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Lecture 1

Jan. 13 — Overview and Review

1.1 Course Overview

Remark. This course plans to cover the following topics:
(i) vector bundles and line bundles in algebraic geometry;
(ii) coherent sheaves;
(iii) differentials;
(iv) sheaf cohomology: in particular, we will see that Hl (X**, C) = @, ,_, H'(X, NT%);
(v) the Riemann-Roch theorem: if w = f dz is a rational 1-form on a smooth projective curve C', then

(# zeroes of w) — (# poles of w) = 2 genus(C) — 2;

(vi) surfaces and toric varieties;

(vii) schemes: for example, Spec Z has points corresponding to the primes p and 0.

1.2 Review of Algebraic Geometry I

Remark. Let k = k be an algebraically closed field.
Remark (Hilbert’s Nullstellensatz). There is a correspondence
closed subvarieties of A" «— radical ideals in k[xq,. .., z,]
7 1(2)
V(J) «—— J.
Under this correspondence, Z being irreducible (resp. a point) corresponds to I(Z) being prime (resp.
maximal).

Remark (Zariski topology on A™). The closed sets in A" are of the form V(J), and this induces a
Zarisiki topology on any subset of A™.

Remark (Embedded affine varieties). Let J < k[zy,...,z,]. Then we can associate to J a ringed
space (X, Ox) by setting X := V(J) C A" with the Zariski topology, and Ox to be the sheaf of regular

functions on X, i.e. for U C X open, we have

Ox(U) :={p:U — k| pis regular}.

4



LECTURE 1. JAN. 13 — OVERVIEW AND REVIEW 5

Here, ¢ : U — k is regular if for each p € U, there exists an open set p € U, C U and f, g € k[z1, ..., z,)
such that ¢(x) = f(z)/g(x) for all x € U,.

Remark (Coordinate ring). The coordinate ring of X is
We also get a version of Hilbert’s Nullstellensatz for A(X):

closed subsets of X «— radical ideals of A(X).

Remark (Distinguished open sets). The distinguished open sets of X are

D(f) = {x € X : f(z) £ 0} = X\ V(f).
These for a basis for X as we vary f € A(X).

Definition 1.1. An affine variety is a ringed space (X, Ox) (here Ox is a sheaf of k-valued functions)
which is isomorphic to an embedded affine variety.

Example 1.1.1. If (X, Ox) is an affine variety and f € Ox(X), then

(D(f), Ox|p(s))

is again an affine variety. To see this, we may assume that X = V(J) C A" with J < k[zy,...,z,] a
radical ideal. Now we can define a map

D(f) — V(J, fy—1) C AL, x Al
x— (z,1/ f(z)),
which one can check is an isomorphism. Now that this also shows

klx1, ..., T, Y] ~ (klz1, ... 20)/T)[y] ~
Uh-1) - (g-n

12

Ox(D(f)) = A(D(f))

Theorem 1.1. There is an equivalence of categories
O : Aff-var — Red-f.g.-k-alg®®
(X, 0x) — A(X).
This implies the following:
1. There 1s a bijection

Homagrvar (X, Y) — Homy, a1 (A(Y), A(X))
f— 7

2. For any reduced finitely generated k-algebra A, there exists an affine variety with A = A(X).

Remark. How can we explicitly define the inverse functor Red-f.g.-k-alg®® — Aff-var? We can define
this as A — (X, Ox), where X is the set of maximal ideals of A. Think about what Ox should be.
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Remark (Varieties). A variety (X, Ox) is a ringed space such that
e there exists a finite open cover of X by affine varieties,
e the diagonal Ay is closed in X x X.
Example 1.1.2. The following are examples of varieties:
e affine varieties,
e open or closed subsets of varieties,
o P" = (A" {0})/k%.
Remark (Projective spaces). Recall that P has an open cover by
Uy={[z] eP":2; A0} 2 A"
A basis for P" by distinguished open sets is given by
D(f) = {la] € P": f(x) £ 0}

with f € k[xo, ..., z,] homogeneous.

