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Lecture 1

Aug. 19 — The Fourier Transform

1.1 The Fourier Transform on L!(R)

All integrals will be taken over R unless otherwise specified.

Definition 1.1. The Fourier transform of f € L'(R) is
Fo = [f@ene i, cer
Remark. Note that by the triangle inequality,
fen < [ir@e e ldo = [ If@)do= £ < o

so f(€) exists for all € € R (in fact, f is continuous).
Remark. The Fourier transform is an operator F : L}(R) — L>=(R) as Hf”oo = eSS SUPgcp |f(£)| < I fll1-

This is linear in f. The operator norm of F is

IFI = [F iz = sup [|fllee < sup [[f]ls =1,
I #ll2=1 =1

so F is a bounded linear operator. However, F is not isometric (norm-preserving) in general.

Remark. Observe that
fo) = [ f@je 0 de = [ fa)da.

~

So if f > 0 and we normalize f so that f(0) = 1, then we have
fe < [ 1@ o= Fo)

and so || f|oc = ess SUDgcgr |F(€)] < 1. This is one particular case where F does preserve the norm.
Definition 1.2. For r # 0, dilation of f by r is f.(x) = rf(rz). Note that || f.[[1 = || f]1-

Example 1.2.1. The Dirichlet function is d(§) = sin(§)/n¢ € Co(R)[[| Note that d ¢ L'(R). We can
also define the sinc function as sinc§ = sin(n€) /(7€) = dn(x).

1Recall that Cp(R) is the space of continuous functions f : R — C such that lim, 4, f(z) = 0.
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However, d is the Fourier transform of a function in L'(R). Consider the

1 if |z| < T,
Xf[T,T](I) = 0 |x| -7

Note that x_ir7) € L*(R). Then we have

_ sin(27T€)
L — 77—5 - dQﬂ'T(S)?

T omit e—27ri§ac
/\7 — —4TIgx d —
T = [ e = S

so we see that X_rm € Co(R) € L¥(R).

Remark. We will see in general that F : L(R) — Cp(R), this is the Riemann-Lebesgue lemma. The
image of F is a proper dense subspace of Cy(R), which implies that F~! must be unbounded as a linear
operator by Banach space theory.

Proposition 1.1. If f € LY(R), then ]/‘: is uniformly continuous on R, i.e.

1f = Ty Flloo = sup (&) = fle —n)] =50,

~ o~

where T, f(§) = f(& —n).

Proof. We can write the difference as

(&) = Fle—n)| = \ [ e — et g

S /’f(x)HeQﬂzEx . 6727”‘({717)1’ dr.

Note that f € L'(R) and |e™2™%® — ¢=2m(Emz| = |1 — 27| — () as 5 — 0 independent of &, so the
statement follows from the dominated convergence theorem (the integrand is dominated by 2f). O]

1.2 Motivation for the Fourier Transform

Remark. We will define the inverse Fourier transform of f € L*(R) as

Fa) = / F ()2 de.

~

Note that f(&) = ]?(—5 ). With enough assumptions, this is an inverse to the Fourier transform.

Proposition 1.2 (Fourier inversion formula). If f, fe LY(R), then
fla) = (¥(a) = [ Fiepeme e

Remark. Note that e¢(z) = ™ = cos2nér + isin27éx and e : R — S' = {2 € C: |z] = 1}. We
have e¢(z +y) = ec(x)ee(y), so e¢ is a homomorphism, and it is also continuous. Thus e¢ is a character
on R (in fact, every character on R is of the form e, for some ). One can use this idea to define Fourier
transforms in much more general settings.

Remark. The Fourier transform decomposes a function f into the pure harmonics e¢, and the inversion
formula says that we can recover f as a “sum” of these pure harmonics.
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Aug. 21 — The Riemann-Lebesgue Lemma

2.1 Properties of the Fourier Transform

Definition 2.1. Define the following operators:
1. Translation: T,f(x) = f(x — a) for a € R;
2. Modulation: Myf(x) = €™ f(z) for b € R;
3. Dilation: f\(z) = \f(Az) for A > 0;

4. Involution: f(x) = f(—x).

Remark. Translation and modulation are isometries on LP(R) for any p. Dilation as defined above is
L'-normalized, so it is only an isometry on L!(R).

Exercise 2.1. If f € L'(R), then

L (T.f)ME) = (M_o)(€) = e 2mica f(£);
2. (Myf)NE) = (T f)(€) = F(€ —b);
3. (S)ME) = MfimNE) = FE/ V]

4. (NNE) = ()~ (&) = F(=¢);

5. (S)ME) = f(&).

2.2 The Riemann-Lebesgue Lemma

Definition 2.2. Let C.(R) be the space of continuous functions with compact support. For a continuous
function, the support of f, denoted supp(f) = {x € R: f(z) # 0}. So for a continuous function f,
supp(f) is compact if and only if f = 0 outside some finite interval.

Theorem 2.1. C.(R) is dense in LP(R) for 1 < p < co. In other words,
1. the closure of C.(R) in LP(R) is all of LP(R);
2. for any f € LP(R) and € > 0, there exists g € C.(R) such that ||f — g|, < €;
3. if f € LP(R), then there ezists g, € C.(R) such that g, — f in LP-norm, i.e. ||g, — f|, — 0.

INote that the result is an L>°-normalized dilation.
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For p =00, C.(R) is dense in Cy(R) with respect to the L>-norm (this is the same as the uniform norm
for continuous functions).

Proof. We sketch the proof. First approximate f € LP(R) by a simple function (one that takes only
finitely many distinct values) ¢ = chvzl CkXE,, €.g. by rounding down to the nearest integer multiple of
27". Then use Urysohn’s lemma to approximate y g, by a continuous function. O]

Exercise 2.2. Fix 1 < p < co. Prove that if f € LP(R), then lim, o ||f — T.f||, = 0. We say that
translation is strongly continuous on LP(R). For p = oo, use Cy(R) and the uniform norm instead.

Lemma 2.1 (Riemann-Lebesgue lemma). If f € L'(R), then f € Co(R),

Proof. We have already seen that J?is continuous. So it suffices to show decay at oo. Write
J/C\(g) — / f(x)e—27ri§:c€—27ri§(1/2§) dr — — /OO f(x)e_zwig(r+l/2§) dr.

Now make the change of variables = +— x — 1/2¢, so we get

I = 1 omitx —omitx
f(g):—/_ f<$—i)€ ¢ dﬂ?z—/Tl/%f(:U)e “ d.

o0

-~

Taking an average with the usual expression for f(£), we have

fo) =5 [ U@ = Ties@)e e a.

Taking absolute values, we obtain

~ 1 1
by the strong continuity of translation on L(R). 0

Exercise 2.3. The following is an alternative proof of the Riemann-Lebesgue lemma. Recall that we
have X_p 1 = dorr € Cp(R). By taking translations and dilations, we see that X[, 5 € Co(R). Consider
really simple functions ¢ =Y | CkX[ayby), and by linearity we can write

N
¢ = ciXiantn € Co(R).
k=1

Note that really simple functions are also dense in LP(R) for 1 < p < co. So if f € L'(R), there exist
really simple ¢, — f in L!'-norm. On the Fourier side, we have

1 = bulloe < IIf = dnlli — O

Since ¢, — funiformly and Cy(R) is a Banach space, we conclude ]/‘:E Co(R). Fill in the details.
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2.3 Position and Momentum Operators

Definition 2.3. The position operator P : L*(R) — L'(R) is given by Pf(x) = zf(z). Note that P is
unbounded on L*(R) (in fact, P is not defined on all of L}(R)). Restrict P to the domain

Dp ={f € L'(R) : af(z) € L'(R)},

which is dense in L'(R). Note that Dp cannot be bounded as it does not admit an extension to L'(R).
Exercise 2.4. Show that sup;,—1 sep, [[Pfll1 = oo.

Definition 2.4. The momentum operator M : L}(R) — LY(R) is given by M f = f’/2wi. Similarly, M
is unbounded and defined only on a dense subset of L'(R).

-~

Remark. We have the relation (M f)"(§) = P f(€), whenever the statement makes sense.

2.4 The HRT Conjecture

Conjecture 2.1 (HRT conjecture). Assume g is not zero a.e., ag, by, are distinct, and consider finite
linear combinations of translations and modulations of g € L*(R) of the following form:

N
Z e g(z — ay,). (%)
k=1

If (x) = 0, then must it be that ¢; = --- = cy = 07 In other words, are these linearly independent?
Remark. Consider the special case by = 0 for every k, so > cxT,, 9 = > crg(x —ax) = 0 a.e. Then

N

(Z ckTakg>A = Z ceM_o, g = (Z cke—%z‘ak&) 3(6) = 0.

k=1

Since g is not zero a.e., we must have Zgzl cpe~2™¢ = (), which implies ¢, = 0 for all k. In particular,
this means that translations alone are linearly independent (the same is true for modulations alone).

Remark. The general case of the HRT conjecture is still open. Note that after taking a Fourier transform,
we end up with the same problem, just for g instead of g.



Lecture 3

Aug. 3 — Convolution

3.1 Convolution

Definition 3.1. If f, g are measurable on R, their convolution is (formally)

(f * o)a / FW)a(e -y

Remark. When it exists, we have
0= [ fata=wiy= [ = pe)dy =g+ 1))

by the change of variables y — x —y. So f*x g = g« f, if it exists. Similarly, f * (gxh) = (f x g) * h if
each of these convolutions exist.

Remark. If we take gr = x_17/2T (note that ||gr|s = 1), then

1 z+T
fran@ = [ o= wdy =3z [ @y = Ave i fa),

so we can see convolution as a averaging or smoothing operation (also known as mollification).

Remark. We would like to show f, g € L'(R) implies f * g € L'(R). Note that (f * g)" = fﬁ € Ch(R),
since Cy(R) is closed under multiplication, even though L*(R) is not.

Remark. The Lebesque differentiation theorem says that if f € L _(R), then (f % gr)(x) — f(z) a.e

3.2 Properties of Convolution

9)= [ st i

whenever this integral exists. Then Holder’s inequality says that if 1/p+1/p’ =1 with 1 < p < oo and
f € LP(R), g € L”(R), then fg € L*(R) and we have

Remark. Use the notation

(f;9)] < /If(x)llg(l’)ldw < [ Npllgllp-
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Theorem 3.1. For 1 < p < oo, if f € L’(R) and g € L*(R), then f x g € L™(R).

Proof. By Hélder’s inequality, we can write

15t = )l dy < 11ty < oc.

o (f *g)(x) exists for every x € R. O

Exercise 3.1. Show that fx g € C,(R) = {h: R — C: h is continuous and bounded}.

