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Lecture 1

Jan. 6 — Introduction to Dispersion

1.1 Introduction to Dispersion
Definition 1.1. An evolution equation is dispersive if when no boundary conditions are imposed (e.g.
on R™), its wave solutions spread out in space as they evolve in time.
Example 1.1.1. Two classic examples of dispersive equations are:
e The Schrddinger equation: iu; + Au = 0.
e The Airy (linearized KdV) equation: u; + Uzzy = 0.
Remark. Consider the equation u; + p(9;)u = 0, where p is a polynomial, and a plane-wave solution

u(t,x) — ei(kxfwt) _ eik(xf(w/k)t)'

Here k is the wave number or space frequency, and w is the (time) frequency. Plugging the plane-wave
solution into the equation, we obtain the relation w(k) = —ip(ik), i.e.

The above equation is known as the dispersive relation. This gives the traveling speed of the plane-wave
solution with wave number k, which is called the phase velocity.
Example 1.1.2. The following are some examples of dispersive relations:

e For the linear advection equation u; + cu, = 0 with ¢ € R, one can compute that w/k = c.

e For the Schrodinger equation u; + 1 Au = 0, we have w/k = k/2 € R.

In this case of the Schrédinger equation, plane waves with large wave number (large space frequency)
travel faster than low-frequency waves.

Remark. In general, dispersion means that different frequency plane waves travel at different speeds.

Remark. Given initial data ug, we can write using the Fourier transform that

m:/%@ﬁm&

Then we get the solution u as
u(t,z) = /ﬁo(k)eik(z(w(k)/k)t) dk.

4



LECTURE 1. JAN. 6 — INTRODUCTION TO DISPERSION 5
Example 1.1.3. In the case of the linear advection equation, we obtain the solution as
ult,z) = / o (k)™= Ik — oz — ct).
For the Schrodinger equation, we instead have the solution
u(t,z) = /ﬂo(k)eik(m_(k/m) dk.

Since different k travels at different speeds, the original profile quickly spreads out.
Exercise 1.1. Calculate the dispersive relation w/k for the linearized KdV equation w; + tz,, = 0.

Example 1.1.4. The KdV equation is given by
Ot + Oppptt + 6u0,u = 0.

This equation is used to model shallow water surfaces, and is a nonlinear dispersive equation. Russell
observed a great bump of water in a channel that traveled for a long time and kept its shape. This is
due to the nonlinear effects in the KdV equation, and these effects are called solitons.

Definition 1.2. A soliton is a self-reinforcing solitary wave (a wave packet or pulse) that maintains its
shape while traveling at a constant speed.

1.2 Fourier Transform and the Free Schrodinger Equation

Consider the following free Schrodinger equation:

0 + LAy =0,
Wtzo = ¢0-

We will solve this equation using the Fourier transform

fio = [ e

Note that one can recover f from its Fourier transform via the inversion formula

f(x) = (2m) / e F() d.

Rd

Exercise 1.2. Check that (3, f)" = i&; f.

Applying the Fourier transform to the free Schrodinger equation, one has

F.T.

1 ~ 1 ~
and initial condition @(O, ) = 220(5). So for fixed &, we have an ODE, so we can solve the equation via

D(t, ) = e M2 (g).



LECTURE 1. JAN. 6 — INTRODUCTION TO DISPERSION 6
Now by applying the inverse Fourier transform, we obtain the solution
o(t, @) = (2m) ™ / e (t, &) dE = (2m) / et P2, (€) de.

Recalling Plancherel’s theorem that || f||,2 = C HfH 2 (for a constant C' independent of f), we obtain

[t 2)|| 2 = Cllo(t, €)1z = Cllb(0,6)[|z2 = [[¥(0, )22 = |[3ho(@) | 22,

where the second equality follows by noticing that e~ /2 has modulus 1. This shows that the linear
Schrodinger evolution preserves the L? norm of the solution.

Exercise 1.3. Compute that
d
— t,x))* dz = 0.
i [P

This is an alternative way to show that the L? norm of the solution is preserved.

1.3 Sobolev Spaces

Definition 1.3. The Sobolev spaces HY = W72 for v € R are defined via the norm

I = [ @+ 1€Py I ac) "

The homogeneous Sobolev spaces H7 are defined by the norm

R 1/2
I = [ lePIFPac)

Remark. If v € N and d = 1, then
g
s~ > 10 f g
m=0

In particular, this means that f € H? if and only if 97 f € L? for all m < 7.

Exercise 1.4. Check that if fy(z) = f(Az), then fi(&) = A~4F(£/N).
Remark. In the Sobolev spaces, this means that (change variables n = £/ for the last equality)

Il = ( [ e 1R©R )

Lemma 1.1. In the Schrédinger equation, ||¢(t)|| g = ||ollav and ||¥(t)] g = Yol g for all t and .

1/2

R 1/2
([ teefiempac)  =xoi sl

Proof. We can compute that
= 2 00(L, €) |2 de = 271 ,—iE2 /2 (€12 dE — 217 (€)[2 df — -
6Ol = [ 161008 &6 = [ Il PR ds = [ PR ds = vl

The same argument works for the H? case after replacing |£|?7 with (1 + |£[*)". O]



Lecture 2

Jan. 8 — Special Solutions

2.1 Special Solutions

Example 2.0.1. The following are special solutions to the Schrodinger equation:

1. Gaussian: ¢y = e~17"/2. One can compute the Fourier transform and get
Do(6) = / i€ e /2 g _ / o laHiE2/2 €22 g _ o-le/2 / ola+it/2 g
R R R

The last integral is a contour integral in the complex plane along Sz = £, and we can deform the
contour via Cauchy’s theorem to the real axis to obtain (the integrand is analytic on 0 < Jz < §)

~

(&) = e / e 112 g = ()22,
Rd

Then taking inverse Fourier transforms, we obtain the solution

wit,) = 2m) [

Rd

GEEIEP2 T (8) de = (27)/? / (i EIE2/2) —Iel2/2 g

Rd
— (2m) /2 / e~ HUHOIER i€ g
Rd

Now formally put n = (1 + it)'/2¢ to get

Qﬂ(t, Z') = (277)*51/2(1 + Z't)fd/Z /d 6*%|7)|2€i$77/(1+’it)1/2 dn
R

Fill in the details of the above change of variables as an exercise (e.g. one has to worry about
choosing a branch cut when taking the square root). Computing the integral explicitly, one obtains

Dt x) = (1 4 it) =2 lol?/20+),
One can from this that ) has decay in time. Furthermore, one can see that

— —IBQ 2
W (t,2)> = (1 + 12) Y2 P04

From this we can observe an L™ decay of ¢ like t~%2, and that the influence region of the solution

grows like order t. We can also see again from this explicit computation that [[1(t)]|2 = C.
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2. Modulated Gaussian: 1y = e~|#1*/2¢izv  The Fourier transform of this initial data is
Uo(€) = (2m) e,

So the solution corresponding to this initial data is

uit,) = (2m) [

R4

e @ EIEPH2) 0 (£ dg = (gﬂ)—dﬂ/ = lEPt/2) o= le—ul® e

R4

_ eix-UGUQt/2(27T)d/2/ ei(xf'ut)-fef(1+it)\§|2/2 df
R4

2
iz —Jul2t)2 N\ —d/2 |z — vt
=e" e 1+t e - .
(14it)™ exp ( 2(1+ it)
From this we can see that the influence region of the solution moves with velocity v.

3. Fundamental solution: We want a fundamental solution K such that K solves
1
z@tK + §AK =0 and K’t:() = 50.

We will find K by scaling arguments. Suppose such a K exists. Then we must have

Y(t,z) = [ K(t,x—y)ol(y)dy (1)

Rd

since K |;—9 = dy. Now define the scaling ¥, (¢, z) = 1(\?t, A\z). Then v, also solves
1
i0ph + iAQ/J/\ =0

and we have the initial condition ¥, (0, x) = ¥o(Ax). Then

At x) = [ K(t,x —y)o(hy) dy = $(\'t, Ax).

R4

Setting ' = A\%t, 2/ = Az, and 3/ = \y, we get

1 oo
ot = 5 [ K (55 55 ) wly @)

Comparing (1) and (2), we see that we must have

_d t z—vy
Ktz —y)= X\ K(ﬁ’ ;) :

Setting u = x — y, we get
t u
_y—d

Thus we expect K (t,z) = t~4®(|z|/t) for some ®. Now we use the fact that i, K + $AK = 0.
Setting m = |z|?/t, one can plug in the above guess for K to obtain (note that A =V - V)
1d 1 2z
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Then we get

_Z%cp(m) — im®'(m) + d®'(m) + 2m®"(m) = 0,

which gives

d (@'(m) _ %@(m)) +om-L <<1>'<m) _ %@(m)) ~0.

dm

Now observe that ®(m) = ¢"™/2 solves the above equation. Since ®(m) solves the equation, c®(m)
also solves the equation for any ¢ € C, and thus we have

K(t,x) = =20 (|x|?/t) = ct~ 421/,
To determine ¢, we use K |;—q = 0y, from which one can obtain ¢ = (27i)~%2. Thus
K(t,x) = (27m't)—d/2ei\r|2/2t'

The rough computation is that since K (0,£) =1, we have

K = (2m)™ / P2 (0, ¢) de = (2m) ¢ / (i1t ge.
]R‘i

Rd

This is not necessarily integrable a priori, but one can take limits and obtain

K=(2r) % lim [ e HDIEP2 ge — lim (e 4 i)~V (2m) 421217/ (Rletit)
e—0t Rd e—0t
= (2mit) 2ol /2,

Note that this computation matches the result of the previous scaling argument.

Theorem 2.1. Let ¢y € S(RY)[| Then there exists a solution to

100+ LA = 0,
77Z}|t:0 = 77Z)0)

which 1s unique and given by

W(t,z) = [ K(t,x—yhnho(y)dy = (27”'75)“’/2/ el 2ty (y) dy.

R4 R4

Proof. This theorem is a summary of the results of the previous explicit computations. O

Remark. Recall that the Schrodinger evolution preserves the L? norm of a solution, i.e.

0@z = 1L O]z = l[Yoll2-

The above theorem also gives an L* bound (a so-called dispersive estimate)

()l < |2t~ /Rd [Yo(y)l dy = [2mt]~2|[xo]| 1.

'Here S(R?) is the space of Schwartz functions.



Lecture 3

Jan. 15 — Strichartz Estimates

3.1 Interpolation Results

Remark (Interpolation). Consider a linear operator 7' which maps 7" : LP* — L9 and T : L2 — L%,
where 1 < p; < py < 0o. Then T also maps T : LP — L? for any p, ¢ such that
1 6 1-40 16 1-4

=— 4 and - =—+
P N P2 49 ¢ 42

for some 0 < 6§ < 1. More specifically, if |Tf||za < C1||f]|rer and ||Tf||ze2 < Cal| f]| ez, then
ITflLe < CYC N Lo

This LP interpolation is a result from real and functional analysis. Note that by interpolation, we have

1| Lo ey < C|t’_d(1/p_l/2)H%HLP(Rd)

for 1 < p < 2, where p' is the Hélder conjugate of p,ie. 1/p'+1/p=1.

3.2 Strichartz Estimates

Remark. We will now consider the inhomogeneous Schrédinger equation:
iwt + %Aw =F Fec Smﬂg
77/}<O) - w()a ¢U € 87

where F' € S;; means that F'is Schwartz in both x and ¢. We can solve this via the Duhamel formula:

t
w(t) — eitA/ZwO . Z/ ei(tfs)A/QF(S) dS,
0

itA /2

where e is the linear propagator given by

. _itle12/o 1 ix-€ —it|€|?/2,
eztA/2¢0 = (e t[¢] /2¢0>V = @) /}Rde Seitlel /2¢0(§) dg.

Theorem 3.1 (Strichartz estimates). For p' =2+4/d and 1/p' + 1/p = 1, we have the estimatd|

160 ey < eollcagesy + 1F Lz, oy

'Here A < B means that A < CB for some prescribed constant C.

10
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Remark. If F' = 0, this is the bound
1l < lolloe

for p’ > 2. Formally, this means that we gain integrability in x. Note that this gain in integrability is
not pointwise in time, i.e. we do not have [[¢(t)[| ., » S [¢ollzz. We must instead average over ¢.
t x

Remark. Why p’ and why do we pick p’ in the time integration? Actually, p’ is the only possible choice
for the above result. This follows by a scaling argument: Set

Un(t, ) = (N2, Ax),  (Ua)o(x) = Yo(Ax), Fi(t,x) = N2F(N\%t, Ax).
Then 1, solves the equation
{z’am + 300, = By,
¥A(0) = (¥a)o-
If the above theorem makes sense, then it must hold for both v, and . Now

_ AN /
il = Al

by a change of variables, and
(3 )ollzz = A=l 2.

Now if F' = 0, then we have the estimates
[l S lollzz and [eall e S N@dollz (%)
Using the scaling computations in the second estimate in (%) implies that

6l A7 X2 X2 g

This inequality should hold independent of A, since otherwise taking A — oo or A — 0 yields a
contradiction with the first inequality in (x). Thus the powers in A should match:

d 2 d
A
so we find that p’ must be
_d+2 244, 4
P a T ad

This uniquely determines p’. Now consider F' # 0. Using a similar computation as before, we have
IFllzs = AZA~9/A2/ P
Then the theorem says that ”%HL;’,; S ollzz + [[Flrg . so we have
91l A7 A S X2l gz + XA
Again the estimate should hold independent of A, so the powers in A must match:

d22d27d

which then gives p as
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Lemma 3.1. Let ¢(t) = e*®/%1y. Then for 1 <p <2,
1O Ly ay S 11792 o 2 gy
Proof. This is the interpolation result from the beginning of class. O

Lemma 3.2 (Hardy-Littlewood-Sobolev inequality). Let 0 < a <1 and g € S(R). Let

Tag)(0) = | = slg(s) ds.

—00

Then we have | Togl|Lam) S 19l rr), where 1 < p < g < oo such that 1+ 1/q = a+ 1/p.

Proof. One approach is via harmonic analysis and maximal functions. An alternative approach can be
found in Theorem 4.3 of Analysis by Lieb and Loss. O]

Remark. Recall Young’s inequality that for

W) = / £t — $)g(s) da,

we have ||h]lr < || fllzellgllze, where 1/r +1 =1/q + 1/p. The Hardy-Littlewood-Sobolev inequality can
be seen as a generalized Young’s inequality: If f(s) = |s|™®, then f barely fails to be in L'/, Informally,
we can think of “f € LY and the standard Young’s inequality would imply Hardy-Littlewood-Sobolev.

Remark. We have ¢ > p in the Hardy-Littlewood-Sobolev inequality, so we gain some integrability via
fractional integration for p > 1 (the type of integral defining T, g is known as fractional integration).
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Jan. 22 — Strichartz Estimates, Part 2

4.1 Proof of Strichartz Estimates

Proof of Theorem[3.1. The first step is a TT* argument. Define the operator T' by T'f = e*2/2f. We
know that T : L2(RY) — L*°(R — L2(R?)). The adjoint 7% : L} L2 — L? is defined via the relation

(f[T*G)2 = (Tf,G),, // ("2 1) (2)G(t, x dtdx_/f / e~ UA2G(t, ) (x) did,

and so we have the formula
e / (e~ 2G (¢, )) () dt.

Then we can see that
(TT*G)(t,x) = /(ei(ts)A/QG(s, N(x)ds = <eitA/2/eiSA/2G(s, -)ds) (x).

