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Lecture 1

Jan. 6 — CW-Complexes

1.1 Introduction and Motivation

Algebraic topology builds “functions” (actually functors)
{topological spaces, continuous maps} — {algebraic things, algebraic maps},

where “algebraic things” can be groups, vector spaces, etc. The main objective of algebraic topology is
to distinguish topological spaces, e.g. showing that R™ 22 R™ for n # m. More applications are:

1. Studying maps between spaces/]]

e Does a given space M embed in N7 For instance, for what m does RP™ embed in R™? (This
is still not known in general.) Here RP" is the real projective space.

o Lifting maps, i.e. given f: A — B and g: E — B, does there exist a map ]?: A — FE such
that go f = f7 In other words, is there a map f such that the following diagram commutes:

- E
e
A T> B

e Fixed point problems: Given f : X — X, does f have a fixed point, i.e. x € X such that
f(z) = 27 Such theorems are used to prove the existence of solutions to ordinary differential
equations, for instance.

2. Group actions, e.g. which finite groups act freely on S™?

3. Group theory, e.g. showing that every subgroup of a free group is free. Another example is that if
F, is the free group on n generators, then its commutator [F,, F,] is not finitely generated.

4. Algebra, e.g. proving the fundamental theorem of algebra.
This course will cover the following topics:
1. The fundamental group m (X, xo) of a space X for xg € X, and covering spaces.
2. The homology groups Hy(X) for k =0,1,2,.... These groups are abelian.
3. The cohomology ring H*(X) = @, H*(X).

But before getting to this, we need to develop some important ideas.

LAll maps and functions in this class are continuous unless otherwise specified.
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LECTURE 1. JAN. 6 — CW-COMPLEXES 5

1.2 CW-Complexes

Definition 1.1. Let D" C R” be the unit disk and S"~! = dD". Given a topological space Y and a
continuous map a : S"~! — Y, the space obtained from Y by attaching an n-cell (via a) is

YU, D"=(YUD")/~,
where the equivalence relation ~ is given by = ~ a(z) for z € 9D". Here LI denotes disjoint union.
Definition 1.2. An n-complex or an n-dimensional CW-complex is defined inductively by:
e A (—1)-complex is the empty set &.
e An n-complex X" is a space obtained from an (n — 1)-complex by attaching n-cells.

An n-complex is finite if it involves only a finite number of cells. The k-skeleton of X is the union of all
n-cells in X with n < k.

Remark. Any CW-complex is Hausdorff. See Hatcher for a proof.

Example 1.2.1. Here are some examples of CW-complexes:
e A O-complex is a union of points. This is because D° = {pt} and D" = &.
e A l-complex is a graph (points and lines connecting them).

e The torus T (a square with opposite sides identified) is a 2-complex. Here the O-skeleton T is
the common corner on the square and the 1-skeleton 7' is two sides of the square after taking
the quotient. The 2-skeleton 7' = T'® is the entire torus.

Another example of a 2-complex is the two-holed torus, which is obtained by identifying the edges
of an octagon (pairs of every other edge identified with opposite orientation)E]

A third example of a 2-complex is X U, D? given an attaching map D? — X,

Consider the unit sphere S™ C R""1. One way to give S? a CW-complex structure is to see the
sphere as two disks D? glued together, resulting in one 0-cell, one 1-cell, and two 2-cells. Another
way is to start with two points, attach two 1-cells to get a circle, and then attaching two disks to
get S2. This results in two O-cells, two 1-cells, and two 2-cells.

The second idea generalizes to S™. We can write
S" = 8", D"U,, D",
where S™~! inductively has a CW-complex structure. This yields two k-cells for each k < n.

Another way to put a CW-complex structure on S™ is to attach D™ to a point with 0D™ — {pt}.
In particular, notice that a space can in general have several different CW-complex structures.

e Consider the n-dimensional real projective space
RP"™ = {lines through the origin in R"*},

Since each line through the origin passes through S™ twice, we can equivalently think of RP" as
the unit sphere S™ with antipodal points identified.

2This CW-decomposition of the two-holed torus results in one 0-cell, four 1-cells, and one 2-cell.
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We can also think of this as D™ with antipodal points on D" identified. Since OD™ = S™~1, this is
simply RP"tU, D", where a : 9D™ — RP"! is the quotient map. This gives RP" a CW-complex
structure with one k-cell for each £ < n.

e The complex projective space CP™ has a similar CW-complex structure with one k-cell for each
even k < 2n. One can verify this as an exercise.

e Any smooth manifold has a CW-complex structure. See Hatcher.
Exercise 1.1. Show the product of CW-complexes is a CW-complex.

Definition 1.3. A subcomplex of a CW-complex X is a closed subset A C X that is a union of cells in
X. In particular, A is also a CW-complex and (X, A) is called a CW-pair.

1.3 Homotopy

Definition 1.4. Let X and Y be topological spaces. Two maps f,g: X — Y are homotopic, denoted
f ~ g, if there exists a continuous map ® : X x [0,1] — Y such that

O(z,0) = f(z) and P(z,1) =g(x)

for all z € X. In this case, ® is called a homotopy between f and g.
Remark. We note the following:

e A homotopy ® gives a family of maps ¢, : X — Y given by x — ¢(z,ty) which is continuous in t.
So maps are homotopic if there is a continuous family of maps between them.

o If A C X then we say that f is homotopic to g rel A, denoted f ~,4 g, if there exists ® as above
with the additional property that ®(x,t) = f(x) for all z € A, i.e. points in A are fixed.

e If AC X and B C Y, then the notation f : (X, A) — (Y, B) means that f: X — Y and f(a) € B
for each a € A. We say that f is a map of pairs. If f,g: (X, A) — (Y, B), then f, g are homotopic
as maps of pairs if each ¢; : (X, A) — (Y, B) is a map of pairs.



Lecture 2

Jan. 8 — Homotopy

2.1 More on Homotopy

Example 2.0.1. For any space X, any map f : X — [0, 1] is homotopic to the map ¢ : X — [0, 1] given
by x + 0. To see this, we have the homotopy ® : X x [0,1] x [0, 1] defined by

(z,1) = (1= 1) f(2).
We can see that ®(z,0) = f(z) and ®(x,1) =0 = g(z).
Exercise 2.1. Show that homotopy is an equivalence relation on maps X — Y.

Definition 2.1. Let C'(X,Y) = {continuous maps from X to Y'}. Let [X,Y] = C(X,Y)/~, i.e. homo-
topic maps are identified with each other.

Example 2.1.1. We have the following;:
1. [X,]0,1]] = {g} for any space X, where g is the map = — 0 as above.
2. [{*}, X] = {path components of X}.

2.2 Homotopy Groups

Definition 2.2. We call a space X pointed if there is a designated “base point” zy € X. Given two
pointed spaces (X, xg) and (Y, yp), we define

(X, Y]o = {homotopy classes of maps of pairs (X, {zo}) = (Y, {v0})}.

Definition 2.3. Let yo be the north pole in 5™, i.e. S™ C R™"! is the unit sphere and yo = (0,...,0,1).
The nth homotopy group of a pointed space (X, xg) is m, (X, xz¢) = [S™, X]o.

Remark. The homotopy group m,(X, z¢) is in fact a group. We will study 7 (X, zp) next and it is
called the fundamental group of (X, xg).

Remark. For which (Y, 1) is [Y, X]o “naturally” a group for all (X, z()? Similarly, for which (Y, o) is
[X,Y]o a group for all (X, zq)? Here, given a map f : (X1, 1) — (X2, z2), there is an obvious induced
map f.: Y, X1]o — [V, X2]o given by [g] — [f o g]. Similarly, there is a map f* : [X5, Y]y — [X1,Y]o
given by [g] — [g o f]. In the questions above, “naturally” means that f, and f* are homomorphisms.
for any (X, 1) and (X5, 22). The (perhaps unsatisfying) answer is that a space satisfying the first
condition is called an H-space, and a space satisfying the second is called an H'-space.
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2.3 Homotopy Equivalence

Definition 2.4. We say that f : X — Y is the homotopy inverse to a function g : Y — X if fog ~idy
and go f ~ idyx, where idx and idy are the identity maps on X and Y. If g has a homotopy inverse,
then we call g a homotopy equivalence from Y to X and we call X, Y homotopy equz’valentﬂ

Exercise 2.2. Show that homotopy equivalence is an equivalence relation.
Lemma 2.1. The following are equivalent:
1. X and Y are homotopy equivalent.

2. For any space Z, there is a one-to-one correspondence ¢y : | X, Z] — [Y,Z] such that for all
continuous maps h : Z — Z', the following diagram commutes:

(X, Z] —— [V, 7]
lh* Jn
X, 2] -2 v, 2

3. For any space Z, there is a one-to-one correspondence ¢? : [Z, X] — [Z,Y] such for that all
continuous maps h : Z — Z', the following diagram commutes:

¢Z'

7', X] —— [Z)Y]
eI
Z, X] —— [Z,Y]
Proof. This is left as an exercise. O

Remark. Based on the previous lemma, two spaces are homotopy equivalent if and only if homotopy
classes of maps to and from the space are “naturally equivalent.”

Example 2.4.1. We have the following:
e Homeomorphic spaces are homotopy equivalent.
e Let X =S'and Y = S' x [0,1]. We claim that X is homotopy equivalent to Y.

Define the maps f: S' — S' x [0,1] by z — (2,0) and g : S* x [0,1] = S* by (z,t) — z. Then
we can see that go f: S — S! maps x +— x, so go f = idgi. On the other hand, the composition
fog: St x[0,1] = S' x[0,1] maps (x,t) — (2,0). Now fog ~ idgixjp 1 by homotopy. For
instance, define ® : (S* x [0,1]) x [0,1] — (ST x [0,1]) by ((x,t),s) — (z, st), so

O((z,t),1) = (z,t) =idg1x01)(z,t) and D((z,1),0) = (2,0) = fog.
Thus f is a homotopy equivalence from S' to S' x [0,1]. Note that S* x [0, 1] is the annulus.
Definition 2.5. A space is called contractible if it is homotopy equivalent to a point.

Example 2.5.1. The spaces [0, 1] and R" are contractible (exercise).

'We will denote homotopy equivalence by X ~ Y or simply X ~ Y.
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Definition 2.6. If A C X then a retraction of X to Ais a map r : X — A such that r(a) = a for every
a € A. A deformation retraction of X to A is a retraction r : X — A that is homotopic rel A to the
identity map idy, i.e. we can find ¢, : X — X for ¢ € [0, 1] such that ¢o(x) = x and ¢;(X) C A and
() =x forall z € A and t € [0,1].

Remark. If X deformation retracts to A, then X is homotopy equivalent to A. To see this, suppose we
have a homotopy ¢; : X — X as above, and let i : A — X be the inclusion map. Then ¢; o7 = id4 and
10 ¢ = ¢1 ~ ¢g = idx, so ¢1 is a homotopy equivalence from X to A.

Definition 2.7. Given two spaces X,Y and a map f: X — Y, the mapping cylinder of f is the space
My = (X x[0,1])UY)/~,
where the equivalence relation ~ is given by by (x,1) ~ f(x) for x € X.

Remark. The mapping cylinder My deformation retracts to Y. To see this, consider the map gt given
by (z,5) — (z,(1—t)s+1t) on X x [0,1] and y — y on Y. Since ¢, respects the equivalence relation, it
descends to a map ¢; : My — My on the quotient space. Note that ¢ = idy;, and ¢, (My) =Y C My,
and ¢, = idy for all ¢. Thus ¢, is a deformation retraction. In particular, this means that M; ~ Y.

Remark. There are obvious inclusions ¢ : X — M given by « — (2,0) and j : Y — M given by y — y.
Note that ¢, defined above is the homotopy inverse to j. Now we have the diagram

X 1 sy

Xy

where j is a homotopy equivalence and j o f ~ i (exercise).
Remark. The above remark shows the following “slogan” of algebraic topology:
Any map is an inclusion up to homotopy.

Example 2.7.1. Let X be three circles with two enclosed in a third bigger one, and let Y be two circles
enclosing the inner two circles of X connected by a line segment. Let Z be the region inside by the outer
circle of X and outside the inner two circles of X.

Define f : X — Y to be the map which sends = € X to the point in Y at the other end of an interval
(points on the inner circles of X are mapped by radial lines to the circles in Y, and points on the outer
circle of X are mapped radially to either the circles or the line segment in Y'). One can write an explicit
formula for f as an exercise.

Then Z is homeomorphic to My, and in particular Z ~ Y. Similarly, My is homotopy equivalent to two
circles joined at a point, or a circle with a diameter. Thus by transitivity, these two spaces and Z are all
homotopy equivalent to each other.
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Jan. 13 — Homotopy, Part 2

3.1 More on Homotopy Equivalence

Lemma 3.1. If (X, A) is a CW pair and A is contractible, then X/A ~ X [
Exercise 3.1. The following are some applications of this lemma:

1. Let X be a connected graph (i.e. a l-complex), and let A be an edge in X connecting distinct
vertices. Then A is contractible, so X/A ~ X. Continuing this process, let A be a maximal tree in
X, which will also be contractible. Then X ~ X /A, so any connected graph is homotopy equivalent
to a wedge of circles (with number of circles equal to the number of self-loops in the graph).ﬂ

2. Consider the space X obtained by attaching a 1-cell A connecting the north and south poles on a
sphere. Let B be half of a great circle connecting the endpoints of A. Clearly A and B are both
contractible. After collapsing A, we see that X ~ X/A, which is S? with the north and south poles
identified. On the other hand, by contracting B instead we see that X ~ X /B, which is 5% v S

Note that after contracting A, the subset B is actually no longer contractible.

3. Let X be a torus with attached disks A, As, A3 in the tube of the torus. Then
X >~ ((X/A1)/A2)/As,

which is three spheres lying in a circle, each attached to the next one at a single point.

We can also obtain this space by considering the space Y of three spheres attached in a line with
an extra l-cell B attached at the ends of the chain of circles. Also let A be the union of halves
of great circles going through the chain of circles, with the same endpoints as B. Then we can
see that this creates the same space as before, so that X ~ Y/B ~ Y. On the other hand, by
contracting A, we see that Y ~Y/A = §?v S?v §2 v St

Of course, all of these spaces are then homotopy equivalent to each other by transitivity.
Lemma 3.2. Let (X, A) be a CW pair and f,g: A —Y be homotopic maps. Then X Uy Y ~ X U, Y.

Example 3.0.1. Let Y = 52, and X = D? and A = 0D?. Let g: A — Y map A to a great circle, and
let f: A— Y map A to the north pole. One can show as an exercise that f ~ g (e.g. by pulling the
equator towards the north pole). So the lemma says that X U, Y, which is a sphere with a disk glued
along its equator, is homotopy equivalent to X U; Y = S? vV S2.

Here X/A denotes the quotient of X obtained by collapsing all of A to a single point.
2A wedge of pointed spaces (X, z0) V (Y, o) is the space obtained from X LY by identifying zo and yo.

10
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3.2 Homotopy Extension Property

Remark. To prove both of these lemmas, we need the homotopy extension property (HEP).

Definition 3.1. A space X and a subspace A C X have the homotopy extension property if given
Fo: X = Y (for any Y and Fp) and a homotopy f; : A — Y such that fo = Fy|a, then there is a
homotopy F; : X — Y such that Fi|4 = f; for every t.

Lemma 3.3. A pair (X, A) has the homotopy extension property if and only if
(X x {0}) U (A x[0,1])

is a retract of X x [0, 1].

Proof. (<) We will assume that A is closed (not necessarily but makes the proof easier, and almost all
examples satisfy this). By assumption, we have a retraction

r: (X x[0,1]) = (X x {0}) U (A x [0,1]).
Given Fy: X — Y and f; : A — Y such that fy = Fy|a, we can define a map

F:(Xx{0HUu(Ax[0,1]) >V

by @ = Fo(z) on X x {0} and (a,?) — fi(a) on A x [0,1]. This map F is continuous since the definitions
of F agree on the intersection and the intersection A x {0} is closed. Now define

F:Xx[01]—=Y
by F = F or, which is a homotopy of Fy that extends f;.
(=) Let Y = (X x [0,1]) U (A x [0,1]). Let
Fo: X = (X x{0})U (A x[0,1])

be given by x +— (z,0), and
fi: A= (X x {0})U (A x[0,1])

be given by a — (a,t). Then the homotopy extension property yields an extension
F: X x[0,1] - (X x {0})U (A x [0,1)),
which is a retraction, as desired. O

Lemma 3.4. If (X, A) is a CW pair, then (X x {0})U(A % [0,1]) is a (deformation) retract of X x [0, 1].
In particular, (X, A) satisfies the homotopy extension property.

Proof. The main idea is that for any disk D", the space (D™ x {0}) U (0D™ x [0,1]) is a deformation
retract of D™ x [0,1]. To see this, let D" C R" be the unit disk and D™ x [0, 1] C R™*'. Let

p=1(0,...,0,2).
For any x € D" x [0, 1], let £, be the line through p and z. Note that

LN (D" x {0})uU (D™ x [0,1]))
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is a unique point. Define 7(z) to be this point, which yields a map
7: D" x[0,1] — (D" x {0}) U (D" x [0,1])

Note that for z € (D" x {0}) U (D™ x [0, 1]), then r(z) = x since the point of intersection is unique
and z is already in the intersection. Show as an exercise that 7 is continuous. Then setting

?t — t?—i— (]. - t) idD”X[OJ]

gives a deformation retraction of D™ x [0, 1] onto (D™ x {0}) U (9D™ x [0, 1]).

To show the general case that X x [0,1] retracts to (X x {0}) U (A x [0,1]), we induct on the dimension
of cells. Define r on X x [0,1] — (X x {0}) U (A4 x [0, 1]) by the following:

e if a O-cell D° C A, then let r be the identity on D° x [0, 1];
e if a O-cell D is not in A, then send D° x [0,1] to D° C X x {0}.

Now inductively assume r is defined on X*~1 x [0,1] — (X x {0}) U (A4 x [0,1]). For each k-cell D*,
e if D¥ C A, then let r be the identity on D* x [0, 1];

e if D* is not in A, then note that 9D* x [0,1] — X®*~1 x [0, 1] is defined by induction, and we
have an “inclusion” (here a : 9D¥ — X*~1 is the attaching map for D*)

D L x®-Dypk L (XE-D U DK /{(x € ID*) ~ (a(x) € X* 1)}
\j/
So we let DF x {0} — (X x {0}) U (A x [0,1]) be the map j into X x {0}. This defines r on
(D" x [0,1]) U (D" x [0,1]),
which extends to D* x [0, 1] by composing with the map 7 from above.
This inductively defines the retraction r on all of X x [0, 1]. The last claim follows by Lemma[3.3] O

Remark. Now we can prove the first two lemmas from the beginning of the day.

Proof of Lemma (3.1, We prove that the result holds for any (X, A) which satisfies the homotopy ext-
tension property. We show that the quotient map ¢ : X — X/A has a homotopy inverse. Since A is
contractible, we know there exists a homotopy f; : A - A C X, such that fy =id4 and f; is constant.
Let Fy : X — X be the identity (note that Fy|4 =id4), so that the homotopy extension property gives
a homotopy F; : X — X extending f;. Since F;(A) C A for every ¢, we get maps

F,: X/A—= X/A,

which are well defined since points in A are mapped to points in A. Furthermore, Fj(A) = {pt}, so F}
factors through X/A to give a map h: X/A — X satisfying F; = h o ¢. This gives the diagram:

x L x

| 27



LECTURE 3. JAN. 13 — HOMOTOPY, PART 2 13

It is easy to check that ho g = F} and g o h = Fy, so that the diagram commutes. But then
th:FlNFOZidX and qohzﬁlNFOZidx/A,
so ¢ is a homotopy equivalence. O]

Proof of Lemmal[3.9 Let F : A x [0,1] = Y be a homotopy, which extends to F': X x [0,1] — Y by
the homotopy extension property. Consider the mapping cylinder

Mp = (X x [0,1]) Ur Y,

and one can show that Mp ~ X U, Y ~ X Uy Y. ]



Lecture 4

Jan. 15 — Fundamental Group

4.1 Fundamental Group

Remark. The basic idea of the fundamental group is to study the topology of a space with loops mapped
into the space. For instance, intuitively, any loop in S? can be “pulled back” to (i.e. is homotopic to)
a constant loop. On the other hand, a loop wrapping around the hole in T? gets stuck and cannot be
“pulled back” to a constant loop. The same issue happens for a loop in 7?2 around the cylindrical part.
The fundamental group is a way to make this intuition precise and measure the “holes” in a space.

Definition 4.1. The fundamental group of a based space (X, o) is

7r1<X, xO) = [(Slv Tl), (Xa xO)]Oa
i.e. the homotopy classes of loops in X based at zy. Here n = (0, 1) is the north pole of S.
Exercise 4.1. Let S C R? be the unit circle and let p : [0, 1] — S be given by

t — (cos 27t, sin 27t).

Show that p is a quotient map, so we can think of S* as [0, 1] with 0,1 identified. Moreover, show that
there is a one-to-one correspondence between maps of the formE]

v ([07 1]7{071}) — (X7$0) and :77: (Slv{<1’0)}) — (X7x0)

given by ¥ — 5 o p = «, and that homotopies of ¥ rel {0,1} correspond to homotopies of S* rel {(1,0)}.

Remark. Using the above exercise, we can think of 7 (X, zo) = [S!, X]o instead as
Wl(X? xo) = [([07 1]a {07 1})7 (Xv 33'0)]0.

Given a based loop v : [0,1] — X, we denote its equivalence class in m (X, zo) by [v].

Definition 4.2. If ~;,~, are loops in X based at zq € X, their concatenation v; *y5 : [0,1] — X is

‘s 1 (2t) if0<t<1/2,
Y2t —1) if1/2<t<1.

Remark. Concatenation of loops indeed yields another loop since v; % v2(0) = v % Y2(1) = o and 71 * 72
is continuous since the definitions agree on the closed set {1/2}.

'Such a loop 7 is called a based loop.

14
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Remark. We can clearly see that 7y, * 7o is well-defined given ~; and 7, but can we define [y;] * [y2] for
homotopy classes of loops in a well-defined manner? We need to check that if ;3 ~ 75 and §; ~ d5 (i.e.
71,72 € [11] and &1, 09 € [41]), then we also have 71 * §; ~ Yo * 0a.

To do this, let H : [0,1] x [0,1] — X be the homotopy from ~; to 75 and G : [0,1] x [0,1] — X be the
homotopy from d; to d;. We need to construct a homotopy H : [0, 1] x [0,1] — X from 77 * §; to 7y * Js.

Note that if we think of [0,1] x [0, 1] as the unit square, then H is already defined on the boundary: the
left and right sides are constantly xy, the top side is 75 * 0, and the bottom side is y; * d;. So we only
need to define it on the interior. For this, note that the vertical line in the middle of the square is also
constantly zy by construction: This creates two rectangles on each half, which we can fill with H and G.

More formally, we can construct the homotopy H: [0,1] x [0,1] = X explicitly via

(t,5) > H(2t, s) if0<t<1/2
, S
G@2t—1,s) if1/2<t<1.

This is continuous since the definitions agree on the closed set {t = 1/2}. Thus, setting

[y * [61] = [ = 64]
gives a well-defined binary operation by the above discussion.

Lemma 4.1. The pair (m(X, ), *) is a group.

Proof. For the identity, let e : [0,1] — X be the constant loop t — xy. We will show that

The picture is that [0, 1] x [0, 1] has v on the top side and v * e on the bottom. By drawing a line from
the midpoint of the bottom side and the top-right corner, we see that we can fill the right portion with
just zo and the left portion with . The equation of this line is s = 2t — 1, so t = (s + 1)/2. Thus from
the picture, we can write the explicit homotopy H : [0, 1] x [0,1] — X via

Hit.s) = v2/(s+1),t) f0<t< (s+1)/2,
" Y if (s+1)/2<t<1.

One can use a similar construction to show that [e] * [y] =[], so that [e] is an identity element.

Now we show the existence of inverses. Given a loop 7, define 7 via ¥(t) = y(1 —t), i.e. v backwards. Set
vs(t) = y(st). Note that as ¢t goes from 0 to 1, s goes from v(0) to v(s), and also that 7 (t) = v(s — st).
So we can write the homotopy H : [0,1] x [0,1] — X between v %7 and e by

2t if 0 <t<1/2 2st if0<t<1/2
H(t,s>:{%<> 10__/,_{7(S> f0<t<1/2

(2t —1) if1/2<t<1 |A(s—s2t—1)) if1/2<t<1.