Remark. Denote g*(y) = g(—y). Then we have
(f *g)(x /f glz—y dy—/f gy — ) dy = (f. Tog").

Theorem 3.2. Let f,g € L'(R). Then
1. f(y)g(z — y) is measurable and integrable on R?;
2. for a.e. x € R, f(y)g(x — y) is measurable and integrable on R as a function of y;

3. fxge L'R) and ||f * gl < Ifll1llg|li, i-e. convolution is submultiplicative on L'(R);
4. (£ *9)N(€) = F(O)(E) for every € € R.
Proof. (1) Let h(z,y) = f(z). Then we have
{h>a}=h""((a,00) = {(z,9) : f(x) > a} ={f >a} xR,

which is measurable in R? since {f > a} and R are measurable in R. Similarly, g(y) is measurable on R?,
so F(x,y) = f(x)g(y) is measurable on R?. Now make a linear change of variables T'(z,y) = (y,z — y),
so H=FoT = f(y)g(x — y) is measurable (note that linear maps preserve measurability).

Now we can integrate by Tonelli’s theorem and see that

[ 1swsta—lazay = [ 15 ( [ 1ot —y>rdx) w=[156) ( / \g(z)!dz) dy

- / gl dy = 11119l < oo,

hence f(y)g(z — y) is integrable on R2.
(2) This follows by Fubini’s theorem since f(y)g(x — y) is integrable.
(3) By (2), (f * g)(x) exists for a.e. x, and

/\(f*g)(x)\dfcz/‘/f(y)g(m—y)dy

which is the desired inequality.

du g/ F)g(x — o)l dydz < | Fl gl
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(4) Justify the following calculation as an exercise via Fubini/Tonelli’s theorem:

(49O = [ 9@ ar= [ ( [ st ) dy) e 2E gy
// fy)e g y)e_%if(x_y) dydz.

By Fubini’s theorem, we can exchange orders and write

= / Fly)e me ( / g(a — y)e > dy
= [ s ([ae e as) ay = e

which is the desired equality. O

N——
U
<

Corollary 3.2.1. L'(R) is closed under convolution.

Definition 3.2. An algebra is a vector space A with a product such that
(a) (fg)h = flgh),
(b) flg+h)=fg+fh,
(¢) alfg) = (af)g = f(ag).

If fg = gf always, then we say that A is commutative. A Banach space which is also an algebra with a
submultiplicative product is a Banach algebra.

Example 3.2.1. With convolution as a product, L'(R) becomes a commutative Banach algebra without
identity. Similarly, Cy(R) is also a commutative Banach algebra without identity (under pointwise
products). The space B(X) of bounded linear operators on a Banach space X is also a Banach space
under the operator norm, and we have ||[AB|| < ||Al|||B|| with composition as a product. So B(X) is a
noncommutative Banach algebra, with identity.

3.3 Young’s Inequality

Theorem 3.3 (Young’s inequality, special case). Fiz 1 < p < co. If f € LP(R) and g € L'(R), then
fxgeLP(R) and | f*gllp < [[flpllgll-

Proof. The case p = oo is easy by Holder’s inequality and p = 1 is done, so assume 1 < p < co. Then

(F9)@I < [ 11t =l dy = [ (Fwllgt = »)P) gtz = 1) d.

By Holder’s inequality, we can write

(7 <o)l < ( [ 1£0Plate s Idy) "(f1ate - |dy) "
<tol” ( [ |f(y)|”|g(:c—y>|dy> "
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Now taking LP-norms, we get

1S *glly = / |(f *+ g)(2) " dw < HgH’f/p'/ [FW)Plg(x —y)| dyd.

By Tonelli’s theorem, we can exchange orders and write

I+ gl < 191 [ 1P ([ late = o))y <l 151 = N0,

so we get the desired inequality || f * g||, < ||fll,]lgll1 after taking pth roots. O

Exercise 3.2 (Young’s inequality, general case). Let 1 < p,q,r < oo satisfy 1/r =1/p+1/q—1. If
f e LP(R) and g € LY(R), then
1 # glle < 1 f16llgllo-

Remark. Recall Minkowski’s inequality (the triangle inequality in LP(R)):

| A < S nsel

Minkowski’s integral inequality then says that for 1 < p < oo,

H/fmdx - </‘/f(x,y)d:cpdy>l/p§/(/|f(:c,y)\1°dy)1/pdx=/Hfm”pdl'-

One can also use this to prove to Young’s inequality.

Remark. The Babenko-Beckner constant is the optimal constant in front of Holder’s inequality:

4 pl/p 1/2
T\ )

The optimal constant in Young’s inequality is A,A,A,, i.e. we have

17 glle < (ApAgA)[[ fllpllgllq-

3.4 The Dirac Delta

Remark. s there an identity for convolution? Suppose there was a function § € L'(R) (the Dirac delta
function) such that f* & = f for all f € L'(R). Then we have (f * )" = f, so

F(©)3(€) = f(€) forall f e LY(R).

Take f(z) = e~ with f(¢) = e~ and note that f(£) is everywhere nonzero. Then §(¢) = 1 for all
¢ € R, which contradicts the Riemann-Lebesgue lemma.

The correct way to work with the Dirac delta is to use the measure

1 E
szl 0€B
0, 0¢E.

One can then integrate against the measure 0 to achieve a similar effect.
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Aug. 28 — Convolution, Part 2

13



Lecture 5

Sept. 2 — Smoothness and Decay

5.1 Smoothness and Decay

Theorem 5.1 (Decay in time implies smoothness in frequency). Assume f € L'(R) and 2™ f(z) € L*(R),
where m > 0. Then

FeCr® ={g:9,9,...,9"™ € Co(R)}.

Furthermore, we have

o~

7 = ;‘ékf ((~2miz) f(2))".

Proof. The proof is by induction on m. When m = 1, we can formally write

d A —27r7,§x
el = G / fle)e ™™ do

/f df e 2T Iy — /f —2miz)e —2mET [y — (—2miz f(x))"(€).
It suffices to justify step (x), which we will do by appealing to the dominated convergence theorem. We

can write R A
—27rz(§+77)a: _ —2m§az
fE+mn)— f(§ —hm/f de.

Pey i
f1(€) = lim ”

n—0 n n—0

Note that we have the pointwise limit

—2mi(§+n)x __ —2mifx d ) ]
f(x) e (& n—0 f(x)d_gefmmgzp — —27T’l'l'f(l')€727”51.
n

Also note that we can bound

e 2mi(rn)e _ —2mifx —2minx

() »

= |2ma f ()],

6—27r7,7]w -1 ‘

Ul

- 'f(w) < ‘f(w)

Ui

where we noted that |e? — 1| < |0| for § € R. Thus 27z f(x) dominates the integrand and is integrable
since xf(x) € L'(R) by assumption, we can conclude (*) by the dominated convergence theorem. Then
/" € Co(R) by the Riemann-Lebesgue lemma, since f' = (—2mix f(x))" where —2mix f(z) € L*(R).

The inductive step is part of Homework 1. O

Remark. Recall the position and momentum operators Pf(x) = zf(z) and M f(z) = f'(x)/2mi. 1If
[, Pf € L*(R), then the above theorem tells us that (Pf)" = —M f.

14
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5.2 Absolute Continuity

Definition 5.1. A function f : [a,b] — C is absolutely continuous if for all € > 0, there exists 6 > 0
such that if {[a;, b;]}; are countably many non-overlapping intervals, then

> (b —a;) <6 implies Y [f(b;) — f(aj)| <e
J J
Define ACj(R) = {f € C(R) : f is absolutely continuous on every interval [a, b]}.
Theorem 5.2 (Fundamental theorem of calculus). If g : [a,b] — C, then the following are equivalent:
1. g € ACla,bl;
2. there exists f € L'[a,b] such that for all x € [a, ],

:/:f(t)dt

3. g is differentiable at a.e. point, g € L'(a,b], and
ofa) o) = [ gt
Remark. The Cantor-Lebesgue function ¢ : [0, 1] — [0, 1] is continuous with ¢’ = 0 a.e., but

téwmmM=0%1=wn—wm>

Lemma 5.1 (Growth lemma). If f : [a,b] — R is measurable and differentiable at every point in a
measurable set E C [a,b], then
< [ 171,

where | f(F)|. denotes the exterior Lebesque measure of f(E).
Theorem 5.3 (Banach-Zaretsky theorem). If f : [a,b] — R, then the following are equivalent:
1. f € AC|a,b];
2. f is continuous, f has bounded variation, and |A| = 0 implies |f(A)| = 0;
3. [ is continuous and differentiable a.e., f' € L'[a,b], and |A| = 0 implies | f(A)] = 0.
Theorem 5.4. If f : [a,b] — C is differentiable on [a,b] and f' € L'[a,b], then f € ACla,b].

Proof. By the Banach-Zaretsky theorem, it suffices to show that |A| = 0 implies |f(A)| = 0. If |A] =0,
then by the growth lemma,
vl [ 1=
A

which completes the proof. (Technically we should split f into its real and imaginary parts.) O]
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5.3 Smoothness and Decay, Continued

Theorem 5.5 (Smoothness in time implies decay in frequency). If f € L'(R) is everywhere m-times
differentiable and f, f',..., f™ € LY(R), then

—_ ~

fR(E) = 2mi&)* f(€), fork=0,...,m
hence |F(€)] < |27€| 4 F01(€)] < 127 ~H(|f B oo < [27E[F| F By for k=0,...,m

Proof. We prove only the case m = 1, the rest follows by induction. Assume f, f’ € L*(R). By Theorem
5.4, we have f € AC),.(R). Hence by the fundamental theorem of calculus,

- /0 £(t) dt

lim f(x)= f(0) + lim f( / 1t

T—00 T—00 0

Because f’ is integrable, we get that

Since f is integrable and this limit exists, the limit must be 0. Hence f € Cy(R). We can compute

00 b
— / f(z)e 8% dy = blim / f(z)e 2™ dy.
— 0o — 00 a

a—r—00
Since f is absolutely continuous, we can integrate by parts to get

~

POy = Jim |0 jla)e e+ @rie) [ o) do| = rio)fe)

which proves the desired result. O]

Remark. Note that for the absolute continuity arguments, we need to first restrict to a finite interval
and then take limits, since we only know that f € AC,.(R).

5.4 Approximate Identities

Remark. Recall that if we take gr = x[_7.77/27, then we have (f * gr)(z) = Avgy ¢, qf. AsT — 0,
this converges to f if f is continuous, and converges a.e. to f if f is integrable. In particular, this is
almost like a identity for the convolution operation.