Note that there is a convolution structure in the time variable. Clearly TT* : L} L2 — L°L2. Then the

goal for now will be to show that
ITT*Cl,y < CIC Lz,

To do this, observe that by the above expression for T7T*G and Minkowski’s inequality, we have
”TT*GHLp’ < / Hei(tfs)A/ZG(S)HLp, ds < C/ |t _ S|*d(1/p*1/2)||G(S>HL£ ds,

where the second inequality follows by Lemma Now by Lemma [3.2]

[TT*Gl oy < CNG(S)lI2r,

LILE

if 1/¢+1=d(1/p—1/2)+1/p (also check that 0 < o = d(1/p —1/2) < 1, where p = (2d +4)/(d + 4)).
From this relation, we find that we must have ¢ = 2+ 4/d = p/, so we have shown the goal.

Thus we have proved that 77" : L, — Lfl,, where p = (2d +4)/(d +4). Now

IT*Gl7; = (T"G. T"G)rz = (TT"G,G)yz, < TT"G| py |Gllzz, < ClGIEy

v |
Lt,x

where the first inequality follows by Holder’s inequality and the second follows from the goal we just
proved. Thus we conclude that 7% : LY, — L2, and that T : L2 — Lp by duality. Therefore,

ITwoll = 1™ oll,p < Cligollzz,

13
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so we have proved the Strichartz estimates when F' = 0.

In the case when F' # 0, by Duhamel’s formula we have

t
w(t) _ 6itA/2’l/10 . Z/ ei(tfs)A/QF(S) dS,
0

so by the triangle inequality we find that

t t
/ e =922 P (5) ds el1=9A2 P () ”Lg' ds
0

< Clltbol|r2 +

)
/

< itA/2
[6ll,y, < 16>l +

Ly

where the last inequahty on the second term follows by Minkowski’s inequality. Then using Lemma
and Lemma [3.2) in the same fashion as before, we can bound the latter term by

H/ |t E ()|, ds e CH/ [t — 5|4 1D| B ()| ds

Plugging this bound back in gives the desired inequality [[¢||,,» < Cllvollz2 + Cl|F|| O
t,x T

< CIFy..
Ly

Remark. Note that the term -
TT"G = / e =)R2G (s) ds

[e.e]

looks similar to the term from the Duhamel formula

¢
/ e t=)A2 (5 ds.
0

However, it is possible that these two have different estimates, which is why we had to argue separately.

4.2 Strichartz Estimates and Harmonic Analysis

Remark. The original intention of Strichartz for these estimates was for use in harmonic analysis. The
Strichartz estimates can actually be derived from the Stein-Tomas restriction theorem.

Let S C R" with n = d + 1, where S is a hypersurface. If f € L!, then one can show (e.g. using the
Riemann-Lebesgue lemma) that f e L*™. So we can conclude that f has pointwise meaning, i.e. f (§)
makes sense pointwise. In particular, we can make sense of f (5 ) on the hypersurface S.

On the other hand, if f € L2, then by Plancherel’s theorem, f € L2 as well. But an L? function has no
pointwise interpretation, i.e. we can modify it on a set of measure zero without changing the function.
In particular, it is meaningless to restrict the function f to S, since S is a set of measure zero in R".

In general, what about f € L? for 1 < p < 27 This is the topic of the restriction theorems in harmonic
analysis. It turns out that the choice of which p work depends on the “curvature” of S.

Theorem 4.1 (Stein-Tomas restriction theorem). Let n = d+ 1 and S C R™ be a hypersurface with
non-vanishing Gaussian curvature. Let og be the corresponding surface measure, and let ¢ be a compactly
supported on S. Then we have

I(¢os) lLr@n) < ClléllL2(os),
where r = (2n+2)/(n — 1).
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Remark. Now recall the explicit formula for a solution ¥ to the Schrédinger equation:
bit,s) = [ e IG €) de
Also define the hypersurface S = {(&,7) : 7 = —[¢]?/2,& € R?}[] Then
U(t,@) = (d05)" (tx), (€ 7) =Do(€), os(d, dr) = (2m)"dE.
Indeed, we can see that
wit.) = (2 [ e ) og(de,dr) = [ S IERG) de

Then, the Stein-Tomas restriction theorem tells us that ||(¢os)" | r@mny < C||||r2(sg), Which implies

190 2500 sy < Cllolliz < Cllnlaz,

where the last inequality follows by Plancherel’s theorem. The estimate above technically only holds for
those ¥ where 1)y is compactly supported, but one can extend this by a density argument to 1y € L2.

See Chapter 11 of Muscalu-Schlag (Volume I) for more details.

!This particular hypersurface is called the characteristic surface of the Schrédinger equation.
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Jan. 27 — Kato Smoothing

5.1 Kato Smoothing

Theorem 5.1 (Kato 1/2 smoothing estimate). Let d > 2 and x > 0 be a smooth cutoff function such
that X is compactly supported. Then we have the estimate

() (=2) ™22 f 2, < CN f |l ga.

Remark. The above theorem says that when we localize, we gain a smoothing effect (1/2 derivatives).
Also note that this effect is not pointwise, but rather after integrating in time.

Remark. Let f(t) = e®/2f,, where fy = e~ 1*I’/2¢= Think of this as a quantum particle at the origin
with an initial velocity v, so that the particle will stay in B(0,1) for a period of order O(1/|v|). Then

1/2
1/|v] 1\ Y2 1
| f|? dwdt ~ <—) = :
</ /Bm,n v [v]'/2

Now (—A)Y2f ~ |v|'/2, so these factors cancel each other out. This matches the above estimate.

Theorem 5.2 (1-D Kato smoothing estimate). For d =1, we have
sup [|(—2) e A2 f 2 < CY |12
Proof. For d = 1, by the Fourier transform we have
: 1 ) ) ~
(_A)1/4€ztA/2f _ / esz|§|1/2€—zt§2/2f(§) df
2m Jp
o [ eepreterfigas + o [ e er g a
21 ) 27 J, '
Since we want an L? bound, it indicates that we should apply Plancherel’s theorem in time. We will

prove the estimate for the latter integral, and the former integral is left as an exercise. Set n = £2 with
dn = 2§ d§ = 2,/nd§. Applying this change of variables, we obtain

) 1 > ) ~ 1 1 > ) —~
A 1/4 itAj2 ¢ / 1x\/n|,,1/4 ,—itn/2 dn = / 1T\/M|,, | —1/4 —itn/2 dn.
(=) e = o [ ey = [ e e

16
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Fix x and denote h(n) = eix\/’7|n|*1/4f(\/ﬁ). Then we have

1 o[> .
(aytensriy = [ an = )

By Plancherel’s theorem in time, we see that

16z < [[A(0)|z2-

Then we can estimate (setting z = /1 with dz = dn/(2,/7))

/ () dy = / "2 F(ym) dn = 2 / F)Pdz = Cllf|,
0 0 0

where the last inequality follows by Plancherel’s theorem in z. This yields ||(x)|zz < C||f||z2, and since
these estimates are all independent of x, we get that sup, ||(*)[/z < C||f||z2. Putting this together with
an identical estimate for the other integral, we obtain the desired bound. O]

Remark. The above 1-D version is stronger and implies the statement

IX(=2) e ™22 f 2, < Ol fll22

for the 1-D case. Check this as an exercise.

5.2 Coarea Formula

Remark. In dimension d, suppose we have two nice functions g and u such that u='(¢) is a (d — 1)-
dimensional hypersurface. Then the coarea formula says that

/Rdg(:v)Wu(:v)ld:r = /R/{u(m):t}g(I) do(z)dt,

where o(x) is the surface measure on {u(x) = t}.

Note that for d = 1, this says that

/ 9()|0pu| dv = /R ( /{ u(x):t}g(x) dx) dt = /R g(u™'(t)) dt.

In particular, this is the change of variables formula where n = u=!(t) (so u(n) =t and dt = 9,udn).
Lemma 5.1. Let ' € Cg° and ¢ be smooth. Then one has

//Rd @ P () ded\ = (27 )d/{¢zo}%da(x).

Proof. By the coarea formula (using g(x) = e**@ F(z)/|V¢(x)| and u = ¢), we have

//R M) B () dwd) = // /¢ ) ‘W):g do(z)dyd.
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Denote by h(y) the integral
F(x)

hy) = /{ e

Then we can see that

/R /R e /{¢_y} |§(£2)lda<x>dydA= /R /R e™h(y) dyd) = /R AN dA = (27)2h(0).

This gives the desired equality after plugging in the definition of A (0).

18



Lecture 6

Jan. 29 — Kato Smoothing, Part 2

6.1 Proof of Kato Smoothing

Proof of Theorem[5.1 Note that we have (let G = x?)

(*) / / X2|(_A)1/4eitA/2f|2 drdt = /((—A>1/4€itA/2f, G(_A)1/4eitA/2f>L% dt,
R JR4 R

so by Plancherel’s theorem in x +— &, we have

()= [ (el 2e P i) 1))z,

where H is defined via (since the Fourier transform turns multiplication into convolution)

Z/R@(ﬁ—n)!nlme”'”'Q/Qf(n) dn

Thus we have

—~

9=/ / €24l G(e — ) F(&) Tl ™2 dgana.

Applying Lemma [5.1| with (A =

o~

2 2 . R
¢=—M, F =[] nl2Gle ~ ) 7)),

we have (since ¢ = 0 implies |£| = |n] and |Vo| = /|2 + |n]?)

r €12l = =
- Nk N do.

Since |£| = |n| on the region of integration, we have

-~ —~

) o . A )
() = /Mf5 €~ RO Fmd /“n G(e - mF©)fm)d
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where the last inequality is since (we claim the following)

K(€) = /| [l doo)

satisfies |K(€)| < C for some constant C. For the claim, note that G(z) decays faster than 2=V as

z — oo for every N. Then setting z = & — 7, we have
KO= [ (Gle-nldotn= [ Gaole)
Inl=l¢| le—=|=l¢|

Note that this is an integral on a sphere. The integral will be bounded on a compact subset of the sphere
and decays rapidly on the rest of the sphere, so we have |K (£)| < C for all £ € RY. This gives

Ay ez, = [ ] ei-apiesn P i s [ FOP €~ 1112
’ R J R4 R4
which is the desired estimate. O

Remark. An alternative approach to prove the Kato smoothing estimate is the following: Take n a
Schwartz function such that supp# € (—1,1). Then it suffices to show estimates for

()= [ [ mletta)=a) e 2 daat

and then take e — 0. By Plancherel’s theorem in z — &, we have

/ /R | [ nere - erpeprenerizie)

Next Plancherel’s theorem in ¢ — 7 implies that

0= [ LILwe-o ( |§|/2> i) ae|

Cauchy-Schwarz in £ implies that

< [ [([re-erta (2 Y ae) ( [re-erta(F=EL) enrier ae') | agar

Now we count the area of the domain of integration:

—e<T—|¢2/2<e (1)
€ -¢l<1 (2)
Then (2) implies that ||| — [£]] < 1~ O(1), so
1617 =111 = 11l = [€'l] - 1] + 1€'1] ~ O(L + [¢]),
and thus 7 ~ [¢/|2. Fix £, then the size of the interval in which 7 can vary is of order O(1 + [£]). For &',

notice that (1) implies
Vor 1€ ~ O ;) N()(;),
| <l (vwwwﬂ €[ +1

So the size of the interval in which |£’| can vary is of order O(e/(|¢| 4+ 1)). Then we have

lFer) arde < [ LKL Fozae < [ @R ae
) G EESNGER

2
dedt

dedr.




Lecture 7

Feb. 3 — Kato Smoothing, Part 3

7.1 Sharpness of Kato Smoothing

Lemma 7.1 (Kato smoothing is sharp). We have

HX<$)(_A)1/4eitA/2(ef\x|2/2eim;)HLit ~1 and sup HX(_A>1/4+§€itA/2<€7|x|2/26ixv)HL2 — 00.

x,t
for any 6 > 0.

Proof. Let suppx C B(0,1) and fy = e~1#1’/2¢imv - Choose 1 smooth with 7 compactly supported. Then

/R [ IXCan(er) (=) A0 o i = / / ‘ / R(E = &hmlet) el 122 o)
// ’/ (€=¢)- (T_ & /2> €[/ lE 2

by Plancherel’s theorem first in x — £ and then in ¢ — 7, since 1 and X are compactly supported. Now,
—e < 17— |€]?/2 < € implies

2
dedt

2
d¢'dr

2€
1€ — V2r| < E+vor

So the region of integration for || is an annulus-shaped area between /27 and 2¢/(|¢| + v/27) (plot the
above inequality to see the region). Thus for fixed 7, as € — 0, we have

2

//‘/ (€— &)t ( — ¢ /2> €|2e e 2 e | agldr
-/ / >?(§—5’)6“5‘”'2/2|€|1/2L1do(&)Qdé“’df
o Sy €[+ vVorc
_ S(e — eNe-levlr2epz_ 2 2d/d
L L s R o)

Since X is supported in B(0, 1), for fixed £ the range of values for ¢ is O(1) (as | — &'| < 1). Since
| g |
—e<T—§]£\ <e:>—e+§]£\ <T<e+§|€|

and [£ —v| < O(1), we get
1 2 1 2
—e+§||v|—1| <T<€+§||U|+1|.

21
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Expanding ||v| — 1| and |[v| + 1|, we see that as € — 0, we have |27 — |v]?| < |v| + 1. Then

N 2 1 ?
X(E = €)= do (€) | deldr
/R/Rd /\/?sd—l €] + V21
1 2
< e S S|
/]R /\/stl €]+ V2T
1/2 |2 1/2 |2 1 1
5/ Wa dT%/ V7] T%_/ dr = = v~ 0(1)
RI V2T 2r=lollSol+1 | V2T U= gl +1 v
uniformly in v. We can also see that if |¢]'/2 is replaced by |¢|'/2+9, then 1/|v| will become 1/[v|'*°, so
the above becomes O(|v]*?), which goes to oo as v — o0. O

Corollary 7.0.1. When d > 2, for e > 0, we have
(14 Ja) 72 (=AY 4 B2 f| 2, < Col[ £ 2

Tt

This is the sharp Kato smoothing estimate for d > 2.

7.2 Schrodinger Equation with Potential

Remark. Now we will consider the Schrodinger equation with a potential:

iy + MY + V(t,2)p = 0,
Y)mo = thy € HY(RY).
Lemma 7.2. If ¢y € HY(R?), then e®/?¢y € CO(R, HY(R?)) N CY(R, H'%(RY)).

isA/2

Proof. For each t,s € R, we can write (since e preserves each H” norm)

i i i(t— i(t—s)|¢|? o
€420 — €224y | 7, = |24y — ol = / (1+ Jgf) e/ — 1|y (€) [ dé.

Since ¢y € HY(R?), as t — s, the above quantity goes to 0 by the dominated convergence theorem. This
shows that e*4/2%0 ¢ CO(R; HY(R?). To check that e**/%1), € C*(R; H'~2(R?)), note

d it /2 i i
i — A itA/2 )
dte Yo 9 € Yo

Thus it suffices to see that Ae™®/2¢)y is continuous, i.e.

| A€ ey — Ae™™ *4y|[35-2 = 0
as t — s, which follows by the dominated convergence theorem. O]
Theorem 7.1. Assume that V' is real with

sup [|VeV(t,z)||r2 < Co  and [[VEV(t,x) — ViV (s, 2)|re — 0
¢
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as t — s for every multi-index o. Then for all k > 0, if g € H*(RY), there exists a unique solution
P € COR; H*(RY)) N CYR, H*2(R%)) to the Schridinger equation with potential V, given by

Y(t) = etA 2 + i /t ei(t_S)A/QV(s)gZ)(s) ds.