Thus setting [y]~! = [7] gives us inverses.

Finally, for associativity, we need to see that (y1 *72) *v3 ~ v1 * (72 *7y3). Again by drawing a picture, we
see that we can draw two diagonal lines connecting the starting points of 75 on top and bottom and the
ending points of 7; on top and bottom. Write an explicit formula for the homotopy as an exercise. [J
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4.2 Induced Homomorphisms
Remark. If f: X — Y and 2y € X, let yo = f(zo). Then given a based loop 7 : [0,1] — X, note that

the composition f oy :[0,1] — Y is a based loop in Y. Also, if v ~ §, then foy~ fod (if H is a
homotopy from v ~ 4, then f o H is a homotopy from f o~ to fod). In particular, f induces a map

fe:m(X, 20) = m (Y, yo).

Lemma 4.2. The induced map f, : (X, xo) — m (Y, y0) is a homomorphism.

Proof. Note that

ECh if0<t<1/2,
M 7(t) = {72(215 —1) if1/2<t<1
and that
_ f(m(21)) if0<t<1/2,
(fom)*(foy)(t)= {f(72(2t— ) if12<t<l,
so fo(y*72) = (fom)* (f o), which implies f.([v1 *72]) = fu([1]) * fu([72])- O

Exercise 4.2. Check the following as an exercise:

L (fog)= fiogs
2. if f: X — Y is homotopic rel base point to g : X — Y, then f, = g, : m (X, z0) = m1(Y, yo).
Remark. How does m; depend on the base point? Let xq, 21 € X, and suppose that there exists a path

h:[0,1] — X with h(0) = 29 and h(1) = x;. Then if 7 is a loop based at z1, we can get a loop based at
xo by going from xg to x; along h, taking 7, and then going back to xy. More explicitly, this is

h(3t) if0<t<1/3,
(3t—1) if1/3<t<2/3,
(3t—2) if2/3<t<1.

hxvyxh(t) =<~
h

Lemma 4.3. The path h induces an isomorphism ¢p, - w1 (X, x1) — w1 (X, zo) by [y] — [k * v * h].

Proof. Check as an exercise that ¢y, is a well-defined homomorphism. To show that ¢, is an isomorphism,
we claim that ¢ is an inverse of ¢p,. To see this, let [y] € m1 (X, x¢). Then

$n o ¢5([]) =[x hoxyx hoxh] = [hx ]« [7] = [hx h] = [e] = [7] * [e] = [7],
where the second equality follows by the same proof for associativity of x. This proves the result. [

Remark. Note the following based on the above lemma:
1. The isomorphism class of 7 (X, z() only depends on the path component of X containing z.

2. The isomorphism depends on h. One needs to be careful about using the correct identification.



Lecture 5

Jan. 22 — Simple Computations

5.1 Fundamental Groups and Homotopy Equivalence

Lemma 5.1. Suppose fo, f1 : X = Y are homotopic by the homotopy H : X x [0,1] =Y. Let xg € X
be a basepoint and define h : [0,1] =Y by t — H(xo,t). Then the following diagram commutes:

(X, 20) L% (Y, folwo))

P

T (Y, f1(0))

Proof. Fix an arbitrary [y] € m (X, ), and we construct a homotopy from h * (fi o 7) * h to fy o 7.
The picture is the following: we have h * (fi o y) * h at the top and f; oy at the bottom, where ¢
parametrizes the horizontal direction and s parametrizes the vertical direction. Draw a trapezoidal shape
by connecting the middle two points on the top edge to the two bottom corners.

Define the homotopy as follows: For a fixed s, define H'(t, s) first by hy(t) in the first third, H(vy(t),s)
in the second third, and then hg(t) in the last third. Construct the explicit homotopy as an exercise. [

Theorem 5.1. If f : X = Y is a homotopy equivalence, then the induced map
fo (X, mo) — (Y, f(20))

on fundamental groups is an isomorphism.

Proof. Let g be a homotopy inverse to f, so we have the composition:
m(X,20) = (Y, f(2o)) = m(X, g(f (x0))

But we know go f =idx, so by the lemma there exists a path h : X — X from xy to g(f(x¢)) such that
g« © fr = ¢y, is an isomorphism. So f, is injective. Similarly, f, o g, is an isomorphism, and therefore f,
is surjective. Since we already know f, is a homomorphism, this shows that f, is an isomorphism. [J

Remark. Recall that we have defined a “functor”
{pointed topological spaces, pointed maps} — {groups, homomorphisms},
where homotopy equivalent spaces are mapped to isomorphic groups and homotopic maps give rise to

the “same” homomorphism. We will finally make some computations of fundamental groups next.

17
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5.2 Simple Computations of Fundamental Groups
Lemma 5.2. If X is contractible, then m (X, z) = {1} for all xg € X, where {1} is the trivial group.

Proof. 1t Y = {yo} is a one-point space, then there exists a unique loop v : [0,1] — X given by ¢ — yo.
So m1 (Y, yo) = {1}. Since X is contractible, it is homotopy equivalent to Y and so m (X, z) = {1}. O
Definition 5.1. We say that a space X is simply connected if

1. X is path-connected, and

2. m(X,z) = {1} for some zy € X.
Remark. Simply connected means that “points in X are connected in a very simple way.”
Lemma 5.3. A space X is simply connected if and only if every two points in X are connected by a
unique homotopy class of paths in X.
Proof. (<) Clearly X is path-connected. Furthermore, any loop based at x, is a path from ¢ to itself,
and the constant is as well. Thus any loop is homotopic to the constant loop, i.e. m (X, z) = {1}.

(=) For any a,b € X, there exists a path from a to b (since X is path-connected). Now suppose
7,6 :[0,1] — X are paths from a to b. By m1(X,a) = {1} we know that v % ~ e,, so

Yoy (%0) ~ (Yx0) % ~eq*d ~ 6,
i.e. v and ¢ are in the same homotopy class. O]

Lemma 5.4. Let X = AU B, where A, B, AN B are open and path-connected. Let xo € AN B. Then
any loop v : [0,1] — X based at xy can be written as

TR K K T,

where each v; is a loop in A or B based at xg.

Proof. We first claim that there exist 0 =ty < t; < --- < t, = 1 such that im~|y,_, ) € A or B, and
v(t;) € AN B for every i. The proof of this will use the following topology fact:

Lemma (Lebesgue number lemma). Let X be a compact metric space and {U,}aca be
an open cover. Then there exists a Lebesque number 6 > 0 such that for all sets S with
diam(S) = sup, ,cqd(z,y) < 9, there exists a € A such that S C U,.

To prove the claim, let U; = v~ '(A) and U, = v~ !(B), which is an open cover of [0,1]. So there exists
d > 0 such that if |b — a| < 9, then [a,b] C U; for i = 1 or 2. Thus 7([a,b]) C A or B. Now let n be a
positive integer such that 1/n < 4, so that for each i we have

im’}/‘[i/m(prl)/n] g A or B.

So we start with t; = 1/n for i =0,...,n. Now if 7|y, , 4+, and 7|y, +.,] both have image in A (or both
in B), then throw out ;. Then 7|y, , 4, will have image in A or B and ~(t;) € AN B, as desired.

Now given the claim, let §; : [0,1] — AN B connect o to y(t1), and set v; = ¥|p,_, +]- Then
Yoy kYo ke kY~ (Y1 % 01) k(01 % Yo % 0g) ke k (Gt ¥ Va),

where each of the above loops is either in A or B. O
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Theorem 5.2. We have m(S™, o) = {1} for alln > 2.

Proof. We have m1(S™,z9) = {1} foralln > 2. Let A = 5"\{(0,...,0,1)} and B = S™\{(0,...,0,—1)}.
Note that A = B = R", so they are path-connected. Furthermore, AN B = S" ! x R, which is also
path-connected if n > 2[] Now take any zo € AN B. Then any [y] € m1(S™, z0) can be written as

(V] = [nl = el * -+ * [l

where [y;] € (A, zo) or m (B, xo) by the lemma. But we have

T (A, o) = m (B, zo) = {1},
so [v] = [ex,] and hence m1(S™, zo) = {1}. O
Theorem 5.3. Given two spaces X and Y, we have m (X x Y, (z0,v0)) = m (X, z0) X (Y, yo).
Proof. The map ® : (X, zo) X m1 (Y, 9y0) — m (X X Y, (x0,%0)) given by

(7], 10]) = [y x 4],

where (v x 9)(t) = (y(¢),d(¢)), is an isomorphism. Check as an exercise that ® is well-defined and a
bijection (for the second part, consider the projections py : X x Y — X and py : X xY = Y). O

5.3 Fundamental Group of the Circle

Our next objective is the following computation:

Theorem 5.4. We have m(S*, (1,0)) = Z. In particular, the map sending n € Z to
Yo [0,1] = S* 1 ¢ = (cos 2mnt, sin 27nt)

is an isomorphism Z — w1 (S, (1,0)).

Remark. The proof is an example of a very important technique that we will see again soon. The proof
involves studying the map
p: R — St (cos2rt, sin 27t).

Note that p~*((1,0)) = Z. This is a particular example of a covering map, which we will study later.

Definition 5.2. If v : [0,1] — S' is a path based at the point (1,0), then a lift of v based at n € Z is a
map Y, : [0,1] — R such that 7,,(0) =n and po7, = 7.

Lemma 5.5. We have the following:

(a) For each n € Z, each loop ~y : [0,1] — S* based at (0,1) lifts to a unique path 3, based at n.

(b) If v ~ " are loops in S* based at (0,1) and 7,,7., are their lifts based at n, then 7, ~ 7. rel {0,1}.
The above properties are called path lifting and homotopy lifting.

Proof. We will prove this next class. O]

!Note that this does not work for n = 1: the intersection S° x R = {£1} x R is not path-connected.
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Proof of Theorem[5.4 Given [v] € 71(S?, (1,0)), part (a) of Lemma [5.5 says that there is a unique lift
Yo : [0,1] — R. Since Yy(1) € p~((1,0)) = Z, we can define @ : (S, (1,0)) = Z by [y] — Fo(1). Part
(b) of Lemma 5.5 says that ® is well-defined. We need to show the following:

1. @ is surjective:
Let 6"(t) = nt for ¢t € [0,1] and 6" = po 4. Then 0" is the lift of 6" based at 0, and ®([0"]) = n
2. ® is injective:

Suppose 7,7 are loops in S! such that
([7]) =F0(1) =%(1) = 2([v])-
Set H(s,t) = (1 —t)30(s) + t34(s) and H = po H. Then H is a homotopy from 7 to v/ (exercise).

3. ® is a homomorphism:

Let [v],[v] € m(S%, (1,0)) and let 3y, 7, be their lifts based at 0. Then
(V) =% =neZ and &([y]) =7(1) =m e Z.
Then note the following:
(a) t— n+7y(t) is a lift of 7" and starts at n, so by uniqueness it is 7/, and
(b) Ao * 7., is a lift of %+’
So ®([y]+ V) =7+ %(1) =n+m = @([y]) +
0)

([ ), i.e. ® is a homomorphism.

)

Thus ® is an isomorphism, and we have (S, (1,
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Jan. 27 — Fundamental Group of the Circle

6.1 Proof of Path Lifting

Proof of Lemmal[5.5 (a) Let A= S'\ {(1,0)}, and note that

p (A = Uzz—i—l UA

€L €L

Notice that each restriction p|a, : A; — A is a homeomorphism. Now let B = S\ {(—1,0)}, so

i =U(i-5i+z) -Uss

€L €L

Similarly, each p|p, : B; — B is a homeomorphism. Now if v : [0,1] — S is contained in A (or B), we
can choose any i € Z and let 7 = (p|a,) ! 07, giving a lift of . Then for a general 7 : [0, 1] — S! with
v(0) = (1,0), the set {y7'(A),7 1 (B)} is an open cover of the compact metric space [0, 1], so there
exists a Lebesgue number § > 0 such that any interval [a,b] with b — a < § lies in either y~!(A) or
7~ Y(B). Choose n such that 1/n < §. If t, =i/n for i = 0,...,n, then

Y([ti, tiva]) S Aor B

for every i. Again for convenience, if [t [ i—1,t;] and [t;, t;11] are both in v~1(A) or f~!(B), then discard t;.
So we have a partition 0 =ty < t; < --- < t; = 1 such that (note that v starts at (1,0) ¢ A)

A if i is odd,

B if i is even.

([t tial) © {

Then we want to build 7,. Define 7, on [to, t1] to be (p|s,) ™" © V|ie.n)- Now 7, (t1) € A; for a unique ¢,
so define 7, on [ty to] by (pla,) ™" 07|t ,1). Note that 7, is continuous on [to, 5] since the two definitions
agree at t = ;. Inductively continue to define the lift ¥, on all of [0, 1].

(b) The proof is very similar to path lifting. Given a homotopy H : [0,1] x [0,1] — S!, we can find a
Lebesgue number § > 0 for {H~'(A), H"'(B)}. Pick n such that v/2/n < ¢ and break [0, 1] x [0, 1] into
n? squares of side length 1/n. The diameter of each square is at most v/2/n, so each square can be lifted
as above. Finish the construction as an exercise to lift A on all of [0, 1] x [0, 1]. O

6.2 Applications of the Fundamental Group of S'
Corollary 6.0.1. There is no retraction D?* — 0D?.

21
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Proof. Suppose there was a retraction r : D* — 9D?, and let i : S — D? be the inclusion of S* as the
boundary of D?. Then we have the composition:

gl L,y p2_T, gl

Noting that r o7 = S — S1 is the identity, so (r o), : w1 (S, (1,0)) — 7(S?, (1,0)) is the identity map.
In particular, 7, o i, = (r 014), is the identity map, hence i, must be injective. But

iy : m(SY (1,0)) — m(D? (1,0))
where 71(S1, (1,0)) 2 Z and 7 (D?, (1,0)) = {1}, so i, cannot be injective. Contradiction. O
Corollary 6.0.2. Any map f: D* — D? has a fized point, i.e. x € D?* such that f(x) = x.

Proof. Suppose otherwise that f : D? — D? has no fixed points. Then for each € D?, there is a unique
ray R, starting at f(z) and going through z. Note that R, N dD? in a unique point (on the interior of
R,). Define r : D* — S' by # — R, N dD?. Show that r is continuous as an exercise (e.g. parametrize
the line). But then r is a retraction D? — dD?, a contradiction. O

Remark. There are more applications such as the fundamental theorem of algebra, the ham sandwich
theorem, and the Borsuk-Ulam theorem. See Hatcher for more details.

6.3 Free Products of Groups

Definition 6.1. Let G; and G5 be groups. A word in G7 U G5 is a finite sequence
x=(x1,2T9,...,2,)

for some n, where each z; is in (G; or GG3. Define an equivalence relation on words in GG; U GGy which is
generated by (show as an exercise that this is in fact an equivalence relation):

1. replace a,b in a sequence by ab if a,b are in the same group (or the reverse of this), and

2. if e; (the identity in G;) is in a sequence, then remove it (or add it in any place in a sequence).
Denote the equivalence class of a word z by [z]. Call a word « = (xy,...,x,) reduced if

1. x; # e; for any j or 7, and

2. x; and x;,q are from different groups.

Show that each [z] contains a unique reduced word (note: uniqueness is hard). The free product of G,
and Gy is the group Gy * Gy of all equivalence classes of words in G U G5, with multiplication

(1, @] UL, Y] = [T, Ty YL, - Y-
Remark. Note that in GG; * G5, the identity e is the empty word and the inverse is given by
[T1, ..., 2, = [z

Check as an exercise that G x G5 is in fact a group (really only need to check associativity).
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Proposition 6.1. Let j; : G; — Gy Gy be the inclusion of G; into G x Go. Given any homomorphisms
¢; : G; — H where H is any group, there exists a unique homomorphism ¢ : G1 x Go — H such that
¢ o j; = @5, i.e. the following diagram commutes:

G

Ik

GQL)Gl*GQ

2
Proof. 1f the z; are reduced and z; € G, then define
¢1($1,.’L"2, RN ,.Tn) = ¢1($1) . ¢2($2). . ¢1(£L'3) L

Then check the following as an exercise:
1. Show such that ¢ exists and is unique.

2. Show this property defines the free product, i.e. if D is another group satisfying the property in
the proposition, then D = G x Gs.

The second part above says that this is the universal property of the free product. O
Example 6.1.1. Represent Z in product notation via {z"}, where z"2™ = x"*™. Then
Z+Z ={x"}x{y™"} = {e,a™y™ . ™ aMy™ L oy™E oy Ly oy

This group is called the free group on two generators, and 7Z is the free group on one generator.



Lecture 7

Jan. 29 — Some Group Theory

7.1 Group Presentations

Definition 7.1. The free group on n generators, denoted F,,, is defined inductively via
F, n = Lp_1%* Z,
where F} = Z. (One can also consider F.)

Remark. Note that any homomorphism ¢ : Z — G (for any group G) is determined by ¢(1). Moreover,
given any g € (G, there is a unique homomorphism which maps 1+ g. Thus by the universal property
of the free product, a homomorphism F,, — G is determined uniquely by a choice of ¢1,...,g, € G.

Definition 7.2. A group presentation is a group (X|R) defined as follows:
e X is some set (of generators);
e R is a set of words (relations) in X U X! (formally denote z € X as ! € X~ 1);
e let n =|X| and F), be the free group on n generators, so that we can think of R C F,;
e let (R) be the smallest normal subgroup of F,, containing R;
e define the group (X|R) = F,,/(R).
We say that (X|R) is a presentation of a group G if G = (X|R).
Example 7.2.1. The group (g|g") is all the words in g, g~

1

"’g_27g_ 7679792793)"'7

but ¢" = e, so ¢""! = ¢"g = eg = ¢ and thus we have g7 = eg™! = ¢"¢g7 ! = g" g9~ = g"!. So there
is a one-to-one correspondence between elements of (g|¢g") and ¢* for k =0,...,n — 1.

Exercise 7.1. Show that (g|¢g™) = Z/n, so that (g|g") is a presentation of Z/n.

Lemma 7.1. Fvery group has a presentation.

Proof. Let G be a group. Let X C G be a collection of elements of G that generate G (e.g. take X = G
itself). Let n = |X|, so there exists a unique ¢ : F,, — G sending the generators of F), to the g; € X.

Let N = ker ¢, so the first isomorphism theorem says that G = F,,/N (note that ¢ is clearly surjective).
Let R be a subset of N that generates N (e.g. take R = N). Then G = (X|R). O

Remark. Using fewer generators to write G or N may give more less complicated presentations of G.

24
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Definition 7.3. We say that G is finitely generated if G = (X|R) such that |X| < co. We say that G is
finitely presented if both | X|, |R| < oo.

Exercise 7.2. Show the following:

1. It G ={g1,..-,9n|r1,- -, Tm), then for any group H and any map h : {g1,...,9,} — H satisfying
h(r;) = ey (the notation h(r;) means to replace any letters g; in r; by h(g;)), there exists a unique
homomorphism ¢, : G — H such that ¢p(g;) = h(g;).

2. fGr={g1,---,9nlr1, .-, "m) and Go = (hy, ... hg|s1, ..., s¢), then

Gl*GQZ <gl,...,gn,hl,...,hk|’l“1,...,’l“m781,...,Sg>.

Definition 7.4. Given groups G, Gs and K, and homomorphisms v; : K — G;, the free product with
amalgamation is

G1 * G2
{1 (k) (k) the)”
where ({11 (k)wo(k) ' }rex) is the smallest normal subgroup of Gy * Gy containing {1 (K)o (k)™ b rer-

Remark. The idea is that G xx Go is the set of all words in G; U Gy but if we see 11 (k) in a word, we
can replace it by ¥9(k) and vice versa. In terms of group presentations, if

G *i Gy =

G1={g1,- - 9nlT1, -, Tm),
GQ = <gia"'7g;1”r/1>"'7r;n’>7
K = <h1,...,hk|81,...,85>,

then we can write

Gix Go= {91, G 91 oo s Gy o T ool b1 () (02 (R))7E, o 0 (R ) (W (R )) ™).
Note that the s; show up in the above since 11,15 are homomorphisms.
Exercise 7.3. Show the following:

1. Check that the above presentation for GG; xx G5 is correct.

2. Let 1; : G; — G4 * G4 be the inclusions and j; : G; — G *x G5 be the induced maps. Then given
any homomorphisms ¢; : G; — H (where H is any group) such that

pro(k) = paohg(k) forall k€ K,

then there exists a unique homomorphism ® : G xx G5 — H such that ® o j; = ¢;, i.e.

1
Gy
K, G1 XK G2 --ED--> H
Go ®2

Show that this is the universal property for the free product with amalgamation.
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7.2 Seifert-van Kampen Theorem
Theorem 7.1 (Seifert-van Kampen). Let X be a topological space with base point xy. Let A, B C X be
open sets with X = AU B such that A, B, AN B are path-connected and xo € AN B. Let
Ya:m(A xo) = m(X,z0) and Yp:m(B,xy) — m (X, z0)
be the homomorphisms induced from the inclusions ANB — A and AN B — B. Then

71 (X, o) = T (A, 20) *x, (AnB,z0) T1(B, o).

Remark. There is a more general version where X = J__, U,. See Hatcher for more details.

a€cA

Example 7.4.1. Consider W5 = S* v S1, a wedge of two circles. Let z9 be the point of intersection of
the circles. Let A be an open neighborhood of the left circle and B be an open neighborhood of the
right circle. Note that A ~ B ~ S! and AN B ~ {pt}. So we see that

T (A, mo) EZ = (1] ), m(B,m) 2Z=(g2| ), m(ANDB, xo)={e},
and so Y4 : m (AN B,xg) = m(A, x0) and ¥ : m (AN B, xy) — w1 (B, zo) must both map e — e. Thus
m1(Wa, 20) = m1(A, 20) *ry (AnB.ae) T1(B, w0) = (g1, galtha(e) (W (e)) ™) = (g1, 0] ) = 12,

by the Seifert-van Kampen theorem.
Exercise 7.4. Show the following:

1. If W, is a wedge of n circles, then m (W,,, xo) = F,.

2. We have 7 (any connected graph) = F,, for some n.
Example 7.4.2. Consider the torus 7?2 = S x S!. Recall that for a product, we know

i (T?) = 1 (SY) x 7 (SY) =X Z x Z.

We can also use van Kampen’s theorem to see this. Think of T as a square with opposite sides identified.
Let A be the square with a circle missing in the circle, which deformation retracts to the boundary of
the square. Let B be a big disk in the middle, so that A N B deformation retracts to a circle. So

A~W, B~{pt}, AnB~S.
Thus by our previous computations, we have
m (A, o) = (91,92 ), m(B,zo) ={e}, m(ANB,xo) = (h|).

The inclusion ¢p : m (AN B, xy) — m (B, x0) sends h — e, and ¥4 : m (AN B,zg) — m (A, xo) sends
h i 919297 "g5 ' To see the last claim, push a loop in AN B to the boundary of the square (note that
under the homotopy equivalence of A and W5, we can assume zp maps to a corner point), where it
follows the four edges of the square. These are the loops g1, g2, 97 ', g5 *, Where the last two loops are
oriented in the opposite direction of the first two. Thus by van Kampen’s theorem,

m1(T?%,20) = (A, 20) *x,(anBxe) T1 (B, 20) = (g1, gl a(R) (W5(R) ™) = (91, 92l 919297 95 )
Exercise 7.5. Check the following:

1. Show that Z x Z = (g1, 92|91929; "g5 '), so that m(T?) & Z x Z again.

2. Compute (X, zo), where X, is the surface of genus g. Show that m;(3,) is not abelian if g > 1.
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8.1 Applications of the Seifert-van Kampen Theorem

Theorem 8.1. Let X be a path-connected space f : OD™ — X be continuous with xo € 0D". Set
Y=XU;D"=XUD"/{(x e D") ~ (f(x) € X)}.
Then (for n =1, we need X to have a base point f(xy) with an open neighborhood U ~ {f(x¢)})

(X, f(x0))*Z if n=1,
m (Y, 90) = § M (X, f(20))/(r) ifn=2,
T (X, f(x0)) ifn >3,

where r = f.(g) where g generates w(0D?, 1) = Z.
Proof. We proof this in the case n = 2. Let
A=XUp(D*\{0}) = X Uy (S* x (0,1]) =~ X
and B be the interior of D? (so B ~ {pt}. Then we can see that
AN B = (int D*)\ {0} = S* x (0,1) ~ S*.

