have the following:

1. ai,i = 2 for all i.

2. For i ̸= j, ai,j is a non-positive integer.

3. For all i ̸= j, ai,jaj,i = 4 cos2 φ, where φ is the angle between αi, αj. If φ ̸= π/2, then

|αi|2

|αj|2
=
aj,i
ai,j

.

Example 26.2.1. For An with basis {e1, . . . , en} and α1 = e1 − e2, . . . , αn−1 = en−1 − en, we have

A =


2 −1 0 · · · 0
−1 2 −1 · · · 0
0 −1 2 · · · 0
...

...
...

. . . −1
0 0 0 −1 2



26.3 Dynkin Diagrams

Definition 26.3. Let Π be a set of simple roots of R. A Dynkin diagram for Π is a graph defined by:

1. For each simple root αi, we construct a vertex vi of the diagram.

2. For all αi ̸= αj, we connect them with n edges as follows:

(i) φ = π/2: n = 0 (not connected),

(ii) φ = 2π/3: n = 1 (A2 system),

(iii) φ = 3π/4: n = 2 (B2 system),

(iv) φ = 5π/6: n = 3 (G2 system).

3. For any pair of distinct simple roots αi ̸= αj with |αi| ≠ |αj|, we oriented the corresponding
multiple edge by putting the arrow pointing in the direction of the shorter root.

Theorem 26.1. Let Π ⊆ R be a set of simple roots and assumed that R is reduced. Then:

1. The Dynkin diagram of R is connected if and only if R is irreducible.

2. The Dynkin diagram determines the Cartan matrix.

3. R is determined by its Dynkin diagram up to isomorphism.

Theorem 26.2. Let R be reduced and irreducible. Then its Dynkin diagram corresponds to one of the
following types:

1. An: (corresponding to sl(n+ 1)),
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2. Bn (n ≥ 2): (corresponding to so(2n+ 1)),

3. Cn (n ≥ 2): (corresponding to sp(n)),

4. Dn (n ≥ 4): (corresponding to so(2n)),

5. E6: ,

6. E7: ,

7. E8: ,

8. F4: ,

9. G2: .

Remark. Recall that sl(2,C) ∼= so(3,C) ∼= sp(1,C), so

A1 = B1 = C1.

Similarly, we have so(4,C) ∼= sl(2,C)⊕ sl(2,C), so

D2 = A1 ∪ A1.

Finally, so(6,C) ∼= sl(4,C), so we have
D3 = A3.

Remark. The cases A,D,E are called simply laced.

Corollary 26.2.1. If R is a reduced root system, then (α, α) can take at most two different values.
Moreover, m = max(α, α)/min(α, α) is the maximal multiplicity of an edge in the Dynkin diagram. (so
m = 1 for A,D,E, m = 2 for B,C, F , and m = 3 for G).

Remark. We call the α with larger (α, α) the long roots, and the α with smaller (α, α) the short roots.

26.4 Classification of Semisimple Lie Algebras

Theorem 26.3. Let g be a complex semismple Lie algebra with root system R ⊆ h∗, and let (·, ·) be a
nondegenerate bilinear form on g. Fix a polarization R = R+ ⊔R− and let Π = {α1, . . . , αr} be a simple
root system. Then

1. Define subalgebras n± =
⊕

α∈R±
gα in g. Then g = n− ⊕ h⊕ n+ (as vector spaces).

2. Let ei ∈ gαi
, fi ∈ g−αi

, and hi = hαi
, and normalize ei, fi so that

(ei, fi) =
2

(αi, αi)
.

Then e1, . . . , er generate n+, f1, . . . , fr generate n−, and h1, . . . , hr is a basis of h.

3. (Serre relations) The elements {ei, hi, fi}ri=1 satisfy the following relations:

[hi, hj] = 0, [ei, fj] = δi,jhi, [hi, ej] = ai,jej, [hi, fj] = −ai,jfj,
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where the ai,j are the entries of the Cartan matrix. Moreover,

ad1−ai,j
ei

(ej) = 0 and ad
1−ai,j
fi

(fj) = 0.

Proof. (1) This follows immediately from [gα, gβ] ⊆ gα+β.