0
Moreover, ||| grray < Crv (14 [¢])F

Proof. Define the operator A by the formula
t
1M¢>:e“4”wm—i/1é“sm“v%$¢@ﬂda
0

Let X = (C°[0,T], H*), and we want to find 7" such that A is a contraction in X (do this as an exercise).
Repeating this on [T, 27, [27,3T], ..., gives existence. Uniqueness follows by Gronwall’s inequality.
Now we prove the upper bound for the growth. Gronwall’s inequality gives us

1) || e < exe!™||bo]| .

Since V' is real (the argument before this step works even when V' is not real),

d , d 4 d d . .o od
I Olze = Z (0(8), 9(t)) = T ) + () = 2Re( 4, ¢)

| @'
= 2Re<%Aw + iV (t,x), ) = 2Re2’/ (—%]V@SP + V(t, x)|w\2) dr =0

since the integral is real, so that ¢ times the integral is purely imaginary. So |[1]|12 is conserved. Now let
¢ = 0,,0(t,x), so that

1
i + §A¢ +Vo=—0,,Vi. (%)
From the existence and uniqueness of the solution, we can use V(¢,0)1y to denote the solution to

w|t:0 = ¢07

and use V (¢, s)1y denote the solution for initial condition 1 (s) = ¥y. Then (*) can be solved as

¢w=vwm%%+/vmﬁ%v@wﬂw

0

This gives t
M®M§M%w%%M+AHWWWW®wa%

by Minkowski’s inequality. By the conservation of the L* norm, ||V (¢,0)0,,%0/12 = ||0s,%0]| 2, so
[V (t,8)05, V()0 ()2 = [|02,V (s)1(s) 12 S 100(s)[|22 = [|0(0) | 2.

Then we obtain

191l < 110z, 4b0ll 2 +/O [9(s)l[ 22 ds < Cry (1 +[E)[[4(0) [ 1,

and inducting on k gives the result |0 ()| gx < Cry (1 + [¢)*]|¢(0) || g+ O

Remark. Note that in the above theorem, we need a suitable integral (e.g. the Bochner integral) to be
able to interpret the Duhamel formula in a Banach space.



Lecture 8

Feb. 5 — Schrodinger Equation with Poten-
tial

8.1 Schrodinger Equation with Potential, Continued

Theorem 8.1 (Bourgain). Assume d > 3 and that V' is real. Suppose that
Sup V2V (1, ) s < Ca
t
for every multi-index o and that supy,_y <1 |V (¢, )| is compactly supported in x with the diameter of the
support independent of to (e.g. V(t,z) =V (x —ct)). Then
1Y)l < Ce(L+ ) [lvbol|

for every e > 0.

Proof. Define (note that || f||| = || f||z~+r2, the dual space of ||g|r1~z2)
A= dnf  (llfillze + 1 f2llze).

Then we can write .
Y(t) = A g +i / e =922y (s)ah(s) ds.
0

Taking the derivative and splitting the integral, we obtain

t—A t
Vep(t) = "2V + i / eTINEY (V) ds + i / IR (V) ds
0 t—A
where A > 0 is a constant to be chosen later. We will measure the first integral in L> and the second
integral in L?. Taking norms, we find that

+
LOO

t—A t
IV @l < [|le*S> V|| + H / TIBET (V) ds / TIAET (V) ds
0 t—A

L2

We can estimate the first integral by

—A ‘ t—A
‘ / AT () ds| < / [TV Y) | e ds
0 oo 0

t—A
S/ [t = |72V (V)| ds S ATV s [IVE(VY)ll,
0

<s<t

24
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where the first inequality is by Minkowski’s inequality, the second inequality is by the dispersive estimate,
and the third is by explicit integration. Note that we needed the cutoff at ¢ — A here since |t — s|~%2 is
not integrable at t = s. Then by the product rule and Cauchy-Schwarz, we have

t—A
/ ez(tfs)A/2va<Vw> ds
0

< A~ d/2+1 sup Hvﬂvva BwHLl < A d/2+1 Sup HvﬁwHLQ
oo 0<p<a 0<
0<s<t O<s<t

Note here that d > 3 implies —d/2 4 1 < 0, so if A is large, then A~%?%1 is small. The above implies

t—A
/ ez(tfs)A/2va(vw) ds
0

S AT sup [[|V70]l].
Lo 0<B<a

For the second integral, we can write

‘ t
‘ / IR (V) ds|| = sup / (6, TTIAET (V) ds
t—A A

L2 el 2=1Jt—

t
— s / (oIS (V) ds
t

”d’HL?:l

where y is a smooth cutoff function such that x = 1 in the support of V. Then
t
’ / ei(tfs)A/Qva(Vw) ds
t—A

By Cauchy-Schwarz in z and ¢ and Kato 1/2 smoothing, we obtain

t
/ ei(t—s)A/2va<vw> ds
t—A

— sup /tA<<1 A)ixe D82 (1= ATV (V) ds

L2 ol 12—,

L2

t ' 1/2 t

< swp ( [0y, ds) ( |- a e ds)
||¢||L2 1 t—A ‘ t—A ‘

SNollzz + VA sup ||(1— A)TVAV(VY)| 2.

t—A<s<t

1/2

To deal with the last term, note that by Sobolev’s inequality, we have

1 lin-172 < Crll £ 1£112

for some 0 = 0(k). From this we get

_ a -6
sup [|(1 — A) VAV (V)| 2 < Cil[V| sup IV (V) |112° < Cillabol|3 sup \Hvﬁ V),

|a|=k

where the second inequality is since the L? norm is conserved. This means that

IVl S IV ollze + A sup  [[[V]| + VA [[vo]l ] e Tihva

0<|BI< ]l
0<s<t O<s<t

For the last term, observe that
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by Young’s inequality, and we can also use that for n > 0,

1/(1-4) n—1/6

(771/(175)@1_5 (nfl/éy)5 < 771 — o4 - .

Applying this to the last term, we obtain

~1/6 1/(1-6
-6 _ 1] Ul
[ollze sup (VP77 < =lvollie + =5 sup [[[VF[]].
0<[BI<]e — 0 0g|BI<]al
0<s<t 0<s<t
Putting everything together, we obtain
o _ \/Z . 77_1/6 \/Z . 771/(1_6)
sup V|| < [|vollse + A2 sup [[l]l + 5 Wollzz + 75— sup |II¥lll.
o=k 0<s<t - 0<s<t
0<s<t la|<k || <k

Now take A large, so that A'~%?2 is very small (note that since A < ¢, we also take ¢ to be large enough;
for ¢t small, apply Gronwall). Take 1 small, so that VA -n'/(=9) is very small. Then we have

sup VP < Calltbol -

0<s<t

Now recall that (since the Schrodinger evolution conserves the H* norms)

t
[0 < el + [ V)0 e .
0
The above calculations show that

Vllge S sup [VEVP)2 S sup [V S 1ol ax,

|| <k ol <k
and so we have

[0 s S llol [ +/0 1ol x ds < (1 + [ED)[¢bo] -

Note that the growth of the norm is independent of k. To get (1 + |¢|), first note that the L? norm is
conserved. So if S(t) is the solution operator, then we have

1S#)dollrz = l[vollze and  [|S(E)Yollgr < Cky (14 [E) 190l g2

for every k1 € N. Since S(¢) is a linear operator, by interpolation we have

1-k/k k/k
IS @)l e ey < IS et SO E Gres grery < Cro (1 + [£)H

for every 0 < k < ky (since ||S(t)||z(z2,2) is bounded). For any € > 0, for fixed k take k; large enough so
that k/k; < e. Then
ISl cqar vy < O (L [#)*F < Ce(L + (8],

which implies the desired result. O]

Remark. The compact support assumption could be replaced by rapid decay in the above theorem.
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Feb. 10 — Spectral Theory

9.1 Review of Functional Analysis

Remark. Our goal now is to study the decay of a solution ¥ to
1
Wy — §Aw + V(z)p =0, V real

We will study ette)y, where H = —A/2 + V, in particular the spectral theory for H in L?(R?).
Definition 9.1. Let H be a Hilbert space, with inner product (-,-). We will use # = L?(R?¢) with

(f,9) = g fgdz.

Let T be a linear operator which is densely defined on H. Let D(T') denote the domain of 7. We say
that T is symmetric if (T'z,y) = (x,Ty). The adjoint T* of T is defined as

D(T*) = {f € H : there exists h € H such that (T'¢, f) = (¢, h) for all ¢ € D(T)},

and we set T f = h. We say T is closed provided that the graph of T" is a closed subset of H x H, i.e. if
fo— fin H with f, € D(T) and T'f, — g in ‘H, then f € D(T) and Tf = g.

Definition 9.2. We say that a linear operator T is self-adjoint if (T, D(T)) = (T*, D(T™)).

Example 9.2.1. Let T = id,. For H = L*(R) and D(T) = C!(R), one can check that T is self-adjoint.
But if we take H = L*([0,00)) and D(T) = C}([0,00)), then T is not self-adjoint (but T is symmetric).

Example 9.2.2. Let T = —9? on L*([0,1]). Then for

D(T) = {f € H*([0,1]) : f(0) = f(1) = f'(0) = f'(1) = O},
T is symmetric but not self-adjoint. One can check that D(T*) = H?([0,1]).
Lemma 9.1. Let T be a densely defined linear operator on H. Then:

1. If T is symmetric, then D(T*) 2 D(T) (so T* is densely defined) and all eigenvalues of T are real.
2. For every T, its adjoint T™ is closed.

3. We have (ker T)*+ = Ran(T™) and (ker T*)* = Ran(T).

27
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4. If T 1s self-adjoint, i.e. (T,D(T)) = (T, D(T*)), then
SpecT = C\ {z € C: (T — 2)~" exists as a bounded linear operator} C R
and |(T — 2) "Mz S | Tm 2|t

Proof. (1) One can check this by definition.
(2) Take a sequence f,, € D(T*) with f,, — f, and suppose that T* f,, — ¢g. By definition,

(T, fu) = (6,T"f,) for every ¢ € D(T).

Then f, — f implies that (T¢, f,,) = (T'é, f), and T* f,, — g implies that (¢, T*f,) — (&, ¢g). Then we
have (T'¢, f) = (¢, g) for every ¢ € D(T), so f € D(T*) and T* f = g by definition.

(3) Note that in general, if A C H, then At is closed. To see this, let f, € A+ and f,, — f in H. Then
(fn,a) =0 for every a € A since f, € A+. So letting n — oo, we have (f,a) =0, i.e. f € AL

We first show that Ran(7') C (ker T*)*. For any h € Ran(T'), there exists f such that h = T'f. Then for
any g € ker T C D(T*), we have
(Tf.9)=(fT"g) =0,

so f € (kerT*)*. Thus Ran(T) C (ker T*)*, and taking closures, Ran(T") C (ker %)+ = (ker T*)*.

Now we show that (ker 7*)* C Ran(T). Let f € (Ran(T))*, so f € (Ran(T))*. So

(T"f,9) =(f,Tg) =0, forall ge D(T),

so T*f = 0. This gives f € ker(T*). So (Ran(T'))* C ker(T*). Then taking orthogonal complements,

(ker T*)* C ((Ran(T))*)* = Ran(T)

since Ran(T) is closed. This gives (ker T*)* = Ran(T), and the other equality follows by duality.
(4) Let T =T* and z = z + iy. Then we can write

(T =2, O =T = (x+ i) f. )l = (T = 2)f, f) —iylf. )] = [yl £

since ((T'— x)f, f) is real and iy(f, f) is purely imaginary. On the other hand,
(T =201, ) < I llnl(T = 2) f I
by Cauchy-Schwarz, so [[(T — z) f|lx > |yl||f]l% where y =Im Z. So ker(T — z) = 0 if |y| # 0. Now
Ran(T — z) = (ker(T* —2))* = (ker(T —2))* = H
if |y| # 0 by (3), so we just need to show that Ran(7T" — z) is closed. Assume (T' — z)f,, — g. Note that

(T = 2)fn = (T = 2) frmllae = [ylllfo = Fimllnes

so (T — 2) f, being Cauchy implies that {f,} is also Cauchy. So f,, — f for some f € H, ie. T =T* is
closed. This then implies that T'— z is closed, from which it follows that f € D(T —z) and (T —2)f = ¢,
so Ran(T" — z) is closed if |y| # 0. So ker(T' — z) = {0} and Ran(T — z) = H if |[y| # 0. So T — z is
invertible, hence SpecT C R and ||(T — 2) || g0 S [Tm 2|71 O
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9.2 Spectral Theory

Definition 9.3. The resolvent of T', denoted p(T') C C is defined as follows: We have A € p(T) if we
can find a bounded linear operator R(\) from #H to H such that

(T — NR(\) = RO)(T — \) = 1.

The spectrum of T'is o(T) = C\ p(T).

Definition 9.4. Let B be the Borel sets in R. A spectral measure E on R is an orthogonal projection
valued measure on B, i.e. a map E such that E(A) is an orthogonal projection for every A € B, and

1. E(@)=0and E(R) =1,

2. for A, B € B, we have F(A)E(B) = E(AN B);

3. for disjoint A; € B, we have E(U;2, 4;) =72, E(A)).
Remark. Given a spectral measure F, for x,y € H, we can define

E,,(A)=(E(A)zx,y) for AeB.

For fixed z,y, £, is a complex-valued Borel measure. In particular, F, , is a positive Borel measure.

Theorem 9.1 (Spectral theorem). Let (T, D(T')) be self-adjoint on H. Then there is a unique spectral
measure E such that

(Tx,y) = /)\dEw()\) forallxz € D(T), y € H.

Remark. We make the following remarks:
1. We have supp E,, C o(T).

2. If f is a Borel measurable function, then we can interpret

(T, y) = / FN AE, (V).

In particular, we have a map f +— f(7T).
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10.1 Examples for Spectral Theory

Example 10.0.1. Let ‘H = R"™ with the standard inner product, and let 7" be a Hermitian matrix. Then
T is self-adjoint, and the corresponding spectral measure FE is given by

E(I)= ) P,

g el
where \; < Ay < --- < )\, are the eigenvalues of T' without multiplicity and L4, ..., L; are eigenspaces.

Example 10.0.2. Let T be a self-adjoint operator. Then

eitAf _ (/ 6it)\) E(d)\)) f
From this we have

3 = { [ e BN, [P Ban ) = [ [ e panEans. .

Fixing A and integrating over u, the only point that survives is u = A, so
64113 = [ B0V, 1) = (BRS.1) = 171

since E(R) = I. Thus if T is self-adjoint, then ||e® f||;2 = || f||z2, i.e. €T is unitary. Also,
G T f — T f qpq g T T — [ — it =il

T

The above are group properties for e!" as t varies.

Example 10.0.3. Let H = L*(X, u), where u is a positive probability measure. Define T'= My to be
the multiplication operator by ¢, i.e. Tf = ¢f for ¢ : X — R. We have

D(T)={felL?: ¢f € L},

which is dense in H since u(|¢p| > M) — 0 as M — oo. So T is densely defined. Then
11.9)= [ ésgutdr) = [ fogutd) = (7,79
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since ¢ is real. So T' is symmetric, which implies D(T') C D(T*). To get the reverse inclusion, notice

that for g € D(T™*), we have (T'f,g) = (f, h) for some h € H, for all f € D(T). Then

/ 139 u(de) / bfguldr) = (Tf,g) = (f.h) = / fh(dz).