Note that we can choose yy to be f(xy) € X because the that is where it is sent under the deformation
retraction from A to X. Now ¢4 : m (AN B,yo) — m1(A, yo)

m(ANB,y) = (9| ) and w1 (A, yo) = m (X, f(x0))

is given by g — f.(g), and ¢¥)5(g) = e. Thus the Seifert-van Kampen theorem implies

~ mAy)x{er L m(A ) o m(X f(xo))

(Walg)Wsl9) ) () (ry 7

which is the desired result for n = 2. The n > 3 case is similar (except the intersection is now contractible
in this case). Check the n =1 case as an exercise. O

T (Y7 yO) = 1 (A7 ?/0) *Wl(AﬁB,yo) 771(87 yO)

Remark. This allows us to compute the fundamental group of any CW complex (hence any manifold).

Corollary 8.1.1. Let G be a finitely presented group. Then there exists a topological space X (in fact, a
compact CW complex) such that m (X, zo) = G.
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Proof. Let G = (g1,...,qn|r1,--.,rm and W, be the wedge of n circles, so that

ﬂ-l(WnaxO) = Fn = <917 s 7gTL| >

Now for each r; let f; : S' — W,, be a map such that (f;).(g) = r; (show as an exercise that such f;
exists; essentially for each word, take the loops corresponding to each letter in order). Let

X =W, Uy, <E|D2> ,
i=1

and the previous theorem tells us that 71 (X, zo) = (g1, .., 9nl|r1,- -, Tm) = G. O

Remark. The topological space realizing GG as its fundamental group is not unique. For instance, we
can take the above construction and add a 5-cell, which does not change the fundamental group.

8.2 Proof of the Seifert-van Kampen Theorem
Proof of Theorem[7.1. We have the inclusions A C X and B C X, which induce maps
¢4 m(A,x0) = m(X,20) and  ¢p: m(B, 7o) = m(X, zo).
By the universal property of free products, we get a map ® : m (A, zg) * m1 (B, x9) — m1 (X, x9) by

(Inl [1], als ) = @allnl)os([01])¢allre]) - -
Note that if [y] € m (AN B, zo), then ¥4([7]) = [v] = ¢¥5([7]), so

$aova(ly]) =l =dsovs(hl)
This tells us that ®(¢¥4([7])(¥s([7]))™) = e, so we see that

K = a((D@s(]) ™) hiem (anBiao)

lies in the kernel of ®. This gives us an induced map (still called it ®)
O 21 (A, 20) *r,(AnB,zo) T1(B, o) = (X, 20).

Lemma [5.4] says that ® is surjective, so it suffices to check injectivity. To do this, let [y;] € m1 (A, x¢) and
[T]Z} € Wl(B,l'o) with
O([y]lm] .- vl [ma]) = Iy k- ] = (%)

We need to see that we can get from the word [y1][m] ... [v.)[nn] to the empty word by a sequence of:
1. replace a,b by a - b if a,b are in the same group (and the reverse of this);
2. if we see 4 (k) in the word, we can replace it with ¢¥5(k) (and the reverse of this).

We will prove the theorem only for n = 2. Now (*) says that there exists a homotopy H between x, and
~v1 % n1. As before, we can use the Lebesgue number lemma to find n such that squares of side length
1/n are mapped by H into either A or B (we can assume that the number of 7;, n; divides n). Check as
an exercise that we can assume H(i/n,j/n) = o, i.e. that we can change H and ~;,n; by a homotopy
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such that the homotopy of 7; is in A and the homotopy of 7; is in B (hint: consider radial lines around
(i/n,j/n)). So we have an n x n grid where each corner point is zg, and the bottom edges are

M~ *d and gy~

where these homotopies take place in A or B, respectively. Let aq, as, as, as be the four edges lying above
Y, m,my on the grid (recall that n = 2 in this case) We will show that we can go from [y;][m] to
[a1][az][as][as] using (1) and (2). Then we can inductively push this to the top, which is the empty word.

Let 01, 09, 03 be the three interior edges which connect the bottom row and the second-to-last row. Since
each square maps to A or B, the first three squares lie in A and the last one lies in B. Let

G=m(Axy) and H =m(B,x).
Note that we have
51*773~51*77'*53*(_53inG, 01 %My x 03 ~ a; *xas*az in G, d3*n ~ayin H,

and thus we can write

)™ = IS )™ 2 )

=)
=
3
==
N—
Q
33
=3
T
Il
—~
-2
=
3
==
~
»
=
@
N—
Q
3
=3
T

which proves the statement for n = 2. See Hatcher for the general case. ]

8.3 Covering Spaces

Definition 8.1. A covering space of a space X is a pair ()~(,p) where X is a space and p : X — X such
that every point z € X has an evenly covered neighborhood. An open set U is evenly covered if

p~1(U) = disjoint union of open sets {U,} in X
such that ply, : U, — U is a homeomorphism for every a.
Example 8.1.1. The following are examples of covering maps:
1. If p: X > Xisa homeomorphism, then it is a covering map.
2. We saw that p: R — S given by t + (cos 2nt, sin 27t) is a covering map.
Exercise 8.1. If ()? ,p) is a covering space of X and (37, p) is a covering space of Y, then show that
pxp X xY =X XY, (z,y) = (p),0(y))

is a covering map. This gives a covering map R? — T2 by (¢, s) — (cos 27t, sin 27t, cos 27s, sin 27s).
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9.1 Examples of Covering Spaces

Example 9.0.1. The following are more examples of covering maps:
3. Define p,, : S* — S! by 6 — nf. These are covering maps for each n € Z.

4. Let X be a wedge of two circles (corresponding to a,b), and let X be a circle with three outer
circles attached, evenly spaced (the inner circle corresponding to aj, as,as and the three outer
circles corresponding to by, be, b3). Let p map a; to a and b; to b. This is a covering map.

Write out a formula for p and really check that p is a covering map as an exercise.

5. Again let X be a wedge of two circles, labeled a, b. Let X be a wedge of two circles, with an extra
circle attached on either side. Let as, b3 be the extra circles on the left and right, let by, by be the
top and bottom halves of the circle on the left, and let aq, as be the top and bottom halves of the
circles on the right. Let p map a; to a and b; to b. Then p is a covering map.

6. Consider the quotient map p : S* — RP2. This map is a covering map. Note that each point in
RP? has a neighborhood whose preimage is two open sets on opposite sides of S2.

9.2 Covering Spaces and Lifting

Lemma 9.1. Let (X,p) be a covering space of a connected space X. Then the cardinality [p~(z)| is
independent of x € X.

Proof. Fix xp € X and let n = |p~!(zg)|. Let A= {z € X : |p~!(z)| = n}, and note that A # & since
r9 € A. We will show that A is both open and closed, which implies that A = X by connectedness.

To see that A is open, let © € A. By the definition of a covering space, there exists an open set U in X
such that x € U and p~'(U) = {Uy,...,U,}. Thus for any 2’ € U, we have

p (@) Cp T (U) = {Uh,... . U},

and p~'(2') N U; = {pt} since p|y, : U; = U is a homeomorphism. Thus |[p~!(z’)| = n, so 2/ € A. This
holds for each 2’ € U, so U C A, i.e. A is an open set.

One can make a similar argument to check that if x ¢ A, then there exists a open set U about = such
that U N A = @. This shows that X \ A is open, i.e. A is closed, which completes the proof. n
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Definition 9.1. We call [p~!(x)| the degree of the covering space.

Definition 9.2. If ()Z ,p) is a covering space for X and f:Y — X is a continuous map, then a lift of f
to X isamap f:Y — X such that po f = f, i.e. the following diagram commutes:

If f(yo) = o and Zy € X with p(To) = xg, then fis a lift of f based at Ty if f is a lift and f(yo) = To.
Lemma 9.2. Let ()N(,p) be a covering space of X, o € X, and To € p~*(xg). Then
(a) each path ~y : [0,1] — X based at x¢ has a unique lift 7 : [0,1] — X based at Zy.

(b) if H:Y x[0,1] = X is a homotopy with ho(y) = H(y,0) and ho: Y — X a lift of ho, then there
is a unique lift H:Y x [0,1] = X of H such that H(y,0) = ho(y).

The above properties are called path lifting and homotopy lifting.

Proof. (a) The proof of this part is exactly the proof of part (a) in Lemma [5.5
(b) The proof from Lemma [5.5| works if Y = [0, 1]. For the general case, see proof of Theorem [10.1]

9.3 Connections to the Fundamental Group

Lemma 9.3. If ()Z,p) is a path connected covering space of X and xg € X, Ty € p~(x0), then the map
P - (X, To) = m (X, x0) satisfies the following:

1. py 1s injective;
2. the image of p. is the set of loops in m (X, xo) that when lifted are loops in X based at To;
3. the index [my(X, x0) : pu(m1 (X, To))] is the degree of (X, p).

Proof. (1) Suppose that p.([v]) = [e], so there exists a homotopy H in X between z, and p o «. Note
that v is a lift of H(¢,0), so Lemma 9.2/ says H lifts to a homotopy H starting at v in X. Note that
H\{o}x 0,1] 18 a constant loop and the loop t — Iy is a lift of H|{0}><[O 1 based at Zg, so by umqueness

we see that H|{0}><[0 1] = To. Similarly, we see that H{l}x[o 1] = Tp and H[O 1x{1} = To- Thus His a
homotopy of loops based at Z, from 7 to the constant loop, i.e. [y] = [es,]. So ps is injective.

(2) Clearly if [y] € m (X, z) lifts to a loop 7 based at Zy, then [y] = p.(¥), so [y] is in the image of
p«. Now if [n] = p.([]), then n ~ po~y in X. Let 7] be the lift of ) based at Zy. By Lemma[9.2] the
homotopy n ~ p o~ lifts to a homotopy 1 ~ 7 rel endpoints. But v is a loop, so 17 must be a loop.

(3) Let H = p*(m()?,?:o)) < m(X,x0). If [y] € m(X,20) and [§] € H, then note that by part (2 ) o lifts
to a loop d based at Zy. Let 0 %y be a lift of § % based at Zy, and note that (1) = ¢ * ”y( ) =& x7(1).

This allows us to define
¢ : {right cosets of H} — p~*(z0)

by H[y] — (1), which is well-defined by the above arguments.
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If 71 € p~!(xp), then let ¥ be a path in X from o to Z;. Let ~v = po~, which is a loop in X based at
xg. Clearly ¢(H[y]) =7(1) = 71, so ¢ is onto. Now suppose that o(H[Y]) = ¢(H|n)). If 7,7 are lifts of
v based at Ty, then 7(1) = 7(1). Thus 7 x 77 is a loop in X, so

p([Fxn) = *M =N =*n"€H

This gives H[y] = H[n|, so ¢ is injective. Thus ¢ is a bijection, so [m1(X, ) : H| = |[p~!(z0)]. O

Example 9.2.1. Recall the following examples from before:

1. For the covering map p : R — St we have p, : m (R, 0) — 71(S*, (1,0)) which sends e — 0, if we
view p, as p, : {e} = Z. One can see all three properties of the above lemma in this example, in
particular that [71(S1) : m(R)] = co = |[p~1((1, 0))].

2. Let p, : S' — S' send 0 — nf. Then (p,). : (S, (1,0)) — m(S*, (1,0)), which we can view as
amap (pn)s : Z — Z, or (pn)« : (9| ) = (k] ). Then (p,). maps g — h", so the subgroup of Z
corresponding to this covering space is nZ. Again we can see all three properties of the above
lemma, in particular that we have [Z : nZ] =n = |p, '((1,0))].

Exercise 9.1. Check the properties of the above lemma explicitly for Example [9.0.1(4). Note that
picking different base points can yield different images of p,.
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10.1 More Connections to the Fundamental Group

Lemma 10.1. If ()?,p) s a path connected covering space of X and xo € X, then

{p:(m(X, 2)Yep1(m0)

is a congugacy class of subgroups of m (X, xo).

Proof. Let Ty, 71 € p~Y(x¢) and H; = p.(m ()?, Z;)). Since X is path connected, we can find a path & in
X from z to Z;. Clearly v = pohis aloop in X based at zq. If [§] € Hy, then by Lemma 9.3 n lifts to

a loop 7 based at T;. Note that h %7 x h is a loop based at Zy in X. Then

-l =1poh)x(pof)«(poh)] =p.([h+7*h]) € Hy.

This says that [y]|H,[y]™! C Hy. The same argument says [y] "' Hy[y] C Hi, so

Ho = ][y Hoy] ™! € W H]

This implies that Hy = [y]H;[7]™?, so Hy, H, are conjugate.
We still need to show we get the full conjugacy class. For this, suppose H < (X, x¢) such that there
exists [a] € (X, zo) with [a]H[a|™' = Hy. If [a] € Hy, then H = H, are we are done. If [a] ¢ H,,

then « lifts to a path & (not necessarily a loop) based at To. Let Zo = a(1), and set Hy = p.(m (X, Z2)).
From above, we see that H = H,, which completes the proof. O

Definition 10.1. A space X is locally path connected if for every y € Y and open set U containing y,
there exists an open set V' such that y € V C U and V is path connected.

Example 10.1.1. An example of a space which is path connected but not locally path connected is

C = ({1/n} > [0,1])nen x ({0} x [0,1]) U ([0, 1] x {0}),

also known as the comb space. We can see that C' is path connected, but it is not locally path connected,
e.g. take y = (0,1) and U to be any small enough open neighborhood containing y.

Theorem 10.1. Let ()N(,p) be a covering space of X. Let xg € X and Ty € p~1(xg). Suppose f:Y — X
is any map with Y path connected and locally path connected, with yo € Y such that f(yo) = xo. Then

there exists a lift f:Y — X of f such that f(yo) = To if and only if f.(m1(Y,40)) C pu(m1 (X, Tp)).
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Proof. (=) If f: Y — X exists, then po f: f, and so
Fo(mi(Y90) = (o Pa(m(Yoo)) = po(fu(m1(Y:90)))  pa(mi(X, o))
since fi.(m(Y,y0)) C m (X, zo). This proves the first direction.

(<) Suppose that f,(m1(Y,y0)) C p.(m1(X,70)). Since Y is path connected, for any y € Y, there exists
a path v :[0,1] = Y from yy to y. Then there is a unique lift f o~ :[0,1] — X based at Zy. Define

—_—~—

fly) = Fon().
Note that if fvis well-defined, then it is clear that p o f: f.

To see that fis well-defined, we must show that m( 1) is independent of the choice of path . Let
v, be paths from gy, to y. Note that v 7 is a loop in Y based at g, so

(foy)*(fom) = fuly*W) € pu(mi(X, T)).

Thus by Lemma this loop lifts to a loop in X based at Zy. Then

—_ N~ e~

(foy)x(fom) = (for)*(fem),
where ffg/’y is a lift based at Zy and ]Tg/ﬁ is a lift based at m(l). But (f o ’m o7) is a loop, so
f o} ﬁ(l) = fjf().

Then ]TS% is the lift of n based at 7, so %(1) = JTS%(O) = f/voy(l). Thus, %(1) = m(l).

Now it just remains to show that fis continuous. To see this, take any open set U C X , and we will
show that for all y € f~1(U), there exists an open set V in Y such that y € V C f~!1(U) (this implies

that f_l(U ) is open). Let W be an evenly covered open set containing f(y), and W C p (W) such
that pls : W — W is a homeomorphism (by possibly shrinking W, e.g. by intersecting W with U and
taking the image under p, we can assume that W C U). Since Y is locally path connected, there exists a

path connected open set V in Y containing y and V' C f~1(V)
Fix a path v from g, to y. For any point 3’ € V', there exists a path n from y to v’ in V. By definition,

—~ —~—

fW) = fol(yxn)(1).

But if JT;/U is a lift of f on based at fo~(1) = f(y), then

—~—

fo(yxn)(1)=fon(1).

We know that ]Tc\)/n = (pl) "o f on, so we see that

fly)=Fon(l) e W CU.

This shows that V' C ffl(U ), SO fis continuous, which completes the proof. O

Remark. It is fairly commmon in algebraic topology for a topological hypothesis to imply some type of
algebraic conclusion. The opposite, however, as in the above theorem, is much rarer.
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Lemma 10.2. Let (X p) be a covering space of X, and let fl,fg Y — X be two lifts of f - Y — X. If
Y is connected and f1 and f2 agree at one point, then f1 f2

Proof. Let A={y €Y : fi(y) = f2(y)}. Note that A # @ by assumption. If y € A, then let U be an
evenly covered neighborhood of f( ) and U C p~*(U) such that fi(y) = fa(y) € U and Pl - U—U

is a homeomorphism. Since f is continuous, there exists an open neighborhood V of y in Y such that
f(V) CU. Now we have

hlv = @lg) " o flv = falv,
so V C A, which shows that A is open. A similar argument shows that Y \ A is open, so A is closed.
Since Y is connected and A is open, closed, nonempty, we must have A =Y, hence f1 f2 n

10.2 Covering Space Isomorphisms

Definition 10.2. We say that two covering spaces (X1, p1) and (Xa, p2) of X are isomorphic if there
exists a homeomorphism h : X; — X5 such that p, o h = pq, i.e. the following diagram commutes:

Corollary 10.1.1. Suppose ()Nfl,pl) and ()N(Q,pQ) are path connected, locally path connected covering
spaces of X and vo € X, T; € p; (o), then

(a) if (p1)s(m1(X1,%1)) C (p2)u(m1(Xa, T2)), then py lifts to a covering map p : X1 — X, which takes
the base point T, to the base point x;

(b) ()Zl,fl) and ()?2, To) are isomorphic covering spaces taking T, to To if and only if
(p1>*(771(5517251)) = (p2)*(7rl<)?2>:’f2));

(c) (X1,%1) and ()?2,552)}7’6 isomorphic covering spaces of X if and only if (p1)s(m (X1, 7)) is
conjugate to (p2).(mi(Xa, T2)).
Proof. (a) By Theorem , we get a lift p: X; = X, of p1 taking 7 to To. We need to show that p
is a covering map. Let z € )A(:g, and we show that x has an evenly covered neighborhood. Let U be a
neighborhood of py(x) in X which is evenly covered by both p; and py (e. g take the intersection of the
two nelghborhoods evenly covered by p; and pg) so there exists a unique U C X, such that z €l U and
Dali U — U is a homeomorphism. Write p~(U) = |, Uy. Clearly U, U, € p~}(U), so mlg U, > U

is a homeomorphism. Thus p|y, : py |U o p1|y, is a homeomorphism U, — U, so U is evenly covered.

(b) (=) This is clear. (<) Let py : X; — Xo and 7, : Xo — X be the lifts from part (a). We have:

)?2 > X1 > 5(:2
o
X
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Note that p; o ps : XQ — )N(Q takes T9 to Ty and is a lift of py to )N(Q. But id)?2 is also a lift of ps and
agrees with pj o py on T, so by Lemma p1op2 =idg,. Similarly, we can show that p, op; =idg ,

SO ps is a homeomorphism and X7, X5 are isomorphic.

(c¢) This follows from Lemma and part (b). O



Lecture 11

Feb. 12 — Covering Spaces, Part 3

11.1 Galois Correspondence

Definition 11.1. A space X is semi-locally simply connected if each point x € X has a neighborhood U
such that m (U, z) — m (X, x) is trivial.

Example 11.1.1. Let X = J7; S1/n(1/n,0), where Sy /,(1/n,0) is a circle of radius 1/n about the
point (1/n,0). Note that any neighorhood of (0,0) has non-trivial fundamental group that injects into
m1(X, (0,0)). So X is not semi-locally simply connected. On the other hand, let X’ be the cone on X:

X' = (X x [0, 1))/(X x {0}).

Then X’ is semi-locally simply connected but not locally simply connected.
Remark. All CW-complexes and manifolds are semi-locally simply connected.

Theorem 11.1. Let X be a path connected, locally path connected, semi-locally simply connected space,
and fix xo € X. Then there is a one-to-one correspondence

{basepomt preserving isomorphism classes

of covering spaces (X, p, To) } {subgroups of m (X, xo)}

given by (X',p,i:vo) — pa(m ()Z', To)) with inverse H — ()A(:H,pH, To), which satisfies:
1. If H < K, then ()N(H,pH,fH) is also a covering space of ()N(K,pK,EK).
2. If py in (Xl,pl,fl) lifts to a cover of ()?Q,pQ,fg), then pl*(m()?l,?:l)) < pg*(ﬂ'l(iz,fg)).
3. [m(X,z0) : H] = n if and only if ()?H,pH,i?H) is degree n.

In addition, there is a one-to-one correspondence

{ covering spaces (X, p) of X} «— {conjugacy classes of subgroups of (X, zo)}.

Proof. Note that (1) and (2) follow from Corollary [10.1.1] once we have the one-to-one correspondence,
and (3) follows from Lemma . Also, once we have a well-defined map H — (X, py, Tg) such that
(pr)«(m1(Xp,Ty)) = H, then the first one-to-one correspondence follows from Corollary [10.1.1{(b). The

second one-to-one correspondence follows from Corollary (10.1.1{(c).

So we are left to construct ()N( i, Pu, Th) given H < m(X, o). Given H, we define an equivalence relation
on paths based at zy: Call two based paths 7,7 : [0,1] — X (i.e. 7(0) = n(0) = z¢) H-equivalent if:

37
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1. (1) =n(1), and
2. [y*xm| € H.

Denote H-equivalence by v ~y n and its equivalence classes by (7). Show as an exercise that this is an
equivalence relation, and if H = {e}, then 7 ~y n if and only if ~,n are homotopic rel endpoints. Let

1. Xy = {(7) : v if a path in X based at z}.
Note that this is a set: We will need to put a topology on Xy later.
2. pu: Xg — X () = (1)
3. Ty = (€x,), where e, is the constant path z — x. Clearly py(Ty) = .

Note that py is onto, since X is path connected. In order to put a topology on )?H, we need to study
the topology of X in terms of paths. We claim that

U= {U CX: ( U is open, path connected, and }

m (U, x) — m (X, z) is trivial for some z € U

is a basis for the topology on X [[] To see this, note that if m (U, z) — m1(X, z) is trivial for some z € U,
then this is true for all y € U since U is path-connected:

(U, x) LA T (X, x)

P

Also if U € Y and V C U is open and path connected, then:

m(V,z) —— m (U, z) _triv m (X, )

so V € U too. Now let x € X and U be any open set in X containing x. Since X is semi-locally simply
connected, there exists an open set V' containing x such that m (V,z) — 71 (X, z) is trivial. Then U NV
is an open set containing « and m (U NV, x) — m (X, z) is trivial. Now X being locally path connected
implies that there exists an open set W such that z € W C U NV and W is path connected. Clearly
m (W, x) = m (X, z) is trivial, so W € Y. Thus U is a basis for the topology on X.

Now for each U € U and a path v from x( to a point in U, set
U, = {(y=*mn) :n apath in U such that n(0) = v(1)}.

Note that U, is a subset of )N(H We claim that {U, }euy a path from 2o to z € v forms a basis for a topology
on Xy . To see this, note the following:

'Recall that a collection of open sets in X is a basis for the topology on X if for every & € X and open set U containing
X, there exists a set O in the collection such that x € O C U.

2Recall that a collection of subsets of a set X form a basis for a topology on X if for each pair of sets U,V in the
collection and = € U NV, there is another set W in the collection such that x € W C U NV, and X is the union of the
sets in the collection.
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L. If (y) = (0), then U, = Us (so we can write U,).
This is because if v ~g 0, then v * n ~g § %y for all paths 7 in U with 1(0) = n(1):

(5*n*(’y*7]):7*n*ﬁ*3r\z’y*3.

2. pg : Uy — U is onto since U is path connected.
3. pg : Uyy — U is injective.