(2) We use the following lemma:

Lemma 26.3. Let R be a reduced root system and R = R+⊔R− with simple roots {α1, . . . , αr}.
If α is a positive root which is not simple, then α = β + αi for some positive root αi.

Proof. Let (α, αi). If all of these products are non-positive, then {α, α1, . . . , αr} are linearly
independent, which is a contradiction. So let i be such that (α, αi) > 0. Then (α,−αi) < 0,
so β = α− αi is a root. Thus α = β + αi, and it is obvious that αi is positive.

The lemma then implies (2) by induction.

(3) We have already seen the commutation relations, so it remains to prove the adjoint formulas. Consider⊕
k∈Z gαj+kαi

⊆ g, which is a module for sl(2,C)i generated by ei, fi, hi. Note that adei fj = 0 for i ≠ j,
and span{fj} = g−αj

. Since fj is the highest weight vector vλ, we have

[hi, fj] = −ai,jfj,

where −ai,j = λ. Now apply fλ+1
j vλ = 0 (from the representation theory of sl(2,C)) to conclude.

Theorem 26.4. Let R be an irreducible root system with polarization R = R+⊔R− and Π = {α1, . . . , αr}.
Denote by g(R) the complex Lie algebra with generators {ei, fi, hi}ri=1 satisfying the Serre relations. Then
g is a finite-dimensional semisimple Lie algebra with root system R.

26.5 Representations of Semisimple Lie Algebras

Definition 26.4. Let λ ∈ h∗ and V a representation of g (possibly infinite-dimensional). Then v ∈ V
is said to have weight λ if hv = λ(h)v for all h ∈ h. Such vectors are called weight vectors, and the
subspace generated by all such v is denoted by V [λ], called the weight subspace. The set of weights in V
is denoted by P (V ).

Remark. Note that gαV [λ] ⊆ V [λ+ α] since [h, f ] = α(h)f .

Definition 26.5. Let V ′ ⊆ V be the span of all weight vectors, i.e. V ′ =
⊕

λ∈h∗ V [λ]. If V ′ = V , then
we say that V has weight decomposition (with respect to h ⊆ g).

Proposition 26.1. Any finite-dimensional representation V of g has weight decomposition. Moreover,
all weights of V are integral, i.e. P (V ) is a finite subset in the weight lattice P .

Proof. For every i = 1, . . . , r, we can view V as a representation for the (sl2)i-triple. Since hi acts
semisimply on V , we know V has weight decomposition such that the eigenvalues of hi are integers.
Since λ(hi) = ⟨λ, α∨

i ⟩ ∈ Z, we get that λ ∈ P , as desired.

Definition 26.6. A vector v ∈ V [λ] is called a highest weight vector of weight λ if eiv = 0 for all i (i.e.
if we have n+v = 0).



Lecture 27

Nov. 24 — Representations of Semisimple
Lie Algebras

27.1 Highest Weight Representations

Definition 27.1. A representation V of g is called a highest weight representation with highest weight
λ if it is generated by a given highest weight vector of weight λ.

Proposition 27.1. Any finite-dimensional representation V contains a nonzero highest weight vector
with some weight λ.

Corollary 27.0.1. Any irreducible finite-dimensional representation of g is a highest weight representa-
tion.

Proof. Let P (V ) be the set of weights, which is finite. Define

ρ∨ =
r∑
i=1

ω∨
i ,

where ω∨
i are the coroots defined by ⟨ω∨

i , αj⟩ = δi,j. Now pick λ such that (λ, ρ∨) is maximal. Then

(λ+ αi, ρ
∨) = (λ, ρ∨) + 1,

hence λ+ αi /∈ P (V ) by the maximality of (λ, ρ∨). Thus for every v ∈ V [λ], we have eiv = 0.

Definition 27.2. Consider the ideal Iλ ⊆ U(g) (the universal enveloping algebra) generated by h−λ(h)1
for some h ∈ h (the Cartan subalgebra), and ei for i = 1, . . . , r. Then the Verma module is

Mλ = U(g)/Iλ.

Remark. Recall that we had a decomposition g = n− ⊕ h⊕ n+, where h is the Cartan subalgebra, n+
contains the positive root spaces generated by {ei}, and n− contains the negative root spaces generated
by {fi}.