Since D(T) is dense, we get ¢g = h € H = L*(X,u), so g € D(T). This gives D(T*) C D(T), so we see
that D(T*) = D(T) and T is self-adjoint. The spectral theorem then gives the spectral resolution E:

E()f = Xqeeny
where y denotes an indicator function.

Example 10.0.4. Let T = —A on L?(R?). Clearly D(T) = H*(R?) is dense in L?(R?). Integration by
parts shows that —A is symmetric. Now suppose g € D(T™*). Then

(=Af,g) = (f,h) forall f € D(T) and some h € L*.

Since (—Af,g) = (f,—Ag) = Lf (note that —Ag € &', i.e. in the sense of distributions), we have

LA < M flle2lllze = ClF 2,

where C' = ||h||z2. So by the Hahn-Banach theorem, L can be extended to a continuous functional on L?
such that [|L| pz2,2) < [|h]|z2. We can identify Lf = (f, —Ag), and thus

1Agllzz < [IAll L2

This implies Ag € L?, so by the elliptic theory, g € H* = D(T). This gives D(T*) C D(T) and thus
D(T) = D(T*) (since D(T') C D(T*) because T is symmetric), so T is self-adjoint. To understand the
spectral resolution, we can use the Fourier transform: T'f = £2f. Writing F(f) = f, we have

FTf_l - M€2.

Note that F is unitary on L2 — L7 by Plancherel’s theorem. This says that F diagonalizes A. Letting
Er be the spectral resolution for 7" and Eg2 be the spectral resolutoin for M2, we have

FErF ! = Ee.

Since EZ(I) = xqe2ery, we can write

o~

Er(I)f = (xgeenf)"

Example 10.0.5. Let H = L?*(R?) and T = —A/2 + V, where V € L* is real. We claim that 7T is
self-adjoint. It is easy to check that T is symmetric, so D(T) € D(T*), where D(T) = H?*(R?). For the
reverse inclusion, take g € D(T™), so (T'f,g) = (f, h) for some h € H. Then

<_Af/27g> = <f7 h) - <Vf7g>7
so we have
(=AF/2,9)] < ([Ihllz2 + V]I zellgllz2) L]l 2

As before, the Hahn-Banach theorem implies that —Ag € L?, and elliptic theory yields g € H? = D(T).
Thus D(T*) C D(T), so we see that T is self-adjoint.
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11.1 More Spectral Theory

Definition 11.1. Define the following parts of H (with respect to Lebesgue measure):

Haoe = {x € H : E,, is absolutely continuous},
Hse = {x € H : E,, is singular continuous},
Hop = {z € H : E,, is pure point}.

Lemma 11.1. Let T be self-adjoint and E its spectral resolution. Then H = Hae ® Hee © Hpp-

Proof. We first show that (1) Hac, Hse, Hpp are closed subspaces, then that (2) they are orthogonal to
each other, and finally (3) the decomposition for an arbitrary f € H.

(1) Take f,g € Hac, we first show that f 4+ g € Ha.. If S is a Borel set such that |S| = 0 (Lebesgue
measure), then we want to show that F(S)(f + g) = 0. Since f, g € Ha,., we note that

E(S)f = E(S)g = 0.
Indeed, for f € H,e, we have (E(S)f, f) = Efs(S) = 0. Then
0 = (E(S)1, f) = (B(S)E(S)1, f) = (E(S)f, E(S)f)

since E(S) is a projection and also self-adjoint. This shows that E(S)f = 0 by the definiteness of the
inner product, and similarly, £(S)g = 0. To check Ef, ¢14(S) = 0, we note that

Epig519(S) =(EWS)(f +9), f+9) = (EWOS)f, ) +{E(S)g, f) +(E(S)f, g) + (E(S)g,9) =0

since E(S)f = E(S)g = 0. This implies that f + g € Ha., which shows that H,. is a subspace. To see
that H,. is closed, let f, € H,. with f,, — f in H. Take any S with |S| =0, so

(B(S)f. f) = lim (B(S) fy fs) = lim 0=0,

Thus E(S)f =0, so f € Hae. Thus H,. is a closed subspace.

Now let f,g € He. Let Sf, S, be the support of Ey, E, 4, respectively. Since f,g € Hy, we must
have [Sy| = [S,| = 0. We also know Ey ;(S%) = E,,4(S;) = 0, since S$, Sy are outside of the support of
E¢r, Egq. Let Sppg=SrUS,, so |Spe| =0 by the above. Furthermore,

E(S5 )(f +9) = E(S;NSg)(f +9) = E(S)E(S7)f + E(57)E(S5)g =0
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This implies that H. is a subspace. Now take f,, € Hy. with f, — f in H. Similarly, let S,, be the
support of the Ey, f,.. Let Sy =~ Sy,, so |Sf| = 0 by countable subadditivity. Then

B(S))fn = (H E<S§)) o B(S},)fa = 0.
J#n
and letting n — oo implies that E(S$)f = 0. Since the support of E; ; is of measure 0 in the Lebesgue

sense, f € Hg.. Thus we see that H,. is a closed subspace.

One can verify that H,, is a closed subspace in a similar manner, which completes the proof for (1).

(2) We claim that H,. is orthogonal to Hy. and H,,. Take f € H,e and g € Hse U Hpp. Let S, be the
support of E, ,, so |Sy| = 0. Note that g = E(S;)g. Then we can write

(f,9) = ([, E(Sq)g) = (E(Sg)f,9) =0
since f is absolutely continuous with respect to Lebesgue measure. Thus f L g.
A similar argument shows that He. L Hpp, so which proves (2).

(3) Given f € H, the measure Ef; can be decomposed (with respect to Lebesgue measure) into an
absolutely continuous part Fy, a singular continuous part E,, and a pure point part E3. Denote the
support of Fy, Fy, E3 by S1,S5,55. Thus we can write

f=ES)f+ E(S:)f+ E(S3)f.
We have E(S1)f € Hac, E(S2)f € Hee, and E(S3)f € Hpp, 50 we get H = Hae © Hee B Hpp- O

Definition 11.2. Define E,. = F o P,., where P,. is the projection onto H..

Lemma 11.2. Let T be a self-adjoint operator and E be its spectral resolution. Then for a.e. A € R,

(BucldN)f,g) = (-

5.7 (A +1i0) = R(A —i0)) f, g) dA,

where R(\ % i0) = lim_,o+ R(\ £ i€) and R(\ +ie) = (T — (A % ie)) ™",

Proof. By spectral theory, we can write

(= (T = (z +i€) " — (T — (z — i) ™) f.)

211
1 €

:%( 1 )(E(d,u)f,g)z /——<E(du)f,g>-

p—(A+ie) pu—(\—ie) T (p—A)2 4+ €

Note that this is the Poisson kernel in the upper half-plane. Letting € — 0", we have

: ‘ (Eac(dN) f, g)
/§m (B(du)f,g) = =mmot

for a.e. A (in terms of Lebesgue measure) since the Poisson kernel is an approximate identity. O

Remark. The above lemma says that the spectral density can be written as the jump of the resolvent.
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11.2 Computing Resolvents
Remark. What can we do with resolvents? We are interested in —A + V. Take V = 0, then
R\ +ie) = (—A — (A +ie)) !

Let d = 3, then we have

—A - )\ . -1 \A — f(g) )
(-a-0+i0) 1) = g g
Applying Fourier inversion, we get
m&f
—A—(A+1i .
(8= (i) N0 = s [ g g
Note that we can write
(A = (A +1ie))™ /Kx— x) dy,
where the kernel K satisfies ]
K(&) =
(&) €2 — (A +ie)

By the inversion formula, this means that

d¢.

1
- (2n)? / & — (A +ie)
Using polar coordinates, set £ = rw, and we obtain

K = IrT-w 2 ]
/ /s2 dog (w ()\ i) dr ()

We can first compute that

™ 1 .
/ %% dog (W) = 27r/ "% sin § df = 27r/ e du = 4n sm(au).
52 0 -

1 a

Then we can calculate the inner integral in (x) by symmetry (A is rotationally invariant),:

sin(r|z|)

e doge (w) = dm———"%
/82 rlz|

Substituting this into (x), we get
1 2
B sin(r|z|) r g — / sin(r|z|) - dr
27r2 rlz| 2 — (X +ie) 27r2|x| — (A +ie)

/ SlIl |SL’| rdr = / (€i|x\r . 6—ir|x|> ( 1 . 1 ) dr
47?2]35\ — (A +ie) 167r2\x] o r—VA+ie r+VA+ie

By some complex analysis (residue computations), we get K = eil#IVA*i€ /4x|2| so that

1
R(A+1i0) = lim R(\ + ie) = eIVA T o0 < A < o0,

e—0t 7r|x|

where we take the principal branch of the square root.
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12.1 More on Computing Resolvents

Example 12.0.1. We will compute the resolvent for —9%. For ¢ > 0, we would like to study
R\ +ie) = (=02 — (A tie)) "
It is reduced to compute the Green’s function in 1 dimension: Gy (x,y) such that
(=07 — (A +1€))Grrie(z, y) = 0(z — y)
and is normalized by Gyi(—00,y) = Gyric(00,y) = 0. Note that the function

G = ei\/)\—‘riex

solves the ODE (—0? — (A +i€))g; = 0 and satisfies g;(z) — 0 as * — oo. The function

go = 6—2\/ Atiex

also solves (—0? — (X +i€))go = 0 but satisfies go(z) — 0 as z — —oo. If x < y, then by the uniqueness
of the ODE solution we should expect that G is a multiple of go. Similarly, if x > y we should expect
that G, is a multiple of ¢g;. Stitching the solutions together, we find that

1 T —oo < x <y,

Wigi, g2 | 1(2)g2(y) y <z < oo,

where Wg1, ¢2] = 9195 — 9192 = —2iv/ A + i€ is the Wronskian. Passing ¢ — 0,

ei\/x‘x_yl
R(A+140) = lim Gy (z,y) = —

e—0t 22\/X .

We can also note that
e_i\/X‘m_yl

2iv/ )\

Exercise 12.1. By spectral theory, we know that we can write

R(A —i0) = R(A +i0) =

1 /oo GM[R(A 4 i0) — R(A — i0)] f d.

1%t
ez f = -
/ 21

35



LECTURE 12. FEB. 19 — DISPERSIVE DECAY WITH POTENTIAL 36

We have an explicit formula for R(\ £ i0) from the above computation, e.g.

RO\ +i0)f = — / T by dy.

R 2V

Check that this is the same formula for ¢! f that we obtained via Fourier transforms.

Remark. The Fourier transform only works well for standard differential operators and not for perturbed
versions such as —9% + V. Spectral theory will allow us to better understand such operators.

12.2 Dispersive Decay with Potential

Remark. Our next goal is to show the dispersive decay for e//*f, where H = —A+V,ind =1,3. In
particular, for V' sufficiently nice and P, = P,., we will show that

HethPCfHLOO S t_d/g”fHLl? d= 173

If V' is nice, then Hee = &, so H = Hae ® Hpp and we may simply write P, = P.
Theorem 12.1. Let d =1 and H = —0> + V, where V is sufficiently nice (e.g. enough decay). Then

e Pofllpoe S 2| f| 2

Remark. Why do we need P.? This is because if f € Ran(FP,,), then Hf = Af for some A € R (since
H is self-adjoint). Then et f = ¢*M f which is oscillatory in ¢ and does not decay.

Lemma 12.1 (High energy part). Let x € C®(R) such that x(\) =1 for A > 2\g and x(A\) =0 for
A < Ao for some large but fized N\g. Then we have
e X (H) fllzoe S 2] flza-

Proof. This proof is due to Goldberg—Schlag (2004), we will give an alternative (more direct but less
general) proof later on. Note that o(—09?%) = [0, 00), so (=92 f, f) > 0. So one can always invert —9% —
for A < 0. Then the absolutely continuous spectrum of —9% + V will also be [0, 00) by Weyl’s theorem
provided that V' decays sufficiently fast. Then by spectral theory, one can write

o0

(€M (H)P,f g) = / X (M{(R(A +0) — RO\ — i0)) . g) dA.

The resolvent in this case is

R(A+i0) = lim (=02 +V — (A i)' = lim (Hy+V — (A% ie)) !

e—0t e—0t

where Hy = —d2. Then one can write
R\ +ie) = (Hy+V — (AN £ie)) ' = Ry(A £ ie) — Ro(\ £ ie)VR(\ % ie).
The above is the second resolvent identity, which follows from

(H— (A ie))R(A+ie) =1



LECTURE 12. FEB. 19 — DISPERSIVE DECAY WITH POTENTIAL 37

and

—(H — (A£i€))Ro(\ £ i) = (Hy + V — (A £ i€))Ro(A £ i) = VRo(\ £ de) + 1,

which gives
—(H — (AL ie))(R(\ L ie)V Ro(A L i€)) = VRy(\ £ ie).

Adding the above equations gives the desired identity. Thus we can formally write
R(A £ ie) = Ro(\ L ie) — Ro(A L ie)VR(\ % ie) Z Ro(A £ ie)(=V Ro(X £ i€))",

which is known as the Born series[| Now we claim that for A > Ay with Ao large enough,

o0

(ROA+10)f,g) = > _(Ro(A+i0)(=V Ro(A+10))" , g)

n=0

for Schwartz functions f,g € S. To see this, we can write

(Ro(A+i€) f, g) //m e!VATida= y‘f( )dyg( ) dx.

Thus we have the bound
[(Ro(A +i€) f, g)| < \/—HfHLngHLl

In general, we can estimate
[(Ro(A +i€)(V Ro (A + i€))" f, g)]

1
<[] V@) V@@l deo . dnss

1 n
< m“”hl”ﬂ’ﬂ“ﬂhL

Now take Ag such that 2¢/Ag > ||V]| 11, so that the series

o0

D (Ro(A+i0)(—=V Ro(A+0))" £, g)

n=0

converges uniformly in A. We will finish the proof next time. O]

!Formally, one can see this as the Neumann series for (H — (A% i€))~! = (Hg — (A £ i€)) L1+ V/(Hy — (X +i€))) !
and apply the geometric series formula.
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13.1 High Energy Estimates, Continued
Proposition 13.1. We have the estimate
(e X (H) Pacf, )] S 2 f Ll gl

Proof. Using the Born series, we have

[(e"'X(H)Pac f, 9)|

= ZO ' (;Z)n /OOO " x(N) ((Ro(A +i0)(V Ro(A +10))" f, g) — (Ro(A — i0) (V Ro(A = i0))" f, g)) dA| .

The general term in the above series is (the minus term is similar)
/0 N " X(A) (Ro(A 4 i0)(V Ro(X 4 i0))" f, g) dA.
Changing variables using A = n?, we have
N - 2n(Rale? + OV Rl + 10))F, )

' I 0 = +ie™ ; = ie'l"" /2,
Using the calculation that Ro(A =& i0) = +ie#VX /2\/X, we have Ry(n? + i0) = ie?®" /25, and we get

S
// f(z0)g(Tni1) / . / V(zy)...V(x,) /000 "o . X(n2)em(z_j;7;]nil| dndx, .. .dz, dvodr, ;.
Note the above integral by (%), and by Minkowski’s inequality we have
()]
< [ [1@llgtanl Ve .. V() su

ZOy--ey Tn+1

. 1
ein S =l

OO itn22 . 2 d
/Oe n-x(n°) ETrr=——

d.ﬁEo PP dxn_'_l.