Definition 5.2. If ky € L}(R) for A > 0 (or sometimes A\ € N) satisfy:

(a) Normalization: / ky =1 for every A,
(b) L'-boundedness: sup ||k, |l; = Sup/ |ka| < o0,
A xS
(c) L'-concentration: lim |kx] = 0 for every 0 > 0,
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then we say that {ky,} is an approximate identity (for convolution).
Exercise 5.1. If k € L'(R) and [~k =1, then ky(z) = Ak(\z) forms an approximate identity.

Remark. If we choose k) to be nice, then f x k) will also be nice and “close” to f.

17



Lecture 6

Sept. 4 — Approximate Identities

6.1 Properties of Approximate Identities
Theorem 6.1. If {k)} is an approzimate identity, then for all f € L'(R),
lim || f*ky— f|li = 0.
A—00
That is, f * kx — f in L'-norm.

Proof. We have already seen that f x ky € L'(R). Then

19 = £l = [17@) = (7 = \dw—/‘f [ i@~ [ 1= oo de .

where we used that [ ky(¢) dt = 1. Collecting terms and taking absolute values inside,

1S = f*wh_/ |f(z) — f(z —t)]|kx(2)| dtde.

By Tonelli’s theorem, we can exchange orders to get

15 =Tkl < [ 1) (/|f ST |dx)dt [0l = T,

We split this integral into two parts:

If = fehall < / 0l Tl + / k()11 — Tof .

[t[=6

By the strong continuity of translation, we know that lim, ¢ || f — T;.f]l1 = 0, so for any € > 0, there
exists 6 > 0 such that |t| < 0 implies ||f — T;f||1 < e. This lets us estimate the first integral:

||f—f*kxl\1§6/

[t]<é

sl de+ [ k(@I = Tifldr
[t[>6
For the second integral, we can use || f — Ty f|l1 < ||l + |1 Tef]l1 = 2||f||1 to get

Hf—f*mlge/

[t|<d

(@] de-+20f1 [ kO] de < ek 2 e
[t|=6
where K = sup, ||kx||1 < oo and A is large enough (as f\tlzé \Ex(t)|dt — 0). So || f — f=*ky|y =» 0. O

18
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Exercise 6.1. Show that for 1 < p < oo, we still have ||f — f * ky||, = 0 as A = oo for f € LP(R). For
p = oo, show that if f € Co(R), then |[f — f * kxl|cc — 0 as A — oo, that is f * kyx — f uniformly.
Exercise 6.2. Show that if f € C,(R), then for every compact set K C R,

/\hm |(f = f*kx)xklloo = 0.
— 00

Definition 6.1. A function f is Holder continuous with exponent o > 0 if

[f(@) = f(y)| < K|z —y|*
for some constant K and all z,y. If a = 1, then we say that f is Lipschitz.

Remark. If f is Holder continuous with exponent o > 1, then the mean value theorem implies that f is
constant. Thus the interesting range for Holder continuity is 0 < o < 1.

Exercise 6.3. Let f be bounded and Holder continuous with exponent 0 < o« < 1, then show that

f*ky— f uniformly on R.

Remark. If f is differentiable and f’ is bounded, then f is Lipschitz.
Remark. Recall the Lebesgue differentiation theorem, which says that if f € L{ (R), then

(f xgr)(x) = %/xT f(t)dt — f(x) for ae. x.

where gr = x(—7,11/(27"). The points where the limit holds are called the Lebesgue points of f.

Theorem 6.2. Assume k is bounded and compactly supported and [k = 1. Set ky(x) = Ak(A\z) for
A > 0. Then for any f € L*(R),
fxkx— f pointwise a.e.

Moreover, the pointwise limit holds at every Lebesque point of f.

Proof. Assume supp(k) C [-R, R]. We can write

i |(2) — ( + b2)(@)] = Jimn ‘f(w) [t =i~ [ 5@t -1 dt\

A—00

< Jim [ 15() = SO~ 20|

z+R/\
< lim A/ F(2) = F(0)][k Az — AE)| dt.

Making a change of variables T'= R/\, we have

i 1) = (F < k)@ < fim o [ 1f0) = 0] de- il =0

T—02T |, 7

for every Lebesgue point z by the Lebesgue differentiation theorem. O
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6.2 Density Results and Smooth Urysohn Lemma
Theorem 6.3. C'(R) is dense in LP(R) form >0 and 1 < p < o0.

Proof. Fix e > 0. Choose k € C™(R) with [k =1, and set kj(z) = Ak(Az). Note that there exists a
compactly supported g € LP(R) with || f — g, < € (e.g. take g = fx[_g, g for large enough R, this works
since fX[-r,r] converges pointwise to f as R — oo and is dominated by f, so the dominated convergence
theorem implies that fx_rpr — f in LP-norm). Then note that g x ky € C*(R) and g * ky — g in
LP-norm, so there exists A such that ||g — g * k||, < e. Thus

1f =g kally < [1f = gllp + llg — g % kallp < 2e
which implies the desired result. [

Corollary 6.3.1. C°(R) is dense in LP(R) for 1 <p < oo.

Remark. The above proof would work for m = 0 but becomes circular: The step g * k) € C*(R) relies
on the strong continuity of translation, which we proved by first showing it for C.(R) and then by an
extension by density to LP(R). In particular, we needed to already know that C.(R) is dense in LP(R).

Proposition 6.1 (C* Urysohn’s lemma). If K C R is compact and U C K is open, then there exists
feCPMR) such that 0 < f <1, f=1o0on K, and f =0 on U°.

Proof. Since K is compact and U¢ is closed, we have
d=dist(K,U°) =inf{|lz —y|: ke K,y ¢ U} > 0.

Set V = {y € R : dist(y, K) < d/3}, and choose any k € C2°(R) such that supp(k) C [—d/3,d/3] and
[ k=1. Take f =k xy € C°(R), which has supp(f) C supp(k) +V CU. If z € K, then

fa) = [ Ha=mdy= [r=1

One can check that 0 < f <1 and f =0 on U as an exercise, which would prove the result. n
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Lecture 9

Sept. 25 — Kernels and Schwartz Space

9.1 More Kernels

Remark. Recall that if {k)} (where ky(z) = Ak(Az)) is an approximate identity, then f x ky — f in
LP-norm. We also have

(f * k)\)/\ = ]/C\ 7%,\.

Note that k,\( )= k‘(f/)\) SO k:,\( ) — 1 pointwise. If the Dirichlet kernel dary(§) = sin(27AE) /(7€) were
integrable, then we would have day (€) = X=an (§), so we must have daqy ¢ L'(R).

Some alternatives are the following:
1. The Fejér kernel w) (&) = d3_,(£) € L*(R). We saw this in the proof of the inversion formula.

2. The de la Vallée Poussin kernel vy, which has v, as a trapezoid which is 1 on [—A, \] and decays
linearly to 0 on [—2A, —A] and [\, 2)]. One has

(Fro) =F-o=F on[-AA.
Explicitly, one can define v(x) = 2wq(z) — w(x) and vy(z) = Av(Az).
3. The Poisson kernel p(z) = 1/m(x? + 1).
2

4. The Gauss kernel ¢p(x) = e ™",

Exercise 9.1. Show that if f € L}(R), then supp(]?) is compact if and only if f = f * g for some
g € L'(R). Hint: Use the de la Vallée Poussin kernel.

Exercise 9.2. Let ® = ¢, where ¢ is the Gauss kernel. Show that @'(¢) = —2r£®(€). Then solve this
differential equation to get ®(£) = ®(0)¢(¢). Finally show that ®(0) = 1, and conclude ®(&) = ¢(&).

Remark. There are other ways to find functions which are their own Fourier transforms. The inversion
formula says that if f, f € L*(R), then we have

f@) = ())V(z) = [P (~2) = ["Nx).
In particular, for f sufficiently nice, if we take g = f + f* + f* + f”", then g = g.

Theorem 9.1 (Weierstrass approximation theorem). If f € Cla,b] and € > 0, then there exists a
polynomial p such that || f — pllec = supP,ejap [/ (x) — p(z)| < €.

23
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Proof. Fix f € Cla,b], and choose [a,b] C (=R, R). Extend f to a function g € Cy(R) on R which
equals f on [a,b] and is supported in (—R, R). Let ¢ be the Gauss kernel, and choose A so that

€
lg—g*drlle < 5

Note that ¢,(z) = Ae™™°*" is analytic and has a Taylor expansion

1 'nﬂ.n)\Znﬁ»l

Set q(z) = ZTZLO (_)Tx%. If N is large enough, then we will have

su r)—qlr) <
\x|§12)R|¢)\( ) Q( )| 2”9”1

since the Taylor series converges uniformly on compact sets. Then

(g% &) (2) — (g% q)(2)] < /_R\g(y)!!%(ﬂﬁ—y) —q(r —y)|dy < 2”;’1 /_R l9(y)| dy <§

for |[x] < R. So |f(x) — (g * q)(x)| < € for x € [a,b]. Finally, observe that

N n n)\?n—‘rl )
(9% ) Z /g(y)(w—y) " dy,
n=0 ’
which is a polynomial by the binomial theorem. So we can take p = g *q. ]

9.2 Schwartz Space

Definition 9.1. Define the Schwartz space S(R) to be

S(R) = {f € C®(R) : 2™ f™(z) € L(R) for all m,n > 0}.

Remark. Note that |2 f™(z)| < C,,,, for some constant C,, ., so

Om,n

™

|f ()] <

In particular, for every n and polynomial p, there exists a constant C,, , such that

Crup
Ip()|

Note, however, that this does not imply f has exponential decay.

[f ()] <

Remark. Note that p,,.(f) = |2 ™|/« defines a seminorm for each m,n > 0, but not a norm.

'Recall that a seminorm p is a function satisfying 0 < p(f) < oo, p(cf) = |c|p(f), and p(f + g) < p(f) + p(g). If we
additionally have p(f) = 0 if and only if p = 0, then p is a norm.
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Remark. Let f € S(R). Then

||9$mf(n)||1 _ /|<1 |xmf(n)($)|dfﬂ+/ |;pmf(”)(x)|dx

|z|>1
i 250 ) i s
<At [ e e 2 o Ol
x|>1

In particular, if the L®-norms are controlled, then so are the L'-norms.

Exercise 9.3. Recall the smoothness and decay theorems: The Fourier transform interchanges smooth-
ness and decay. Write D f = f’, and show that

-~

(D" ((=2miz)™ f(2)))"(€) = (2mi&)" D™ f(§).
Note that we have .
D((~2ria)" f(a)) = 3 (1) DY 2ria)" ),

j
so in particular, the Schwartz condition on f implies the Schwartz condition on ]?