Proposition 27.2. Define a map ϕ : U(n−)→Mλ given by ϕ(x) = xvλ, where vλ is the class of 1 in
U(g)/Iλ. Then ϕ is an isomorphism of left U(n−)-modules.

Proof. By the Poincaré-Birkhoff-Witt theorem, we have an isomorphism

ξ : U(n−)⊗ U(h⊕ n+) −→ U(g)

where ξ−1(Iλ) = U(n−)⊗Kλ for Kλ =
∑

i U(h⊕ n+)(hi − λ(hi)1) +
∑

i U(h⊕ n+)ei. Thus
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Kλ = ker(λ+ : U(h⊕ n+)→ C),

where λ+(h) = λ(h) for h ∈ h and λ+(ei) = 0. Thus U(n−) = (U(n−)⊗ U(h⊕ n+))/Kλ → U(g).

Remark. Note that Mλ is an induced module U(g)⊗U(h⊕n+) Cλ, where Cλ is the 1-dimensional repre-
sentation of h⊕ n+ acting using λ+.

Corollary 27.0.2. Mλ has weight decomposition P (Mλ) = λ−R+, where

R+ =

{
r∑
i=1

kiαi : ki ∈ N

}
.

Moreover, dimMλ[λ] = 1, and each weight subspace is 1-dimensional.

Proposition 27.3 (Universal property of Mλ). If V is a representation of g and v ∈ V is a vector with

hv = λ(h)v, h ∈ h,

eiv = 0, 1 ≤ i ≤ r,

then there exists a unique homomorphism η :Mλ → V such that η(vλ) = v. If V is generated by v, then
V is a quotient of Mλ.

Proof. Left as an exercise, but consider η̃ : U(g)→ V given by η̃(x) = xv.

Remark. Every highest weight representation has a unique highest weight up to scaling.

Proposition 27.4. For every λ ∈ h∗, Mλ has a unique irreducible quotient Lλ. Moreover, Lλ is a
quotient of every highest weight module V with highest weight λ.

Proof. Consider a proper submodule Y ⊆Mλ, which cannot contain vλ. Then

P (Y ) ⊆ (λ−R+) \ {λ}.

Let Jλ be the union of such submodules Y , and define Lλ =Mλ/Jλ. If V is any other quotient, then we
have a natural map Mλ → V . Then K = ker(Mλ → V ) ⊆ Jλ, so the statement follows.

Corollary 27.0.3. The irreducible highest weight modules are classified by the highest weight λ ∈ h∗, i.e.
there is a bijection λ 7→ Lλ.

27.2 Finite-Dimensional Modules

Definition 27.3. Define the set P+ ⊆ P of dominant integral weights by

P+ =
{∑

miωi : mi ≥ 0
}
= {λ ∈ P : ⟨λ, α∨

i ⟩ ∈ Z+} .

Also define PF to be the set of weights for which Lλ is finite-dimensional.

Proposition 27.5. PF ⊆ P+.

Proof. Consider (sl2)i, then the highest weight λ ∈ V must have ⟨λ, α∨
i ⟩ non-negative and integer.
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Lemma 27.1. If λ ∈ P+, then in Lλ, we have f
λ(hi)+1
i vλ = 0.

Proof. Consider (sl2)i. Then we have

eif
λ(hi)+1
i vλ = 0,

ejf
λ(hi)+1
i vλ = 0, j ̸= i.

Then f
λ(hi)+1
i vλ is a highest weight vector generating a proper submodule, so it must be 0 in Lλ.

Lemma 27.2. Let V be a g-module with weight decomposition into finite-dimensional subspaces. If V is
a sum of (sl2)i-modules for any i = 1, . . . , r, then for every λ ∈ P and w ∈ W (the Weyl group),

dimV [λ] = dimV [w(λ)].

Proof. It is enough to show this for si ∈ W , since the simple reflections si generate W . Moreover, it is
enough to prove dimV [λ] ≤ dimV [si(λ)] since s

2
i = 1. Consider (sl2)i. If (λ, α

∨
i ) = m ≥ 0, then

fmi : V [λ]→ V [si(λ)],

which is always injective. For m < 0, repeat the same argument using emi .