Setting a = Z;L;rll |z; — xj_1|, the inner integral satisfies
oo n Z"ill |zj—x;—1] 0o ina
: itn? ¢ ™ _ itn? 2 €
sup / e 2n - x(n°) : dn| = sup / e 20 X (1) 7 = | -
T Tn+1 [J 0 (—2772)”“ a 0 (_2772)”—’—1

38
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By a suitable change of variables, it suffices to study

i e % i inans
/ e’ 2n-x(n2)—mdn'=8up‘/ e L, () dn|

VN (—2ni)

a

where we have )
~ ( ) _ 2n - X(U ) _ ||€i8§t
n (—27]i)n+1

The key idea is to reduce the computation to the 1-D free Schrodinger equation. Writing

o0 )\2 )
o) = / %em dA,

o0

palle <72l

we want to estimate ||p,||z1. For n = 0, we have

e}

po(z) = / x(A2)e ™A d\ = / (1+(1—x(M\)))e ™ d\ = 6 + / (1 —x(\)?e ™™ a.
The latter integral is a Schwartz function since 1 — x () is compactly supported. So ||ugl|z1 < oco. For
general n, we would like to estimate |22, ()| -

?

N N X )\2 "
)= = N i < 0 = | (X552

where the second inequality is by Young’s inequality and the last inequality is because
YOBY [ 0?)

A" ~ )\n+2
and the observation that y’, x” are compactly supported functions. Thus we have

[t ()] S (Ao) ™" |2| 2.

A (V)
)\n—l-l

)\2X// ()\2)
)\n

i

This gives us decay as x — oo, but we also need to estimate ||uy,||z~: For n > 2,

x(\?)
)\n

~Y

tnlli S linllzs = H \ < (2) "2

since Ji,, is integrable for n > 2. When n = 1, we have

i ()| o = H (X(AAQ))V

since ||x(A?)||z: is finite and (1/)\)Y = —isign(x), so [|(1/X)V]|z~ < 1. Thus for n > 1,

= O # (1/A) 2o = IXO) 22 (1/2)Y | oo < 00

Lo

il < (M) and - [lpa (@)l S (Ao)™"?]a] 2,

which gives [|pn |1 < (Ao)™™2 When n = 0, we already know ||ug]|z1 < co. This gives
e dnl < -1/2 A —n/2
Sup 77 ~ |t| ( 0) )

/ e - x(n?)
0 (

—2ni)n
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and so we have

() S Az llglzx IV (ho) ™™ 2] =2,

As long as )\61/2||V||L1 < 1, we can sum the Born series and get

(e X(H)Pacf, 9) < [t e llgl o Z(AEWIIVIIU)" ST gl o
n=0
which is the desired estimate. O

Remark. The takeaway from this proof is that for the high frequency part, we use a Born series, the
free resolvent, and explicit computations.

13.2 Low Energy Estimates

Remark. In this setting, the influence of the potential becomes more serious.

Lemma 13.1 (Low energy). Let V' be “nice” and x a cutoff function near 0. Then
X CH) Pacf | oo < (67121 f ]2

Proof. We use spectral theory. Write
) 1 o0
M (H) Prcf = 5 / YN R +i0) — R(A — i0)]f d.

We will use the convention (note that (1 + i€)? = n* — €2 + 2ine)
R(n* +1i0) = lim R((n+i€)?) = lim R(n* + isign(n)e).
e—0t e—0t

Then we can write

. [~
ethX<H)PaCf:E/ n - X( )1“7 R(T] +20)fd77

—00

Using a Green’s function, we can write

frQAf-Qe) o A f Ay
WO, O] ) T W), ()] =

where fi are the Jost functions solving
—fL Ve = N[y,
|[f+(A 2) — e — 0,
T—00

lf-(\,2) — e —— 0.
Tr—r0o0

RN\ 4i0)(z,y) =

The conclusion from this is that

IS / [ f*“v%f’x) I @G oy i dy
/ / 0y o) e v:;)(fA)u,y) I\ F T Ly

We will finish the proof next time. ]
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14.1 Low Energy Estimates, Continued

Proof of Lemma[13.1], continued. Our goal is to understand fi. Define m (A, x) = % f, ()\), so that
my(\,z) =1 asxz — o0
“Volterra iteration” gives more precise estimates, but we will go with a rougher approach: m, satisfies
Pmy (N, ) + 2iA0,my (A, x) + V(z)my (), x) = 0.

Then we have the Volterra equation
e2i)\x -1

my(\z) =1 +/ Dy(z —y)V(y)mi(\,y)dy, Dy = /0 N dy = 2N

Denote m (A, z) = Oymy (A, x) and 7 (A, z) = 3m (N, ), which satisfy
(A ) = / Di(z =)V (y)ie (A y) dy + / Di(z =)V (y)m (X y) dy

and a similar integral equation for m,. We want to show the existence of m, and we are interested in
the behavior of m, as z — oo. We will solve the equation on [zg, 00) for xy large enough. Set

my(k,x) — 1

- W@ = [ IVl

where (A\) = /1 + A2 is the Japanese bracket. Note that W/ (z) — 0 with the same rate, and if
/<y>"\V(y)| dy < oo,

then |W (z)| < (z)'~™. From the equation of m,, we can see that

(1= L)zp (k) = 2, (k,2) — Ley = WLX) / T Daly — V() dy,

where Lz, is given by
1 o0
Lz, = —— Dy(y — )V (y)W! dy.
S W) /x Ay =)V (y)Wiy)z(y) dy

41
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Our goal is to show that (I — L) is invertible on L>([xg,c0)). Note that we have |Dy(z)| < |z|/|A] since
le® — 1| < |z], and also |Dy(2)| < |z|. Then we can estimate

*y — x|

S e e L
L% ([z0,00)) x

So if (I — L)z = G, then from the above computation ||G/|ze([zy,00)) < 00. We also have

< o0
Lo ([w0,00))

[ [" Dty - 0w ay

1 o0
IEslimemon S g7y [ = alV OO i

L2 ([0,00))

1 o0
W=t |7 [ = oIVl
+ x

L2 ([z0,00))
S W(@o) |24 || oo ([wo,00) -

As |zo| = 00, we have ||Lz || oo (fng,00)) K |2+ o ([20,00))> 80 (I — L) is invertible on L*°([z, 00)). Thus
z4 exists in L>°([zg, 00)), hence m also exists in L*°([xg, 00)).

We still need to work on (—o0, xg). For —1 <z < x(, we have

(o) S 1+ / "IVl 0 y) dy,

so by Gronwall’s inequality, |z (A, x)| < 1. For # < 0, we can notice that

Ol O O ’ 240 9)
sty [e—pvelE s a s v a

Applying Gronwall’s inequality again, we obtain |z, (A, z)/(z)| < 1.E| So we know the existence of f,
and m, and a similar argument shows the existence of f_ and m_. We can also obtain estimates for
4 and M4 in a similar fashion. We continue the proof from here next time. O

Remark. Inserting the formula for m_ again in the Volterra equation yields
ma(a) =1+ [ Daa =)V (O v)dy
1+ [ Daa- gV dy+ [ Dae=pV) [ Dy 2V (Imi (02 ddy
T T Y

[terating this process (Volterra iteration) and bounding each term not involving m, gives more precise
estimates (argue that one ends up with a summable series and get estimates from there).

Note that one can also apply Gronwall’s inequality for # > 0, but the resulting estimate |z, (A, z)| < (z) does not give
precise asymptotic information for z; as x — oc.



Lecture 15

Mar. 3 — Dispersive Decay with Potential,
Part 4

15.1 Low Energy Estimates, Continued

Lemma 15.1. Suppose W(0) # 0. Then we have

sup
<y

OoeztAQ /\X( ) . oy
/oo WA )f+(A ) (A )dA’ < [t|7V2.

Proof. We first consider the case r < 0 < y. Then f,()\,y) — e%* as y — oo and f_(\,z) — e~ as
T — —00. S0 we can write

- 2
’/ eit/\QGiA(y—x));/VL(:f\))er(/\,y)m—(/\’x) d)" -

et (0, gm0}
X(

(3 e +<A,y>m<x,x>)v

Let 7 be the dual variable of A, and write the inner function as G(z,y;7), where z,y are fixed. Then we
would like to bound ||G(x,y; 7)1, for which it suffices to show |G(x,y;7)| < (7)72. By Fourier duality,
it suffices to bound the derivatives of G in A:

o (- vn)) o (-0, (Avﬁ(a?m(x,y)m(mm).

Recalling that x is compactly supported, it is sufficent to bound the L> norms of the above quantities.
So we just need to show that W (A) and my are bounded for j = 0,1,2. Recall that

< |t|71/2

Ll

W()‘) = W[er()" x)v ffO‘a ZB)] = [ei)\xm+<)‘a :B), eii)\xm*()U x)} = [er()\, 0)7 m*O‘? O)]a

where we assumed W(0) # 0. Note that the Wronskian is independent of the point at which we evaluate,
so that W () does not depend on x. We previously estimated 8§\mi forz > 0and j =0,1,2, so we
have L* bounds for &’ KV (A) and 8]mi for j = 0,1,2. This proves pointwise decay in this case.

Now we consider the case 0 < 2 < y. We need to analyze fi (X, y)f-(A x) (note that f_(\, x) behaves
badly as © — oo, we only know that f_ (A, z) might grow linearly as z — o0). To deal with this, we use
some 1-D scattering theory. Note that fi(), ) solve the ODE —9%f. + V fi = A2f, so we can write

Je2) = ax (W) (A 2) + B (A) fr(=A 7)
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for A # 0. Since f_(A\,x) and f_(—\, z) are linearly independent (W[f_(\,x), f-(=A\,z)] = 2i\ and
A #0). Since 0 < x < y, we can use this to write
f+(A7 y)f—()‘7 ZE) = f+()‘7 y)(Oé_(/\)f+(/\, JZ) + B—(/\)f—l-(_)‘? ZL’))
= Oé,(>\)f+<)\, y)er()\? l’) + ﬁ*(A)er()\v y)f+<_)\> I),

and we can now make the same argument as in the previous case to get the decay estimate.
In the final case © < y < 0, the idea is the same as when zy < z < y: We can write f, (), y) as a linear
combination of f_(—\,y) and f_(\,y) and proceed as before. O
Remark. This completes the proof of the low energy part.
Remark. Consider the two scattering relations from above

f+Az) = ar () f-(A z) + B+ (A) f- (=A@

F-v3) = a (oA 2) + B () o=\, 2).

We can rewrite the first equation as

~— —

1 _a(N) _
6+()\)f+(>‘7x) - 64—(/\) f—()‘7x) + f—( /\,JI),
and we find that
1 1 AT
ERPVEAR eV
ar (M) (N i
.0 S B
f-(—=\z) — e

We call T'(\) = 1/84(\) the transmission coefficient and Ry () = a4 (N\)/B+(N) the reflection coefficient.
One also has the relation |T'(\)]? 4+ |RL(M\)]? = 1.

15.2 Distorted Fourier Transforms

Remark. We give an alternate approach to proving the low energy estimates via “distorted Fourier
transforms.” Recall that the usual Fourier transform diagonalizes differentiation. The “distorted Fourier
transform” F will diagonalize —02 + V, i.e. it will satisfy

F((=02+V)g)(&) = € F(9).
In Fourier space, the scattering relations from before become:
(&) f+(x,8) = f-(x, =§) + R_(&) f-(x,€)
T(&)f-(x,8) = fo(z, =€) + B (§) [+ (2, €)
Recall that for H = —9% + V, we have the spectral resolution

_ f-}-(«r,f)f—(y,g)]l{ny} + f—($7§>f+(y7§)]1{:c<y}
W[f+<-,f),f,(-, )]

(H = (€ +1i0)) " (z,y) = R(& +i0)(x, y)

for z;y € R and £ € R.
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Lemma 15.2. The density of the spectral resolution E(d¢?) on [0,00) can be written as

P o) = L 00000 + - 007090

Alternatively, it can also be written as

(.y) = - Re[T'(§) f+(x, &) f-(y,€)], if x>y,
d¢. 77w |\ Re[T(€) f+(y, ) f-(x,8)], ifa>y.
Proof. Recall that (make a change of variables A = £2 in the usual formula for E(d\))

PO 1) = S +i0) - BE — 0))z.).

Then we can write
B (00) = oW (O o - (0,6 — W=7 (7.~

Using the scattering relations, we have T'(§)W (§) = —2&i, so we have

PO ) = 5 (DO, 0. - (1) + T(-0)5. (5.~ (1.~

Write f_(y,€) in the first term using f, (y,€) and f_(y, —¢), and write fi(x,—&) in the second term as
f-(z,€) and f(z,€) to obtain (note that T'(—¢) = T(¢) and Ryi(—¢) = R+(§))

B 0.) = e 1140 T (-1 0= = RO -(0.9)
()T () (€)= Ra(E) (s ) (3]

=R w100 + 07

This proves the case x > y, and x < y follows similarly.

Definition 15.1. Define the distorted Fourier basis

e(z,€) = L TE)fr(z,8) if £>0,
7 V2r | T(=&)f-(z, =€) if£<0.



Lecture 16

Mar. 5 — Scattering Relations

16.1 Distorted Fourier Transform, Continued

Remark. Let H = —9? + V and P. be the projection onto the continuous spectrum of H. By spectral
theory, we can write

1 D
HRf =5 / AE(dN)f,

which gives .
Pf = i,/o B(dN)f = 5RO+ i0) — RO\~ 0)]f dA

27 v

Setting A = €2, we find
Pcfz% / IR(E +0) - R D)
0.0+ -9~ OL) iy

/ / ’T )f+(y, =€) fy) dsdy + / / 'T f-(y, =€) f(y) dédy.

We keep the first piece and change variables £ — —¢ in the second piece to get

Pt = // () &) F4(y,— %@+//

dyd
~ [ eta s)/R (0. €) ) dy
where e(z,€) is the distorted Fourier basis (note that fi(y,€) = fi(y, =€) and f_(y, =€) = f_(y,&)).

Note when V = 0, we have fi = e and T'(§) = 1, so we recover the standard Fourier transform.

—&)f-(y,€)) f(y) dsdy

Corollary 16.0.1. Let H = —9? + V. Define the distorted Fourier transform by

Ff) = /R @ Of(@)de and F-'(h) = /R (i, )h(z) da

Then for any Borel function G, we have the formula

G(H)P.f = F7GE)F(f)(©)).
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Remark. Using the distorted Fourier transform, we can write

RS = [ el e F () de (+
Note that for &€ > 0, we have e(x,&) = T(€) f(z,£) ~ €% as ¥ — oco. So at least morally,

/R e(z, €)™ F(£)(€) de = e [ FF(f)]].

On the other hand, we do not know the precise behavior of T'(§) f+(x, &) as © — —oo. But we can use
the scattering relation and write f, in terms of f_:

(&) f+(x,8) = f-(x, =) + R_(§) [-(x,€),
SO we can write

[ e R e+ [ R = R € de

R
which we can estimate as a 1-D oscillatory integral. Then using (x), we get ||e*P.f|| 1 < |t|~'/2.

16.2 Scattering Relations

Remark. Recall that we used the scattering relations

T(&)f+(x,8) = f-(z,=E) + R_(§) f-(,§)
T(f)f—(xvf) = f+(17, _f) + R+(§)f+(l’,§)

Also recall that

J+(2,8) = an () f-(2,8) + (&) f-(z, =€) (%)
since fi(x,€) and f_(x, =) are linearly independent for & # 0. Similarly, we can write
f-(2,8) = a_ () f+(x,8) + B (&) f+(x, =¢). (%)

The scattering relations then come from dividing these equations by a4 (§). We will now try to understand
these coefficients in more detail. Recall that

W) =Wfi(@,A), f~(z, )] = Wlap (M) f-(2,A) + BL(A) f-(z, =), f-(z, A)]
= ﬁ_,.()\)W[f_(ZU,—)\),f_(ZU, )‘)]

Now passing z — —oo (since the Wronskian is independent of the point at which we evaluate), we have

ei)xz Z’)\ei)\:c
efi)\x _Z'/\efi)\x

W(A) = B+(A) = —2iAB4(A).