Theorem 9.2. If f € S(R), then fE S(R). Moreover, we have f = (fA)v by the inversion formula, so
the Fourier transform F : S(R) — S(R) by f +— f is a bijection.

Remark. Note that C°(R) C S(R), and we will see later that F(C°(R)) € S(R) \ C*(R).
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Lecture 15

Oct. 23 — The Paley-Wiener Theorem

15.1 Local Uncertainty Principle

~

Remark. Recall the classical uncertainty principle: For f € L*(R), || f||3 < 4x||zf(2)|12]|€£(€)]|3. There
is also a local version of this statement:

Theorem 15.1 (Local uncertainty principle). If f € L*(R) and € > 0, then for any & € R, we have

Sote
/g F) de < smel fllalf ()]

0—€

15.2 The Paley-Wiener Theorem

~

Remark. Recall the smoothness and decay theorems: If z,z f(z) € L'(R), then (f)" exists. “Extreme
decay” corresponds to compact support, where supp(f) C [T, T] if f = 0 a.e. outside [-T,T]. When
this is the case, the Paley- Wiener theorem says that J?has extreme smoothness: fextends to an analytic
function on C.

Remark. There is also motivation from Fourier series. The Fourier transform on R is

fle) = / " f@)e T da.

The functions eg(z) = e*™* : R — S' C C are continuous group homomorphism, and dz is a Haar

measure on R (invariant under the group action). For Z, Haar measure is the counting measure, and for
¢ = (Cp)nez € ¢!, we can define its Fourier transform to be

o0

A& =) e EER

n=—oo

In fact, we can take £ € [0,1). Also note that ¢ is 1-periodic.

Suppose now that ¢ is compactly supported, say only cq,...,cy are nonzero. Then
N N
/C\(g) — che—anﬁ — ch(e—Qﬂ'zf)n
n=1 n=1

31
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If we set 2 = e~2™¢ € S, then the above becomes

N
= chz", |z| =1,
n=1

which is a polynomial. In particular, ¢ extends to an analytic function for all z € C.

Remark. Suppose f € L*(R) and supp(f) C [T, T] (we say that f is “time-limited” to [T, T]). Then

/_Z |f(z)|dx = /_j |f(z)|dx < (/_Z |f(93)|2d9:) v (/_Z 12dx)1/2 = (2T)2|/ f||» < oo,

so f € L'Y(R). Thus we can take its Fourier transform as usual:

T
= / flx)e ™ dy, ¢ =a+iBcC.
-7

Note that e 2m%% = g=2miaz2mfz where 2™ > (). Then

T T T
| 1@ ide= [ i@ ar < @[ )] do < @) g
-T =T =T

So fcan be extended to all of C. We will see that this extension is analytic.

We now have a function f: C — C satisfying

F(&)] < D)2 flly, €=a+ifeC.

Note that f € L'(R) implies f € Cy(R), so f is bounded on R. However, the extension to C cannot be
bounded (for non-constant f) by Liouville’s theorem.

Definition 15.1. A function F': C — C has exponential type T if there exists A > 0 such that

|F(€)] < AeTHl ¢ ecC.

Remark. So from the above discussion, fhas exponential type 2nT. We now show that ]?is analytic
on C. Recall that F' is analytic if and only if F” exists on C. We can compute

- N —27rz(§+7]) —2milx
(FY(e) = lim LEFW =) _ hm/ flz —¢
n—0 n n—0 n
geC

We have seen that f is integrable, and the exponential term is bounded on [T, T by the mean value
theorem. So by the dominated convergence theorem, we can exchange the limit and integral to get

727ri(§+77)x o 67271'1{:0
/ f(z) lim dx

77—>0 n

- / (=2mi) f(a)e” T do = ((~2mi) () ).

Note that = f(z) € L'(R) and also has support in [—T,T], so the above exists for any ¢ € C.
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Theorem 15.2 (Paley-Wiener theorem). We have the following:

1. If f € L*(R) and supp(f) C [-T,T), then f extends to an analytic function on C with ezponential
type 27T".

2. If F : C — C is analytic with exponential type 27T, then there exists f € L*(R) with supp(f) C
—T, 7] and F(€) = F(€) for € € R, ice. f = Fl.

Proof. (1) This was the above discussion.

(2) The proof is more difficult and uses a lot of complex analysis. See Katznelson’s book. O

Remark. Recall that analytic functions have Taylor expansions. Suppose F': C — C and F' =0 on a
line segment. Then if 7 lies on the line segment, we can write

o0

F(e) =Y rom

k=0

Since F®)(n) = 0 for all k, we get F' =0 on all of C. In fact, if F' = 0 on any set with an accumulation
point, then F = 0 on C.

-~

Corollary 15.2.1. If f € L*(R), f # 0, has compact support, then f(€) =0 for only countably many &.

~ ~

Proof. Tt f(£) = 0 for uncountably many &, then there exists &, — & such that f(&,) = 0 for all n (split

~

C into countably many compact sets and apply a countability argument). Hence f, f = 0. O
Corollary 15.2.2. If f € L*(R), then f and ]? are both compactly supported if and only if f = 0.

Proof. Suppose f is compactly supported, then fis analytic on C. Suppose f({ ) =0 a.e. on R outside
[—,Q]. Since f is analytic and R\ [-€, 2] has an accumulation point, we get f, f = 0. O

Remark. In particular, the above corollary implies that if f € C2°(RR) is nonzero, then J?is not compactly
supported. But C*°(R) C S(R) and F maps S(R) onto S(R), so we do know F(C*(R)) C S(R).

15.3 Hilbert-Schmidt Operators

Remark. Let H be a separable, infinite-dimensional Hilbert space. Recall the following definitions and
results from functional analysis:

Definition 15.2. A linear operator A : H — H is compact if A(D) is contained in a compact set, where
D ={fe€H:|f] <1} is the closed unit disk in H.

Theorem 15.3 (Spectral theorem for compact, self-adjoint operators). If A : H — H is a compact,
self-adjoint operator, then there exists an orthonormal basis {e, }nen of H such that

<f7 en>€m Af = i )\n<f; en>em Ae, = e

1 n=1

[M]¢

f=

n

Moreover, \,, — 0 if there are infinitely many A, # 0.
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Remark. Note that ||Ae,|| = [[A\nen]] = |An] = 0, so the identity operator I is not compact.

Example 15.2.1. An example of a compact box in RY looks like

[0,1] % [0,1/2] x [0,1/4] x --- .

Definition 15.3. A linear operator A : H — H is Hilbert-Schmidt if there exists an orthonormal basis
{€n tnen such that > °7 || Ae,||* < co.
Remark. For an operator A : H — H, if we write

At = [ " ke ) f ) dy,

(e 9]

then A is Hilbert-Schmidt if and only if & € L?(R?).
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Lecture 18

Nov. 4 — Energy Concentration, Part 2

18.1 Energy Concentration, Continued

Remark. Recall the following problem. Fix 7', €) > 0. We want to determine

T

Bra=sw{ [ 17511 = Lswn(P) € [-2.91}.

_7

We previously defined Arf = fxj—r1 and Bof = (fx[_gm])v = f % dorq, then
Erq = |ArBq||* = || BaArBall* = i,

where \; is the largest eigenvalue of BoArBq (recall that BoArBq is compact and self-adjoint, so it
has eigenvalues A, — 0). The spectral theorem also gives orthonormal eigenvectors {, }nen:

n=1
Note that Bo(ArBawn) = Anen for A, # 0, so ¢, € fL[Q_QQ] (R) and supp(p,) C [—Q, Q].

What is || A7p, |37 We can compute

||ATSDTL||§ = <AT§0n7 AT‘pn) = <ATBQ<PT7,7 ATBQSOTZ>
A
T

Thus we see that Erg = A = ||[Are1||3 < |¢1l3 = 1, so @1 has the greatest energy in [T, T.
Note that {p, e is an orthonormal basis for its closed span, which a priori lies in F L[Q_Q’Q] (R).

Proposition 18.1. span{p,} = FL{ ; o(R).
Proof. We show span{p, }* = {0}. Suppose f € ’FL[Z—Q,Q] (R) with f L ¢, for all n. Then

f € span{y, }+ = tange(BqArBo)®" = ker(BoArBg).

Thus we have

|Arf|3 = (ArBaof, ArBaf) = (BoArBaf, f) =0,
so f =0 a.e. on [-71,T]. By the Paley-Wiener theorem, this implies f = 0. O

37
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Remark. Proposition [I8.1] implies that there are infinitely many nonzero eigenvalues for B A7 Bqg.

Moreover, since Bg, is the orthogonal projection onto F L[{Qﬂ] (R) and {¢,} is an orthonormal basis for
]:L[{Q o (R), we can write

n=1

Note that Lf 5. (R) is not orthogonal to FL? , o(R): For example,

T sin 27Q

(X[—T,T], dorg) = / ——dx #0.

-T T
However, set 1, = A, Y 2ATgon. Then
<)\y_nl/2ATSOmu )\V_Ll/ZATcpn> = /\;1/2/\;1/2<BQATBQSOm7 @n> = /\ir{2)‘r_Ll/2 <90m’ Qon> - 5mn

So {¢n}nen is an orthonormal sequence in Lf . (R).

Exercise 18.1. Show that {,, },en is an orthonormal basis for L[Q_Tﬂ (R).
Remark. Note that

(s on) = / " (@@ dz =0, m#n.

—00

Furthermore,
T

(i) = A 2012 / (@@ dz =0, m #n

-T

even when the ¢,, are not supported in [T, 7.

By symmetry (swapping the roles of Ay and Bg), one can also compute that

ArBoArf =Y Al tn)tbn.
n=1

In particular, A7 BoAr and BgArBg have the same eigenvalues.

Proposition 18.2. BoAr commutes with

Kf=(T? -2 f"(z) — 2z f'(z) — 47° Q%% f ().

Remark. Since ¢, is already band-limited, we have
BoArpn, = BaArBapn = Anpn.
Moreover, Paley-Wiener implies ¢, is infinitely differentiable, so ¢,, € domain(K’). Then
BoAr K¢, = KBqArp, = K(A@n) = A\ K@n.