Theorem 27.1. For any λ ∈ P+, Lλ is finite-dimensional. Therefore, PF = P+, so the irreducible
finite-dimensional representations of g are classified by their highest weight λ ∈ P+. Moreover, for any
µ ∈ P and w ∈ W , we have dimLλ[µ] = dimLλ[w(µ)].

Proof. Since f
λ(hi)+1
i vλ = 0, we know vλ generates an irreducible (sl2)i-module with highest weight λ(hi),

and every non-zero vector in V generates an (sl2)i-module. Then we can write Lλ as a linear combination
of a1 . . . aNVλ where ai ∈ g. By Lemma 27.2, P (Wλ) is is W -invariant. Thus for any µ ∈ P (Lλ) ∩ P+,
we can write µ = λ− β for some β ∈ R+. Then we have

⟨µ, ρ∨⟩ = ⟨λ, ρ∨⟩ − ⟨β, ρ∨⟩ ≤ ⟨λ, ρ∨⟩.

Write µ =
∑r

i=1miωi for mi ∈ Z+. Then we have∑
i

mi(ωi, ρ
∨) ≤ (λ, ρ∨).

Since ⟨ωi, ρ∨⟩ ≥ 1/2 (as ρ∨ = 1
2

∑
α∈R+

α∨), we know P (Lλ) ∩ P+ is finite. Since WP+ = P , we have

W (P (Lλ) ∩ P+) = P (Lλ)

since P (Lλ) is W -invariant. Thus it is finite-dimensional. The last statement is by W -invariance.

27.3 Weyl Character Formula

Remark. Recall that if V is a g-module, then we can consider the character χV (g) = tr|V (g) for g ∈ G
in the corresponding Lie group. Let h ⊆ g be the Cartan subalgebra, and consider χV (e

h) for h ∈ h.

If V =
⊕

µ∈P V [µ], then the character is given by

χV (e
h) =

∑
µ∈P

(dimV [µ])eµ(h).

Consider the polynomial algebra Z[P ], which sits inside the algebra of analytic functions on h. Consider
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λ 7→ eλ and define eλ(h) := eλ(h). Then for χV ∈ Z[P ], we have

χV =
∑
µ∈P

(dimV [µ])eµ.

where the above is the generating function for the dimensions of the weight subspaces.

Definition 27.4. The category O is the category of representations V of g with weight decomposition
into finite-dimensional weight spaces V =

⊕
µ∈P V [µ] such that P (V ) is contained in a union of sets

λi −R+ for a finite collection of weights λi ∈ P .

Example 27.4.1. Let V =Mλ = U(n−)vλ be the Verma module. We can write

U(n−) =
⊗
α∈R+

C[e−α]

by the Poincaré-Birkhoff-Witt theorem. Then we have∑
µ

U(n−)[µ]e
µ =

1∏
α∈R+

(1− eα)
.

Thus the character of Mλ is

χMλ
=

eλ+ρ∏
α∈R+

(eα/2 − e−α/2)
,

where ∆ =
∏

α∈R+
(eα/2 − e−α/2) is known as the Weyl denominator.

Remark. Now consider

ϵ :W 7−→ Z/2Z
ω 7−→ det(ω|h) = (−1)ℓ(ω),

where ℓ(ω) is the length of ω (note that det(si) = −1). For An−1, this is the sign of the permutation.

Definition 27.5. We say f ∈ C[P ] is anti-invariant if ω(f) = (−1)ℓ(ω)f .

Theorem 27.2 (Weyl character formula). For every λ ∈ P+, the character χλ = χLλ
is given by

χV =

∑
w∈W (−1)ℓ(w)eλ+ρ

∆
.

Corollary 27.2.1 (Weyl denominator formula). For λ = 0, we have ∆ =
∑

w∈W (−1)ℓ(w)ew(ρ).

Remark (Dimension formula). The Weyl character formula says that

χλ(e
h) =

∑
w∈W (−1)ℓ(w)e⟨w(λ+ρ),h⟩∏

α∈R+
(e⟨α,h⟩/2 − e−⟨α,h⟩/2)

.