Using the same idea, we can compute that

WIS (2, ), f(2, =N)] = a MWIf (2, A), f-(2, =A)] = 2iday (A).
Continuing in this manner, we also get W[f_(z, \), f+(z, —\)] = —2i a_(\) and

W\

) =80 =
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From this, we can also conclude

~ WA, [-(=A)] _
ay = + 55 and a_ = 9N

Substituting (*x) into (%), we get

f+(@,8) = ar(§)(a-(§) f+(z,§) + B-
= [ (§)B-(&) + B (§)a—(—

This then tells us that
ap(§)a(§) + +(§)-(=§) =1 and  a(§)B-(&) + S4(§)a-(=¢§) = 0.
Using our formulas for ax and Sy in the second equation, we get
2i60(=€) = W(=€) = W(€) = 2£B(¢) and - 2i€a.(€) = 2i€a_(€),
so B(—=€) = B(€), and o (€) = —a_(€) or a_ (&) = —a,(€). By the first equation, this implies
—la (OF + 8O =

Dividing by |8(£)|* and using some algebra, we find that

1 |a+(§)|2
BEE " BOP

Setting T'(§) = 1/5(§) and Ry (&) = ax(§)/B(E), we get the relationss

() f+(z, =€) + B4(§)(a- (=€) f
O +(x, =8) + [ag(§)a—(§) + B4(§)f- (=] f+(x,E).

=1.

TEF + [R(9* = 1.

We can also define T(€) R_(¢)
S(6) = [m(&) T() ] |

which is called the scattering matrix.



Lecture 17

Mar. 10 — Compact Operators

17.1 Conclusion on Dispersive Decay

Remark. Recall that we have previously shown if V' is sufficiently nice, then
e Pl S Y2 f 10

In particular, if we consider the following equation:

i0ph — 0% + Vip = F,
¥(0) =,

then we have the Strichartz estimate (which follows by a TT* argument)

1P9llzg, S 1 lsz + 1] oo

17.2 Compact Operators

Definition 17.1. A linear operator A : H — H is compact if it satisfies one of the following (equivalent)

conditions:
1. A takes bounded sets to relatively compact sets;

2. A takes bounded sets to sets that have e-nets for all € > 0 (see below);

3. if {u,} is a bounded sequence in H, then {Au,} has a strongly convergent subsequence;

4. A takes weakly convergent to strongly convergent sequences.

Definition 17.2. Let K be a metric space. We say that £ C K is an e-net of K if for every x € K, we

can find y € F such that d(z,y) < e.

Theorem 17.1 (Spectral theorem for compact self-adjoint operators). Let A : H — H be compact and

self-adjoint. Then we can find an orthonormal basis {¢,}5°, of H such that
A¢n = >\n¢na >\n S R?

and the A\, can only accumulate at zero.

Definition 17.3. The essential spectrum of A is the spectrum of A minus the isolated eigenvalues of

finite multiplicity.
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Theorem 17.2 (Weyl’s criterion). Let A, B : H — H be self-adjoint. Assume
(A+ M) ' —(B+M)'=K
for some compact operator K and constant M. Then the essential spectrum of A and B are the same.

Proof. We only sketch a proof here. We first claim that if A is in the essential spectrum of A, then for
every € > 0, there exists an infinite dimensional subspace L of H such that

1A+ M) = A+ M) flle < el fll

for all f € L. This is by spectral theory, as we can write

1 1
t+M XX+ M

(A+M)‘1f—(/\+M)‘1f:/( )E(dt)f.

Then since A is fixed, for any € > 0 we can find § > 0 (by continuity) such that
A5
.

We can take L = Ran E([A — d, A + ¢]). By spectral theory again, for any f € L, we have

2

! L maysn<e

t+M AN+ M

2

(E@N], f) < Elf13

A48 1 1

t+M AN+ M

I+ 207 = a7 = [

A—4

since E(d\)f = f as f € L. So it only remains to check that L is infinite dimensional. To see this, note
that if L was finite dimensional, then (E([A — 0, A 4 0]) f, f) is a purely atomic measure, a contradiction
with A being in the essential spectrum of A.E|

Now the converse of the claim is also true (exercise). We will use this to show that A is essential spectrum
of B. By the converse of the claim, it suffices to find L such that dim L = oo and for every g € L,

(B +M)~'g — (A + M) gllu < 2¢llgln-
We now claim that there L with dim L = oo and L C L such that
IPE?Pgll3 < 2¢|glls

for all g € L, where P = E([]A — 6, A + 6]). To see this, note that T = PK2P is a self-adjoint compact
operator, so by the spectral theorem we can find {n,}:>, and {¢,}°, with T'¢,, = n,¢, and 1, — 0
(Since L is an infinite dimensional subspace of H, we can find a basis {b,,}5°_, for L. Then b,, — 0 weakly.
A compact operator takes weakly convergent sequences to strongly convergent sequences, so Tb, — 0
strongly. In particular, it is impossible that {7,}>°, is a finite subset of R. So it has an accumulation

point by the Bolzano-Weierstrass theorem, which must be 0.) Take

Z = Span{¢n : |77n| < 62}7
which is infinite dimensional since 7, — 0. Then for any g € Z,

|Kg|3 = (PK*Pg,g) < ||gl)3-

IThis claim says that the essential spectrum is related to the infinite dimensional subspaces of H.
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We can write
(B+M)'g—A+M)lg=(B+M)'g—(A+M) g+ (A+M)'g— A+ M) g
= Kg+[(A+M)"g— (A +M)"'g],
and thus we have
I(B+M)"'g— A+ M) gllu < [ Eglln+ |(A+M)" g = (A+ M) glln < 2€]| gl
This implies that A lies in the essential spectrum of B. We conclude the theorem by symmetry. [

Example 17.3.1. Let A = —A (with essential spectrum [0,00)) and B = —A + V', where V' decays to
0 as |z| — oco. Then for M > 0, we can see that (using the resolvent identities)

A+M)y ' —(B+M) ' =(-A+M) = (-A+V + M)

- i(—A + M) (=V(=A+ M)

Notice that |[(—A + M) |z2z2 < 1/M, since ((=A+ M) ) =1/(&2+ M) < 1/M for M > 0. Now

[V Iz~

M )
s0 if M > ||V'|| 1, then we have a convergent series. So in order to show that (A+ M)t — (B+ M) ! is
compact, it suffices to show K = V(—A + M)~! is compact (since the sum and composition of compact

operators is again compact). Note that a loss of compactness can come from either the physical or the
frequency side. But we have

IV(=A+ M) a2 <

1
~A+M)™H =
(=A+M)7) = g7
which localizes a function on the frequency side, and the decay of V' localizes a function on the physical
side. This gives intuition for why K should be compact.

A more rigorous argument is the following: Let B C L?(R¢) be the unit ball, and set
W={w=V(=A+M)"v:|v|e <1}

We would like to show that W is relatively compact, which we will do by appealing to the Arzela-Ascoli
theorem. For this, we must check boundedness and equicontinuity. Define

We={we=xexw:we W},

where . is the standard mollifier. For boundedness, we have

—n/2 n/2

we(@)| = Ixe xw| S € wllrz S €

and [|w(x) — w(z)|| 12 < €, which proves boundedness. For equicontinuity, we note that

() — we(y)] < ' [t =2) = xly = Dulyaz| s e =y,

which proves equicontinuity. Thus we can apply the Arzela-Ascoli theorem to get that W, is relatively
compact. Since this holds for all ¢ > 0, we can also conclude that W is relatively compact.

Finally, by Weyl’s criterion, we conclude that the essential spectrum of B is also [0, 00).



Lecture 18

Mar. 12 — Spectral Theory and Negative
Eigenvalues

18.1 Spectral Theory for —A+V

Lemma 18.1. Suppose V- — 0 as |x| — oo. Then the following are equivalent:
1. There exists an eigenvalue A <0 of H =—-A+ V.
2. There exists f € H? such that (Hf, f) < 0.

Proof. (1 = 2) Let f be the eigenfunction, so that Hf = Af. Then (Hf, f) = X(f, f) <0.

(2= 1) If (Hf, f) <0, then by the spectral theorem, the spectrum of H must extend below zero. But
the essential spectrum of H is [0, 00), so any part of the spectrum below must be an eigenvalue. O

Theorem 18.1 (Birman-Schwinger). In R?, let V™~ denote the negative part of V', and suppose that

J LS
R3 JR3 [z — | .

Then H = —A 4V has no negative eigenvalues.
Remark. If V' > 0, then integration by parts yields

(CATWLS) = (VLEVH VN =IVAP+ (V) = 0.
So the previous lemma implies that —A + V' has no negative eigenvalues.

Proof. We argue by contradiction. Assume the exists an eigenvalue A < 0. Then by the previous lemma,
we can find f € H? such that (Hf, f) < 0. Write V = V* + V~ where V*,V~ are the positive and
negative parts of V', respectively. Since V* > 0, we have

=((FA+VOLH+ VL 2 (A+V)L )

Let H=—A+ V=, so (ﬁ £, f) < 0. By _the previous lemma, H has a negative eigenvalue X, and we can
find ¢ such that (=A+V7")¢ = Hp = A\p. Then (—A — \)¢p = =V ¢ € L?, and we can write

¢=—(—A-N)7""V"g,
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where (—A — X is invertible since —\ > 0. Note that V= < 0, so

VIV = VIVTI(=A = NIV (VIVT9)
—— ~ :;

¥ T

The above says ¢ = T, so ||T'||2,2 > 1 (recall that || T2 z2 = supser2 (|7 f] 22/ f]|z2)). But

_ V@ / (A =X ) VIV W) () dy

Such a T is called a Hilbert-Schmidt operator. These operators have kernels, so we have

1/2
1T\ 2sr2 < ||Tns. = (/ / |kernel(T)|2(x,y) dxdy)
r3 JR3

= ([ [ VFIeA -3 eI )

1/2
—z\/_\r Yl o

= V- V-

L LV s vl ey

_ _ 1/2

RS CIEP

s Jrs (47| —y[)?

by assumption, which contradicts ||T'||z2_z2 > 1. O

Remark. The full version of Birman-Schwinger says that

1 _ _
# of negative eigenvalues of H < 5 / V@)V ()l dzxdy.
(4m)? Jgs Jps E]

A proof can be seen in Reed-Simon IV.

Lemma 18.2. In one dimension, if V € L'(R) and

/OO V(z)dr <0,

—00

then H = —02 +V has a negative eigenvalue.

Proof. By the first lemma from the day, it suffices to find f € H? such that (Hf, f) < 0. Let ¢ be a
nice function, and set f(x) = ¢(ex) for € < 1 to be determined. We have

HED = (1 )+ VI =& [P [ Ve da
:e/|¢’y2dx+/v¢2(ex) dv — 0+ |¢2(0)|2/de <0

by the dominated convergence theorem. Thus taking e small enough, we can get (H f, f) < 0. [
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)= [ VG 4
Tle-uk

in R®. We know that if (x) is small enough, then H behaves similarly to —A. The Kato norm of V' is

V
Wl = sup [ T2
v J =y

This norm is scaling invariant. In 2004, Rodnianski-Schlag showed that if ||V||x < 47, then

Remark. Consider

e Pac fll o S 1617221 1|2

Another result by Beceanu-Goldberg in 2010 showed that if ||[V||x < oo and V' is “nice” such that H has
“no zero resonance” nor “zero eigenfunctions,” then

e Pac fll = S 1817221 1|2

18.2 Agmon Bound

Remark. We consider the equation (—=A + V)i = Ev with £ < 0 and ¢ € H>.
Theorem 18.2 (Agmon bound). Let V € C(RY) and V — 0 as |z| — oco. Then

/ e®lah(x) 2 dr < oo
R4

for some a > 0. If V is smooth and |DVV ||z~ < 0o for |y| > (n+1)/2, then |y (z)| < e~el=l/2,
Remark. Some intuition is the following: Consider —¢"” 4+ V' (z)y = E1 in 1-D, and suppose that

Y(x) ~ exp (—/0 VIV —E)t dy) )
Then ¢/(z) ~ —/(V — E)*¢(x) and ¢ (z) ~ (V — E)T(x x)/v/(V — E)Yt)Y(z). In the limit

T — 00, We have V—=0and £ < 0,s0 (V—-E)r=V—-FE. We also have V' =0, so V’(x)/ (V- E)*
is small and so 1 approximately solves —¢" + V (z) = E1.

Remark. In classic mechanics, the total energy of a particle is given by

1
E=V(x)+ 57711]2,
where V' is the potential energy and mv?/2 is the kinetic energy. Note that this means V < E| so we
cannot find a classical particle with V' > E. For a quantum particle, however, we can find them in the
region R = {x € R": V > E}. This region R is called the classically-forbidden region.
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Mar. 24 — Agmon Bound

19.1 Proof of the Agmon Bound

Proof of Theorem [18.9 Define the Agmon metric by

Pg(z) = inf / \/ VA (1)) dt.

v apath 0 — z

Then one can check directly that |V Pg(z)| < \/(V(z) — E)* and Pg(z) < (||V||z~ + |E])Y?|z|. The
crucial estimate is the following: Let w(x) = exp(min{2(1 — ePg(x), N)}) for some 0 < ¢ < 1 and
N> 1, and let ¢ € C> with ¢ =1 for |z| > 1 and supp¢ C {z : V(z) — E > 0}. Then

/ w(@) (@) P ) do < ]2,

Note that this is finite since v is an eigenfunction, so it lies in L?. Take § > 0 to be determined later.
Take ¢ as above but with V' — E' > § in the support of ¢. Set wy(z) = exp(min{2(1 — ePg(z)), N}), and

Iy = / wy ()] (@) 26 () da

We claim that I, < C independent of N. To see this, note that

Sl < / (V — Eyun () (0)26(x) de = / (V — BY(a)0(@)wy (2)6(z) de
- / (A @) (1) () da

since —Awy 4+ Vi = Eip. Then integrate by parts to get

5y < — / VlPun(@)é (@) do + 2 / V13w ()] 6]| V6| de
1201 / Vul[Bllol|6* VT~ Ede, (+)

where we used |V Pg| < /(V — E)*. For the second term, we can apply Cauchy-Schwarz to get

2 [ [volEllun@lelVoldo < ¢ [ [FoPu(e)stdo+ ¢ [ loPu(e)]ToP ds

%)
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Note that the |V¢|? term is compactly supported (since ¢(z) = 1 for all |z| large enough). The first
term above of the same form as the first term in (), so we can combine these later (with a coefficient of
€ — 1 so far). For the third term in (x), we can write

21— o) / IVl [B o |PIVT —Bde < (1—¢) / VU Pund? d
(-9 / WAV - Byux(z)é? da

The first term here also matches with the first term in (x), and the three terms cancel out (we previously
had a coefficient of € — 1). Now the remaining term is actually the same as the original bound on 01y,
but with a coefficient of 1 — € instead of 1. Putting all of this together, we get

e [10PV = Bpun(@)? do < = [ Pun(@)| Vo do

Thus we have the bound .
svle < - [ WPu(@I Vo do

The term |V#|? is compactly supported and wy(z) is bounded (depending on N). Taking N — oo,
1 1
prdest [ eevblp@pde £ sevemoe [P,
€ Jlz|<Rsv,p €
where 9, € are fixed and small. Thus Iy < oo independent of N. So if we pass N — oo, we have

/e 20-9P5@) | 2 () d < oo.