This is because if py((y* 1)) = pu((y*n')), then v*n(1) = v*n/'(1), so n* 1 is a loop in U based

at © = 7(1). So n*n is homotopic to a constant loop in X. Thus v *n ~ v %1’ rel endpoints, so

[(Gem) s (v % 7)) = [ewy] € H.
This gives (y*n) = (v *1'), i.e. py is injective.
4. If (") € Uy, then Uiy = Uy,
This is because by hypothesis, there exists a path 1 in U such that (') = (7 % n), so we can take
7 * 1 to represent 7' by note (1). So if (§) € Uy, then
0= (y*n)xn ~yx(nxn),
s0 (0) € Uty This shows that Uy C Uy, and similarly one can prove that Uiy C Upyy.

Now if (9) € Uy N Vi, then Uy = Usy and Viyy = Vigy. by (4). So if W is any element of U such that
(1) e W CUNYV, then
(0) =Wisy S Usy N Vigy = Uy N U

Clearly Xy is the union of the sets in {U,}, so we have a basis for a basis on Xu.
We claim that with this topology, ()?H,pH) is a covering space of (X, xg). For any U € U and a path ~

from zy to a point in U, p’Um : Uy — U is a homeomorphism. To see this, first note py is a bijection.
Next, pH|U<~y> is continuous since for any basic open set V' C U and path § from x( to a point in V,

(pH|U<~,>)_1(V) = ‘/<5>
which is open. This also shows that the image of a basic open set V(s is an open set V', so pH|UM is a

homeomorphism. Note that this implies py : Xy — X is continuous. Now if z € X is any point, let
U € U be an open set containing x. Then we have

p H(U) = U Uy,

7 a path from zg
to a point in U

and pH|U<w> : Uy — U is a homeomorphism, so U is evenly covered, i.e. (Xp,py) is a covering space.

It only remains to show (pg ). (m(Xy, Tg)) = H in m (X, z0). If [y] € H, let y,(s) be the path
Y1 [0,1] = X s = y(ts).

Note that 7 : [0,1] — Xy given by ¢ — () is a loop in Xp since 3y = 7o (the constant path in )Z'H)
and Y(1) = (y) = (ey,) since [y] € H. We also have (py 07)(t) = %(1) = (t),so pyoy=r. Soyis a
lift of v and a loop, therefore [7] € im((pg)«) by Lemma (b) Now if v ¢ H, then the path t is not a
loop since Y(1) = (v) & H, so Y(1) # (ex,). So [7] ¢ im((pr).) by Lemma[9.3(b). These two properties
imply that (pg).(m1(Xu, T)) = H, which completes the proof of the theorem. O
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Remark. There is a “lattice” of subgroups of m (X, z¢) and a “lattice” of covering spaces of X. The
above theorem says that these are the same (similar as in Galois theory).

Remark. By the above correspondence, there is a unique covering space of X corresponding to the
trivial subgroup {e} C (X, o). This is called the universal cover of X.



Lecture 12

Feb. 17 — Covering Spaces, Part 4

12.1 Deck Transformations

Definition 12.1. Let p: X - X bea covering space. A deck transformation, or a covering transforma-
tion, is a covering space isomorphism, i.e. a homeomorphism f : X — X such that po f = p. The set

G(X) of deck transformations is clearly a group under composition.

Example 12.1.1. Consider the covering map py : St — S given by 6 — 46. Then each ¢, : ST — S*
given by 0 — 0 + (27k)/4 satisfies py o ¢ = p4, so the ¢, are deck transformations. Now suppose
f: 8" — S'is another deck transformation, so f(¥;) = Z; for some i (let the Z; be the four preimages of
71 under py). But there exists k such that ¢(71) = 7;, and these are both lifts of p which agree at 77,

so f = ¢y by Lemma m Thus G(S* 2 SY) = {¢o, b1, ¢, ¢3} = Z/AZ (a generator is ¢1).

Example 12.1.2. Let p: X — X be as in Example M(S) Let z; be the center intersection point in
X and Ty, 73 be the two intersection points at the sides. Let xq be the intersection point in X. Note
that if we lift @ to X based at 7;, then we get a path, but if we lift a to X based at Z3, then we get a
loop. So if ¢ : X — X is a deck transformation, then it cannot take z, to 3, since ¢ applied to a lift is
a lift. Similarly, there are no deck transformations taking 7; to . So any deck transformation takes 7,
to 1. Thus Lemma says that any deck transformation is the identity, i.e. G(X) = {1}.

Remark. In the first example, a covering map of degree 4 gave a group of order 4, whereas in the second
example, a covering map of degree 3 gave a group of order 1.

Definition 12.2. A covering space p : X — X is called normal if for every v € X and 7,7 € p~!(x),
there exists ¢ € G(X) such that ¢(z) = 7.

Remark. The first example is normal, while the second one is not.

Theorem 12.1. Let p : ()?, Zo) — (X, o) be a path connected, locally path connected covering space of
X. Let H = p*(ﬂl(X,Zi:g)) < 7T1(X, l’o). Then

1. ()N(,p) is normal if and only if H is a normal subgroup of m (X, xo);

2. G(X) = N(H)/H, where N(H) is the normalizer of H, i.e. the largest subgroup of m (X, o) in
which H is normal.

Proof. (1) (=) Let [y] € m1 (X, z0) and let ¥ be a lift of v based at Zo. Set ; = ¥(1). From the proof of
Lemma [10.1], we have B B
P (m (X, Z0)) ] ™ = pu(m (X, T1)).

41
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Now X normal implies that there exists ¢ € G(X) such that ¢ (7o) = 71, so we get an isomorphism
b (X, 7)) = m (X, To).
Then since p, o ¢, (as ¢ is a deck transformation), we have
pe(mi(X, 7)) = pa 0 du(m (X, T1)) = po(mi (X, 7)),

so that [y]p. (m1(X, o)) [y~ = pu(m1(X, To)), i.e. po(m(X,To)) is normal.

(<) Let T, 71 be two points in p~ (o), and set Hy = p,(m(X, %)) Let h be a path from Z, to %, and
let v = po h. By Lemma [10.1}, we have [y|H;[y]"! = H. Since H is normal, we have H = Hj, i.e.

po(m (X, 7)) = po(m (X, 7).

Now by Theorem [10.1], there are lifts of p to ¢1, ¢2 such that

(X,71) 2 (X,70) —2 (X, 7)

o AT

()(7 370)

SO ¢1, ¢o are deck transformations taking zy to x; or the reverse.

(2) From above, if [y|H[y]™! = H, there exists ¢ € G(X) such that ¢(Zo) = 7(1), where 7 is the lift of v
based at Zy. So we get a map ¢ : N(H) — G()? ). First, we claim that ® is a homomorphism. Suppose
¢; = ®([]) for i = 1,2 and [;] € N(H). Then ¢;(Zo) = T, s0 ¢; is a path from T to Z;. Note ¢y(7,) is
a lift of v based at Z;, and 7 * ¢1(72) is a path from Ty to ¢;(z3). Then

[po (1 (d107%2))] = [ * 2] = [n] - [,

50 ¢1 0 ¢p = @([m1] - [12]), i.e. P is a homomorphism. It only remains to show (as an exercise) that @ is
surjective and that ker ® = H, so G(X) = N(H)/H by the first isomorphism theorem. O

Remark. If H is normal in 71(X, zo), then G(X) = (X, z0)/H. In particular, if X is the universal
cover (so m1(X) is trivial), then G(X) = m (X, xg).



Lecture 13

Feb. 19 — Singular Homology

13.1 Covering Spaces and Group Actions
Definition 13.1. A group action on a topological space X is a pair (G, p) where G is a group and
p: G — Homeo(X) is a group homomorphism/l]

Remark. If G acts on X, then we can form the quotient space X/G where two points x1, 2z € X are
identified if there exists g € G such that p(g)(z1) = 9. Then X/G is called the orbit space of the action.

Theorem 13.1. Let G be a group acting on X such that (%) for all x € X, there is a neighborhood U of
x such that g1U N goU # @ implies g1 = go. Then:

1. p: X — X/G is a normal covering space;
2. G=G(X — X/Q) if X is path-connected (G(X — X/Q) is the group of deck transformations);
3. G=m(X/G)/p«(m(X)) if X is path connected and locally path connected.

Proof. This is left as an exercise (or see Hatcher). Note that the hypothesis implies each point in X/G

has an evenly covered neighborhood, so (X, p) is a covering space. Also, any two preimages of a point in
X/G are related by the group action, i.e. is a deck transformation of X, so (X, p) is normal. ]

Exercise 13.1. Show that if G is a finite group acting freely on a Hausdorff space X (i.e. no non-identity
element of G has a fixed point), then the action satisfies ().

Example 13.1.1. Let X be the four-holed torus, arranged in a triangular shape. Then rotation by 27/3
is an action of G = Z /37 on X with no fixed points. Then X /G is a two-holed torus, and by the above
theorem X is a three-fold cover of X/G.

Example 13.1.2. The group G = Z/2Z acts on S™ by sending x — —x, so S™ is a covering space of
S™/G = RP". Note that we have already seen this before without appealing to the above theorem.

13.2 Introduction to Homology

Remark. There are many types of (ordinary) homology, i.e. singular, simplicial, cubical, cellular, etc.
All of these are isomorphic on CW-complexes. We will define the most general homology theory, called
singular homology, and then derive cellular homology, which is easier to compute.

'Here Homeo(X) is the group of homeomorphisms of X.
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There are also generalized homology theories, such as bordism theory, K-theory, etc. These are in many
ways similar to ordinary homology, but they do not satisfy the dimension axiom, which can give them
wildly different behavior. We will briefly mention bordism theory later on in the class.

Underlying these homology theories is homological algebra, which is the study of chain complexes. Such
objects show up in many places and they give rise to more “homology theories,” such as Floer homology,
Heegaard-Floer homology. These are not “real homology theories” in the sense of algebraic topology.

13.3 Singular Homology

Definition 13.2. The standard p-simplez is

p p
AP = {thez c RZH_I . th = ]_,t, Z 0},
1=0 1=0

where {eg, ..., e,} are the standard basis vectors for RP*1.
Example 13.2.1. The following are examples of p-simplices:
1. For p =0, we have A° = {tje; € R:t; = 1,t; > 0} = e;, which is a point.

2. For p =1, we have Al = {tgeo + tie; € R?: tg + t1,¢; > 0} is the convex hull of the points ey and
e; in R2, which is a line segment.

3. For p = 2, the standard 2-simplex A? is the convex hull of e, 1, e5 € R3, which is a triangle.

Definition 13.3. Given any vectors vy, . ..,v, € R", by [v,...,v,] we denote the map

AP — R"

p
(to, . ,tp) — th’UZ
1=0

Example 13.3.1. Consider the following examples:

1. [eg,...,e,] parametrizes the standard p-simplex.
2. [eg,...,€i,...,€p] (Where the hat means to remove e;) is the ith face map, which parametrizes the

ith face of AP. Denote this map by F} = [eg, ..., €. .., €p).

Remark. If ¢ > j, then
-1 ~ ~
Ff o F)™ = leg, €5, Ciseee s ),

so I3 o F} identifies [eo] with [eo] in A% On the other hand, if j > 4, then
EPOF}P_I = [60,...,a,...,é\j+17...,6p].
For instance, F{ o F} identifies [eg, e1] with [ey, e3] in A.

Definition 13.4. A singular p-simplex in a space X is a continuous map o : A? — X. The singular
group of p-chains in X, denoted C,(X), is the free abelian group generated by singular p-simplices.

Remark. An element in C,(X) is a finite formal sum Zle n;o;, where n; € Z and o; is a singular
p-simplex. There is an obvious way to add elements in C'(X), and this makes C'(X) into a group
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Definition 13.5. An element in C,(X) is called a singular p-chain. Given a singular p-simplex o, the
ith face of 0 is ') = o o F?, and the boundary of o is

p
0o = (~1)'e".
i=0
Remark. If o is a singular p-simplex, then do € C,_;(X).

Example 13.5.1. Let A? = [eg, e1, €3] and 0 : A2 — X. Then do = 0@ — ¢ 4 5 traces the edges
[0(e0),0(e1)], [o(er),o(ez)], and [o(e2), o(eg)], which forms the boundary of o(A?) C X.

Definition 13.6. Define the pth boundary map to be
0y Cp(X) — Cpq(X)

k k
Z n;o; — Z n; (o).
i—1 i=1

Lemma 13.1. We have 0, 103, =0, i.e. 9* =0.

Proof. We can calculate

Op-100p0 = 0py (i(_l)i(_l)ig © Fip)

=0
P p—1
— i J P p—1
=> (=1 D _(-1YooF o F]
i=0 §=0
1 -1
— § : ( 1)z+]g o FP Fp + § H—]O o FP Fjp
0<j<i<p 0<i<j<p—1
— i+ I~ >
= E (—1)"™oolep, ..., €.y Ciy.-s€pl
0<j<i<p
Z+J ~ ~
+ E O'O[60,...,el',...,ejqu,...,ep].
0<i<j<p—1

Relabel k = j 4+ 1 in the second sum, we find that
Op100,0 =Y (=1)oole,....6 ..., ..., 6)

0<j<i<p
2+k+1 -~ -~ _
+ 5 TO0€0,. iy s,y =0
0<i<k<p—1
since these are the same but with an extra —1 on the second sum, so they cancel out to 0. O]

Remark. The lemma implies that im d,4; C ker 0,,.

Definition 13.7. We define the pth (singular) homology group of X to be
ker 0,

im 8p+1 ’

HP(X) =

An element of ker 9, is called a p-cycle, and an element of im 0,4, is called a p-boundary. We say that
two chains ¢, co € C(X) are homologous if there exists some d € C,11(X) such that ¢; — ¢ = 9d.



LECTURE 13. FEB. 19 — SINGULAR HOMOLOGY 46

Remark. Writing ¢; ~ ¢ if ¢1, ¢y are homologous and letting the equivalence classes be denoted by [¢],
we can also write H, as
H,(X) = {[c] : ¢is a p-cycle}.

Remark. There are no singular p-simplices for p < 0, so C,(X) = {0} for p < 0.



Lecture 14

Feb. 24 — Singular Homology, Part 2

14.1 Simple Computations of Homology

Lemma 14.1. If X is a one-point space, then we have

H,(X) = {Z =9

0 otherwise.

Proof. Since X is a one-point space, for each p > 0 there is a unique map o, : A? — X. So C,(X) = Z,
which is generated by o,. We can calculate the boundary of o,:

p P e
i ; 0 if pis odd or p = 0,
Opop Z(_l) 01(7) = Z(_l) Op-1= {

P p—y op—1 if pis even and p > 0.

So if p is odd, then H,(X) =kerd,/im 0,41 = Z/Z = {0}. If p is even and p > 0, then

ker 0 {0}
H,(X) = L~ = {0}.
Finally, we have Hy(X) = ker 0y/im 0y = Z/{0} = Z, which proves the claim. O

Theorem 14.1. We have Ho(X) = @, Z, where n is the number of path components of X.

Proof. A singular O-simplex o : A° = {¢y} — X is determined by its image, i.e. by a point in X. So an
element o € Cy(X) is ¢ = Zf:o n;x;, where n; € Z and x; € X. Define the map

8100(X)—>Z

k k
=0 =0

It is easy to see that € is a homomorphism. If ¢ is a singular 1-chain (with image a curve), then

1
0o =Y (~1)'e" =0 — 60 = 5(1) — 0(0).

=0
Thus €(do) = 0. More generally, if ¢ € C1(X) with ¢ = Zf:o n;o;, then

de = Zniaoi = Zni(gi(l) —0i(0)),

47
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so €(0c) = 0. This shows that im 0; C kere. Recalling that

- ker@o - C()(X)

im@l N 1m81 ’

Ho(X)

we see that ¢ induces a map ¢, : Hy(X) — Z by [¢] — £(c), which is called an augmentation.

We now claim that if X is path connected, then ¢, is an isomorphism. Clearly ¢, is onto, since &,([z]) =1
and 1 is a generator for Z. Now fix a point zq € X. Then for any x € X let A, : [0,1] = X be a path
from x( to x, which exists since X is path connected. So )\, is a singular 1-chain, and

Ay =T — xp.

Now given [c] € Hyo(X) such that .([¢]) = 0, we can write ¢ = Zf:o n;x;. Then

k k k k k
=0 i=0 i=0 i=0 i=0

since £,([c]) = 0, which means that [¢] = 0 in Hyo(X). So &, is injective, and hence an isomorphism.

Finally, in the general case, check as an exercise that if the path components of X are X, for a € A,
then C,(X) = @, c4 Cp(Xa) and Hy(X) = P, 4 Hp(Xa)D This suffices to prove the theorem. O

Remark. If we set 50 = ¢ and (i = 0; for ¢ > 0, then the proof above shows 51 o 5¢+1 = ( for each 7. So
we can take the homology and define the reduced homology groups H;(X) via

im ;44

Clearly H;(X) = H;(X) for i > 1, but Ho(X) = Ho(X) ® Z. In this language, we can write

H;({pt}) =0, for all i.

14.2 Homology and the Fundamental Group

Remark. If v: [0,1] — X is a loop based at g, then ~ is a singular 1-chain with 01y = zq — x¢ = 0, so
that [y] € H1(X). This gives a map ¢ : my (X, z9) — Hi(X) called the Hurewitz map. We will see that it
is well-defined and a homomorphism in the next theorem.

Definition 14.1. The abelianization G® of a group G is the largest abelian quotient of G. This means
that if A is any abelian group and f : G — A, then f factors through G2, i.e.

GLM}
NP

Gab

where ¢ : G — G2 is the quotient map.

!The main idea is that AP is connected, so o(AP) must land in a single path component X,, so C,(X) decomposes.
Similarly, the 0 sends an element of C,11(X,) to an element of Cp,(X,), so Hy(X) decomposes.
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Exercise 14.1. Show that G* = G/[G, G|, where |G, G] is the commutator subgroup of G, i.e. the
smallest normal subgroup of G containing {xyz~'y~! | z,y € G}.

Theorem 14.2. If X is path connected, then the Hurewitz map induces an isomorphism
by ¢ (m1(X, 20))* — Hy(X),

where (11(X, z0))* is the abelianization of w1 (X, zo).

Proof. Denote an equivalence class in w1 (X, zo) by [7] and one in H;(X) by [v]. Note that:
1. If o, n are paths in X with v(1) = n(0), then the 1-chain v % — 7 — 1 is a boundary.

To see this, define o : A% — X on [eg, €1, 5] by v on the edge [eg, e;] and 7 on the edge [ey, €.
Extend o to be constant on parallel lines perpendicular to [eg, €3], where o takes the value of the
intersection point of the line with one of the other edges [eg, e1] or [e1, e5]. Note that this defines o
on [eg, e1] to be v * 1. Thus we can compute that

O(—0) = -0 £ o0 _ 6@ — _p{yupy—n.

2. If v is a path in X, then v 4 7% is a boundary, and a constant path is a boundary.

First if + is a constant path, then we can simply let ¢ be a singular 2-simplex that is the same
constant. Then do = 0® — oM 4 62 =~y — 5 47 = 4.

Now given any 7, let o be the singular 2-simplex which is defined on [eg, e;] to be 4. Let o be
constant on lines perpendicular to [e1, e5]. Note that this defines o to be some constant ¢ on [e, e2]
and 7 on [e1, e5]. Let o’ be a singular 2-simplex that is constantly ¢, then

Oo+0")= (Y oW tro?)re=F-cry)+te=7+n.

3. If v and 7 are homotopic rel endpoints, then v — 7 is a boundary.

Let H : [0,1] x [0,1] — X be the homotopy from v to . View H on the unit square as v on the
bottom, n on the top, and constant on the sides. Since H is constant on the left edge, we can
collapse the left edge to a point to get a 2-simplex, so H descends to a map oy : A2 — X. Note
that o is y on [eg, e1], 7 on [e, es], and a constant ¢ on [eq, es]. Then

80H:0$)—02)+0g):c—77+7.

Since the constant path c is a boundary, the above implies that v — 7 also is.

Note that (3) implies ¢ : m1 (X, z9) — H1(X) is well-defined, and (1) implies ¢ is a homomorphism since

o] - [n)) = élly +n)) = [yl = D1 + [l = o([)) + ().
Since H;(X) is abelian, ¢ induces a homomorphism ¢, : (71(X, z0))* — H;(X).

To see that ¢, is a bijection, we construct an inverse to ¢,. For each x € X, let 7, be a path from =z
to x (if x = x, we let 7, be the constant path). Given a singular 1-simplex o, let 7 = v, * 0 * Vo (1)s
and define ¢ (o) = [7]. Since (m (X, z0))*® is abelian and C}(X) is a free abelian group, this defines a
homomorphism 1 : C;(X) — (m1(X, 20))*". Note that

b0 ¢u([7]) = lewo * 7 ¥ o] = [0,
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where e, is the constant path at zy. If o is a singular 2-simplex with vertices yo, y1, y2, then

V(0y0) = ¢(0(0) —o® 4 0(2)) — ¢(U(2))¢(0(0))¢(0(1))—1
= [Yyo * o@ x Ny * Vor * 7 « Ny * Vo * o « Vo)
= [y * 0@ 5 oM x5O & ﬁyo] = (€]
since 7y, * 0@ % oM x5 x5, bounds a disk. Thus im 9, C ker ¢, and so ¢ induces a homomorphism

¥, Hi(X) — (m1(X, 10))2". From above, we know that ¢, o ¢, = id, and one can show as an exercise
that ¢, o1, = id. This shows that ¢, is an isomorphism. O



Lecture 15

Mar. 3 — Homological Algebra

15.1 Introduction to Homological Algebra

Definition 15.1. A sequence of abelian groups C, and group homomorphisms 9, : C,, — C,,_1 is called
a chain complez if 0,,_1 0 9, = 0 for all n. The homology of a chain complex is

ker 0,

im an+1 ‘

H,(C,,0) =

Example 15.1.1. The singular chain groups and the boundary map 0 is a chain complex.

Definition 15.2. Given two chain complexes (C,,d) and (C., '), a chain map is a sequence of group
homomorphisms f,, : C;, — C/ such that &/, o f,, = f,_1 0 0,, i.e. we have

On
s Oy e

> C,
lfn lfnfl
/ 9; '

— O] _4 — -

Lemma 15.1. A chain map {f,} : (Ci,0) — (CL, ') induces homomorphisms
(fu)s : Ho(Cy,0) — H,(CL, ).
Proof. 1f [h] € H,(C\, ) = ker 9,,/im 0,41, then h € C,, and d,,h = 0. Then

Op(fa(h)) = fa-1(0nh) = fu-1(0) =0,

so we can define (f,).([h]) = [fn(h)]. To see that this is well-defined, suppose [h] = [#'] € H,(C., D).
Then there exists k € C,, 1 such that ' = h + 9, .1k. We can write

fn(h,) = fn<h + anJrlk) = fn(h) + fn<an+1k) = fn(h> + 87/1+1<fn+1(k))a
i.e. [fu(R)] = [fu(h)]. Finally, check as an exercise that the (f,). are homomorphisms. O

15.2 Induced Homomorphisms in Homology

Remark. If f: X — Y is a continuous map, then we can define maps
fo: Co(X) — CL(Y)

Zniai — an(f 0 ;).

51
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Note that we have

fn-1(000) = frs (Z(—l)ia(“> =Y (F1)i(foo) = (=1)'(f 00)? = 0u(fu(0)).

i=0 =0 =0

In particular, we see that {f,} is a chain map. So by Lemma [15.1} we get a map f. : H,(X) — H,(Y)
induced on singular homology for each n.

Exercise 15.1. Check the following:
L (fog) = fiogs
2. (idx)« = idg, (x)-.

Definition 15.3. Given chain complexes (C, ) and (C7, ") and chain maps {f,} and {g,} from C, to
C!, we say there is a chain homotopy between them if there is a sequence of homomorphisms

pn: Cnp — Cl oy such that 9., 0p,+ pa100y = fn — gn.

In other words, we have the diagram

On+1 On
i Chpq y C, y Chpmg ———— -
fn+1 <l§n+%n (/\)gn P fn—1l>gnl
! \ ! \ / o e
—— O —— O —— Oy ——

Lemma 15.2. If there is a chain homotopy between {f,} and {g,}, then
(fa)x = (gn)s : Ho(C\,0) — H,(CL, ).