Note that Ky, # 0, so Ky, is an eigenvector for BoAr. The multiplicities of the A, is 1, so K, = upn,.
The eigenfunctions ,, of K are known functions called the prolate spheroidal wave functions.
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18.2 Approximating Band-Limited Functions

Remark. We know that 1 > \; > Ay > --- — 0. Also,

T [e'e)
[ArBallhs = loralp = [ [ duale - ) dudy 170,
T J -0
where grq is the corresponding kernel. The singular values of ArBq are
$n = M((ArBo)" (ArBo))Y? = M\ (BoArpBo)Y? = N2,

Thus 4T7Q = ||[ArBallis = Yoo 52 =Y .07 | An. On the other hand, | BoArBa|léis = > vy A2, and

n=1°n n=1""n’

T T
| BaArBalliis = |kralls = / / dora(z — y)? dzdy < ATS).
—rJ-r

Due to the decay of dorq(z — y)?, for T large, we should expect that ||BoArBq|l4s — 47). Hence

i PR i A
n=1 n=1

Thus intuitively, A, should be either close to 1 or close to 0. In particular, only finitely many terms can
be close to 1, so

N
F Y Mf.a)en € spanfer, ... on}
n=1

Thus the space of band-limited functions are approximately finite-dimensional in some sense.

Theorem 18.1. #{n: A\, > 1 — ¢} <4TQ — C.log(TQ).

18.3 Space of Possible Time and Band Limits

Remark. Define the energies
T
a=Er(f) = |Arf It = [ 117
-T

Q/\
BzEdﬁzH&J%z/;UP

Which pairs (a, #) can be achieved? We have seen that (Aj,1) and (A, 1) are possible, while (1,1) is
not by the Paley-Wiener theorem. Similarly, (1,0) and (0, 1) are not possible by Paley-Wiener. Since
the roles of Ar and Bg are symmetric, we get that (1, A;) and (1, A2) are possible. Note that if (a, 1) is
achieved, then so is (o, 1) for any o/ < «, and a similar statement holds for (1, 3).

One can show the space of valid pairs is (a, 8) € [0, 1}* such that
cos a4 cosTH B > cosTE A2,

which is in the shape of an ellipse.



Lecture 19

Nov. 6 — Fourier Series

19.1 The Abstract Fourier Transform

Definition 19.1. A locally compact abelian (LCA) group is an abelian group with a Hausdorff topology
such that every point has a compact neighborhood, and (z,y) — = + y and x — —xz are continuous.

Example 19.1.1. Some examples of LCA groups are R™, Z™, T", Z%;, where T = [0, 1) with addition
modulo 1.

Theorem 19.1. Every LCA group has a Haar measure, i.e. a nonzero Radon measure p which is
translation-invariant.

Definition 19.2. A character on a LCA group is a continuous homomorphism
£:G—=S'={zeC:|z| =1},
i.e. a continuous map with {(z + y) = &(x)&(y).

Definition 19.3. The dual group of G is G = {£ : € is a character of G}.

Example 19.3.1. Consider T = [0,1). Fix n € Z, then e, (z) = e*™ is a character on T. Note that we
have e, (x) = e;(z)", and one can show these are all of the characters on T. Thus

T={e,:n€Z} 27
Example 19.3.2. The characters on Z are determined by their values at 1. So for any £ € [0, 1), we get
a character e¢(n) = ™", In particular, Z = T.
Example 19.3.3. We have Zy = Zy and R 2 R. The characters on R are e¢(z) = €277,

Remark. The dual group G is a LCA group under the multiplication of characters, where the topology
on G is the topology of uniform convergence on compact sets (also called the compact-open topology).

Theorem 19.2. If G is discrete, then G is compact. If G is compact (so G has finite measure), then G
is discrete, and the characters on G are orthonormal in L*(G) (in fact, they form an orthonormal basis).

Example 19.3.4. Consider the examples 7 = T, T = 7, R= R, 2N =7Zy.

Remark. In some sense, R being non-compact and non-discrete makes things harder. On the other
hand, having dilations in R can make harmonic analysis easier.

Theorem 19.3 (Pontryagin duality). G ~G.
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Definition 19.4. The Fourier transform of f € L'(G) (complex-valued) is f: G — C defined by

~

fle) = /G f(@)E@) du(z), €€,

where dy is the Haar measure on G.

Example 19.4.1. On the real line, the Fourier transform is

F&) = /Rf(x)e_%”fl’ de, ¢eR.

For T, the Fourier coefficients are given by

1
f(n) = /0 f(x)e ™ dx, n € Z.

For Z, given ¢ = (¢, )nez,

oo
E(x) _ Z Cne—zm'mc7 reT
n=—oo
For Zy, the discrete Fourier transform is
N-1
E(k’) — Cne—sznk/N’ ke Zy.
n=0

19.2 Fourier Series

-~ -~

Definition 19.5. The Fourier transform of f € L'(T) is the sequence f = (f(n))nez, where

Fioy = [ sty e

~

are the Fourier coefficients of f. The inverse Fourier transform of f € LY(T) is f = (f(n))nez, where
1
foo = [ sy d.
0

Formally, > A(n)e%”'m is the Fourier series of f.

nez
Remark. If f € L*(T) and we accept that {e,},ez is an orthonormal basis for L?(T), then

o

fla)= 3" Jm)e™ = 3" (f,en)en

n=-—o0o0 n=-—o00
where the convergence is in L*(T) (we do not get pointwise convergence in general).

Remark. If f € L'(T), then we have
1
Fin)| < / F@)e) de = |||,

so we see that f € >°(Z).
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Remark. If we define &(x) = >_°7 _ ¢,e*™* then we can view the Fourier series as

n=-—oo N

(NY(@) = > Flmerm.

n=—0oo

Example 19.5.1. For 0 < a < 1, consider the function
g(m) _ Z 2—am627ri2mx’ xeT
m=0

which converges absolutely in C(T). One can show that g is nowhere differentiable.

Weierstrass first showed that g(z) = >~ *°_,a ™ cos(b™z) is nowhere differentiable for a, b large enough.

19.3 Partial Sums of Fourier Series

Definition 19.6. For f € L'(T), define the partial sums
N -~ .
Snf(x)= > Fn)e .
n=—N

Remark. Consider a discrete characteristic function

(n) 1 |n|] <N,
n) =
w 0 |n|>N.

Note that xynx € ¢*(Z). Then we can compute that

Xn(7) = Xn(7) = Z XN<n)€2ﬂinm = Z AT = Sin((2N + ) = dy(x)

sin(mx)

n=-—00 n=—N

by the geometric series formula. Note that dy € C(T) C L'(T)[f] We also have ||dy||; — oo.

Remark. Using the Dirichlet kernel dy, we can write the partial sums as

N N N 1
SNf(:):) = Z f(n)627rin1‘ _ Z </ f(t>€—2m‘nt dt) p2minz
n=—N n=—N 0

=[5 3 et = [t -t i = (1 dv)(o)

-~

Intuitively, Sy f = (fAXN)V = (f)Y x Xy = f *dy, but the above is a direct proof.

!Note that T is compact, so a continuous function on T is automatically integrable.
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19.4 Approximate Identities on T
Definition 19.7. An approxzimate identity on T is a sequence {k;, }nen such that
1. k, € L'(T) and /1 kn(x)de = 1;
0
2. Sup,ey |1knll < oo;

3. for any 0 > 0, / k()| dz — 0.

|z[>6

Remark. The Dirichlet kernel dy does not form an approximate identity.

Definition 19.8. For f € L'(T), define the Cesaro sums

Note that this is the average of the partial sums.

Remark. We can rewrite the Cesaro sums as

N
ot = Y (1= 5 ) R = (7 W)(o).
n=—N | —r— ,

We define the Fejér kernel to be

— 1 sin((N + 1)rz)
ww(e) = Wi(z) = N +1 < sin(7z) > '
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Nov. 11 — Fourier Series, Part 2

20.1 Approximate Identities on T, Continued
Remark. Using a similar proof as in the case for R, for f € L'(T), we have
fec(Z)={c=(cy):cn— 0as|n| = oo}

However, in general fgé 7).

Exercise 20.1. Let dy be the Dirichlet kernel on T. Show that
N
4
=D
k=1

In particular, ||dy||1 — 00 as N — 00, so dy does not form an approximate identity.

4~ 1
< ldnlly <3+ _ZE
k=1

T2

| =

Remark. Define the function

Wy (x) = 1—|n|/(N+1) |n| <N,
N 0 In| > N.

Note that Wy = (xx * xn)/(2N + 1) and Way = (Yn)? = d%/(2N + 1). The Fejér kernel is

= 1
wN:WN:N<

sin((N + 1)71'3:))2’

sin(mx)

and one can check that fol wy =1 and ||wy|; = 1.
Theorem 20.1. (f WN)(x) = (f*xwy)(x).
Exercise 20.2. {wy}yen forms an approximate identity on T.

Remark. Unlike the real line, we cannot just take any L' function and dilate it to form an approximate
identity on T, as the dilations need not be 1-periodic.

Exercise 20.3. If {ky} is an approximate identity on T, then:
1. For 1 <p < oo, f € LP(T) implies f *x ky — f in LP-norm.

2. f € C(T) implies f * ky — f uniformly.
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20.2 The Inversion Formula on T

Theorem 20.2. If f € L'(T) and f € (*(Z), then

where the above series converges uniformly in C(T).

~

Proof. Note that (f)V(z) =32 F(n)e* iz converges absolutely in the norm of C/(T) since

S Fme e = 3 F(n)] < oo

n=—oo

~

In particular, this shows that (f)Y € C(T). Also f * wy — f in L'-form, where

n=—N

-~ ~

Note that (1 — |n|/(N +1))f(n) — f(n) pointwise as N — oo, and

(1- 7)) Foo | < 1l < @,

so by the dominated convergence theorem (for counting measure)

[e.9]

~

(f xwn)@) —— > Fme™™ = (F)¥(2)

n=—oo

pointwise. Since f xwy — f in L'-norm, there exists a subsequence f x wy, — f pointwise a.e., hence

~ ~

we see that f = (f)Y a.e. Since f and (f)" are continuous, we get that f = (f)v everywhere. ]

~

Corollary 20.2.1. If f € LY(T) and f(n) = 0 for every n, then f =0 a.e. Moreover, if f,g € L'(T)

~

and f(n) =g(n) for all n, then f =g a.e.
Definition 20.1. The Fourier algebra (or Wiener algebra) on T is

A(T) = {f € LX(T) : f € ("(Z)}.

Remark. The Fourier algebra A(T) is closed under convolution and forms a Banach algebra. Moreover,
it is a dense subspace of C(T).

20.3 L*-Convergence of Fourier Series

Remark. Let e,(x) = ™", The functions e, are orthonormal in L*(T): For n # m,

o 1
627rz(m n)x

1 1
(m, €n) = / e2miMmE 2minz ]y — / L /e — =0.
0 0

2mi(m —n)|,_,
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Theorem 20.3. Let {f,}nen be an orthonormal sequence in a Hilbert space H. Then the following are
equivalent:

1. {fu}nen is complete (i.e. span{f,} = H).
2. =37 ¢cufn in H for a unique choice of scalars c,. That is, {f,} is a Schauder basis for H.
3. [ =>0" [, fn) [, where the convergence is in H.