Note that the complement of A = {z : ¢(z) = 1} is compact, so the integral on A° is finite, which gives

/e(l IPe@) |12 do < oco.

To convert 2(1 — €) Pg(z) to alz|, notice that in the support of ¢, we have V — F > 4, so

Py(r) = inf \/ Y O] dt < (V][ + [E])]].

vapath0—=z Jq

Also, (V — E)Y2|z| < Pg(x) in the support of ¢, so |Pg(x)| ~ (V — E)Y?|z| > |E|*/?|2| in this region.
Thus if we take o = 2(1 — €)| E|'/2, we get the desired weighted L? bound.

Now we show the pointwise bound. Since (—A + V)¢ = Et, by elliptic theory we get ¢ € H. So
Jawer+vivr) = [Ewp <o = [196P < Vi [10F < .
Taking 0,, we get —A(a1h) + 0a(V1p) = E(0,1)(0at), so integration by parts gives
[voue < [loaveiowtds < [ovelioal s+ [Viowpa
<10Vl / iR ot [Viowids S 10Vl ( [ 167+ 10,07
S 10Vl + DAV +1) [ 1o
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By induction, one can show
[ 1vo. < cviies ol

Note that if we consider a compact region, then the pointwise bound is immediate:

/ el ()| i ~ 170 / 2 d,
Br(zo0) Br(z0)

and we can use Sobolev embedding to convert this to an L® bound. In general, write

/ (A + BY)@) (@ — y)de = E / WP — y) d,

where ¢ is a compactly supported function for every y € R™. We can integrate by parts on the left:
B [ 16Pea—y)ds = [ V0P - gydot [V@lPe - y)da
w2 [ (VoTole - Vol - y) do.
Thus we can estimate

[IVepe - pdo < B [oPeita ) dot Vi [ 0P -y do
|2 [0t - 1) Vot - y) do

<8 [ [0Pee - y)do+ Vi~ [ 10P6(w — y)da
1
+5 [190Pe @ = o +4 [ 10PITo(z - ) da,
and we get a bound
1
3 [IV0R @ —yyde <4 [10PTota - ) dot (Vs +B) [ 16Pee - y) do.

Pick ¢ smooth such that ¢(z) = 1 when |z| <1 and ¢(z) = 0 when |z| > 2. Then
[ AV <Vl + 1B+ [ ePde
lz—y[<1 |lz—y|<2
Then by induction,
[ TS OB VIe + ) [ e
rz—y|<1

r—y|<2

Using Sobolev embedding, we get (for large enough K)

sup [Y(z)| <C Z /| . |07 dw < C’/ 1|2 dz.
z—y|<

|z—y|<1 lv|<K |z—y|<2

By the Agmon weighted estimate, we have

sup |Y(z)| < eyl /ea|z|¢|2 dz < B_O"yl,

|z—y|<1

which gives us the pointwise bound. O
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Remark. Localizing is important since the Sobolev embedding W? — L7 in R" requires

We want ¢ = oo, p = 2, so |a] = n/2. However, Sobolev embedding into L> requires || > n/2.
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Lecture 20

Mar. 26 — Scattering Theory

20.1 Sharp Agmon Estimate
Theorem 20.1 (Sharp Agmon estimate in R3). In R?, suppose (—A + V) = Evp with E < 0, and let
V have “nice” decay (the precise condition is V € L) Then

1 —(vV—E)|x
[9@)] § e VP

Remark. Recall that we have previously shown || < e(1=972(®) where Pg(z) ~ (v/—F)|z|. Note that
this bound is not sharp, we have an ¢ loss in the exponent.

20.2 Short-Range Scattering Theory

Remark. Let Hy = —A and H = —A + V. We would like to compare €0 and e*#*. More precisely,
for f € L%, we would like to determine if we can find ¢ such that

e~ o f — e~ gl 2 —— 0. (%)
t—o0

The goal is the following: For a prescribed free flow, can we find a perturbed flow such that they match

as t — 0o? This is known as the wave operator Q= = limy 4, e e~"H0 (in the strong L? sense).

Note that the equation (x) is equivalent to (since e is an isometry on L?)

e e o f — gl 2 — 0,
t—o00

so if the wave operator )_ exists, then ||Q_ f — g||z2 = 0, so we can take g = Q_f.
Theorem 20.2. Suppose that sup, |V (x)|(1 + |z|)'*¢ < co. Then
1. Q ewist;
2. Qg are isometries;
3. (intertwining properties) Q_e ™o = =t 50 e7tHo = Ot gnd em M = )_e~tHo( !
4. Q_Hof = HQ_f for f € H?;
5. H o Prana_y = Q_HoQ¥* in H?, soif f € Ran(Q_) then Q_HyQ* f = Hf;
6. Ran(Q_) C L2.(H) = H,c.
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Proof. (1) The following proof is known as Cook’s method. For a dense subspace of L% we will show
that ee~o f is a Cauchy sequence in time. Fix s > ¢, then

s
eisHe—isHof _ eitHe—itHof — / di(eiTHe_iTHOf) dr.
t T

We would like to show that ||e?s e f — it =itHo £]| 5 — () as s,t — oo, for which is suffices to prove

S d g iy
(T iT d
/t dT(e e f)dr
We can compute that (recall that H = Hy + V)
d_(ezTHe—erof) — eerHe—ZTHof o errHHOe—ZTHOf _ evae—zTHo f
-
Then we can bound (since e’

s ' '
/ E(ezTHe—ZTHOf) d’T
t

— 0.
t,5—00

H i an isometry)

s
/ GZTHVG—ZTHO dT
t

< [ Ve, an
L2 t

We want to show that ||[Ve™0 f| ;2 is integrable in 7, so the above goes to 0 as s, — ool]] Define

L2 ‘

C={feSMRY: f(£)=0for |¢| < aand || > b, for some a,b € R},

o~

and note that C is dense in L?. Take f € C, then for some a,b we have f(£) = 0 whenever |£| < a or
€| > b. We can write

efitHOf _ /eixﬁeiﬂ%}'\(g) d€.

Write ei@éeilélt — git(~IeP+8(x/1) — ¢itd(€)  We use a stationary phase argument to estimate this integral:
The critical point V¢(£) = 0 is the point where the oscillations stop. When V¢ # 0, we can write

, ~ 1 d . ~ 1 , d [~ 1
"8 £(£) d¢ = ( _emﬁ(f)) f(e)de = —= /emﬁ(f)_ (f 3 _) dé
[ aste AV o(0) de Sde==3 ] Vv
by integration by parts. So it suffices to consider the critical point, which happens when x/t — 2§ = 0,

~

or £ = —x/2t. Note that f(§) is supported in a < |£| < b, so if |z/2t| < a or |x/2t| < b, then

[ et feyag

has no critical points. So we get that
’/emée”w}“\(ﬁ) d§’ < |t for any n € N.

So if |z| < 2at or |x| > 2tb, then ||e0/|| 1 <t for any n € N. So we focus on 2at < |z| < 2tb. But in
this region, by the pointwise decay of ot f we have e | < t~%2. Then

. 1 ) 1 .
V iHotf at<le < iHot ai<le < td/2 iHot -
H € ||L2(2 t<|z|<2bt) ~> (1 + |t|)1+€”e f||L2(2 t<|z|<2bt) ~> (1 + |t|)1+6 ||6 f”L
« b appap 1
L+ )t (L)

!Note that if V is nice, then ||[Ve ™ 7Ho f|| 12 < |le™7Ho f|| Lo < |7|7%2, which is integrable for d > 3. But for d = 1,2,
we need a more careful argument.
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where we used the hypothesis that |V| < 1/(1 + |z|)'¢. So
[Ve™ fll2 = V™ fll 2(u1<2ar) + VT fll 1201 526m) + (V™ 1 12(2ar <l <2br)-
We have already shown that the last term is integrable. For the first term, we have
IVE™ fll 2 (a<2ar) S IV Il 22(aj<2am) €T f Il oo () <2ar) S 2a]7|Y% - 77" for any n € N,

so if we take n > d/2 4 1, then this term is integrable. Finally, for the second term,

1

Ve fllr2geisamry S NV iz (aps2om €77 fllz2 S 1+ [7Prte

which is integrable (note that ||~ f|| 2 = || f||z2). Thus we obtain
Ve ™ol S 7717
which is integrable in 7. The conclusion from this is that for s > ¢,
isH —isHo ¢ _itH  —itHg
lle”*"e f—e"e fHLQs,tﬁO’

50 limy_, ., e e~ f exists strongly in L?. A similar argument shows that €, exists.

(2) This follows since e~ Ho ¢iH are both isometries, so that e e~ is an isometry. A strong limit of

isometries is still an isometry, so we get that {2+ are also isometries.

itH

and e®Ho)

(3) We can see that (note the group properties of e

Q_e—thof — (hm est—stg> e—thof _ e—th <hm etheste—ste—th()) f
5—00 $—00

_ 6—th lim (6i(t+s)H6—i(s+t)Ho) f _ e—thQ_f7
§—00

which proves the desired result.

We finish the proof of (4)-(6) next time. O



Lecture 21

Mar. 31 — Scattering Theory, Part 2

21.1 Short-Range Scattering Theory, Continued

Proof of Theorem continued. (4) The idea is to use the Laplace transform. By (3), we have

Q_/ e~ tHop=te gy :/ Qe HHop=te gy :/ et et dt = (/ et g—te dt) Q_
0 0 0 0

since €)_ is independent of ¢. Integrating both sides, we get
Q(iHy+¢) ™' = (iH +¢)7'Q_.

Note that these are bounded L? — H? operators. Applying (iH + €) on the left on both sides,
(iH+e)Q_(iHy+e) ' =Q_

in L?. For any f € L?, we have (iHy+¢)"'f € H? and Q_(iHy+ €)' f € H? by the isometry property,
so (iH+¢e)Q_(iHy+e)tf € L?. Now (iH +¢)Q_(iHy+¢)"tg=Q_g for any g € L?, and we can find
f € H? such that g = (iHy+ €)' f, so we get (iH +¢)Q_f = Q_(iHy + ¢) f. Finally, passing € — 0, we
obtain tHQ_f =Q_iHyf, so we have HQ_f =Q_H,f.

(5) Define @ = Q*Q_, where Q* is the adjoint of _. We claim that @ = id and Q_Q* = Pran_). We
clearly have Q* = Q > 0, since (Qf, f) = [|Q-f|I7> = || fl|72 > 0 (recall that Q_ is an isometry). Then

for all f. But Q —id is self-adjoint, so spectral theory implies that () —id = 0, i.e. ) =id. On the other
hand, P = Q2_Q* is a projection since we have

PP=Q_Q Q0" =Q_idQ* =Q_Q* =P.

One can also see that P* = P > 0, so P is an orthogonal projection. So it only remains to check the
range. Since P is a projection, ker P = (Ran P)*, and we can identify that

ker P={f : (Pf,f) =0} ={f: | f|3. = 0} = ker Q*
Since (ker T')* = RanT*, we find that (note that Ran P is closed since P is a projection)
Ran P = (ker P)* = (ker Q*)* = RanQ_.

One can check that (2_ is a closed operator, so Ran{)_ = Ran{)_ and Ran P = Ran{)_. So P =Q_Q* is
an orthogonal projection onto Ran(2_). From (4), taking f = Q* g, we get Q_HyQ* = HQ_Q* = HP.
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(6) Let E(dA) be the spectral resolution for H. Then by (5), E(dA)Prana_ = Q- Eo(d\)Q* , so
Prana_ E(dA\)Prana = Q-Q"Q_E(d\)Q- = Q_Ey(d\)Q7,
where Q* Q_ =1id by (4). Thus we see that
(E(dA)Prana_f, Prana_f) = (Eo(dA)2" f, Q7 f).

Since Ej is the free case, it is always absolutely continuous with respect to the Lebesgue measure, so we
have Prana_ f € Hae, i.e. RanQ_ C H,.. O

Corollary 21.0.1. If T is a Borel measurable function, then T(H)Q_f = Q_T(Hy)f.
Proof. This follows from the proof of (4) in the previous theorem. O]

Remark. When do we have the equality Ran Q_ = H,.? We have the following result:

Proposition 21.1. Assume d > 3 and |V (z)| < (1 + |z])'=¢ (this is the short-range condition) with
|V 22(ray < 00. Assume that
le™ ™ Poc fllzoe S 1t172]| fll 11

Then RanQ)_ = H,..

Proof. Define Q = lim,_,, e/ e itH P,.(H) in L% To show that ) exists, we again use Cook’s method:

> d itHo —itH
(2 (A Pac
/1 H dte e f

dtg/ y|e“H°Ve“HPaCfHL2dt§/ Ve ™ P, f|l 1 dt
L2 1 1

é/ HVHLZHe”HPacfHLoodts/ L7 fll o dt < o0
1 1

for d > 3 (technically we should use f € L?, but it suffices to consider the dense subspace L' N L? C L2
for Cook’s method). So € exists. Then Q_Qf = limy_, (e e~ H0)Q f . so for all § > 0, we can find T,
such that for all ¢ > T,

Q_Qf = e QO F 4 o52(n).

Since 2 also exists, there is Tn such that for all ¢ > fn,
Qf = e ™ P, f+ 012 (n).
So for ¢ > max{T,,, ﬁ?}, we can write
Q_Qf = e o (o= P Y f 1 012(n) = Paf + 012(1).

This holds for arbitrary 7, so Q,ﬁf = P,.f for every f € L?. So RanQ_ = Ran P,.(H) = Hae. O

Remark. Recall that when d = 3,

[z — |

Assuming that H has no zero eigenvalues or resonance, we have

le™ Pac(H) fll = < 17221 |1

In particular, if (x) < 47, then the dispersive estimate holds and the proposition applies.



Lecture 22

Apr. 2 — Classical Scattering

22.1 Consequences of Wave Operators

Theorem 22.1 (Enss). Suppose |V (z)| < 1/(1+ |z|)'* for e > 0. Then
RanQp = L2. = H,e and L2, = 2.

Corollary 22.1.1. If [V (z)| < 1/(1+ |z[)'* for e > 0, then for all f € L*(RY), there exist { f;}}L, € L?
such that Hf; = \;f; for some \; <0 and

N
e—thf _ Z e—i)\jtfj + eiHoth + R(t)
j=1

such that ||R(t)||2 — 0 as t — oc.

Proof. By Enss’s theorem, we have L* = L2, + L7, so we can write

N
f=g+> £
=1
where g € L2, and {f;} spans L2 (so Hf; = A;f;). Then
N
e—thf _ e—thg + Z e_thfj- (*)
=1

Since g € L2, = Ran)_, we can find fy € L? such that Q_f; = ¢g. By the definition of Q_,

He—thg . e—iHotf0||L2 N 0’
t—o00

so R(t) = e Mtg — e=Hol f; 5 0 in L? as t — co. This proves the claim after substituting in (x). O

22.2 Classical Scattering

Remark. Consider the following equation for z, ¢ € R%:

§(t) = =VV(x(t)).
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Let z(t;y,n), £(t;y,n) denote the solution to (4) with x(0) = y and #(0) = £(0) = n). Define
1
Yy = {(y,n) eR¥™: V(y) + §|77|2 > 0 and limsup |z(¢;y,n)| = oo} ,
t—=+o0

and set Sgcattering = 24 N B—. Denote E(t) = V(x(t)) + |£(¢)|?/2 with (z(t),£(t)) solving (+), so

d _ :
3 E) = VV(x(t)-a(t) +&(t) - £(t) = VV(x(t)) - £(t) — VV(2(?)) - £(t) = 0.