Proof. Let h € C,, and 9,,h = 0, so h represents an element of H,(C,,d). Then

fa(h) = gn(h) = 0y 11 (Pn(R)) + Pa1(9n(h)) = 0,11 (pa(h)),
50 [fu(h)] = [gn(h)] in Hy(CL, ). O
Theorem 15.1. Let f,g: X — Y be homotopic maps. Then {f,} and {g,} are chain homotopic maps
(Cu(X),0) = (Cu(Y), ") and thus f. = g. : H,(X) — H,(Y).
Proof. Let H : X x [0,1] — Y be the homotopy, so

H(z,0) = f(z) and H(z,1) = g(z)
Given a simplex ¢ — X, define p, (o) by
Ho (o xidpq)) : A" x [0,1] — Y
(1,) — H(o(2),1)

To make sense of this, we need to see how to write H o (o X id]) as a sum of singular (n 4 1)-simplices
in Y. For n = 0, note that the interval {ey} X [eg, e1] is already Al so

pO(U) =Ho (0’ X id[o’l]) = H(eo,t)

B (po(0)) = D(H e, 1)) = (H(eo,1)® — (H(eo, 1))
— H(eo,1) — H(eo, 0) = gley) — fleo) = goo — foo.
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Letting p_1 = 0, we have go — fo = 01 0 pg + p_1 © Jp as desired. For n = 1, note that [eq, fo] X [eo, €1]
(the last corner is f1) is a square, but we can divide it into two 2-simplices by
71 = [eo,e1, il and 19 = [eo, fo, f1]-
Let H, = H o (0 x idp]), then we have
p1(0) = Ho|r, — Holr,

1
Oa(p1(0)) = (Ho|(g0.11) — Holleo,nr) + Holieo.fo]) = (Holler, 1] — Holieo,1] + Holieo,er])
= Ho|(jo.11) = Holleoser] T Holleo,so) = Holfer, ]

=g(o) — f(o) — po(90)

In general, let e, ..., e, be the vertices of A" in R""!, where we think of R**! C R"*? with z,,,., = 0.

Let fo,..., f. be the points in R"™2 above ey, ..., e, with 2,0 = 1. So [eg, ..., e,] describes A" x {0}

and [fo, ..., fn] describes A" x {1}. Show as an exercise that D™ x [0, 1] is the union of (n + 1)-simplices
[60,...,6i,fi,...,fn].

Now we can define p,, : C,,(X) — Cpy1(Y) by

n

pn(d) = Z(_l)l(H © (U X id[ovl]))“eo ~~~~~ €isfireesfnl

=0
On1(pn(0)) =Y (=1 (=1 (H 0 (0 X idjo.)))lfeoryuer it
§<i
+ > (=D)(=1)T(H o (o x i)y o g Bl
1<j

The i = j terms all cancel except for

[/6\07f07‘--7fn]:[f07-~'7fn] and [607---76n7ﬁL]:[607-”7en]7

which give g o 0 and —(f o o), respectively. Check as an exercise that many other terms cancel, and
those which remain are precisely those which give p,,_1(9,0). This would prove the result. ]

Corollary 15.1.1. If f: X — Y is a homotopy equivalence, then
fo: Ho(X) — H,(Y)

is an isomorphism for all n.

Proof. There is a homotopy inverse g : Y — X such that (f o g) ~idy and (g o f) ~idy. Then

The first says that f, is surjective and the second says f, is injective, so f, is an isomorphism. n

Remark. The corollary shows that if X is contractible, then

H, (X) = 7 ifn=0,
1o ifn#o.



Lecture 16

Mar. 5 — Relative Homology

16.1 Relative Homology

Remark. Let A be a subspace of X. Then C,,(A) < C,(X), and note that C,(A) lies in the kernel of
Co(X) =2 €y (X) B8 0 1(X)/Cii (A)

So 0, induces a homomorphism 0, : C,(X)/Ch(A) = Cp1(X)/Cr1(A).

Definition 16.1. Define C,, (X, A) = C,(X)/C,(A) and 9,, : C,,(X,A) — C,_1(X, A) We still have
Op—10 0, = 0 for all n, so this is a chain complex. The relative homology of (X, A) is

ker(0, : Cp(X,A) = Cpi1(X, A))
im(an+1 : On+1(X, A) — Cn(X, A)) ’

Ho (X, A) = H,(C,(X, A),0) =

An element in H,(X, A) is represented by a relative cycle, i.e. a € C,,(X) such that da € C,,_1(A). A
relative cycle a € C,,(X) trivial in H, (X, A) if it is a relative boundary, i.e. there exists 5 € Cy11(X)
and v € C},(A) such that o = 95 + .

Definition 16.2. Recall that a sequence of homomorphisms

A ¢>B w>C’

is called evact at B if im ¢ = kert). A longer sequence is called ezxact if it is exact at each term/[]

Lemma 16.1. If (A,,04), (Bn,05), (C,,0c) are chain complexes and
{bn} : (As,04) = (Bi,05) and {,}: (By,0) — (Ck, 0c)

are chain maps such that the sequence

0o—— A, ¢>Bn w>Cn

~
o

1s exact for all n, then there exists a long exact sequence

(‘bn)*

s Hy(AL90) 2 HL(B.,9g)

—_— Hn(C*,aC) i) Hn—l(A*vaA) —

Corollary 16.0.1. Let A be a subspace of X. Leti: A — X be the inclusion and ¢, : Cp,(X) — Cn(X, A)
be the quotient map. Then the sequence

I'Note that a sequence is exact precisely when it has trivial homology.

o4
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0 —— Ch(A) —— C(X) —2 (X, 4) —— 0
1s exact, so there exists an exact sequence
D Ho(A) — H(X) —2 Hy (X, A) —2 H, y(A) — -
The above is called the long exact sequence of a pair (X, A).

Proof. The second part follows from Lemma [16.1] For the first part, note that i : C,(A) — C,,(X) is
clearly injective and ¢, : C,,(X) — C, (X, A) = C,,(X)/C,(A) is clearly surjective. Also, we have

imi = C,(A) = ker g,
so the sequence is exact, as claimed. O

Exercise 16.1. Verify that d, in the exact sequence is the following map: For h € H, (X, A), choose
a € Cy(X) such that 9, € C,,_1(A) and h = [a], then define d.h = [0,a] € H,,_1(A).

Proof of Lemma|16.1. The main difficulty lies in defining 0.

Consider the following diagram (which commutes since the ¢, 1, are chain maps):

0 0 0

A— A1 — Apo

Given [c] € H,(C,,,dc), we know that doc = 0. Since 9, is surjective, there exists some b € B,, such
that 1(b) = c¢. Note that

¢n—1(aBb) = aC(¢n(b)) = 86'6 = 07
so Ogb € kerv,,_y = im ¢,,_1. So there is a unique a € A, such that ¢,,_1(a) = dgb. Note that

bn_2(04a) = O (tn_1(a)) = Op(dpb) = 0.

Since ¢,,_» is injective, we have dqa = 0 and [a] € H,,_1(A). So we can define 0,[c|] = [a].

To see that 0, is well-defined, note that we made two choices: the representative of [c] and the choice
of b such that ¢, (b) = c. We need to see that 0, is independent of these choices. Let ¢, ¢’ represent [c].
Since ¢, ¢ € [c], there exists ¢ such that 0¢ = ¢ — ¢. Choose b,V € B,, such that ¢, (b) = c and ¢(V') = ¢
(this will also show the independence of b by taking ¢ = ¢). There exists b such that 1/, (b) = & Then

(080 = b+ V) = 0c(¥ns1 (D) = ¢u(b) + ¥u(V)) = (c =) —c+ =0.
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Thus there exists @ € A, such that ¢, (@) = dpb — b+ . Let a,d’ be such that ¢, ;(a) = dzb and
¢On_1(a’) = Opb’, as we did above. We can then see that
¢n,1(8,45 +a— CL/) = 8B(¢n(a)) + ¢n,1(a) - ¢n,1(a’) = 83(835 —b+ b/) + 8Bb - GBb’
= (0 - 8Bb + aBb,) —f- 8Bb - 8Bb/ - O
Therefore, ' = a 4+ daa and [a] = [@'], so 0. is well-defined.

Complete the remainder of the proof as an exercise (i.e. check that 0, is a homomorphism and that the
sequence is in fact exact at each term). ]

Example 16.2.1. Consider (X, z). The long exact sequence of (X, zg) is (for n > 2)

- —— H,(v9) — H,(X) — H,(X,20) — Hpq(xg) — -~
[ [
0 0

In particular, this means that H,(X) = H,(X,zo). For n =0, 1, we have

Hi(zo) —— Hi(X) —— Hi(X,20) —— Ho(zg) —2— Ho(X) —— Ho(X,29) — 0

[ [ [
0 Z P, Z

Since i, is injective, we must have im(H; (X, x¢) — Ho(xg)) = 0, and so H,(X) = Hy (X, zp). Now i,
maps Z to the Z factor of €, Z corresponding to the path component containing x. Since the last map
Ho(X) — Hy(X, ) is surjective, we have

Hy(X) ~ Ho(X) L D.Z
ker(Hy(X) — Ho(X, x0)) Coimi. Z :nG?Z.

12

HO(X7 l’o)

Note that we are able to conclude the last step since we know i, maps Z to an entire Z factor (in general,
we may end up with a direct sum of @@, , Z with a finite group). This shows that H, (X, zo) = H,(X).

Exercise 16.2. Show the following:
1. If f: (X, A) — (Y, B) is continuous, then f, : H,(X,A) — H,(Y, B).
2. If f,g: (X, A) — (Y, B) are homotopic as maps of pairs, then f, = g..
3. If AC B C X, then one gets a long exact sequence
- — H,(B,A) — H,(X,A) —— H,(X,B) —— H, 1(B,A) —— ---
Hint: For the last part, note that one can write

_CuX) L CulX)/Cu(B) , CulX, B)

On
CXA) =2 @) T CuB)/Cud) T CulB.A)

16.2 Excision

Theorem 16.1 (Excision). Let Z C A C X and Z C int A. Then the inclusion map
i (X\Z,A\Z) = (X,A)
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induces an isomorphism
e Hy (X \Z,A\ Z) — H,(X, A).
Remark. We will prove this theorem in a later lecture.

Definition 16.3. A pair A C X is called good if A is nonempty, closed, and has a neighborhood U
such that A is a deformation retract of U, i.e. there exists a homotopy H : U x [0,1] — U such that
H(z,0) =x forallz € U, and H(z,1) € A, H(xz,t) =z for all z € A and t € [0, 1].

Exercise 16.3. If A is a submanifold of a manifold X, then show that A C X is good. If X is obtained
from A by attaching a cell, then show that A C X is good.

Theorem 16.2. If (X, A) is a good pair, then the quotient map
q:(X,A) — (X/A AJA) = (X/A, {pt})

iduces an isomorphism

¢ Ho(X, A) — H,(X/A, AJA) = H,(X/A).

Proof. Let U be the neighborhood of A that deformation retracts to A and let H : U x [0,1] — U be
the deformation retraction. We have the diagram:

Hy(X,A) ——— H (X, U), «———— H, (X — AU — A)

l . lq* lq*

H,(X/A AJA) — H,(X/A,U/A) — H,(X/A—AJ/A,U/A— AJA)
The isomorphism arrows are by excision. Now note that
qg: (X —AU—-A) = (X/A-A/AJU/A— A/A)

is a homeomorphism (actually the identity), so the last quotient map on the right is an isomorphism.
Thus the middle quotient map is also an isomorphism by excision.

Let hy(x) = H(x,t), and consider the composition
(4.4) —— (U.4) == (4.4)

Note that hy 0@ = id(a,a) and i o hy ~ id(y,.4) via H, so i, : H,(A, A) = H,(U, A) is an isomorphism.
Now consider the long exact sequence of A C U C X:

H,(U,A) —— Hy(X,A) —— H,(X,U) —2>— H,_(U, A)

| |
H,(A, A) =0 H,_1(A, A) =0

This tells us that i, : H,(X,A) — H,(X,U) is an isomorphism, and a similar argument shows that
iw s Hy(X/A AJA) — H,(X/A,U/A) is as well, so q. : H,(X,A) — H,(X/A, A/A) also is. O



Lecture 17

Mar. 10 — Applications of Excision

17.1 Homology Computations Using Excision

Proposition 17.1. We have

Z if k= 7 ifk —
H,(S™) = UR=0m o H(D,oD") = k=mn,
0 ifk+#0,n, 0 fk#n.
Proof. First note that (interpret k = n = 0 as two copies of Z)
Z itk=0
Hy(S") = {Z@7 ifk=0, and Hy(D")= ’
M) =20Z itk=0, ed H(D7) {o if i 0,

For n = 1, consider the long exact sequence of (D', S°):

H,(8%) —— H,(D') —— Hy(D"',S°) —— H;_1(5°)

I I I
0 0 0

so Hy (D', S% =0 for k > 2 (note that D'/S° = S thus Hy(S') = 0 also for k > 2). Now consider

(2

H,(S%) —— Hy(D') —— Hy(D', 8% —%— Hy(5°) —*— Hy(D') —— Hy(D*,5°) — 0

0 0 H,(SY) yAY/ Z Ho(SY) =0

By the exactness of the above sequence at Hy(S°), we have

2oL, LOL,, LOL

Z = =
ker i, imo  Hy(S')’

12

so we must have H;(S') = Z. Now by induction, assume the proposition is true for S"~! (with n > 1).
Consider the long exact sequence of (D", S™1): If n > 2,

H,(D") — H,(D",S"') —— H, 41(S™') —— H, (D"

I I I
0 Z 0

58
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so we have H,(S™) = H,(D", 5" ') = Z. Now notice that

%

Hi(D") —— Hy (D", S" ) — Hy(S"™') —= Hy(D")

| I I
0 y/ y/

where Hy(D™) = Z since i, maps a generator of Hy(S"™!) to a generator of Hy(D™). Thus im¢ =
keri, = 0, so we have H(S") = H,(D",S" ') 0. Finally, for k # n,1,0, we get

Hk(Dn) — Hk(Dn’Sn—l) — Hk,l(S”_l) — kal(Dn>

I I I
0 0 0

so we have Hy(S™) = Hy, (D™, S"1) = (. O
Corollary 17.0.1. D" is not a retract of D", and any map f: D™ — D" has a fixed point.
Proof. If r: D™ — 0D"™ is a retract, then r o7 = idgpn, so

7w 0ty : Hy 1(0D") — H,_1(D")
is the identity map. In particular, r, o i, is an isomorphism, but

Ty : Hy_(D") = H,_1(S™")

is the zero map (since H,_1(D") =0 and H,_{(S"') = Z), a contradiction.
The second statement follows from the first as in the n = 2 case we have already seen. O

Corollary 17.0.2 (Invariance of domain). Let U C R™ and V' C R™. If U is homeomorphic to V, then
we have n =m.

Proof. For any x € U, we have R" — U C R" — {z} C R™, so excision says
Hy(R",R" — {a}) = Hpy(R" — (R" = U), (R" = {z}) — (R" = U)) = Hp(U,U — {z}).

Consider the long exact sequence of (R",R" — {z}):

Hk(Rn) — Hk(Rn,Rn — {{L‘}) — Hk_l(Rnil) — Hk_1<Rn)
| |

0 0
SO
Z it k=n,0,
Hy, (U, U — {z}) = Hy(R",R" — {a}) = Hy(R" — {z}) = Hy_(S") = .
0 ifk+#n,0

since R” — {z} ~ S""!. By the same argument, we can also get

7 if k=m0,

H(V.V = 1yh) = {0 if k £ m, 0.
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Now if ¢ : U — V is a homeomorphism, then ¢ induces a homeomorphism of pairs

¢: (U U—A{z}) = (V,V —{o(2)}).
Then ¢ induces an isomorphism on homology, so H; must be Z at the same place, i.e. m = n. O]
Remark. The above says that if M # @ is an n-manifold, then it is not an m-manifold for any m # n.

Proposition 17.2. We have the following:

1. We can identify (D™, 0D") with (A", 0D"), and under this identification, H, (D", 0D™) = Z is
generated by the identity map A™ — A",

2. We can identify S™ with ATUAY, where OAY is glued to OAY by the identity map. Then H,(S™) = 7Z
is generated by f1 — fa, where f; : AT — S™ is the inclusion.

Proof. See https://etnyre.math.gatech.edu/class/6441Spring21/Section’,20IIA-C.pdf. m

Remark. When making computations, it is sometimes useful to know that the long exact sequences we
are working with “respect” maps between spaces. This is called naturality.

17.2 Naturality

Lemma 17.1. If we have chain complex and chain maps such that the following diagram:

0 s A, L B,
ool b
B

, ;
0 y AL —— > C > 0

commutes, then the maps induced on the long exact sequence also commute.

Proof. Since o1 =1 o «a, we have 3, oi, =i’ o a, and similarly for v, o j, = j. o 8,. Now recall that
we defined O[c] = [a], where a € A,,_; such that i(a) = 0b for some b € B,, such that j(b) = c¢. Now note
that d(y(c)) = [a(a)] because y(c) = y(j(b)) = j(5(b)) and

i'(a(a)) = B(i(a)) = B(Ob) = O(B(b))
as [ is a chain map. This proves the claim. ]
Theorem 17.1 (Naturality). If f: (X, A) — (Y, B) is a map of pairs, then this diagram commutes:

D Hy(A) —2 Hy(X) —2 Hy(X,A) —2 Hy ((A) —— -+

Js Js J» Js

. —— Hy(B) —— Hy(Y) —2— Hy(Y,A) —°— H,_,(B) — ---
and similarly for the long exact sequence of a triple.

Proof. Note that the following diagram:


https://etnyre.math.gatech.edu/class/6441Spring21/Section%20IIA-C.pdf
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0 —— Cr(A) —— Cp(X) —— Ci(X,A) —— 0

[P Js

0 —— Cx(B) —— Cr(Y) —— Cr(Y,B) —— 0

clearly commutes, so the result follows from Lemma [17.1]
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Mar. 12 — Mayer-Vietoris Theorem

18.1 Mayer-Vietoris Theorem

Theorem 18.1 (Mayer-Vietoris). Let A, B C X be subspaces such that X = (int A) U (int B), and let

ANB 25 A
ja
JB

be the inclusions. Then the sequence
. —— Hy(ANB) —2 H,(A) @ H\(B) —*— H,(X) —2» H, ,(ANDB) — -

is exact, where ¢ = (ia). @ (in)«, V([a], [b]) = (ja)«([a]) — (jB)+([b]), and
dz] = [0a] where z=a+b fora € C,(A),b e C.(B).

Remark. This is like an analogue of the Seifert-van Kampen theorem for homology.

18.2 Applications of the Mayer-Vietoris Theorem

Example 18.0.1. Consider 7% = S x S'. Let ¢ (e.g. {m/4} x S') be a circle around the center of the
torus. Let A be a small neighborhood of ¢ (e.g. (0,7/2) x S') and B =T? — ¢ = S! x I. Note that
AN B is the union of two annuli. We have A ~ S', B~ 8! and AN B ~ S'US'. Hence

Z ifk=0,1,
0 ifk+#0,1,

7Za7 iftk=0,1,

and Hip(ANB) = .
0 if k#0,1.

Hi(A) = Hy(B) = {

By Mayer-Vietoris, we have the exact sequence:

0 VAY/ AY/
I | |
Hy(A) & Hy(B) —— Hy(X) =2 Hi(AN B) —2— Hy(A) & Hy(B)

Y H(X) =2 Hy(AN B) =% Hy(A) ® Hy(B) —2 Hy(X) —— 0

I I I
ZoL yAY/ v/
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(0,1) = (1,1), and similarly one can also see
0, we have ker 0, = 0 and so

Hy(X)
ker Oy

Next, we have ker¢; = im ¢y = Z, which is generated by (1,1). Then

: ¢NZ@ZNZ@ZNZ@ZNZ
1m = = = = .
' kerthy 7 ((1,1))

We also have im 0, = ker ¢y = Z (generated by (1, —1), as before), so

Hy\(X) . Hi(X) ., Hi(X)
ker(?l - 1m¢1 a Z .

Check as an exercise that this implies Hy(X) = Z @ Z. Also verify that H(X) = 0 for k > 3, so

Note that ¢¢ is induced by the inclusion, so ¢y(1,0) = ¢q
that ¢1(1,0) ¢1(071) ( ) ) Since HQ( ) HQ(B =

((1,—1)) 2 Z X ker ¢, = im & =

= Hy(X).

Z%Hnal%

Z if k=0,2,
H(T*={Z&7 ifk=1,
0 if k> 3.

18.3 Proof of the Mayer-Vietoris Theorem

Lemma 18.1. Consider two long exact sequences and maps between them as below:

n n h’ﬂ
s Chy — Ay ! ", C, > Ay —— -
l’Y’Hr‘ﬁ 1 l lﬁn l’Y’n lan —1
ha
— O, — A, —— B, > C) > Al —— -

so that the diagram commutes. If v, s an isomorphism, then the sequence

D, v, 1%

> A, » Al & B, > B » A, — -

15 exact, where &,V 1" are defined by
Cn(a) = (an(a), fu(a)) Wn(a',b) = Bu(b) = fr(a) Tu(t)) = hnor," o g, (t).
Proof. We check exactness at B], (i.e. imW,, = kerI',,), the rest is left as an exercise. We can see that
Lo Wn(d',b) = Tu(Ba(b) = f1(a)) = hn 07,7 09, (Ba(b) = £1(a) = hn(3, (9, (Bu(b))))
since ¢/, o f! = 0 by assumption. We can then write (3, 07, = ¥, © gn)
Lo Wy (a’,0) = ha(9 " (Y (9 (b)) = hn(gn(b)) =0

since h,, o g, by assumption. So im ¥,, C ker I',,. For the reverse inclusion, let o' € kerT',,, so 7, ! o ¢/, (V)
lies in ker h,,. Then there exists b € B,, such that g, (b) = v, o ¢g/.(t/), so (write ¢, (b') = ¥, 0 gn(b))

So there exists a’ € Al such that f!(a') = 8,(b) — ¥V, and thus b’ = 3,(b) — f/(a') = U, (d, D). O
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Proof Theorem [18.1. Consider the long exact sequence of the pairs (A, AN B) and (X, B):

s H (AN B) M gAY g(AANB) —— Hy ((ANB) —— -

e H(B) s H(X) —— Ho(X,B) —— Hy ((B) —— -

Verify as an exercise that X/B = A/(AN B). So if (4, AN B) and (X, B) are good pairs, then I, is an
isomorphism, since excision allows us to write

H,(A, AN B) =~ H,(A/(ANB)) = H,(X/B) = H,(X, B).

From here, Mayer-Vietoris (in the case that (A, AN B) and (X, B) are good pairs) follows from the
lemma. In general, I, is still an isomorphism even when (A, AN B) and (X, B) are not good pairs, but
the argument is much more difficult (see Hatcher for the details). ]

18.4 Proof of Excision

Proof of Theorem [16.1, The main idea is the following: For any n and oo = > m;o; € C,(X, A), we can
find 8 € C,41(X, A) such that o + 9f = Zle m;7;, where im7 C X — Z or im7; C A.

Call the above statement (x), and we will prove it later. We will first prove excision assuming ().

To see that i, is onto, let [a] € H,(X, A). Then (x) implies that there is o’ € [a] such that o/ =}, m,7;,
where the 7; are as in (x). Define o = Zi,imngA m;7;. Note the following:

1. o =ain C,(X)/Ch(A) = C(X, A).
2. 0a" € C,,—1(A) (in fact is contained in C,_1(A — Z)).
To see this, note that —0a” = d(a’ — ") — 0o/, where
o"CX—~7Z and o —a", o/ CA,
so 0o/ C X — Z and 0(a' — "),0a’ C A, and thus da” C A — Z.
3. " € Cpr(X = 2)/Ch(A—2)
Thus o defines an element [o"] € H,(X — Z, A — Z). Clearly i.([a/]) = [&] = [a], so i, is onto.
To see that i, is injective, suppose that [a] € H,(X — Z, A — Z) and i.([a]) = 0, so
ioa=a=0p, forsome e C,ii(X,A).