- (Plancherel) || fII* = 3202 [fs fa) I
- (Parseval) (f,9) = 3021 (f: fn)(fns 9)-

Example 20.1.1. The above theorem does not hold when the sequence is not orthonormal. Recall
the Weierstrass approxzimation theorem: {x™}>  is complete in C(T). But not every f € C(T) can be
written as f(z) =2 c,x™ (such functions are infinitely differentiable in some disk).

[N

Theorem 20.4. We have the following:
1. For 1 <p < 00, {en}nen is complete in LP(T).

2. {en}nen is complete in C(T).

Proof. (1) If f € LP(T), then we have

o= 3 (1 3 ) Flmems s 1

Sy B N+1 N—o0
in LP-norm. But f * w, € span{e, }nez, so span{e, tnez = LP(T). The same proof works for (2). O

Corollary 20.4.1. {e, },ecz is an orthonormal basis for L*(T). Furthermore,

[e.9]

f _ Z f(n)emrimv’

n=—oo

where the above convergence is in L*-norm. Moreover, one has

~

1. (Plancherel) || f[13 =200 [f(n)]?,
2. (Parseval) (f,9) = (£.9) = Sooe_. F(n)3(n),
so the Fourier transform operator F : L*(T) — (*(Z) given by f fA s unitary.
Theorem 20.5. If1 <p < oo, then Syf = (f xdy)(z) = ij:_N f(n)e%im converges in LP-norm, so
f _ Z f(n)e%rinm

in LP-norm with respect to the ordering 7 = {0,—1,1,—-2,2,-3,3,...}. However, the convergence is
conditional: Only this ordering (and finite permutations of it) need converge when p # 2.
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21.1 Shannon Sampling Theorem

Definition 21.1. Define the Paley- Wiener space to be
PW(R) = fL[Qfl/Zl/Q}(R) ={fe€ Lz(R> s supp(f) C [-1/2,1/2]}.

—2minx

Remark. Set e,(z) =e X[-1/21/2](x) = MypX|-1/2,1/2)(x), then

e N sin(m(x —n))
en(@) = TaXimazaa(v) = —m 5=

Since {e,} is an orthonormal basis for L[zf1 s2.1/2)(R), the {&,} form an orthonormal basis for PW(R).
Note that if f € PW(R), then we can write

n=—oo

By the unitarity of the Fourier transform, we can compute that

1

N 2 . o , ~
(f,en) = (fren) = f(&)e*mme de = / f(&)e*m e dg = (f)(n) = f(n).

—-1/2

~

Note that the third equality follows from supp(f) C [-1/2,1/2]. Thus

f)= Y T n)

n=—oo

(x —n)
This is called the Shannon sampling theorem (or classical sampling theorem), i.e. that any function in
PW(R) is completely determined by its values on the integers.

Remark. Fix b > 0, and set e,;(z) = 2™, This is an orthogonal basis for L2[0, 1/b].

Example 21.1.1. If we set b = 1/2, then we can write

{en/Q}nEZ = {en}nEZ U {€(n+1)/2}n€Z-

This is a union of two orthonormal bases for L?[0,1]. For f € L?[0, 1], we can write

[e.e]

2f = Z <f7 €n>€n+ Z <f>€(n+1)/2>€(n+1)/2 = Z<f, 6n/2>€n/2-

n=-—0o n=-—o0o neZ
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Remark. If we take 0 < b < 1 and consider ¢*™™® = ¢ (x) in L?[0, 1], then for f € L?[0,1] C L?[0,1/¥],

F=3 S Femen

n=—oo

in L2[0,1/b]. Since f =0 on [1,1/b], we have the same expansion in L?[0,1]. Note, however, that this
expansion is not orthogonal and not unique. These sets {ep, }nez are called frames.

21.2 Weyl’s Equidistribution Theorem

Theorem 21.1. If o € T is irrational, then {ka}ren is equidistributed in [0,1), i.e.

. #{1<k<N:kamodle€(ab)} . 1 =
Jm v = AL R 2 Xen(ka) = b

for every 0 <a <b< 1.

Remark. Consider f € C(T). Then we can view + Z]kvzl f(ka) as some type of Riemann sum, so we
might expect that

N—oo

1 & 1
N;f(ka)—>/0 f(x) da.

The Birkhoff ergodic theorem says that the above average in fact converges to the integral (given that
{ka} is equidistributed). In fact, the result holds for any f € L*(T).

Exercise 21.1. Prove the above statement for e,(x) = ¢*™* (and thus for trigonometric polynomials

p(z) = 320 €., Then apply density to prove this for f € C(T).

Proof of Theorem |21.1. Approximate x (45 by a trapezoidal continuous function f which equals x(q4)
on (a+ €,b — €) and decays linearly to 0 on [a,a + €] and [b — €, b]. Then

1 R T
b—a—e:/o f(z)dz = lim —;f(ka)Sthfing;X(a,b)(ka)-

N—oco N
Taking a similar approximation with g which equals (. on [a,b] and decays linearly to 0 on [a — €, a

and [b, b+ €], we also get an upper bound:

N—oo

N N 1
1 1
lim sup N E X(ap) (ko) = Nh_rg(l)O ¥ E g(ka) < /0 g(x)dr =b—a+e.
k=1 k=1

This holds for arbitrary €, hence the limit is equal to b — a. O

Corollary 21.1.1 (Kronecker’s theorem). {ka mod 1}xey is dense in [0,1).

21.3 [P-Convergence of Fourier Series

Remark. Recall that {e,},ecz is complete in LP(T) and C(T), i.e. span{e, }nez is dense.
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For 1 <p < o0, if f € LP(T), do the partial sums

Snf@)= > Jn)e*™™ = (f » dy)()

converge to f in LP-norm?

The motivation is as follows. Suppose that Sy f — f in L? for every f € LP(T). Then we have a linear
operator Sy : LP(T) — LP(T) on a Banach space. Moreover, the convergence is also pointwise. Thus for
any individual f € LP(T),

sup [|Sn flp < oo

NeN

Then by the Banach-Steinhaus theorem (also called the uniform boundedness principle), we get

sup ||Sn|| = sup sup ||[Snfll, < oo
NeN NeN||f|lp=1

In fact, this is equivalent to the LP-convergence of Fourier series, and idea behind the proof is to instead
argue about the uniform boundedness of Sy.

Note that [|Sx fll, = [|f * dxll, < [[fllplldn ]l so [Snll < lldnlly = oo.

For p = 1, we can argue as follows. Fix an approximate identity {ky} with k) > 0, so that

1 1
el =/ IN =/ by = 1.
0 0

811 > 185kl = [l dlly —— [l

Then we can see that

since ky * dy — dy in L'. Thus ||Sy|| > [|dx|l1 — oo, so the partial sums cannot converge in L'. In
particular, {e, }nen is not a Schauder basis for L'(T). A similar argument works to show that {e, },en
is not a Schauder basis for C'(T). However, one has the following:

Theorem 21.2. {e,}nez is a Schauder basis for LP(T) for 1 < p < oo, with the ordering

Z=1{0-1,1,-2,2,...}.

Example 21.1.2 (Haar system). Another example of a Schauder basis is the following. Let

©=Xp,n and Y =Xp1/2) — X[1/2,1)
Note that (p, 1) = 0. Then we can define
U =2%p(2z) and = 2Y%Y(2x — 1),

which are still orthogonal with ¢, 1 and with each other. Continuing this process, we get an orthonormal
basis for L*(T). Moreover, this is a Schauder basis for LF(T) for 1 < p < oo and it is unconditional, i.e.
the convergence does not depending on the ordering of the functions.

Remark. There also exists a continuous analogue of the Haar system, the functions are called D4 and
W,. The functions ¢, ¢ from the Haar system are known as Dy, W5. These are called wavelets.
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22.1 The Poisson Summation Formula

Remark. Suppose f € L*(R) Set ¢(z) = > o2 f(z +n). Then by Fubini-Tonelli,

ol :/0 S fa+n)

00 1 n+1 o]
<> [Uarmi= 3 [ = =i <o
so ¢ € L'(T). Moreover, the integrals are the same if we do not take absolute values.

n=—oo n=—0oo

Exercise 22.1. Let f, ¢ as above. Prove that

1 o
p = [ Y fale e do = Fin).
0 =0
Theorem 22.1 (Poisson summation). Let f : R — C. If there exist C e > 0 such that
C ~ C
< d < —
@) < o @ 1@< e
then for every r € R,

S fatn) =3 Fmyeri,

n=—oo n=—oo

In particular, setting x = 0 one obtains

S fm)= 3 Jn).

n=—oo n=—oo

Proof. Both f, f € L'(R), hence f, f € Co(R) by Fourier inversion. Also ¢ € L'(T) and

Yo e =Y 1) < oo,

n=-—oo n=—oo

so @ € ('(Z). Therefore the inversion formula gives

o0

o(r) = 3 Bm)errine

n=—oo

pointwise. (In fact one can get uniform convergence on compact sets.)
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Remark. Formally consider p =3 >° 0n, where 9, is the Dirac delta at n. Then

n=—0oo

fu/fdu =S i)

n=—oo

A similar computation shows that

= > f)

These series are equal by Poisson summation, so if the Parseval identity holds, then one gets

(f. 1) = Zf = > fln)=

n=—oo n=—oo

Thus Poisson summation says that u = [i.

22.2 Wiener’s Lemma

Remark. Let C(T) = {f continuous on T}, which is closed under products and

1/ glloo < 1/ 1|0 llgloc-

In particular, C(T) is a commutative Banach algebra. Also note that if f € C(T) and f(z) # 0 for every
x, then 1/f € C(T). We say that C(T) is inverse-closed.

Recall that the Wiener (Fourier) algebra is
A(T) ={f € L'(T): J € £/(Z)} = {2: ¢ = (c0) € (D)}

-~

The equality holds by the formulas f(z) = > 7 f(n)e*™™* and ¢(z) = Y 07 c,e*™™*. Note that
A(T) € C(T) is dense in the uniform norm.

On the other hand, if we define

Ifllamy = Y 1f(n)

then for any f,g € A(T), we have
fa=(f9)" = (f=9)".
Since f,§ € (HZ), we have fxge (NZ), so fg € A(T). Moreover,
[ fgllaey = [If =gl < I fllglls = [ flamllgllacr)-
Thus we see that A(T) is also a commutative Banach algebra with respect to pointwise products.