For h = 2thρ where hρ ↔ ρ ∈ h∗, the above becomes

χλ(e
2thρ) =

∑
w∈W (−1)ℓ(w)e2t⟨w(λ+ρ),ρ⟩∏
α∈R+

(et⟨α,ρ⟩ − e−t⟨α,ρ⟩)
=

∏
α∈R+

(et⟨α,λ+ρ⟩ − e−t⟨α,λ+ρ⟩)∏
α∈R+

(et⟨α,ρ⟩ − e−t⟨α,ρ⟩)
,

where the last equality is by the Weyl denominator formula. Taking t→ 0, we get the dimension formula

dimLλ =

∏
α∈R+

⟨α, λ+ ρ⟩∏
α∈R+

⟨α, ρ⟩
.



Lecture 28

Dec. 1 — Representations of GLn(C)

28.1 More on Irreducible Representations

Proposition 28.1. Let g be a semisimple Lie algebra and λ =
∑r

i=1miωi be a dominant integral weight.
Let Tλ =

⊗
i L

⊗mi
ωi

, v =
⊗

i v
⊗mi
i , and V the subrepresentation of Tλ generated by v. Then V ∼= Lλ.

Proof. Let C =
∑

j x
2
j +

∑
α∈R+

(e−αeα + eαe−α) be the Casimir element, where xj is an orthonormal
basis of the Cartan subalgebra h ⊂ g. Since [eα, e−α] = hα, we can write

C =
∑
j

x2j + 2
∑
α∈R+

e−αeα +
∑
α∈R+

hα.

Now note the following:

Lemma 28.1. C|V = (λ, λ+2ρ) = |λ+ρ|2−|ρ|2, where ρ = 1
2

∑
α∈R+

α and V is the highest
weight representation with highest weight λ.

Write V = Lλ ⊕
⊕

µ∈(λ−Q+)∩P+
Nλ,µLµ, where Nλ,µ ∈ Z. We know

C|Lµ = (µ, µ+ 2ρ) and C|V = (λ, λ+ 2ρ).

One can check as an exercise that for every µ ∈ (λ−Q+) ∩ P+ such that µ ≠ λ, we have (µ, µ+ 2ρ) <
(λ, λ+ 2ρ). Thus we must have Nλ,µ = 0.

28.2 Representations of SLn(C)
Remark. We now consider representations of SLn(C), which are the same as the representations of
sln(C). Let λ =

∑n−1
i=1 miωi (the ωi are the fundamental weights) and Lλ the corresponding representation.

Then a Cartan subalgebra h ⊆ sln(C) is the space of Cn
0 vectors (i.e. those with zero sum of coordinates),

and h∗ ⊆ C are vectors (x1, . . . , xn) which act by (modulo) shifting by the same number. Note that
h∗ = Cn/Cdiag. Then α

∨
i = ei − ei+1, and we have (ω, ej − ej+1) = δi,j Then

ωi = (1, . . . , 1︸ ︷︷ ︸
i times

, 0, . . . , 0)

The dominant integral weight is given by λ = (m1 + · · ·+mn−1,m2 + · · ·+mn−1, . . . ,mn−1, 0). Note
that we can write λ = (λ1, . . . , λn−1, 0) where λ1 ≥ · · · ≥ 0.

Now consider the vector representation of sl(C). Let e = Ei,i+1, v1, . . . , vn be the standard basis, so that
v1 ∧ · · · ∧ vk is the highest weight vector.

103
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Remark. We have the following:

1. ∧nV ∼= C is the trivial representation;

2. V ∗ ∼= ∧n−1V and V ⊗ ∧n−1V → ∧nV ∼= C. Similarly, ∧mV ∗ ∼= ∧n−mV .

28.3 Representations of GLn(C)
Remark. To go from SLn(C) to GLn(C), we can write

GLn(C) = (C× × SLn(C))/µn,

where µn is the group of nth roots of unity. We have z 7→ (z−1, z1n) and (λ,B) ∼ (z−1λ, zB).

Thus irreducible holomorphic representations of GLn(C) is a subset of the irreducible holomorphic
representations of C× × SLn(C).