1.3 Vector and Line Bundles

Definition 1.2. Let X be a variety. A vector bundle (of rank m) on X is a variety E with a morphism
p: E — X such that

1. E, = p~1(x) has the structure of a rank m vector space for every x € X (i.e. k™),

2. for every x € X, there exists an open neighborhood z € U C X and an isomorphism p~(U) —
U x A™ such that for any y € U, the map E, — {y} x A™ is an isomorphism of vector spaces, i.e.

p 1 (U) du y U x A™

commutes. We will call the map ¢y a trivialization.
Definition 1.3. A line bundle on X is a rank 1 vector bundle.
Remark. A different way to think about this is the following:
1. Given two trivializations ¢y : p~H(U) — U x A™ and ¢y : p~ (V) — V x A™, we get a morphism

ou,v

(UNV)xA™ > (UNV) x A™

pH(UNV)

with ¢y = ¢ o ¢!, Observe ¢pv(x,v) = (z, gy (z)v) for some gyy(r) € GL(m, k). Further-
more, gy : UNV — GL(m, k) is a morphism. We will call the gy transition functions.

In the special case where m =1 (so E is a line bundle and GL(1, k) = k), the map gyv : UNV —
GL(m, k) is equivalent to the data of a non-vanishing regular function gy : U NV — k.
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2. The data of a vector bundle of rank m is equivalent to the data of

e an open cover X = J,.; Ui,
e and morphisms g; ; : U; N U; — GL(m, k)
such that g;x = i 9%, 9i; = gj_,z‘17 and g;; = id.

To recover the vector bundle, we can glue E; = U; x A™ for i € [ via
E@j = (Uz N U]) x A — E]‘,i = (Uj N U1> x A™
(z,v) — (@, gij(2)v).
One can check that this defines a vector bundle E on X.
Example 1.3.1 (Trivial vector bundle). Define the vector bundle E : X x A™ — X by (z,v) — =x.
Given a cover X = |J,.; Us, we get g;; : UyNU; — GL(m, k) as x +— I,
Example 1.3.2 (Trivial line bundle). We will denote the trivial line bundle by 1x : X x Al — X.



Lecture 2

Jan. 15 — Vector and Line Bundles

2.1 Vector and Line Bundles, Continued

Example 2.0.1 (Tautological bundle). Let X =P and L = {({,z) € P* x A" : x € ¢}. Consider
L
VN
IP)n

The map ¢ : L. — A" is the blowup. We claim that p : L. — P" is a line bundle. We have:

An+1

e p ! ([z]) = {([z],cx) : ¢ € k} = kx, a 1-dimensional vector space;
o let U; = {[z] € P": z; # 0}, then we can define
pH(Uy) — U x A
([2], ) — ([=], %),
which we claim is a trivialization. To see this, observe that for fixed [z] € P", we have
Ly = {([2],cx) : ¢ € k} — {[2]} x A
([z], cx) — ([z], czs),
which is a vector space isomorphism.
We can also compute the transitions functions. Let U; ; = U; N U;. We have

bi,j

A

Upj x Al — p 1 (Uiy) . > Uy x Al
([z],t) —— ([z], (txo/xj, . .., tan/x;)) —— ([2], tei/x;).

Thus we see that g; ; = z;/x;. This is called the tautological bundle, or Opn(—1).
Example 2.0.2 (Hyperplane bundle, or Op»(1)). Consider
L:=P"\{[0:---:0:1]} — P"

[To: i@y Tpyr] — [o i -+ 0 Ty

Then L is a line bundle with transition functions with respect to {U;} given by ¢;; = z;/z; (HW).
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2.2 Operations on Vector Bundles

Remark. The philosophy is: Every natural operation of vector spaces gives one for vector bundles.

Example 2.0.3 (Direct sum). Let p : E — X and ¢ : F — X be vector bundles of rank e and f
on X, respectively. There exists trivializations with respect to a common open cover {U;} (just take
intersections) with transition functions g, ; and h;; for E and F, respectively.