This shows that we have conservation of the energy F.

Lemma 22.1. Assume that |VV (z)| < Co(1 + |z|)™*7¢ and |V (z)| = 0 as * — oco. Then (y,n) € X if
and only if limy_,oo £(t;y,n) exists and limy_, o £(t;y,m) # 0.

Proof. (<) Suppose lim;_, &(t;y,m) # 0. So for some constant ¢ > 0, we will have |(t)| > ¢ for all ¢
large enough. Clearly this implies |z(t)| — 0o as t — co. We can also see that

B(t) = V((0) + 5 €0 — €0 > 0

— 00

since |V| — 0 as |z| — oo, so by conservation of energy, E(0) = V(y) + |n|*>/2 > 0. So (y,n) € &,

(=) Assume (y,n) € X, we want to show |z(t;y,n)| > at for some a > 0. If this can be done, then by
the fundamental theorem of calculus, we can estimate

t t t
E(tyom) — E(siyam)| < / E(rsy,m) dr| = / YV (2(riy )| dr < Co / (1 + 2(ry,m) " dr
<C t e qr = Co ™ —l-eqg 0
~ 0 ) (a!7’|) T—F . T 7'5)

since 7717 is integrable. So &£(¢;y,n) is a Cauchy sequence in ¢, so lim; o, £(¢;y, 1) exists. We also know

that lim; ., &(¢;y,n) # 0 since |x(t;y,n)| > alt|, so the result would be proved.

So it suffices to show |z(t;y,n)| > at for some a > 0. Set A(t) = |z(t)|> = (x(t), z(t)), this is a Lyapunov
function from ODE theory. Differentiating in time, we get

d

28 = 2((t), #(8)) = 2z (1), £(1))

and similarly

P At) = 20, €(0)) + 20at), £8)) = A€W = 20(1) - VV(a(t)
— 4 (%rsw T v<x<t>>) AV(a(t)) — 20() - VV (2 (1))

Note that |£(t)[?/2 + V(z(t)) = E(t) = Ey > 0 and as |z(t)| — oo, we have |V (x(t))| — 0. We also get
that [z(t) - VV(x(t))| — 0 as [x(t)| = oo since [VV (z(t))] < Co(1 + |z(t)[)~' ¢ by assumption. So we

can find Ry large such that when |z(t)| > Ry, we have A(t) > Ey/2. We claim that we can find ¢, with

|l’(t0)| > Ry and %A(to) > 0.
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To see this, note that A(t) = |z(t)]?, so A(t) — oo as t — oo, so such a ty must exist. Then at o,

Alto) > Rg,  Alto) >0, Alty) > 7,
so for any ty <t < to+ 0, we have A(t) > A(ty) > 0, A(t) > Ey/2 > 0, and A(t) > R2. Thus we have
t
. Ey
A@:/AH@+MW (t — o) + Alto),

to

t 1 5 B .
A) = Alt) + [ Als)ds 2 5t~ '+ (¢ = ) Alto) + Alt)
to
so z(t) = \/A(t) > alt — to| for some a > 0. This proves the claim after a bootstrap argument. O

Remark. Physically, the above lemma tells us that if (y,n) € X, then a classical particle will escape
from the potential V' and move away with “super-linear” trajectory.

Proposition 22.1. Assume |VV (z)] < Co(1+ |z|)727¢ and |V?V (z)] < Ci(1+ |z|)~27¢. Then for every
(y,m) € X4, there exists (a,p) € R* with p # 0, such that

z(ty,n) = (tp+a)l ———= 0 and |p =&ty )| —— 0.

Furthermore, the converse also holds, i.e. for every (a,p) € R?*® with p # 0, we can find (y,n) € X, such
that the above conditions hold.

Proof. (=) Let (y,n) € X. From the lemma, we know lim,_,, £(¢;y,n) exists, so set
p = lim (t;y,n) # 0.
—00

We can write

w(t;y,n):y+/0 E(S;y,n)d8=y+pt+/(£() )dS—y+pt+/ / VV (x(7))drds

where we think of p as £(cc0). Then we have

x(t;y,m) :y+pt+/ / VV(x des—/ / VV (x(r))drds,

where the latter integral goes to 0 as t — oo. The former integral is a constant, so we can define a such
that a — y equals that integral. This proves the claim.

(<) Given (a,p) € R*® with p # 0, we want to find x(t), £(¢) solving (+) of the form
x(t) = a+ pt + R(1),

where R(t) — 0 as t — 0o. Because of the equation (+), we can formally write
x(t):a+pt+R(t):a+pt—/ / VV(x(r))drds.
This is the same as the situation from above. We can write
a+pt+ R(t) = a+pt—/OO/OOVV(CL+Tp+R(T)deS,
which gives the equation S
mw_—/m/mvvm+m+3u»m¢.
t s

We can solve this uniquely via contraction mapping, which we will do next time. ]



Lecture 23

Apr. 7 — Classical Scattering, Part 2

23.1 Classical Scattering, Continued

Proof of Proposition |22.1, continued. We continue by solving the equation

mw_—/m/mvvm+w+3u»m¢.

We do this by contraction mapping in the unit ball in C([T, 00); RY): Set

_[ L YV (a+ p + 2(7)) drds.

Note that |a + 7p + 2(7)| > |a + 7p| — 1 > 7|p|/2 if 7 is large enough. Then

00 roo /q —2—¢
2(t))| < / / (57'])) drds < |p| 2T <1
t s

if we pick T sufficiently large. We can also see that

|A(2(t)) — )] </ / \VV(a+7p+2(7)) = VV(a+71p+ 2(7))| drds
< [T (b))~ 0 s <7 T Bl
which is a contraction if 7" is large. So we can find a fixed point R(t). O

Remark. The map Q_(a,p) = (y,n) can be seen as a classical analogue of the wave operator.

23.2 More on Scattering for the Schrodinger Equation

Lemma 23.1. Let H=—A+V and f € L?.. Then we have

itH
IXgai<rye™ fllr2 —— 0

Remark. We have || || > = || f||z2, but if we localize the solution, then
IXgai<rye™ fllz — 0
—00

if f € L?. But if f is an eigenfunction of H, i.e. f € L? with e!fl'f = ¢ f  this does not hold. In
particular, if a quantum particle is not trapped by the potential V', then the probability of finding it in
any compact region will go to 0 as t — oo.
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Lecture 24

Apr. 14 — Scattering Theory, Part 3

24.1 More Scattering Theory

Proof of Lemma[23.1 - By density, it suffices to check the statement for f = (H +14)~'g. Note that the
operator (H +14)~! is well-defined since the spectrum of H lies on the real line. If f = L2 then P,.g = g
by spectral theory. In terms of g, we need to show that

ac?

1 th

X tlei<my (H +8) " e g2 —— 0.

The operator C' = x{jzj<r)(H + i)~ is compact, so it can be approximated by finite-rank operators.
So it suffices to prove || Meg||;2 — 0 as t — oo, where M is a finite-rank operator. We can further
assume that the rank of M is 1, i.e. we can find 1,1y € L? such that Mg = (g,¢s)¢1. So

1Me™ g2 = i (€™ g, )2 = [[Unllz2l{e™ g, 2.
By spectral theory, write

Ve gl — \ | e @

Write (E(d))g, ) = G(A\) d\ for some continuous function G (since g € L2, so we can differentiate
with respect to Lebesgue measure). Then we have

/OO e MNE(dN) g, 1y) = /00 e MG\ dN —— 0

0o 00 t—o00

by the Riemann-Lebesgue lemma since G is continuous, which proves the result. O

Theorem 24.1 (RAGE: Ruelle-Amrein-Georgescu-Enss). Let f € L? = L2. & L2.. Then

1

T
7 /T IXat<rye ™ FIIZ2 dt —— 0.

Proof. By density, we consider f = (H +i)"'g. Using the same reduction as before, it suffices to show

t [ e gl 0 = 1 [ gm0

1 T
dt = —
i/,
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As T — oo, by spectral theory,

L

2

e (E(d))g, 1) dA / " gy (dN)

oo

2 1 T
tt=7 [ Vst
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for some measure fi,,. Wiener’s theorem (Theorem [24.2) then implies that

o Ty ST

TER

since .4, 1S a continuous measure, so fig4,({7}) = 0 for all 7 € R.

Theorem 24.2 (Wiener). Let p € M(R), i.e. p is a measure on R.

1

o | 0P o S

TER

Proof. For u,v € M(R) and a measurable set F, denote
pxv(E) = / w(E —t)v(dt).
R

Set u#(E) = u(—E), so that ;ﬁ(f) = 7i(€). Then we have

px i ({0}) I/Ru({—t})u#(dt) = > al—the*dty) =

—t atom of p

= > uldthedn)) =

We can also compute that

)=

Then

>

p({tH) e ({=1})

t atom of p

> l{thP.

t atom of p t atom of p

I
- eth/\ / / —’LS’T dS / / i(t— 8)7' dS dt.
or |

By Fubini’s theorem, we can write

i T zt‘r/\( )dt /OO L/T i(tfs)Tdt (d )_/OO LD
o7 o\t ) . pasi= | op™T

— )+ [ 5pDals =) (ulds)

where Dr is the Dirichlet kernel. Note that D satisfies
>~ 1
/ ﬁDT(S — t)d{t} (ds) =1,

and Dr(7)/2T is an approximation of the identity, so we have
1 (T

57 [ et =)+ [ Dnts =) (ulas)

Applying this to the measure p * pu#({0}), we obtain
17 I

A./#d _
Tor ) T T o

1

2
5T Iul

which is the desired result.

(s =) u(ds)

— ()3 (ds))

= n(t)ogy (ds)) —— n(t).

_T(u opf) N dt —— et ({0}) = Y u({)P,

t atom of p
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Lecture 25

Apr. 16 — Nonlinear Equations

25.1 Strichartz Estimates, Revisited

Definition 25.1. A pair (p, q) is called (Strichartz) admissible if
2 d d

p q 2
and 2 < p < oo with (p, q) # (2, 00).
Theorem 25.1 (General Strichartz). Suppose i0) — A = h in R x R and ¢(0) = f. Then
[lleprs S W llzz + Nl o
for (p,q) Strichartz admissible and 1/p+ 1/p' =1/q+1/¢ = 1.
Remark. Recall that the (p, ¢) Strichartz admissible restriction comes from scaling. If we define
a(t, ) = v(\t, Ax),
then 10,10y — Ay = h(A%t, Az)/A? and 1, (0) = f(Az). The bound on ), forces 2/p + d/q = d/2.

Remark. If p < oo, then ¢ > 2. So in the time average sense, solutions gain integrability. This is related
to the smoothing phenomenon of the Schrédinger equation.

Proof of Theorem [25.1. We use a TT* argument. Let T'f = e *A!f, then T* acts on g(t,z) by

T*g:/ "2 g(s) ds.

[e.9]

The goal is to show the following inequality:
1T llprs S Wz = 1T79llee S gll = 1T gllizrs S M9l o

Recall that ||Tf||zz < t=4H/7=YD/2|| f||  for 1 < ¢' < 2. We have

gl = | [ 2000

—00

< [ (o) ds
L4

T —0o0

s/ £ — 8|2 g(5)]| s ds.

—00
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Fractional integration then implies that for 1+ 1/p = 1/p' + d(1/¢' — 1/q)/2 (provided that we have
0<d(1/q¢ —1/q)/2 < 1, which happens if and only if p > 2),

T gl 5 | [l 0002 g

<
Li) ~ Hg”Lf/Lgl'

This proves that || Tf||rze = e At f| rrrs S | fllzz. To move to the inhomogeneous case, we can simply
use Duhamel’s formula. If v satisfies the equation

t o]
wlt) = [ e ds = [ oIS ds
0 —00
then we can run the same argument as above to get

mei/:m@ﬂWﬂm@S/ 15 h(s)]| s .

o0

This is now the same expression as before, so the same argument as before applies, and we get
[oleers S NAll
This proves the inhomogeneous case. O]

Remark. In the above estimates, we require p > 2. For d = 2 and the pair (p, ¢) = (2, 00), the Strichartz
estimate fails in general. To get p = 2 for d > 3, one needs to use a more complex argument (Keel-Tao),
and these are called endpoint Strichartz estimates.

25.2 Existence and Uniqueness for Nonlinear Equations

Remark. Now we want to consider the equation

i) + A = |4y, (tz) € R xRY, (+)
$(0) = .

The reason for ||*/94) is that it is L2-critical (the L? norm is important for Schrodinger equations). If ¢
is a solution, then ¥y = A2 (\*t, \x) satisfies ||1,]|z2 = ||¢||2. Moreover, for the nonlinearity |¢)|*/4),
the scaled solution v, solves

i0pby + Athy = ply|[* 4y,

which is the same equation that 1) solves. So the equation with |1|*%) is scaling invariant.

Definition 25.2. Given vy € L*(R?), 1(t) is a solution if
0(E) = e+ i [ I ) V() ds
0

and (t) lies in X = (C; N L°)([0, 00); L2(RY)) N LE°([0, 00); L2P0(RY)) with py = 1+ 4/d = (d + 4)/d.
Remark. Note that (pg, 2pg) is Strichartz admissible since
2 d _4+d_<4+d) 1 d

Po . 2p0 2po 2 Jpo 2
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Remark. The motivation for choosing py = 1 4 4/d is the following: We have

Iolle < ol + | 2w ) as| < ol + [ I .
0 0

L2

One can check that ||[[¥ %[z < [[[W[* ||z = (|01, s0

2 Y
LZPo

| N ez ds 5 [ 101 ds S 1913

0

Corollary 25.1.1. The equation (x) has a unique solution in the sense of Deﬁm’tz’on provided that
|tol| 2 < 1 is small enough depending on p and d.

Proof. For simplicity, take d = 2, so pu|v)|*%) = u|w|* and py = 4/d + 1 = 3. Define
Ap = ey i [ Iy ds,
0
and we will show that A is a contraction in X if ||¢)o||z2 is small enough. By the Strichartz estimate,
[A|[x < C([¢ollz2 + ulll¢l%)-
To show that A is a contraction in a ball in X with radius R, take R = Cie. We want

Cllltollrz + ll¢lx) < Cle+ |ul(Cre)’) < Che,

so we can take C; = 2C and € small enough such that C(1 + |u|C3e?) < Cy, which will make A map v
back into the ball of radius R in X. For the difference estimate, we have

A) — Alg) = i / I (2 — o) d,

so we can estimate (note that [1)[*1) — [p|*p = [¢]*0 — [¢[*¢ + [¥]2¢ — [p|*p)

IA®) = Ale)llx < [l = |l < Clul(lvllx + llellx)*lv = ellx,

so if we take € small enough so that C|u|(2R)? = C|u|(Cre)? < 1, then we get a contraction. Thus A has
a unique fixed point in the ball of radius R in X, which is the desired solution. O

Remark. Suppose H = —A + V has no eigenvalues and H is “nice” at zero energy (e.g. if V is very
small), then recall that we have

e flloe S 2N f 20

In this setting, we can show the general Strichartz estimates hold, and one can show global existence for

i0pp — A+ Vp = || %

with small initial data.
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