If A(T) inverse-closed? In other words, if f € A(T) and f(x) # 0 for all x, must 1/f € A(T)?
Lemma 22.1. If P(&) = S0y axe®™* ¢ then | Pllacr) < (2N + 1)/?|| Pl

Proof. By Cauchy-Schwarz, we have

N N 1/2
IPllamy = D lar| -1 < (2N + 1)1 ( > Iak|2> = (2N + 1) Py

k=—N k=—N

where the second equality is by Plancherel’s theorem. The result follows since || P||s < ||P]|lco on T. O
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Lemma 22.2 (Wiener’s lemma). If g € (1(Z) and g(£) # 0 for any &, then there is h € (*(Z) such that
~ 1

h g = <0

=50

Equivalently, if G € A(T) and G(§) # 0 for any &, then 1/G € A(T).

£eT.

Proof. Assume g € (1(Z) and g(§) # 0 for any €. Let G = g. We prove the result in two steps:

1. Assume 0 < G < 1. Then since GG is nonzero,

d:gel%G(ﬁ) >0

Let H=1—-G=20— g, where 0 is the delta sequence. Note that

0o
_ Z 5n62ﬂm§ _ 50627r105 -1

Then H=h—§ = (6 —g)" € A(T). Soif we let h =48 — g € (1(Z), then h = H, and
[Hlloo = 11 = Glloc =1 —d < 1.
Hence )" H(&)" converges, and >~ H" =1/(1— H(§)) = 1/G(&) € C(T).

However, we need convergence in A(T). Fix 0 < e < d/2. Let p = hx[—n,n) for N large enough so
that |[p— hlly < e Let P=p=3"__ h(n)e*™. Let r=p—hand R= P — H. Then

[Plloc = 1H + Rlloc < [[Hl[oo + [ Bllc < (1 = d) + [P — Hl|
SA-d)+p-hlle<A=d)+|p—hli=1-d+e

- ()rrnr

where we can use the binomial theorem since A(T) is a commutative Banach algebra. Then

o <Z()||P||A<T||R||z Z()zwj+1>”2||Pf'||ooew

where the second equality is by Lemma and || R||amy = |lp — k|1 <e. Thus

Now we can compute that

1H" [|am) = 1P = B)" [l acr)

A(T)

n

n . .
1| ary < 2Nn+ 1) (]) |P|lZoe™ = (2Nn + )Y2(|| Pl + )",

j=1
where || P?]|o < ||P]J%, by submultiplicativity. Since ||P|loc <1 —d +,
[H" || am) < 2Nn+1)2(1 — d + 2¢)",
where 1 —d+2e < 1. So > [[H"||ary < 00,50 >_° o H" converges in A(T) to 1/(1—-H) =1/G.

One can reduce the general case to this first case, see the course notes. O
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22.3 Distributions

Remark. Let 1 < p < oco. Note that LP(R)* = LP (R), where LP(R)* is the dual space of LP(R), i.e. the
space of bounded linear functions on LP(R). If we fix g € L” (R), then we can define

f)=1{fg) = / " fa)g(@) de

which is linear in f and antilinear in g (this is known as a sesquilinear form).

Recall that X* = {bounded linear functionals p on X'}, which is equivalent to continuous linear func-
tionals when X is a Banach space. We consider the following space of distributions:

Definition 22.1. Define the following:
e D'(R) = C(R)*, the space of distributions.
e S'(R) = S(R)*, the space of tempered distributions.
o &'(R) = C(R)*, the space of compactly supported distributions.
Example 22.1.1. If f € C2°(R), then define (f,d) = f(0). This is the Dirac delta as a distribution.

Remark. Recall that the Schwartz space is
SR) = {f € C®R) : a™f"(x) € L*(R)}.

This is not a Banach space (it does not have a norm). But we can define seminorms

() = 2" " |oa, M0 > 0.

There is no way to combine these seminorms into a single normE] However, one can define a metric:

1+Pmn(f g)

m=0 n=0

Note that convergence with respect to d is the same as convergence in p,, ,, for every m, n:

lim pm,n(f - fk) = 0.
k—o00

Definition 22.2. We say that f, — f in S(R) if for every m,n > 0,

P (f = fi) = |2 fO (@) = 2™ (f) " (@)[|oc — 0
Therefore, a linear functional u : S(R) — C is continuous if fi, — f in S(R) implies (fx, u) — (f, ).

Remark. Since convergence in S(R) is a very strong condition, we expect that it is easy for p to satisfy
the above condition. This intuitively explains why S'(R) is so large.

Example 22.2.1. Assume that fy — f in S(R). Then (fx, §) = fx(0), so

[(f = fr: )] = [£(0) = fu(0)| < poo(f — fr) — 0

Thus we see that § € S'(R) = S(R)*.
'Compare this with Cy(R) = {f : || flloos [ f'loc < 00}, where one can define a norm || f[lcz = || flloo + || f[loc-
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Nov. 20 — Distributions

23.1 Convergence with Families of Seminorms

Example 23.0.1. Like S(R), many other spaces are defined by a family of seminorms. Recall that
L{ .(R) = {measurable f : f is integrable on compact K C R}.

If we define pi(f) = || fXKk]|1, then f € LL (R) if and only if px(f) < co. In fact, it is enough to consider

loc

pn(f) = |lfx=n.n|1. Given such a countable family of seminorms, one can always define a metric
v Pn(f —9)
d(f.g) =3 27"
= 1+pn(f-9)

which satisfies d(f, fx) — 0 if and only if pn(f — fr) — 0 for every N.

1

Remark. Suppose || - || is a norm on L,

(R), and consider k1. Then pn (X[, k+1]) — 0, so

CkX[k k1] — 0

: 1
in L loc

Example 23.0.2. For C*(R), we can take pn,(f) = || /™ X[-nn]|lsc- Then

(R) for every choice of ¢. But then ||cixkr11]]] — 0, a contradiction for ¢ = 1/|| X kr41]]|-

C*(R)* = {continuous linear functionals u : C*(R) — C} = &'(R)

is the space of compactly supported distributions, where p is continuous if whenever f;, — f in C*°(R),
we have pu(fr) = (1, fe) = (1, f)-

Remark. For D'(R) = C°(R)*, it is better to think of C°(R) = (Jy_, C([—N, NJ).
Definition 23.1. Let {p, }acs be a family of seminorms on a vector space X.

(a) fr — fin X means that p,(f — fx) — 0 for every a € J.

(b) X is Hausdorff if po(f) = 0 for every f € X if and only if f = 0.
Definition 23.2. Let {p,}nen be a countable, Hausdorff family of seminorms on X. If the metric

d(f, g) _ iQn pn(f - g)

n=1 1+pn(f_g)

is complete, then we call X a Fréchet space.

o4



LECTURE 23. NOV. 20 — DISTRIBUTIONS 55

Exercise 23.1. S(R) and C*°(R) are Fréchet spaces (but C2°(R) is not).

Remark. Recall that if y: X — C is a linear functional on a normed space X, then p is continuous if
and only if p is bounded (i.e. there exists C' > 0 such that |(f, u)| < C|| f]] for every f € X).

Theorem 23.1. Let X be a Fréchet space with seminorms {p,tnen and p: X — C a linear functional.
Then the following are equivalent:

1. p is continuous, i.e. fr — f implies {fx, 1) — (f, 1) as k — oco.
2. fr = 0 in X implies (fr,n) — 0.
3. There exists C >0 and N € N (depending on ) such that |(f, )] < C SN pu(f).

Proof. (1 < 2) This follows from linearity.
(3 = 2) Suppose fr — 0, s0 p,(fr) — 0 for every n. So

N
[(for )] C Y pulfi) — 0

since each of the finitely many terms converge to 0.

(2 = 3) We prove the contrapositive. Suppose (3) is false. So for every C' = N = k € N, there exists
fr € X for which [(fx, u)| > kzgzl Pn(fi). Set vr = fi/|{fx, )| Then

k k
L [(fem 1
Thus pn(pr) — 0 as k — oo for every n € N. So ¢, — 0 in X. But (pg, u) =14 0. O

Example 23.2.1. What does the topology look like given a family of seminorms, i.e. what are the open
sets? Consider seminorms py (21, 22) = |x1| and pa(x1, x2) = |xs|. Consider strips

By (w1, x9) = {(y1,92) : [y — il <7}
for each seminorm p;. Then the open balls are of the form
B; (Ih LL’Q) N BE(Il, .CL’Q).

A basis in the general case involves intersections of finitely many strips (as in the product topology).

23.2 Distributional Derivatives

Example 23.2.2. If f, g are differentiable and decay at oo (think f, g € S(R)), then

() = /_Ooﬂa:)mdx:f(m 2 / F@)g@ de = —(f', ).

by integration by parts, where f(z)g(x)|>: = 0 by the decay of f,g. Now define ¢’ : S(R) — C by

T=—00

<fa 5/> = _<f/75> = —f/(O)
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for f € S(R). Then ¢’ is a linear functional, and

(£ 00 = 1= O] < [1flloe = 12°F P @)lloc = poa(f) ST Y pmnlSf)

m=0 n=0
Hence ¢ is bounded on S(R), so §' € S'(R) = S(R)*.
Proposition 23.1. Fiz p € S'(R), and define 1/ : S(R) — C by

<f7 /'L,> = —<f/,/,b>7 f S S(R)

Then y' € S'(R). In particular, every tempered distribution has a (distributional) derivative.

Proof. Since p is bounded, there are C; N > 0 such that |(f, u)| < C’Z%:O ZnNzo Pmn(f). Then

() = m) < C ZZ W(f)=CY > | Hoo—CZZmef"“Hoo,

n=0 m=0 n=0 m=0 n=0

so g is bounded. Thus p/ € §'(R) also. O

Example 23.2.3. Consider the Heaviside function H = X9 ) We can define

(f H) / f () H @) do = / f(a
Then we can check that

’<faH>|S/Ooolf(x)]d:cg/ol\f(x)|dx+/loo’ g)lxzdx

2 0
> 1 m n
< [ flle + I\%’Qf(:v)lloo/1 e <CY Y "l

m=0 n=0

Thus H is bounded, so H € §'(R). So H has a distributional derivative H' : S(R) — C, where

(f.H) = —(f'. H) = - / " ) de = —(f(00) — F(0)) = £(0) = (£.5).

In particular, we see that H' = § as tempered distributions.

Remark. Note that L{ (R) C D'(R) = C®(R)* and L}

loc loc
the functions in the latter has distributional derivatives.

(R) 4 polynomial growth C S'(R), so each of

Exercise 23.2. If g is smooth, then ¢’ (as a tempered distribution) is the usual derivative.

Remark. To avoid confusion, we sometimes write Dy for the distributional derivative and ¢’ for the
pointwise a.e. derivative.