Then (%) implies that there exists v € Cy,42(X, A) such that § + 0y = > m;7;, where the 7; are as in (x).
Clearly o = 9(f + 0v). Again define ' = Zivimn@‘ m;7;, and note:

1. pleCu(X —-2).
2. 0p' = 90 + terms with image in AN(X —A)=A—-Z,5008 =ain C,(X —Z,A—- 7).
Thus [a] =0 in H,(X — Z, A — Z), so i, is injective. This proves excision given ()

We now proceed to prove (x). We will need barycentric subdivision, defined as follows:



LECTURE 18. MAR. 12 — MAYER-VIETORIS THEOREM 65

0. subdivision of 0-simplex: do nothing;
1. subdivision of 1-simplex: divide into two equal pieces;

2. subdivision of 2-simplex: subdivide the edges [eq, e1], [e1, €2], [e2, €o] of the triangle to get vertices
fo, f1, f2, add a vertex e at the center of the triangle, and add (6) edges between e and the e;, f;:

[eo, €1, €2] = [eo, fo, €] U [fo,e1,e] U ...

3. subdivision of n-simplex (n > 3): subdivide all faces, add center point, add all edges, add all
2-simplices, ..., add all (n — 1)-simplices.

)

Show as an exercise that “up to boundaries, we can subdivide simplices,” i.e. if o : A" — X is a singular
n-simplex and A" = AP U--- U A? is its barycentric subdivision, then there is an (n + 1)-chain 7 with

k

o407 = Z(j:amzz).

i=1

Note that if we continually barycentrically subdivide, the subsimplices have diameter d — 0. Now given
o : A" — X, note that {o~*(int A),c~1(X — Z)} is an open cover of A”. Since A" is a compact metric
space, there exists a Lebesgue number 6 > 0 for the cover. So if we subdivide enough, all subsimplices
are either in o' (int A) or ¢~*(X — Z), which proves (). O



Lecture 19

Mar. 24 — Degree

19.1 Degree

Definition 19.1. Given a map f: S" — S", we get an induced map f, : H,(S™) — H,(5™) (recall that
H,(S™) =2 7Z). Then the degree of f, denoted deg f, is f.(1) € Z

Remark. Note the following:
1. deg(idgn) = 1.
2. deg f only depends on f up to homotopy (since f, = g, if f ~ g).
3. If f is not surjective, then deg f = 0.
To see this, note that if f is not surjective, then there exists p € S™ such that p ¢ im f. Then

gn I, gn ﬁn( ™)
S\ P) Ho(5"\ {f(p)})

Since H,(S™\ {f(p)}) =0, we have f.(1) = i,(f.(1)) = 0.
4. If f is a reflection (e.g. f(zo,...,Tn) = (—x0,71,...,T,), then deg f = —
To see this, we induct on n. For n = 0, we have S° = {£1} and
Hy(S°) = Hy({1}) ® Hy({~1}) = Z D Z,
where f.(a,b) = (b,a). Recall that the reduced homology is computed with
C1(SY) %, Co(S%) —— Z
where ¢ is given by " mgz; — 3. m;. Then we defined Hy(S%) = kere/im 8. Note that we have

e L®L — 7L
(a,b) —>a+1b

so kere (hence also Hy(S%) 2 Z) is generated by (1, —1). Thus f,(1,—1) = (—1,1) = —(1, —1), so
deg f = —1. Now assume the result is true for S* with k < n. Let

D%} ={(xo,...,x,) € S": £z, > 0}
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and note that f preserves D’. Since (S™, DY) is a good pair, H, (5", Dt) = ﬁ]n(S”/Di), and

H,(S") —— H,(S", D) —— H,(D",dD") --==> H, ,(8D")

lf* lf* lf* lf*

H,(S") —— H,(S",D?) —— H,(D",dD") -~ H,_,(dD")
where 9D™ = S"~1. To see that H,(D",0D™) = H,_1(0D"), note that for n > 1,

H,(D") — H,(D",0D") —2— H,_(dD") — H,_,(D")

I I
0 0

is exact, so 0 is an isomorphism. Check the n =1 case as an exercise.
This completes the proof by induction since we already know the result for D" = S" 1,
5. If f is the antipodal map (i.e. f(zo,...,2,) = (—z0,...,—,)), then deg f = (—1)"*1.
This follows from the previous result, since the antipodal map is a composition of reflections.

Lemma 19.1. Let f,g: X — S® C R If f(z) # —g() for all z € X, then f ~ g.

Proof. Define the homotopy H : X x [0,1] — S™ by
tf(z) + (1 = t)g(x)
[£f(x) + (1 = t)g(@)|
which is well-defined since g(x) # — f(x). O

(x,t) —

Corollary 19.0.1. Let f:S™ — S™. Then
1. if f has no fized points, then deg f = (—1)"*1;
2. if there is no point x € S™ such that f(x) = —x, then deg f = 1.

Proof. Apply the lemma to f and the antipodal map (resp. identity map). m

Corollary 19.0.2. If n is even, then any map f: S™ — S™ has a fized point or an antipodal point (i.e.
f(x) = —x).

Proof. 1f f has neither, then 1 = deg f = —1, a contradiction. O
Corollary 19.0.3. The sphere S™ has a non-zero vector field if and only if n is odd.

Proof. (=) We prove the contrapositive. If n is even, consider a vector field v, so v(z) is a vector in
(z)* for each z € S™. If v(x) # 0 for all z, then f: S™ — S™ given by

v(x)
[o()]

is a function with no fixed points or antipodal points, a contradiction.

v(x) —

(<) If n is odd, then v(xg, z1,...,Tpn_1,2,) = (T1, —Tq, ..., Ty, —Tp_1) is a non-zero vector field. O
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Remark. The case n = 2 is the hairy ball theorem.

Remark. It is true that f,g: S™ — S™ are homotopic if and only if deg f = degg.

19.2 Computing the Degree

Definition 19.2. Let n > 0 and f : S — S". Take a point y € S™ such that f~'({y}) consists of
finitely many points x1,...,zx. Then for n # 1 (check n = 1 as an exercise), we have the exact sequence

H,(S" — {y}) —— H,(S") —"— H,(S", 8" —{y}) —— H,_1(S" — {y})

I I
0 0

So i, is an isomorphism H, (S™) — H,(S™,S™ — {y}), and similarly j, : H,(S™) = H,(S™, S™ — {x;}) is
also an isomorphism. Let V' be a neighborhood of y and U; be a neighborhood of z; such that f(U;) CV
and x; ¢ U, for i # j. Then by excision, we have an isomorphism

H,(5") = H(S", 5" —{y}) = Ho(S" = (5" = V), (5" = {y}) = (" = V) = Ho(V,V = {y})

and similarly for H,(U;,U; — {z;}). Now f gives a map f. : H,(U;,U; — {z;}) — H,(V,V — {y}), which
we can view as a map f, : Z — Z. Define the local degree of f at x; to be deg(f,z;) = f«(1) € Z (choose
the generators using the isomorphism with H,(S™)).

Remark. Note the following:
e If we change V or U;, we get the same number (as long as f(U;) C V).
o If fly, : Ui — f(U;) is a homeomorphism, then take V' = f(U;) and we see that

(f

is an isomorphism, so if we view (f|y,)« as a map Z — Z, then 1 — +1. So deg(f,z;) = £1.
Lemma 19.2. With f: S™ — S™, y, x1,...,x) as above, deg [ = Zle deg(f,x;).

)« t Ho (Ui, Ui — {@i}) — Ho(V,V —{y})

Proof. Choose the U; to be disjoint and set Z = S™ — Ule U;. Then by excision,

H,(S™, 8" — f1{y})) = Ho(S™, 8™ — {a1, ..., an}) = Hy(S™ — Z,(S" — {1, ..., 24}) — 2Z)
= H, (U U;, U(Ui — {:ci})) o @Hn(m, U; — {z:}).

So we have the diagram (let g be the composition map H,(S™) — @5, H.(U;, U; — {z:}))

H,(S™) I s H,(S™)
H,(S™, 8" — [ ({y})) H,(S", 8" = {y})

- :

Dy Ha(Us, Ui = {3}) gy, Ha(V,V = {u})
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Note that H,(S™) — H,(U;,U; — {x;}) (viewed as Z — Z) sends 1 — 1, so g(1) = (1,1,...,1) and

0)-) 0 9:(1) = B

which is the desired result. O

deg f = 1.(1) = (U 0)-(1) = > deg(f.,).

Example 19.2.1. Consider the following:

1. Let n >0 and f, : S' — S! be the map z +— 2", where S! is viewed as the unit circle in C. Let

y = 1 and pick zq, ..., z, evenly spaced around the circle with z; = y. Choose the U; such that
flo, : Ui = V is a homeomorphism, so deg(f,,z;) = 1. We can extend f|y, : U; — V to a
homeomorphism ¢; : St — S'. One can shows as an exercise that ¢; must be homotopic to idg:.
Since n > 0, we have

1 = deg g; = deg(gi, ;) = deg(f, ),
so all local degrees are 1 and deg f = n. Now if n < 0, let f,, = f_,, or for some reflection r, so
deg fr = (deg f-n)(degr) = (—=n)(=1) = n.
Thus we see that deg f,, = n for all n # 0.
2. Now let Dy, ..., Dy be disjoint disks in S™ for n > 1. Let C = S™ — Ule D;, then

k
X=g"/Cc=\/s"
i=1

Let ¢ : S™ — X be the quotient map. Let U = X — {wedge point} and V' be a neighborhood of the
wedge point, and note that U NV = | ' (S™* x (0,1)). Mayer-Vietoris gives the exact sequence

Ho(U) @ Ho(V) —— Ho(X) —— Hy y(UNV) —— Hy y(U) & H, (V)
| | H
0 B Z 0

so we see that H,(X) = @le Z. Now let f; : X — S™ collapse all but the ith copy of S™ to a point.
Then we claim that (f;). : H,(X) — H,(S™) maps (my,...,my) — m;. To see this, consider the
map j; : S™ — X which includes S™ into the ith S™ in X. Then

(feosi)e(1) =0 ifi # ¢,
whereas f; o j; is the identity on S™, so (f; 0 7;)«(1) = 1. So we see that
(7)«(1) =(0,...,0,1,0,...,1) =0 and (f;)«(0,...,0,1,0,...,0) =1,

where the 1 appears in the ith slot. Then let f : X — S™ be f,, on the ith sphere, so f(1,...,1) =k
and we see that (f, oq.)(1) =k, i.e. the degree is k.



Lecture 20

Mar. 26 — Cellular Homology

20.1 Cellular Homology

Definition 20.1. Let X be a CW complex. Define the cellular chain groups
COV(X) = free abelian group generated by the n-cells e, ..., e} .

Let f7: del — X1 be the attaching map for e. Let e be an n-cell and e}l’l be an (n — 1)-cell. Let
gij + S"1 — S™! be the composition of the following maps:

o7

Sn—1 y Oel i

1

N X(n—l) q X(n—l)/X(n—Q) = vf Sn—l Pj Sn—l
n—1

Define the boundary map as follows: For n > 1, set
07" GV (X) — CIN(X)
ln—1
el —» Z(deggzj)e;_l
j=1
and for n = 1, define dFWel = del where 9 is the singular boundary map.
Remark. If X has only one 0-cell, then 9V = 0.

Theorem 20.1. We have OSW 0 9SW = 0 and moreover,

n+1
ker 9V
H,(X)> —2_—.
(X) im oSV

Definition 20.2. Define the cellular homology groups to be

ker 9SW
HV(X) = — &

The previous theorem says that H,(X) = HSW(X) if X is a CW complex.

20.2 Computations of Cellular Homology

Example 20.2.1. Give the torus 72 the CW complex structure with one O-cell €}, two 1-cells e}, e,
and one 2-cell e2. Viewing T? as a square with opposite sides identified (and pointing to the right and
up), let € be the bottom-left corner, e} and e? be the bottom and left sides, and e? be the interior of
the square. So can we write the cellular chain complex as follows:

70
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CW (2 o5W CW (2 o CW (2
0 —— CoV(T?) 2 cowrry AT, cowry g
[ [ [
Z = (e3) ZOL = (e, eh) Z = (eY)

Since T? has one 0O-cell, we have OV = 0. To compute 95WVe?, note that the map gy, is given by

fi

St > 0e? y X Ly X/ xO0) =5 2yl P, =, 4l

Consider the points x; = (1,1/4) and 2o = (1,3/4) on the boundary of the square, viewed as [0,1]> C R?.
These points are both mapped to the same point y under ¢, and note that at x; the direction on
de? and S' = el/del agree while at zy they disagree. Thus from our previous computations, we see
deg(gi1,z1) = 1 = — deg(g11, 22), so deg(gi1) = 0. Similarly, deg g1 = 0, and so ISV = 0. So

Z ifn=0,2,
HWYTH =CVTH =ZaZ iftn=1,
0 otherwise.

Exercise 20.1. Let ¥, be the surface of genus g. Use cellular homology to verify that

7 ifn=20,2,
H,(%,) = @QQZ ifn=1,
0 otherwise.

Remark. Consider the following:
1. Hi(X) has at most ¢ generators, in particular Hi(X) = 0 if X has no k-cells.
2. If X has cells only in even dimensions, then H,(X) = C‘V(X).

Example 20.2.2. Recall that CP" has a CW decomposition with one cell in each even dimension
between 0 and 2n, so

Z ifn=0,2,...,2n,

0 otherwise.

HACPﬂ::{

Example 20.2.3. Let a,b be two circles and X = (a V b) U (two 2-cells €2, e3), where €? is attached

along a’b~3 and €3 is attached along b3(ab) 2. As above, we get
oW o5 cw oY cw
Cy M (X) ————— OYN(X) ——— 5 (X)
| | I
ZDL = (e e3) Z®Z = (a,b) Z
We can compute that 95WVe? = 5a — 3b and 95We2 = —2a + b, and so

5 =3
a§W:<_2 1).

This matrix is invertible over Z, so W is an isomorphism. We already know o°W = 0, so

7 ifk=0,

0 otherwise.

Hi(X) :{
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Remark. Note that in the previous example, X has the homology of a point. But X is not contractible:
One can use the van Kampen theorem to see that

m1(X, 20) = (a,b]ab7%, 6% (ab) %),

which one can show is a group of order 120. This shows that m; “sees” things that H; does not for any
k (of course, Hy, also “sees” things m; cannot, e.g. S¥ is not contractible since Hy(S*) # 0).

20.3 Proof of Cellular Homology

Lemma 20.1. If X s a CW complex, then
1. If by is the number of k-cells in X, then

" o @D, Z ifk=n,
Hk(X( )’X( 1)) - {0 " otherwise.

2. Hy(X™) =0 for all k > n.
3. Ifi: X" — X is the inclusion map, then i, : H,(X™) — H(X) is an isomorphism for k < n.

Proof. (1) Note that (X X1} is a good pair, so
Hiy(X™, XDy > (XM /x0-0) = |, (\/ S") :
I

so the statement holds for n > 1. One can check the n = 0 separately as an exercise.

(2) We have the long exact sequence of a pair: For k # n,n — 1,

Hy(X™, X0 D) —— Hy(XOD) —— Hi(X™) —— Hp g (X, X07D)

I |
0 0

so Hy(X™) = H(X™ D) for k # n,n — 1. So for k > n, we have
Hy(X™)y = g (X V)=~ =~ (XxO)=o.

(3) If k < n, then
Hy (X)) = g (X)) = = [ (X00)
for any £. So if X is a finite-dimensional CW complex, then clearly Hy(X ™) = Hy(X) (if instead X is

infinite-dimensional, then we need the fact that homology commutes with direct limits). O

Proof of Theorem[20.1. By the lemma, we know that CSW(X) = H,(X® X®=1). Consider the long
exact sequence of the triple (X™+D X x(n-1).

S Hy (XD, XDy (X (D) X)) _nt1, Hoy (X, XDy
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We claim that OSW = d,,, which we will check later. We first see that the theorem follows from this
claim: Consider the long exact sequence of (X ™+, X (™) and (X X "—1):

0

n+1

CCV(X) H, (X =1) H,(X) 0
|

Hypor (XD, X0y 0 (x0)y ) (XD oy (XD X ()

Jn

n

2

Hn—l (X(n—l))

Show as an exercise that j, o 0,41 = d,11. (Hint: This is just a diagram chase. One can see that the
choices used to define d, ;1 and 9,41 are the same.) Then we have

dnodn—H :jn—loanojno n+1 :jn—loooan+l =0

since 0, j, are adjacent terms in the long exact sequence. So we can consider kerd,, /imd,, 1. From the
diagram above, we see that H, (X) = H,(X™)/imd,,,. Note that j, is injective, so we have

im Oy 1 & Jip(im Opy1) = im(jy 0 Opy1) = imdyyg.
Since j,_1 is also injective, we also see that
Hn(X(")) = im j, = ker 0, = ker(j,_1 0 0,) = kerd,,.
Then by the claim that W = d,,, we have
o H,(X™) _ kerd,  kerotW

(X) im 0,41 imd,1  imogY

which proves the theorem. So it suffices to prove the claim.

To prove the claim, note that i : (e}, de?) — (X (™, X("=D) is given by an “inclusion” (technically the
inclusion is into X ™~ U e?, which only becomes X (™ after taking a quotient). The induced map

7:* : Hk(e?,ae?) N Hk(X(n)“X'(nfl))
7 —s @Z
ln

is injective and maps Z to the factor corresponding to e}'. So we have the commutative diagram:

H,(er, der) 9 H,_(de™)

l l(fm*

Hy (X, XDy O (X))

ljnfl
X Hy 1 (X, X (n=2))

n—1 )
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So the generator of CSW(X) = H,(X™ X(®=1) corresponding to e (i.e. i,(1)) maps under d, to

Jno10 (fM).(0,...,1,...,0) € H,_1(X®™™D x(n=2))
(the 1 is in the 4th factor). Then (the tuple denotes the coefficients of e} ™', ... €]

d,,(generator corresponding to e;) = d,, 0 (1) = j,—1 0 (f{")« 0 0(1)
= (deg gi1, deg Gi2y -« s deg gi€n71) n (6?>’

which proves the desired claim.
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Lecture 21

Mar. 31 — Cohomology

21.1 Homology with Coefficients

Definition 21.1. Given any abelian group G and a space X, let

k
Co(X;G) = {Zgiai : g; € G, 0; are singular n—simplices}

i=1
and define
k k k n ‘
DPSTENES SPTTES 9 SHIEIEED
i=1 i=1 i=1 j=0
Just like before, 9, 0 0,11 = 0, so we can define the homology of X with coefficients in G to be
ker 0,,

m 8n-i—l ‘

Hn(X; G) =

If G = Z, then this is the usual singular homology.

Remark. All theorems about the original definition of singular homology work in this setting as well.
We can also define the cellular homology with coefficients in G in a similar way.

Example 21.1.1. Consider RP?. Using Z-coefficients, we get

0 —— CSWV(RP?,Z) —— CEWV(RP?,Z) —— CSWV(RP%,Z) —— 0
| | |

z x2 s 7, 0 y 7,
so we find that
Z if k=0,
Hy(RP*Z) = 7)27 if k=1,
0 otherwise.

Using 7Z/27-coefficients, however, we get

0 —— CSW(RP?,Z/2Z) —— CWV(RP2,Z/27Z) —— CSWV(RP2,Z/27) — 0
| | |
7./27. 0 > 7.)27. 0 s 7.)27.

5
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since multiplication by 2 in Z/2Z is the zero map. Thus we have

7.)27 ifk=0,1,2,

H,(RP*7Z/27) =
#l /22) {O otherwise.

Remark. We will see later that Hy(X;Z) determines Hi(X; G) for any other abelian group G. However,
Hi(X; G) may be sufficient for some purposes and may be easier to work with.

21.2 Cohomology

Definition 21.2. A sequence of abelian groups C* and maps §,, : C" — C™*! is called a cochain complex
if 0,41 06, =0 for all n. The “homology” of this complex is called the cohomology of (C*,J):

ker 6,
im 6n_1 ‘

H(C*,6) =

Definition 21.3. If (C,, ) is a chain complex and G is any abelian group, then let
C" = Hom(C,, G) = {homomorphisms C,, — G}

and set 8, = 95, : C" — C™™ ie. 6,(T) = 7 0 0,41 (this is the same dual map from linear algebra).

Remark. Note that we have

(Ont106n(7))(0) = (64(7))(Ont10) = T(Dn41 © Onta(0)) = 0,
S0 Op11 00, = 0 and (C*,0) is a cochain complex.

Definition 21.4. Call H"(C,; G) = ker §,,/im d,,_1 the cohomology of (C., ) with coefficients in G. In
the case that G' = Z, we usually abbreviate this via H"(C,) = H"(C\;Z).

Remark. As groups, H"(C,; Q) is determined by (and also determines) H, (C,; G). However, we will
see that we can put a ring structure on @, , H"(C,; G), which is a stronger invariant.

Definition 21.5. If (A,,0), (B.,d") are two chain complexes and « : (A, d) — (B, d') is a chain map,
then o* : B* — A* given by § — o« is a cochain map, i.e. d o a* = a* 0 §’. Hence, the map « induces
a homomorphism o* : H"(B,; G) — H"(A.; G).

Exercise 21.1. Show the following:
1. If a: (As,0) = (B,,0') and B : (B, 0') — (C,,0") are chain maps, then (f o a)* = a* o *.
2. id* = id and 0* = 0, where id is the identity map and 0 is the zero map.
Remark. As mentioned above, H,(C,;0) determines H"(C,,d), but this is not obvious.
Example 21.5.1. Consider the chain complex (C, 0):

X2

0 > 7 0 , 7 s 7, ° .7
[ [ [ [
Cs Cy & Cy

so we have H3(C\) = Hy(C\) = Z, Hy(C,) =20 and H,(C,) = Z/2Z. After dualizing, we have

)
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C 3 CQ Cl CO

[ [ [ [
0 < 7 < 7 < 7 < 7 < 0

0 X2 0

so we get H3(C,) = H°(C,) X Z, Ho(C,) = 7Z/27Z and H,(C,) = 0. In particular, we see that H™ is not
something simple like Hom(H,,, Z) in general.

Remark. There is a natural map from the cohomology and homology groups to G:
H"(Cy;G) x Hy(Cy; G) — G,
([al, [8]) ¥ a(B).
(Check that this is well-defined.) So there is a “natural” map ® : H"(C,; G) — Hom(H,(C\, 0),G) by

[a] = (¢ : Ha(Cs,0) — G),
[8] — a(B).

We want to understand ® better: If A is an abelian group, then there exist free abelian groups F, R and
homomorphisms such that the following sequence:

f

0 » R s F—2 - A > 0
is exact (this follows by the first isomorphism theorem, since a subgroup of a free group is free).
Exercise 21.2. Show that functor Hom(-, G) is left exact, i.e. given an exact sequence of the form

Gl a)Gg B)Gg > 0

then the following sequence:
0 —— Hom(Gs, G) —2— Hom(Gs, G) —<— Hom(G4, G)
is also exact, but given an exact sequence of the form

0 y G —— Gy

then it is not always true that a* is surjective, i.e. we can lose exactness on the right.
Definition 21.6. Define the functor Ext(A4, G) = Hom(R, G)/im f*[]
Remark. Note that the sequence

0 —— Hom(A4,G) —~— Hom(F,G) —— Hom(R,G) — Ext(A,G) — 0
is exact, so Ext(A, G) is exactly the obstruction to f* being surjective.
Example 21.6.1. If A =7, then we have

R F G

| | I
0 s 0 v 7, 4 4 7 y 0

so Ext(Z,G) = Hom(R, G)/im f* = 0/im f* = 0. For Z/nZ, This is

IThe name “Ext” comes from “extension”.
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R F G

| | |
0 y 7 —" 7. s Z./nZ — 0

so we have Ext(Z/nZ,G) = Hom(Z, G)/im f* = G /nG.
Exercise 21.3. Show that Ext(Z/nZ, Z/mZ) = Z/dZ, where d = ged(m, n).
Exercise 21.4. Show the following:
1. Ext(A, G) is independent of F, R, f, g.
2. Ext(H @ H',G) = Ext(H,G) & Ext(H', G).
3. Ext(H,G) =0if H is free.
4. Ext(Z/nZ,G) = G/nG
5. From above, we can compute Ext(H, G) for any finitely generated abelian groups H, G.
6

. Ext(G,Q) = 0 for any G.

21.3 Universal Coefficient Theorem
Theorem 21.1 (Universal coefficient theorem). The following sequence:
0 —— Ext(H,_1(C,),G) —— H"(C,;G) —2— Hom(H,(C,),G) — 0

is exact, splits (i.e. H"(Cy;G) = Ext(H,,—1(C\),G) @ Hom(H,(C,),G) but not in a natural way), and is
natural with respect to chain maps. In particular, the cohomology groups are determined by homology.