Example 28.0.1. For n = 1, we just have C×. Then e2πih = 1, where h is a generator of the Lie algebra,
and h 7→ H gives e2πiH = 1. Now consider the character χN : z 7→ zN for N ∈ Z.

If we look at C× × SLn(C), let Lλ,N = χN ⊗ Lλ. For GLn, consider Lλ and take

N = nmn +
n−1∑
i=1

λi.

Then we get
(λ1, . . . , λn) = (m1 + · · ·+mn,m2 + · · ·+mn, . . . ,mn−1 +mn,mn),

where mn is not necessarily positive. This corresponds to ∧nV , which is a nontrivial 1-dimensional
representation. Here ωn = (1, 1, . . . , 1). Let Lλ ⊆

⊗n
i=1(∧iV )⊗mi , where we interpret χ⊗k = (χ∗)⊗(−k)

for mn < 0. When we do have mn ≥ 0, the representation is called polynomial.

Remark. Every polynomial representation occurs inside V ⊗N , so we get a natural action by SN .

28.4 Schur-Weyl Duality

Remark. Consider the highest weight of a polynomial representation of |λ| =
∑

i λi, where the λi are
the eigenvalues of 1n ∈ gln(C). Then |λ| = N , so we see that

λ1, . . . , λn

is a partition with ≤ n parts. Now recall Young diagrams. We can write

V ⊗N =
⊕

λ:|λ|=N

Lλ ⊗ πλ,

where the πλ = HomGLn(C)(Lλ, V
⊗N ) are multiplicity spaces. Note that Lλ = 0 if the partition has more

than n parts. The natural action of SN on V ⊗N commutes with the GLn(C) action, so it acts on the
multiplicity spaces πλ. Let A be the image of U(gln(C)) in EndC(V

⊗N) and B the image of CSN .

Theorem 28.1 (Schur-Weyl duality). Let A and B as above.
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1. The centralizer of A is B and vice versa.

2. If λ has at most n parts, then the representation πλ of B (and therefore of SN) is irreducible, and
such representations are pairwise non-isomorphic.

3. If dimV ≥ N , then the πλ exhaust all irreducible representations of SN .

Lemma 28.2. If U is a C-vector space, then SNU is spanned by elements x⊗ · · · ⊗ x for x ∈ U .

Proof. For simplicity we assume U is finite-dimensional. Then the span of such vectors generates a
nonzero subrepresentation of the irreducible GL(U) representation SNU , so the statement follows.

Lemma 28.3. For any associative algebra R over C, the algebra SNR is generated by elements

∆N(x) = (x⊗ 1⊗ · · · ⊗ 1) + (1⊗ x⊗ 1⊗ · · · ⊗ 1) + · · ·+ (1⊗ · · · ⊗ 1⊗ x).

Proof. We can write z1 · · · zN = PN (p1, . . . , pN ) for some polynomial PN and pk =
∑

i z
k
i for k = 1, . . . , N .

Thus we have
x⊗ · · · ⊗ x = PN(∆1(x), . . . ,∆N(x)),

so the statement follows from Lemma 28.2.

Lemma 28.4 (Double centralizer theorem). Let V be a finite-dimensional vector space and A,B ⊆
End(V ) be subalgebras. Assume B is isomorphic to a direct sum of matrix algebras and A is a centralizer
of B. Then A is also isomorphic to a direct sum of matrix algebras, and

V =
n⊕
i=1

Wi ⊗ Ui,

where the Wi run through all irreducible A-modules, the Ui run through all irreducible B-modules, and
we have a natural bijection between irreducible A-modules and irreducible B-modules by Wi ↔ Ui.

Proof of Theorem 28.1. (1) Let A be the image of U(gln) in End(V ⊗N) and B the image of CSN in
End(V ⊗N). By Lemma 28.4, A is a centralizer ZB of B, so ZB = SN(End(V )). This proves part (1).

(2) Since λ has ≤ n parts, we have Lλ ⊆ V ⊗N .

(3) Since dimV ≥ N , the vectors v1, . . . , vN are linearly independent. Then CSN → V ⊗N by s 7→
s(v1 ⊗ · · · ⊗ vN) is injective, so B ∼= CSN .
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