Lecture 24

Nov. 25 — Distributions, Part 2

24.1 Space of Distributions

Remark. Let D'(R) = C°(R)*. The topology on this space is not given by a family of seminorms.
Instead, we write C2°(R) = Ux compact C°°(K). Note that C*°(K) is a Fréchet space with seminorms

prcalf) = 1™ (@)xx ()]

for f e C®(K)={f € C®R):supp(f) C K}.

Theorem 24.1. f, — f in C°(R) if and only if there exists a compact set K C R such that f, € C(K)
and fr, = f in C°(K).

Theorem 24.2. Given a linear function p: C°(R) — C, the following are equivalent:
1. p s continuous;
2. | (i 15 continuous for each compact K;

3. for all compact K C R, there exists Cx > 0, Ng > 0 such that
Nk
()] < Ck DI (@)xk (@) |oes  for f€ C(K).
n=0

Definition 24.1. If there exists a single N that can be used for each compact set K in Theorem [24.2(3),
then we say that p has finite order. The order of p is the smallest such N.

Example 24.1.1. We have the following:
1. The order of 6V is j.

2. Consider the d-train p =3 >" _ §,,80 (f,u) =>.~ _ f(n). Note that this sum is finite since
f € C*(K) for some compact K. In fact, [(f, u)| < Cklfl|co, s0 the order is 0.

3. Let v=>3 ", 5 so (f,v) = > ((=1)"f™(n). One can check that v has infinite order.
Remark. As sets, we have C°(R) C S(R) € C*°(R). What about their duals?
Theorem 24.3. We have the following:

1. fr — f in C°(R) implies fr, — f in S(R).

2. fr — f in S(R) implies fi, — f in C°(R).
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3. e S'(R) implies plceomy € D'(R).
4. € E'(R) implies pi|swy € S'(R).
In particular, we have the containments D'(R) O S'(R) 2 &'(R).

24.2 Functions as Distributions

Theorem 24.4. L}

loc

(R) € D'(R), where the embedding is given by
()= | f@l@de. fecx®)
Proof. If g € L] .(R) and f € C*°(K), then

() < /Lf 2)ldz < [ Flellgnxh.

Thus we see that g defines a continuous linear functional on C2°(R). ]

Example 24.1.2. Note that § € D'(R), but it cannot be identified with a function in L;

loc

(R).
Example 24.1.3. Consider the space

My(R) = {bounded Radon measures on R}

= {bounded locally finite Borel measures on R}.

If p € My(R) and f € C*(K), then we can define a linear functional by

(o) = [ 5@ duto)

|anszgﬂmww@ngmumwo

which is finite as p is a bounded Radon measure.

Example 24.1.4. We have 1/z ¢ L{ _(R), but we can define pv(1/z) : C>°(R) — C by

(f,pv(1l/x)) = lim @dx, f e C™(K).

T=0 Jyr<jel<r ¥

Then we have that

One can show that the above limit exists, so pv(1/x) € D'(R).

24.3 Operations on Distributions

Remark. Suppose g € L (R), and set T,g(z) = g(x — a). If f € C>(R), then

loc

(f,T.g) = /f as—adx—/ f(x+a)g(x)de = (T_of,g).
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Definition 24.2. If ;1 € D'(R), then define T,u : C(R) — C by (f, Tupu) := (T_of, p) for f € C(R).
Remark. Note that for f € C°(K), we have

NK+a NK+a

(s Tapd| = (T-af, 1)| < Crta Z 1T aflloo < Crta Z [ lloo
n=0 n=0

since T_,f € C*°(K + a). Thus T,u is a continuous linear functional on C°(R),

Remark. One can similarly define other operations on distributions, e.g. dilation, modulation, etc. For
example, the involution g(x) = g(—x) satisfies

D= [t~ [ F@gCade~ [T~ [ fojg@ = o)

Thus if 4 € D'(R), then we can define (f, i) := (f, u) for f € C>®(R).

Example 24.2.1. Consider a translation of 9:
(f, Tad) == (T_af,6) =T_of(0) = f(a).

But sometimes by abuse of notation we may write

(. TL8) = /f(x)é(x ~a)ds = /f(x +a)o(x) dz = f(a).

This should be understood in the distributional sense, the above integral is not a Lebesgue integral.

24.4 Products and Convolution of Distributions

Remark. Suppose g € L{ (R), # € C*(R). Then
(1.89) = [ f@I@g@ o = [(FP)g e = (D), 1€ CE®),

Note that f0 € C=(R), so the above definition makes sense.
Definition 24.3. If ;4 € D'(R) and 6 € C*°(R), then define 0y : C°(R) — C by (f,0u) := (f0, u).
Remark. We can check that for f € C®(K) (so f € C*(K)),

[(F,0m) ] = [(F0, 1] < Cre Y IO ™l < Crc Y Y <n> LFO"=|o

n=0 j5=0 J

Nk n
=Y (1)1l

n=0 j=0

3

Thus we see that Ou € D'(R).
Remark. Now consider g € L (R), f € C2°(R). Then we have

(f % g)(x) = / Fx — y)g(y) dy = / o —)9(y)dy = (ToT, 9).
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Definition 24.4. The convolution of pn € D'(R) with f € C*(R) is

(f # (@) = (Tof,p), w€R

Theorem 24.5. If p € D'(R) and f € C*(R), then:
1. Convolution commutes with translation, i.e. To(f % p) = (Tof) * = f * (Top).

2. fxpue C®MR) and (f*xp) = f *pu (and also (f xpu) = f* Du).

Remark. Suppose f, g, h are “nice” functions. Then

(f,g*h) = /f (g + h)(z dx—//f 9(z — Y)h(y) dydz

// y—= dx)h(y)dyz/(f*g)( Vh(y) dy = (f G, h).

Theorem 24.6. If € D'(R) and f,g € C(R), then (f,g*p) = (f * g, ).



Lecture 25

Dec. 2 — Distributions, Part 3

25.1 More on Convolutions of Distributions

Remark. Recall that if v € D'(R) and f, g € C°(R), then we define
{(frgxv)={f*gv)

We want to make a similar definition for p, v € D'(R):

(finxv):=(fxpv), [eCR).
Note that we only know f % € C*°(R), not necessarily C2°(R). We know

supp(p) = ﬂ{closed sets F CR:pu=0off F}.

Theorem 25.1. £'(R) = C*°(R)* = {p € D'(R) : p is compactly supported}.

Definition 25.1. If u, v € D'(R) and at least one is compactly supported, then we can define
(fiwxv) = (fxpv), [eCZR).

Exercise 25.1. Show that if at least one of v or u is compactly supported, then
fr(pxv)=(fxp)xv, feCZR).

Exercise 25.2. Show that (H % d’) 1 # H (0’ x 1), where H is the Heaviside function, ¢ is the Dirac
delta, and 1 is the constant function.

25.2 More on Distributional Derivatives

Lemma 25.1. Let g € C(R) such that Dg € C(R). Then g € C*(R) and Dg = ¢'.

Proof. We give the idea of the proof. Let h € R and suppose f € C*(R). Then
[ Frar@a=Fegm - oo

by the fundamental theorem of calculus. Check as an exercise that (f * ) (t) = (f * Dg)(t), then

/ F@g() dr = {F.g) = (T g)(h) - / (7« Dg)(t) dt.

One can continue to show that Dg and ¢’ agree. O

61



LECTURE 25. DEC. 2 — DISTRIBUTIONS, PART 3 62

Exercise 25.3. Show that if 4 € D'(R) and f € C*(R), then

< ,u>—<f*u><t>—/0 (7« Du)(t) dt.

Theorem 25.2. If i € D'(R), then Dy € C(R) (i.e. there exists g € C(R) such that (f,g) = (f, Du) =
—(f", 1)) if and only if p € C*(R).

Theorem 25.3. Fiz € D'(R). Then for each compact K C R, there exists g € C(R) and k > 0 such
that (f, ) = (f, D*q) for all f € C*(K).

Remark. Theorem says that in some sense, distributions are exactly the derivatives of functions.

25.3 Distributional Fourier Transform

Remark. Recall that the Fourier transform is unitary on L*(R), i.e.

/)f dx—/ fle - (7.9

Also recall that if f € S(R), then fe S(R) also (this is not the case with C2°(R)).
Definition 25.2. The Fourier transform of a tempered distribution p € S'(R) is implicitly defined by

(f.1) = {f.m), fESR).

This defines i on all of S(R) since f can be any element of S (R). More explicitly,
(f.i)=(F.m), feSR).

Lemma 25.2. If p € S'(R), then i € S'(R).

Proof. Since pu € §'(R), there exist C, M, N > 0 such that

M N
< C S 2 o)

m=0 n=0

Then we can compute

)] = 1(Fs )] ZZ “loe.

For m = n = 0, we have ||f||C>o < I/l < CUIflloo + 122 (2)|loe) (split into || < 1 and |z > 1). We
can apply a similar argument to the other m,n to bound the remaining terms. O]

Example 25.2.1. We compute 3. Let f € S(R). Then

~

(F.3) = (£.6) = £(0) = (H)"(0) = / 7y de = (F.1).

This is true for every f € S(R), hence 6 = 1.
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Example 25.2.2. We compute 1. For f € S(R), we have
GO = 1) = [ fla)dz = Fio) = (F.0).

Thus we see that 1 = 4.
Example 25.2.3. Formally, we can write
g(f) = / §(z)e ™ dy = / e T 45 (1) = e 20 = 1,

This somewhat makes sense, with some hand-waving. On the other hand
fe) = [ e =a(

does not really make sense at all.

Exercise 25.4. Show that p — [ is a continuous bijection §’'(R) — S’(R).

Exercise 25.5. Show that if 1 <p <2 and f € LP(R), then the usual Fourier transform agrees with
the distributional Fourier transform (if we interpret the usual f € LP'(R) C S'(R)).

Remark. If 2 < p < oo, then we still have LP(R) C S'(R), so every f € LP(R) has a distributional
Fourier transform f € §’'(R), but in general it cannot be identified with a function.

Remark. FL>*(R) is called the space of pseudo-measures.

Exercise 25.6. Show that if 4 € S'(R) and 6 € S(R), then
() =07 and (0% p)" = 0.
A

Moreover, (Dp)" = 2miéu and D = (—2mizp)".
Theorem 25.4. (3°° _ 0,)"=>"" _ 0,

Proof. We can compute that

<ﬁ( > 5n)A>=<f, > 5n>= SRCEDS f(k)=<ﬁ > 5n>,

n=-—o00 n=-—00 n=—00 k=—00 n=—oo

where we used the Poisson summation formula in the third equality. O]
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