Proof. This is purely a fact of algebra, see Hatcher. O

Corollary 21.1.1. If F), is the free part of H,(C,) and T, is the torsion part of H,(C.), then
H'(ChZ) = F, & T, .

Proof. This follows from the universal coefficient theorem and the exercises. O

Example 21.6.2. Suppose that we have

(7, ifn=0,
H,(C,,0) = Z/2Z if nis odd,

L0 otherwise.
Then we can compute that
(7. if n =0,
H"(CxZ) =10 if n is odd,

| Z/27  otherwise.
This follows directly from the corollary.
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For Z/2Z-coefficients however, we need to use the universal coefficient theorem:

Hom(Z;7Z/27) if n=0,
H"(C.;Z,/27) = { Hom(Z/22;2,/2Z) ® Ext(0;Z/2Z) if n is odd,
Hom(0;Z/2Z) & Ext(Z/2Z;Z/2Z) otherwise
=7/2Z foralln>0

since Ext(0;Z/27Z) = Hom(0; Z/27Z) = 0.

Corollary 21.1.2. If a chain map induces an isomorphism on all homology groups, then it induces an
1somorphism on all cohomology groups.

Proof. 1f o : (C,,0) — (C%, ') induces isomorphisms on all homology groups, then

0 — Ext(H,1(C,),G) —— H"(C,;G) —— Hom(H,(C,),G) —— 0

Ta* Ta* Ta*

0 — Ext(H,1(C.),G) —— H"(C.;G) —— Hom(H,(C.),G) —— 0

The a* on the ends are isomorphisms, so the a* in the middle is also an isomorphism. ]



Lecture 22

Apr. 2 — Cohomology, Part 2

22.1 Cohomology of Spaces

Definition 22.1. Let X be a topological space and (C,(X), ) be the singular chain groups of X. The
cohomology of this complex, denoted H"(X; G), is called the cohomology of X (with coefficients in G).
Similarly for a pair (X, A), we get H"(X, A; G) from the chain complex (C,(X, A),d).

Remark. From Corollary 21.1.2] we know that if X is a CW complex, then we get the same cohomology
groups if we use (CCWV(X), V) in place of (C.(X),d).

Remark. We state the following facts that carry over from homology:

1. If f: X — Y is a map, then we get a chain map f, : C,,(X) — C,(Y), and thus a homomorphism
fFH"(Y;G) - H'(X; G).
2. If f,g : X — Y are homotopic, then f,, g, are chain homotopic, i.e. there exists a map p, :
Cn(X) — Cpyq(Y) such that 0,41 © pp + Pp_1 0 0y = fn — gn. Dualizing, this becomes
pPod+8opt = ff—g-.
This implies that if f ~ g, then f* = ¢* on H"(Y; G).
Remark. Exactly as we did for homology, we can also prove:
1. Ezact sequence of a pair: We have the long exact sequence
D HY(X,A) L HM(X) —S HP(A) S H™U(X,A) ——s -
and if f: (X, A) — (Y, B), then the following diagram commutes:
H™(A) —— H™Y(X, A)
f*T f*T
H™(B) —2— HN*Y(Y,B)
2. Excision: If Z C Z Cint A C A C X, then the inclusion map
(X —-Z,A-7)— (X,A)

induces an isomorphism

H"(X,A) — H"(X — Z,A— Z).

80
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3. For a point, we have
G iftn=0,

0 otherwise.

H"({pt}; G) = {

4. Mayer-Vietoris: If X = AU B with A, B open, then
- —— H"(X) —— H"(A)® H"'(B) —— H"(ANB) —— H""'(X) —— ---
Exercise 22.1. Show directly (i.e. without appealing to the universal coefficient theorem) that

G if k=0,

7 and H*(S™G)= H*(D",0D™;G) =
0 otherwise

if k=
Hk(Dn7G) _ G i Q,n,
0 otherwise.

22.2 Products

Remark. We will define two products on cohomology: The first is the cross product
HP(X) x H(Y) — HP"(X x Y)
(v, B) — a x f3,

which satisfies the following properties: It is bilinear:

(1 + ag) x B = (a1 X B) + (g x B),
a X (B1+ B2) = (a x B1) + (a x Ba),

and natural: If f: X' — X and g : Y’ — Y, then
(fre) x (g°8) = (f x g)*(a x B).
The second is the cup product:
H?(X) x HY(X) — HP(X)
(a, f) — a U B,

which is also bilinear:

(+a)Uf=(qUpB)+ (U P),
aU (B + f2) = (@UBr) + (U By),

and natural: If f: X' — X, then
[rlaup) = (ffa)U(fB).

Remark. We will see that the cup product is more useful, but the cross product is usually easier to
compute. However, they are logically equivalent. To see this, let p; : X XY = X andps: X XY =Y
be the projection maps and A : X — X x X : p+— (p,p) be the diagonal map. Suppose we have a cup
product U, then we can define a cross product via

Xy HP(X) x HI(Y) — HPT(X X Y)
(@, B) — (p1a) U ().
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Check as an exercise that x, is bilinear and natural. Conversely, given a cross product X, we can define
Uy : HP(X) x HY(X) — HP™(X)
(a, B) — A% (a x B),

which one can check is a cup product. Note that A* : H*(X x X) — H*(X) is the reason we need to
work with cohomology for this construction.

Remark. Note that given U, we have U, , = U. Indeed, we have
a Uy, = A%axy ) = A%(pi(a) Upy(B)) = (A% o pi)(a) U (A" o p3)(6)
= (p1oA) (@) U(p2oA)*(B) =aUpB.

Similarly, one can verify that given x, we have X, = X.

22.3 Tensor Products
Definition 22.2. Let G, H be two abelian groups, and let F'(G x H) be the free abelian group generated
by G x H, i.e. finite formal sums ) . n;(g;, h;) with n; € Z, g; € G, and h; € H. Let
S = subgroup of F(G x H) generated by (g +¢',h) — (g,h) — (¢, h),
(ga h + h/) - (97 h) - (97 h’/)a
(nga h) - n(ga h)a

(gunh’) - n(97 h)7
for all g,¢' € G, h,h',€ H, and n € Z.

The tensor product of G and H is the group G ® H = F(G x H)/S. Denote the coset of (g, h) by g ® h,
so that elements of G ® H are of the form Y% n;(g; ® hy).

Remark. In G ® H, we have the following properties:
(g+d)®h=9g@h+4¢ ®h,
g (h+h)=gh+g@N,
(ng) ®h=n(g®h) =g® (nh).
Exercise 22.2. Verify the following properties of the tensor product:
. G H=H®AG.
2 (@®,G)® H=@,G o H),
3. (GH)K=2G®(H®K).
4. Z0G=d.
5. Z/n® G = G/nG.
6. Given homomorphisms f : G — G’ and g : H — H’, the map
fRg:GH — G @ H
z @y — f(z) ®g(y)

is a well-defined homomorphism.
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7. A bilinear map ¢ : G x H — K induces a homomorphism G ® H — K by g ® h — ¢(g, h).

Remark. Part (7) of the previous exercise is part of the reason why we define the tensor product: It
turns a bilinear map into a linear map, which is easier to work with.

Remark. We can define tensor products more generally for R-modules, where R is a commutative ring
with unit. We will not need this, however.

22.4 Cross Products

Definition 22.3. Define the tensor product of chain complexes (Cy,d) and (C7,d) to be the chain
complex C' ® C" with

(CoC), =P ey

i+j=n

and boundary map 9% : C ® ¢ — C ® C’ given by

9%(a®b) = (0a) @b+ (—1)'a® (D).

Exercise 22.3. Verify that (9%)% = 0.

Definition 22.4. Define the algebraic cross product by

Xalg + Hp(C) © Hy(C") — Hpyo(C' @ C)
Pl @ [w] — [z @ w].

Remark. This is well-defined, e.g. if 2 =Z 4 07 (i.e. 2,Z € [2]), then
2Quw=0Z+01)Qu=2Quw+d(TQw) =20 w® I®(Tw)
since 'w = 0, so [z ® w] = [Z ® w]. One can also check z ® w is independent of the choice of w € [w].

Exercise 22.4. Show that X, is natural with respect to chain maps.

Theorem 22.1 (1/2 Kiinneth Sequence). The following sequence is exact:

0—— P (H,(C) ® Hy(C")) = H,(C  C")

p+g=n
Proof. This is purely a fact of algebra (we will also not need it), see Hatcher. m

Remark. If X,Y are CW complexes, we get a CW structure on X x Y by taking products of cells: If

el is an i-cell of X and €%, is an '-cell of Y, then e} x €%, is an (i +i')-cell of X X Y.

. . - . , L,
oz}:ae;-—>X1 L' and a}:@@}—)yz 1

L,
et is

are the attaching maps for e§~ and éél,, then the attaching map of eé« X €]

(el x ) = [0} x U el x 92,] — (X' x YU (X' x Y € (X x Y) !
[aeé X /éj'/’] > (I,y) — (Oé;(]}),g)

€} x 920 3 (2,) — (&, 0(v).
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Remark. For a = 3 afel € CW(X) and b= g% € CSV(Y) (with o, * € 7Z), define

a@b=> ofp(e;®e)).
From above, the boundary map is given by

0N(axb)=> afp(0NVe x & + (—1)'¢;, x 9VE)
= 0WVa x b+ (—1)'a x OWVb.

Thus we get chain maps

P V(X)) 2 SV (Y)) 5 CV(X x Y)

ptq=n

CV(X xY) 5 @ (CEV(X) @ CSV(Y)),

p+q=n

where A is given by

A( > aiﬂ‘(efixe?”) = 3 de o)

pitg;j=n pitq;j=n

One can easily check Ao B(a®b) =a®band Bo A(a) = a, so we get an isomorphism on homology:

HOV(X xY) = H,(C®V(X) ® C°V(Y))

Remark. In singular homology, do the following:

B : Cp(X) @ C(Y) — Cpag(X X Y)
(0: AP 5 X7 A= Y)r— (o x7: AP X AT X xY),

where we can break AP x A? into several (p + ¢)-simplices. Now given o : A" — X, set

00 AP = X 2 (tg, ..., t,) —> o(to,...,15,0,...,0)
o, AT — X i (tg, ..., t) —> 0(0,...,0,t0,...,t,).

We can then define

A:C(X xY) — P (Co(X) @ Cy(Y))

pt+gq=n

g Z p(Px ©0) ® (py 0 0)q,
ptq=n

where px : X XY — X and py : X XY — Y are the projection maps.
Theorem 22.2 (Eilenberg-Zilber). The maps A, B induce isomorphisms on singular homology.

Definition 22.5. The homological cross product x is given by the composition X = B o X ,:

Hy(X) ® Hy(Y) =5 Hyoo(C(X) @ C(Y)) —2 Hyrg(X x Y)



Lecture 23

Apr. 7 — Cohomology Ring

23.1 Ring Structure on Cohomology

Definition 23.1. Given chain complexes C,, C’, define the algebraic cross product on cohomology by
Xalg - CP<C*(X)7 Gl) ® Cq(cia GQ) — Cerq(C* ® C:a Gl ® G2>
a®fr— axp,
where a x 3 : C, ® C}, — Gy ® Gy is defined by » (2 @ w;) = > (a(2) @ B(w;)).

Remark. If G; = G5 = R for some ring R, then G; ® g G5 = R. In particular, if G; = G5 = Z, then all
of the groups have the same coefficients.

Exercise 23.1. Show that X, is well-defined on cohomology.

Definition 23.2. The cohomological cross product x is given by the composition X = A* o X, i.e.
HP(X:G1) @ HY(Y; Ga) = HP(CLU(X) ® Cu(Y): G1 ® Ga) " HPI(X x Y161 ® G)

Define the cup product U: HP(X) x HY(X) — HP™(X) on cohomology by a U 8 = A*(a X f3).

Remark. Recalling what the map A is, we can see that for « € C?(X; R) and § € C%(X; R), their cup
product a U : Cppy(X; R) = R is given by a U (o) = a(,0)5(0y).

Theorem 23.1. We have the following:
1. Let 1 € HY(X; R) be the element represented by the cocycle

1:Co(X) — R
oc—1

Then 1Ua =a Ul =« for any .

2. U makes C*(X; R) = @, CY(X;R) and H*(X; R) = @, H(X; R) into a ring with unit that is
natural with respect to pullbacks, i.e. for f: X — Y, we have

faup) = (ffa)u(fB)

3. On cohomology, a U B = (=1)*5 U« for any « € HP(X;R) and f € HI(X; R).

In particular, H*(X) is a skew-commutative ring with unit.

Proof. See https://etnyre.math.gatech.edu/class/6441Spring21/SectionIII.pdf. O
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23.2 Computations of Cohomology

Example 23.2.1. Recall that

Z if k=0,n,

0 otherwise,

Humﬁﬂ#ww%{

and so
Z if k=0,n,m,n+m,

Hi(S™ x S™) = H*(S" x S™) =
(57 > 5) (57> 5™) {0 otherwise,

where H,, = Z & Z if n = m. One can compute this using the product CW structure on S™ x S™: Let
€Y, e™ be the cells for S™ and f°, f™ be the cells for S™, so that the cells for S™ x S™ are

eV x fO, e x fO e x M oet x fm
Recall that the following sequence is exact:

0 — 5 Hy(S") @ Hp(S™) ———— H, (8™ x S™)

I I
ZZL=([e") (/™ = (a) @ (b)) Z

where the generator a ® b in H,,(S") ® H,,(S™) maps to a X b= [e" x f™] in H,,,(S" x S™). Let @
and 8 be the dual of @ and b in Hom(H"(S™); Z) = H™(S™) and Hom(H™(S™);Z) = H™(S™). Then

ax Blaxb)=ala)Bb) =1,

so @ X [ generates H™m(S™ < S™). Let py : 8" x S™ — S™ and py : S™ x S™ — S™ be the projections,
and set o = pi@, B = p3fB. We claim that « generates H"(S™ x S™) and [ generates H™(S™ x S™).

To see this, consider the inclusion i; : S — S™ x S™ by = — (x, pg) for some fixed py € S™. Then
o p(@) = (m o in)'@ = (ids:) T =a
so pj(@) must generate H™(S™ x S™). A similar argument works for /.
Now by the relation between U and x, we have
aUf = (pia)uU(psB) =ax b,
so « generates H™(S™ x S™), 8 generates H™(S™ x S™), and aU 8 generates H" T (S™ x S™) with
1Uug=g forall ge H*(S" x S™).
So we know all of the nontrivial cup products in this setting.

Example 23.2.2. Let X = 52 x S% and Y = S* Vv $3 vV S°. We know H*(X), H.(X) from above, and

Z ifk=0,23,5,

H*(Y) = Hy(Y) =
¥) oY) {0 otherwise.

Also m(X) = m(Y) = {e}, so the fundamental group, homology, and cohomology of X, Y all match.
But let «, 8 be generators of H*(X) in dimensions 2,3, so a U 8 # 0. Consider the composition
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S5t yy P65

where p oi = idgs, so (idgs)* = p* 0i*. So i, : H>(Y) — H®(S?) is surjective, which implies that i, is an
isomorphism since any surjective homomorphism Z — Z is an isomorphism. For any x € H*(Y') and
y € H3(Y), we can compute

if(xUy)=i"(z) Ui*(y) =0U0 =0,

so z Uy = 0. So there is no nontrivial cup products between H?(Y) and H3(Y). In particular, we see
that X and Y do not have the same cohomology rings.

23.3 Cup Products and Relative Cohomology

Definition 23.3. Recall that if A C X, then C,(X, A) = C,,(X)/C,(A). So we can define
C"(X, A; R) = Hom(C,,(X)/C,(A), R).

Remark. Note that the following sequence is exact:
Co(A) — C(X) —— Ch(X,A) —— 0
so by left-exactness of the Hom functor, the sequence
0 —— C™(X,A;R) — C"(X;R) -~ C"(A: R)
is also exact. Thus C™(X, A; R) = im ¢* = keri*. Now if n € C"(X; R), then i.(n) is just the restriction
of n to C,(A), so we see that C"(X, A; R) is the elements of C™(X) that vanish on C,,(A).
With this, (a Ub)(0) = a(,0)b(0,) for all a € HP(X; R), b € HY(X; R) implies that U induces products
HP(X, A; R) x HY(X; R) — H""(X, A; R)
H?(X;R) x HY(X, A; R) — H""(X, A; R)
HP(X, A; R) x HY(X, A; R) —» HP*(X, A; R)

With some more work, we can also obtain an induced product
H?(X,A;R) x H(X, B; R) — H""(X, AU B;R)

For this, note that U maps CP(X, A; R) x C%(X, B; R) — CP™1(X, A+ B; R), where C?"%(X, A+ B; R)
is the set of cochains that vanish on elements of the form a + g with o € C,44(A), 5 € Cpiy(B), so

Cyrg(X)
Ut OP(X, A; R) x C9(X, B:R) — C""I(X, A+ B R :Hom< 5 ,R).
(X, A;R) x C'(X, B; R) ( ) e

There is an inclusion Cpy4(X, A+ B) — Cpy4(X, AU B), so arguing as we did in the proof of excision,
we can see that this map induces an isomorphism on homology, so we also get

HP*(X A+ B;R) = H"*(X, AU B; R).
on cohomology. Thus we get the desired induced product.

Lemma 23.1. Suppose X = U UV with U,V open and H,(U) = H,(V) =0. Then a U3 =0 for all
a, f € H*(X) with positive degree.
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Proof. In the long exact sequence of a pair, for p > 0 we have

HP(X,U) —— HP(X) —2 HP(U)

I
0

so we have i*(a) = 0 for all € HP(X). Thus there exists @ € H?(X, U) such that j*@ = . Similarly,
we can find § € HY(X,V) such that j*8 = 5. Now aU p € HPTI(X, UUV) = HPT(X, X) =0, but we
have the commutative diagram (check this, since the j* are technically different maps)

HP(X) x HI(X) —Y—— HP"(X)

J'*Xj*T j*T

HP(X,U) x HI(X,V) —2— HPtY(X,UUV)

so we get a U 8 = (j*a) U (j*B) = j*(@U B) = j*(0) = 0. O

Example 23.3.1. We have the following applications of the lemma:
1. S™ x S™ is not the union of two acyclic sets]
2. A suspension XX = (X x [0,1])/(X x {0}, X x {1}) has no nontrivial cup products.
3. 8™ x S™ is not a suspension.

Exercise 23.2. If X is the union of n contractible open sets, then all n-fold cup products are trivial.

1A set X is acyclic if H,(X) = 0.



Lecture 24

Apr. 9 — Poincaré Duality

24.1 More Products

Remark. Recall that we have a map C,(X) x C?(X; R) — R by (8, a) — «a(8). Write a(8) = (o, ).

Exercise 24.1. Show that the pairing (-,-) is non-degenerate, i.e. if a« € C?(X; R) and («, ) = 0 for all
B € Cp(X), then a = 0, and similarly, if 5 € C,(X) and («a, 5) = 0 for all &« € CP(X; R), then 8 = 0.

Definition 24.1. Given a non-degenerate pairing, we can look at the adjoint of U with respect to
this pairing, i.e. the map N : Cpyy(X; R) x CP(X; R) — Cy(X; R) such that for o € CP(X; R) and
B € Cpry(X; R), the element 8N« is the unique element in C,(X; R) such that

(BNa,vy)=(B,aU~) forall ye€ C!X;R)

Call this adjoint N to be the cap product.

Remark. If we think of « U+ as a map C9(X; R) — CP*(X; R), then - N « is the adjoint of this map
with respect to the pairing. In this perspective, we can define N as follows:

BNa=a8)p
Exercise 24.2. Check that - N« is the adjoint of U -.
Exercise 24.3. Show that ¢ : C"1(X) — C™(X) is the adjoint of 9 : C,,(X) — C,,_1(X), i.e.
(8,0a) = (9B, ).
Lemma 24.1. C.(X; R) is a unitary C*(X; R)-module using N.
Proof. We need to see that SN (aUvy) = (BNa)Ny. We have (8 € Cprgir(X))
BN (aUy) = (aU)(preB)Br = a(pB)((p+48)q) Br-

We also have
(BNa)ny = (aly)Berr) Ny = alpB)7(4(Bgsr)) Brs

which are the same since (,443); = ¢(B4+r). Check the rest (module axioms) as an exercise. O

Lemma 24.2. If § € Cp1y(X; R) and a € CP(X; R), then
IfNa)=(—1)P0Na—LENoa).
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Proof. By non-degenerateness, it suffices to see that the equality holds when we pair with all possible
elements in C7}(X; R). For the right-hand side, we have

(=108 Na—BNoa,v) = (-1’08 Na, 7)) — (BN, 7))

—1)P((0B,a U7y) — (B,0a U7))
—1)P((B,0(aU7)) —(B,5a U~)

—1P((B,0a U7) + (=1)P(8,a U dy) — (B,6aU7)
B,aUdy) = (BNa,dy) =(0(BNa),v),

where we used that N is the adjoint of U and ¢ is the adjoint of 0. This proves the result. O]

Exercise 24.4. Use the lemma to show that N is well-defined on cohomology and homology.

Lemma 24.3. Let f : X — Y. Then for any 8 € H,,(X; R) and o € H?(Y; R),
LB fa)) = fi(B) Na
Proof. Check this as an exercise. n

Remark. We can also get a relative cap product
H,. (X, A;R) x H?(X,A;R) — H,(X: R)
H, (X,A;R) x H (X;R) — H,(X, A; R)
We will check that the first map is well-defined, the second is similar.

To check this, let [5] € Hp4(X, A; R) and [o] € HP(X, A; R), so B € Cpiy(X, A; R) and o € CP(X; R),
where « vanishes on C),(A). We need to see that 9(8 N ) is zero in C4*(X) and not just in C,_1(X, A).
Write (5 Na) = (—1)?(08 Na — BN doa), and note that

1. (0B Na,y) = (0B,aUy) =0 since 98 € Cpiq-1(A), so I Na = 0.

2. (80160,7) = (8,60Un) = (50 U)(B) = 8y (8)) -1 (Bar) = (Bpiaf) - 1(By1) = O since we
have 0,115 € Cpt1(A) and da vanishes on elements of Cp1(A4; R)

This shows that (8 Na) =0 in Cp_1(X).

24.2 Poincaré Duality

Definition 24.2. A manifold of dimension n is a topological space M that is Hausdorff and locally
FEuclidean, i.e. every point in M has an open neighborhood U which is homeomorphic to R" (we call
such an open neighborhood U a coordinate chart).

Remark. Many definitions ask for M to be second countable, but we do not need that.

Definition 24.3. A manifold with boundary of dimension n is a topological space M that is Hausdorff
and such that each point in M has an open neighborhoods homeomorphic to R" or

R = {(z1,...,2,) € R" : 1, > 0}.

Define OM to be the points in M that do not have a neighborhood homeomorphic to R", and define
int M to be those points which do have a neighborhood homeomorphic to R".
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Exercise 24.5. Check the following properties:
1. 0(OM) = @;
2. J(int M) = oM,
3. d(int M) = &;
4. OM is an (n — 1)-manifold.
Definition 24.4. A manifold M is closed if M is compact and OM = &.
Example 24.4.1. The following are examples of manifolds:
1. Surfaces are 2-manifolds.
2. " C R,
3. Products of manifolds are manifolds, e.g. S™ x S™ is a manifold.
4. RP™ is an n-manifold, and CP" is a 2n-manifold ][]
Theorem 24.1. Let R be a ring. Then:

1. Let M be a closed connected manifold of dimension n. Then M is R-orientable if and only if
H,(M;R) = R.

2. Let M be a compact connected manifold with boundary of dimension n. Then M is R-orientable if

and only if H,(M,0M;R) = R.
Remark. We will define R-orientability later, but for now, here are some facts:
1. Any manifold is Z/2Z-orientable.
2. The “standard” definition of orientable (e.g. in differential topology) is equivalent to Z-orientability.

3. A choice of generator for H,(M; R) is called a fundamental class of M, denoted by [M], and [M]|
“determines” an R-orientation on M (similarly for [M,0M] and a generator for H,,(M,0M; R)).

Theorem 24.2. We have the following:

1. (Poincaré duality) If M is a closed connected R-orientable n-manifold with fundamental class [M],
then the map [M]N-: H?(M; R) — H,_,(M; R) is an isomorphism.

2. (Poincaré-Lefschetz duality) If M is a compact connected R-orientable n-manifold with boundary
and [M,0M] is a fundamental class, then O[M,0M] = [OM], where

0:H,(M,0M;R) — H, 1(0M;R)
is the map in the long exact sequence of the pair (M,0M). Moreover,
e S HP V(M) ——— HPYOM) —— HP(M,OM) —— HP(M) —— -

l[M,&M]ﬂ- %l[aM]ﬁ- l[M,aM]ﬂ- l[M,BM}m-
-— H,_ (M, 0M) — H,,_,(0M) —— H,,_,(M) —— H,_,(M,0M) —— ---

where all vertical arrows are isomorphisms and the diagram commutes up to sign.

'Recall that RP" = (R**! — {0})/(R — {0}) and CP™ = (C"** — {0})/(C — {0}).
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Apr. 14 — Poincaré Duality, Part 2

25.1 Applications of Poincaré Duality

Corollary 25.0.1. Let M be a closed oriented n-fold. Then the cup product pairing

HY(M) HPOM)
tors tors
(a, B) — a U B([M])

is non-degenerate, and if « is a generator of HP(M)/tors, then there exists f € H" P(M)/tors such that
aUp is a generator of Z = H™(M).

Proof. Recall that the universal coefficient theorem says we have a short exact sequence:
0 —— Tor(H, (M);Z) —— H?(M;Z) —>— Hom(H,(M);Z) — 0

where ¢ maps a — ¢(«), where ¢(a) : H,(M) — Z is given by o — a(c). Thus

—H:(Ef ) Hom(H,(M); Z) = Hom(H, (M) /tors; Z)

since every homomorphism must send torsion elements to 0 € Z. Poincaré duality says

H"P(M) , Hy(M)

tors tors
by the map a — [M] N a, so we get a map ® : H?(M)/tors — Hom(H,,—,(M)/tors; Z), where
®(a) : H*P(M)/tors — Z
Br— ¢(a)([M]NB) = a([M] N B) = aU B([M])

This map is an isomorphism since it is the composition of two isomorphisms. So if (5 U «)([M]) = 0 for
all 8, then ®(a) = 0, which implies aw = 0. Similarly, one can see that if S U« = 0 for all a, then 5 = 0.
This shows that the pairing is non-degenerate.

Now if o € HP(M)/tors is a generator, then there is a homomorphism v : H?(M)/tors — Z sending «
to 1 (since HP(M)/tors is a free group), so from above, there exists an element S € H™" P(M)/tors such
that ®(5) = v, i.e. ¥(y) = (BU~Y)([M]) for any v € HP(M)/tors. Then we get

1=4¢(a) = (BUa)([M]),
so S U« must generate H"(M;Z). O
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Corollary 25.0.2. The cohomology ring of CP™ is H*(CP™;Z) = Z[x]/{x" "), with degx = 2.
Proof. Recall that CP™ has a CW structure with a single 0-cell, 2-cell, 4-cell, ..., 2n-cell, so

Z itk=0,24,...,2n,

0 otherwise.

H*(CP™,7Z) = {
Note we have an inclusion map i : CP"~! — CP". The long exact sequence of the pair (CP™, CP"™1) is
. —— H¥CP",CP"') —— H*(CP") - H*CP" ') —— HF(CP",CP" ) — ...

Note that CP"/CP" ! = §?" 1If k < 2n — 1, then we have

sk

0 —— H*CP") ——— H*(CP" 1) —— 0

so i* : H*(CP") — H*(CP"!) is an isomorphism for k£ < 2n — 1 (when k = 2n — 1, both are 0).

Note that the corollary is clearly true for CP!, where H*(CP';Z) = Z @ Z, where the first Z corresponds
to 1 with degree 0 and the second Z corresponds to x with degree 2.

Now we proceed by induction. Assume that the statement is true for CP"™1, so we can find a generator
r € H*(CP™ '), and ¥ generates H?*(CP"!) for k < n — 1. We know ¢* induces an isomorphism from
H?(CP™) — H?*(CP"'), so there exists a y € H*(CP") with i*(y) = x. Therefore, y* must generate
H?*(CP") for k <n — 1, since i*(y*) = (i*(y))* = 2* generates H?**(CP"1).

For k = 2n, Corollary [25.0.1] says that there is a generator in H*"~2(CP™) which cups with y € H*(CP™)
to be a generator of H**(CP"), so y Uy" ! generates H**(CP"), which finishes the induction. O

Corollary 25.0.3. Any homotopy equivalence CP?" — CP?" preserves orientation.
Proof. If f: CP? — CP?" is a homotopy equivalence, then let x generate H?(CP?*") and we see
ff(x) = .

Note that 22" generates H¥"(CP?*") and f*(z*") = (f*(x))*" = (£z)?" = 2", so f* fixes the generator
of H*(CP?"). Thus by the universal coefficient theorem, f, fixes the generator of Hy,(CP?"), i.e. it
fixes a fundamental class, and hence an orientation. O

Corollary 25.0.4. Let M be a closed oriented n-manifold. Then
Free H,, (M) = Free H,(M) and Tor H, (M) = Tor Hy_1(M).
If n is odd, then x(M) =0, and if n = 4k + 2, then x(M) is even.

Proof. The first part follows by the universal coefficient theorem and Poincaré duality.

For the second part, recall the Euler characteristic is given by
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where the b; are called the Betti numbers. If n = 2m + 1 is odd, we can write

m 2m—+1 m m
XOM) = (=14 Y (=1 =D (=1)bi+ Y (=1 bopin
i=0 i=m-+1 i=0 i=0

S+ S =0,
=0 =0

Now if M is even-dimensional, then the above computation gives x(M) = b,/» + even number. So if
dim M = 4m + 2, then x(M) is even if and only if by, is even. Corollary implies that

H?™ (M) H>™ (M)

tors x tors

is non-degenerate and skew-symmetric. It is now an exercise in linear algebra to show that if V is
a k-dimensional vector space and ¢ : V' x V — R is a non-degenerate skew-symmetric pairing, then
k is even. (Hint: If W is a subspace of V and W+ = {v € V : ¢(v,w) = 0 for all w € W}, then
(WHL =W and dimV = dim W + dim W+. Now given v € V, there is some v’ such that g(v,v’) = 1.
Let w = span{v, v}, and consider W @& W+.) The corollary then follows. O]

— 7

Corollary 25.0.5. Let M?*" = oVt with V' compact, orientable and M connected. Then rank H™(M)
15 even and we have the relation

dim(ker(i, : Hy,(M) — H,(V))) = dim(im(:* : H*(V) — H"(M))) = %dimH”(M).

Moreover, any two classes in imv* cup to be zero.

Proof. Consider the long exact sequence (by Poincaré-Lefschetz duality)

H(V) — H™(M) -~ H™(V, M)

%l[M]m gl[v,avm

H,(M) —=— H,(V)
So [M] N (imé*) = [M] N (ker §*) = keri,, and we have
rank ¢ = dimim¢* = dimkeri, = dim H,(M) — dimim i, = dim H,(M) — dimim ",
where the second-to-last equality is by the rank-nullity theorem for modules. The last equality is by

(T"a,c) = (") (c) = alic) = (a,i.c),
i.e. i* and i, are adjoints, and adjoints have the same rank. So dim H,, (M) = 2dimim*. ]
Corollary 25.0.6. If M = 0V is connected and V' is compact, orientable, then x (M) is even.
Proof. If dim M is odd or dim M = 4n + 2, we have already seen that y (M) is even by Corollary 25.0.4
Now if dim M = 4m, then the proof of Corollary [25.0.4| says that x (M) is even if and only if by, is even,
which Corollary [25.0.5| says that it is. O
Corollary 25.0.7. CP?" is not the boundary of a compact, oriented (4n + 1)-manifold.

Proof. We have x(CP*") = 2n + 1, which is not even. O



Lecture 26

Apr. 16 — Fundamental Class and Algebra

26.1 Fundamental Class of a Manifold

Definition 26.1. Let M be a manifold of dimension n, and let R be a ring with identity (usually Z or
7.)27). If x € M, let U be an open set containing x and homeomorphic to R™, then by excision,

Using the long exact sequence of the pair (R”,R" — {0}), we have (note that R — {0} ~ S~ 1)

H,(R"; R) — H,(R",R" — {0}; R) —— H,1(R" = {0}; R) —— H,_1(R"; R)

I I I
0 R 0

so H,(M,M —{z}; R) = R for all x € M. Call a generator of H, (M, M — {z}; R) a local R-orientation
on M at x, and denote it by p,.

Remark. If R =7 /27, then there is a unique choice for p,, and if R = Z, then there are two choices.

Exercise 26.1. Show that the usual definition of orientability (e.g. from differential topology) at a
point x € M is equivalent to Z-orientability at z.

Definition 26.2. If B is an open ball in a coordinate chart U, then the above argument says that
H,(M,M — B;R) = R.
Moreover, the inclusion map i : (M, M — B) — (M, M — {z}) induces an isomorphism
H,(M,M — B; R) —2— H,(M,M — {z}; R)
so a choice of generator for one group determines a generator for the other. Thus if x,y € B, then
H,(M,M —{y}; R) = H,(M,M — B;R) = H,(M,M — {z}; R),

where both isomorphisms are induced by inclusions. So a local orientation at x induces one for y for all
y € B. An R-orientation on M is a choice of local R-orientation pu, for each x € M such that for all
open balls B C M contained in a coordinate chart, there exists a generator up for H,(M, M — B; R)
such that i, (up) = p, for all z € B. If M has an R-orientation, then we say that M is R-orientable. If
R =7, we just say that M is orientable.

Remark. One can think of the i,(up) = u, condition as saying that the choices at each z must be
compatible with each other.
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Lemma 26.1. All manifolds are 7 /27Z-orientable.
Proof. This follows since Z/2Z has a unique generator. ]

Lemma 26.2. If M is R-orientable and connected, then any two R-orientations that agree at a point
are the same, i.e. an R-orientation is determined by a local R-orientation at any point.

Proof. We argue using connectedness. Suppose { iz }zenrs {fiz }zerr are two R-orientations, and let
S={zeM:p, =i}

By assumption, S # @. Show as an exercise that S is open and closed, which implies S = M. O]

Corollary 26.0.1. If M is connected and orientable, then M has exactly two orientations.

Proof. There are exactly two choices for a local Z-orientation. O

Theorem 26.1. Let M be a closed, connected n-manifold. Then
1. If M is R-orientable, then the map i : (M,2) — (M, M — {x}) induces an isomorphism

iv: Hy(M;R) — H,(M,M — {z}; R) = R

for every x € M.
2. If M is not R-orientable, then the inclusion map is injective with image {r € R : 2r = 0}.
3. H;(M;R) =0 for all i > n.

Definition 26.3. An element [M] € H,(M; R) that maps to a generator of H,(M,M — {z}; R) = R
for all x is called a fundamental class of M.

Corollary 26.1.1. We have the following:
1. If M is a closed, oriented, connected n-manifold, then H,(M;Z) =7 and H,(M;Z/27) = 7./27.
2. If M is not orientable, then H,(M;Z) =0 and H,(M;Z/2Z) = Z]2Z.

Proof. This is clear from Theorem [26.1] (note that Z has no 2-torsion). O

Definition 26.4. Let
Mrp={a,:ze Mo, € H,(M,M — {z}; R)}.

We can put a topology on Mp as follows: For each open ball B contained in a coordinate chart and each
a€ H,(M,M — B;R), let U(a, B) = {i¥(«) }sep, where i* : (M, M — B) — (M, M — {z}).

Exercise 26.2. Check the following:
1. The sets U(a, B) form a basis for a topology on Mg.
2. The map 7 : Mr — M given by a, — x is a covering map.

3. If o : M — Mp is continuous such that 7o ¢ = idy; (such a map o is called a section of Mp > M)
and o(z) is a generator of H,(M, M — {z}; R) for all z, then o defines an R-orientation.
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Lemma 26.3. Let M be an n-manifold and A C M a compact subset. Then

1. If 0 : M — Mg is a section of Mg, then there exists a unique class ay € H,(M, M — A; R) whose
image in Hy,(M, M — {z}; R) is o(x) for all x € A.

2. H,(M,M — A;R) =0 for alli > n.

Proof. The lemma is proved through the following sequence of claims:
1. If the lemma is true for A, B, AN B, then it is true for AU B.
2. If the lemma is true for M = R"”, then it is true for all M.
3. The lemma is true for M = R".

The first two claims are exercises with Mayer-Vietoris, but the third is difficult. See the course notes. [

Proof of Theorem [26.1. This follows from Lemma see the course notes. m

26.2 Algebraic Limits
Definition 26.5. A set [ is a directed set if there exists a partial order ¢ < ¢’ defined on certain pairs in
I such that for all 7,4’ € I, there exists i € I such that ¢ <" and i/ <7".
Example 26.5.1. The following are examples of directed sets:

1. I = 7Z with the usual order <.

2. I = all subsets of a set X, where < is given by inclusion.
Definition 26.6. Suppose {M;};c; is a family of R-modules indexed by a directed set I, such that:

1. For all i <4, there is a homomorphism ¢;; : M; — M.

2. If i <" <" then ¢y = Py 0 Py

3. ¢i = idyy,.
Such a family is called a directed system of modules. The direct limit of a system {M,};c; is a module

M = hgq M;

together with homomorphisms ¢; : M; — M such that ¢; o ¢;; = ¢; and for any module N with maps
¥; + M; — N satisfying vy o ¢;; = 9, there is a unique homomorphism ¢ : M — N with ¢; = ¢ o ¢;.
Exercise 26.3. Show that direct limits are unique up to isomorphism.

Lemma 26.4. Direct limits exist.

Proof. Let M™ = @ M; and ¢ : M; — M send z to the I-tuple with x in the ith component and 0
elsewhere. Let J be the submodule of M* generated by

{63 0 dvi(x) = & (2) }aen

for all i,7/ € I. Set M = M™*/J and ¢; = wo ¢;, where 7 : M+ — M is the quotient map. Check as an
exercise that (M, ¢;) is indeed the direct limit. O
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Exercise 26.4. Show the following:

1.

If the M; are all submodules of M and for all i <4, the map ¢;; : M; — M, is just the inclusion
map, then @Ml =M.

If there exists m € I such that ¢ < m for all 7 € I, then ¢,, : M,, — @Mz is an isomorphism.

Suppose that for all i € I, we have M; = N; & P; and ¢y; = 1y @ pyr; for all i <i'. Let N = li_n}NZ-,
P = liﬂPZ-, and M = lim M;. Then there are maps ¢» : N — M and p : P — M which satisfy
Yo, = or|n, pop; :ﬁp, and v @ p: N® P — M is an isomorphism.

. A subset J C I is called final if for all ¢ € I, there exists j € J with ¢ < j. Applying the definition

of a direct limit to ¢; : M; — M, we get a homomorphism

A lim M — lim M;.

Show that A is an isomorphism.

Let {A;}ier, {Bi}ier, {Ci}ier be directed systems and suppose that for all i € I, we have (x)

A

A; y B -2 ¢,

such that for all i < ¢', the following diagram

Ai

A, s B —2 ¢,

¢><‘)i lﬁ. y@:.

Ay o B o Cy

7

commutes. Then we get homomorphisms ()
lim 4, —— lim B —"— lim C;

Show that if (%) is exact, then (xx) is also exact.

Lemma 26.5. Let {U,} be a directed system of subsets of X such that any compact set K C X is
contained in some U,. Then

liny H;(Uy: R) = H(X; R).

Proof. Clearly we have inclusion maps H;(U,; R) — H;(X; R) for all a, so we get a homomorphism

ling H; (U R) — Hi(X; R).

If [o] € H;(X; R), then imo C U, for some «, so H;(Uy; R) — H;(X; R) hits [0]. But we have

H;(Us: R) ——— H;(X;R)

|

ling H;(Uy: R)

so the map ligHi(Ua; R) — H;(X; R) is onto. A similar argument shows injectivity. O



Lecture 27

Apr. 21 — Poincaré Duality, Part 3

27.1 Cohomology with Compact Support

Definition 27.1. If M is an n-manifold, then let I be the set of all compact subsets of M, directed by
inclusion. Note that K < K’ implies that we have an inclusion i : (M, M — K') — (M, M — K), so

i+ HY(M, M — K; R) — HY(M,M — K'; R).
The collection {HY(M, M — K; R)}ke; is a directed system of R-modules. Define

Kel
which is called the cohomology with compact support.
Remark. Note the following:
1. If M is compact, then M is final in I, so HY(M; R) = HY(M; R).

2. One can think of elements in H?(M; R) as cochains that vanish off of some compact subset of M.

27.2 Poincaré Duality, Revisited

Remark. Fix an R-orientation on M (recall this means that we have a section o : M — Mg such that
o(x) generates H,(M, M — {z}) for all z), and let K be a compact set in M.

Lemma gives a class ax € H,(M, M — K; R) such that if(ax) = o(z), where i* : (M, M — K) —
(M, M — {z}). The cap product gives a map

H,(M,M — K;R) x H(M,M — K; R) — H,_,(M:R).

So ak N - gives a map H?(M,M — K;R) — H,_, (M; R), and if K C K’, then

H"(M,M — K; R) H,_,(M; R)
HP(M,M — K'; R

commutes. Thus we get a map H?(M; R) TNy - »(M; R).

99
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Theorem 27.1 (Poincaré duality, revised). If M is an R-oriented n-manifold, then
Dy HY(M; R) — H,_,(M;R)

s an isomorphism.

Remark. If M is compact, then this proves Theorem since H?(M; R) = H?(M; R).

Proof of Theorem [27.1. We prove the theorem in three steps:
(i) If the theorem is true for open sets U, V, and U NV in M, then it is true for U U V.

(ii) Let {U;} be a collection of open sets which is totally ordered by inclusion. If the theorem is true
for each Uj;, then it is true for U = |, U..

(iii) The theorem is true for any open set U contained in a coordinate chart of M.

Once we know (i)-(iii), the we can finish the proof as follows: Recall Zorn’s lemma, which says that if P
is a partially ordered set such that every chain (i.e. a totally ordered subset) has an upper bound, then
P has a maximal element. By step (ii) and Zorn’s lemma, there is a maximal element U C M for which
the theorem is true. If U # M, then let x € M — U. There exists an open set V' such that x € V and V
is in a coordinate chart of M, so the theorem is true for V- and U NV by (iii). So by (i), the theorem is
true for U UV, which contradicts the assumption that U was maximal. Therefore, U = M.

(iii) It suffices to prove the statement for open sets in R”. We consider the following steps:
(a) Let U be a convex open set in R".

Check as an exercise that U is homeomorphic to R". Therefore, in this case, we just need to prove
the result for R". Let K, be the closed (hence compact) ball of radius r in R", centered at the
origin. The collection {Kr},ﬁe(om) is final in the directed set of all compact sets. So

HP(R™; R) = lim H?(R”, R" — K) = limg H?(R",R" — K,,).
© i

Note that H?(R",R" — K,.) = 0 unless p = n (since R"/(R" — K,) = S™), so H?(R") = 0 for p # n.
Also, H,,_,(R™) = 0 for all p # n, so the theorem holds for p # n.

If p =n, then H*"(R",R" — K,.) = R for all r. Thus the inclusions are isomorphisms, so
H'R™“R)~R and Hy(R") = R.
Now consider ag, N+ : H"(R",R™ — K,.) — Ho(R™). Recall the formula
H"(R™,R" — K,) x H"(R",R" — K,) —> Hy(R")
(a, B) — Blae)ag = B(a)

where ,a denotes the the front n-face of . So the map ak, N - is given by 8 — B(ak,). We know
ag, is a generator of H,(R", R" — K,) (else it could not map to generators of H,(R", R" — {x})
for all z € K,.). Let f € Hom(H"(R",R" — K,), R) =2 H"(R,R" — K,.) that evaluates to 1 on ay,,
so [ generates H"(R",R" — K,) and ag, N = f(ak,) =1 € R.

Thus ag, N - is an isomorphism, so the theorem is true for convex open sets in R"”.
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(b) Let U be a general open set in R™.

Let {b;} be a countable dense set in U. For each i, let U; C U be an open ball centered at b,
soU =J;U;. Set Vi =U; and V; = V;_y UU; for i > 1. The theorem is true for the V; by the
following claim, (from which the theorem will follow for U by (ii)):

Claim. The theorem is true for finite unions of convex open sets in R".

To prove the claim, we induct on the number of convex sets. The claim is true for only one convex
set by (a). Now assume the claim is true for unions of ¢ convex sets, with i < k. Let Ay,..., Ax be
k convex open sets in R™. The result is true for each A; by (a), and the result is true for

<A1U"'UAk,1) and Akﬂ(AlLJ"'UAk,l)I(AkﬂAl)U"'U(AkﬂAk,l)

by induction, since A N A; is convex. So the theorem holds for A; U---U Ay by (i).
(ii) From Lemma [26.5, we have lian_p(Ui) = H,_,(U), induced by inclusion. Now if U; C U; and

K C U; is compact, then excision gives an isomorphism
H?(U;,U; — K) — H?(U;,U; — K).
The inverse of this isomorphism gives the composition
H?(U;,U; — K) — H"(U;,U; — K) — H?(Uj;).

Taking direct limits, we obtain a map H?(U;) — H?(U;). We claim the following:

Given the claim, note that Dy, : H?(U;) — H,,—,(U;) is an isomorphism by hypothesis. Since the direct
limit of isomorphisms is an isomorphism, Dy : H?(U) — H,,—,(U) is an isomorphism.

Now we prove the claim. As above, we get maps H?(U;) — HP(U), so we get a map
lim HY(U;) < HE(U)

on the direct limit. For any K C U compact, there exists some j such that K C U; for any i > j (since
the U; are increasing and an open cover of U). Thus, for i < j, we get a map

HY(U,U — K) — H"(U;,U; — K) — H*(U;),

so we get a map HP(U) N HP(U;). Show as an exercise that G, H are inverses of each other.

(i) This is an involved Mayer-Vietoris argument, see the course notes. O]

27.3 Next Steps in Algebraic Topology

The following are some further topics to study in algebraic topology:

1. Homotopy groups: Recall that m,(X, zy) = [S™, X]o, and for f: X — Y, we get a map

fo i mn( X, ) = o (Y, f(20)).
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e One has the following theorem:

Theorem 27.2 (Whitehead). If f : X — Y is a map of CW complezes and f, : m,(X) —
m(Y') is an isomorphism for all n, then f is a homotopy equivalence.

e For n > 2, the nth homotopy group 7,(X, z¢) is abelian.

e T, is very, very hard to compute in general, e.g.

(0 ifn=1,
7 if n=2,3,
o (57) 7.)27.  ifn=4,5,6,7,8,
7)37  ifn =29,
Z/15Z if n = 10,

e Given any abelian group G and integer n, there exists a space K (g,n) such that

G itk=n,
0 otherwise.

(K (G,n)) = {

e One has the following two theorems:
Theorem 27.3 (Brown). H"(X;G) = [X, K(G,n)].

Theorem 27.4 (Hurewicz). Let n > 2. If m,(X) = 0 for all k < n, then Hy(X) =0 for all
k<n and H,(X) = m,(X).

2. Spectral sequences: A map p: £ — B is a fibration if it has the homotopy lifting property, i.e. if
fi : X — B is a homotopy and fj is a lift of fy to £ (i.e. fo: X — F and po fo = fo), then there
exists a lift of ﬁ for all . Note that fibrations are everywhere, but computing the homology of a
fibration is very difficult in general.

A group is bigraded if E = {F;}stez. A map d: E — E is of bidegree (a,b) if d(Est) = Egiattb,
and if d? = 0 also, then we call it a differential. A spectral sequence is a sequence {(E™,d")} where
each E" is a bigraded group, d" is a differential of degree (—r,r — 1), and E™*' = H(E",d").

Theorem 27.5 (Leray-Serre). If p: E — B is a fibration, where B is a simply connected CW
complezx, then there exists a spectral sequence with Eit = H,(B; H(F)), where F =p~' and “E>"
more or less gives us H.(E).

3. Obstruction theory and characteristic classes: See the course notes.
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