Then we define the vector bundle E & F — X as follows:
e Asaset,itisr: E®F = {(x,u,v): (z,u) €E, (z,v) e F} — X.
e We give E @& [F the structure of a variety by requiring that

r N U;) — U; x A+
(@, u,v) — (z, pra(¢y (z,u)), pra(e; (2,v)))

be an isomorphism, where ¢¥ and ¢! are the trivializations of E and F, and pr, is the second
projection. This gives a variety structure on r~!(U;), and one can show that these are consistent
on U, ;, so that this gives a variety structure on all of E @ F.

Note that the transition functions for E & F with respect to {U;} are given by the block matrix

g O\ g GLe + £ k).
0 h@j ’

Example 2.0.4. Let E and F be vector bundles on X of ranks e and f, respectively. Then the following
are also vector bundles on X:

1. Hom(E, F), of rank ef;

2. EY = Hom(E, 1x), of rank e;
3. EQF, of rank ef;

4. A*E and Sym‘E.

Remark. Let L, M be line bundles on X with trivializations on {U;} and transition functions g, ;, h; j €
Ox(U;;)*. In this case, we can describe operations on IL, Ml more explicitly:

1. L ® M has transition functions g; ;h; ;;

2. Hom(L, M) has transition functions h; ;/g; ;;

3. LY = Hom(L, 1x) has transition functions 1/g; ;;
Lem, if m > 0,

4, L®™m = ¢ 1y, if m = 0, has transition functions g;";.
(LVY®e=™ ifm <0

Example 2.0.5. Define Opn(m) := Opn(1)®™ with transition functions (z;/z;)™ with respect to the
standard open cover for P".
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2.3 Morphisms of Vector Bundles

Remark. Let p:E — X and ¢ : F — X be vector bundles on X, as before.

Definition 2.1. A morphism of vector bundles E — F is a morphism of varieties

E = y F

N

X

such that the diagram commutes and a is linear on each fiber.

Remark. More concretely, given an open cover {U;} which trivializes both vector bundles, we have

p (U) —— ¢ (Vi)

¢il% %’le

U, x A* —— U; x Af
(x,v) —— (z,a;(x)v)
such that a; : U; — Hom(k¢, k%) is regular. On U, ;, we have

Ui,j x A° L) Ui,j X Af

Qi,jl lhi,j

Ui,j x A° T> UZJ x Af

So h; ja; = a;g; j, or equivalently, a; = hi,jajg;jl.
As a special case when e = f, a : E — F is an isomorphism if and only if the a; are isomorphisms.

Remark. When is a line bundle L given by the trivialization data {U;, g; ;} isomorphic to 1x? We have
L =2 1x <= if and only if there exists an isomorphism a: 1y — L
<= there exist a; € Ox(U;)™ such that (a;/a;)|v,, = gi;-
Definition 2.2. Define the Picard group of X to be
Pic X := {line bundles on X }/=.

This is a group with respect to ® with 1x as the identity and LY @ L. = 1.

2.4 Global Sections

Definition 2.3. A (global) section of a vector bundle p : E — X is a morphism s : X — E such that
pos=1idy. Note that for z € X, we have s(z) € E,.

Example 2.3.1 (Zero section). Let s : X — E where s(z) is the zero element in E,.
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Example 2.3.2. Let E = 1. Then sections s : X — X x A! of E correspond to morphisms X — A!,
which correspond to regular functions X — k.

Remark (Local description of sections). Let {U;, g;;} be the trivialization data for E — X, and let
s: X — E be a section. On U;, we have:
U,; x A€

Ui o p 1 (U;)
sUi

Note that s; : U; — k° is a regular function (i.e. regular on each coordinate). These maps must satisfy
the compatibility condition s; = g; js;, since we have the diagram:

(z,5(z))

Ui,j x A°
2
S|Um- 1
Uj — p ' (Uiy) (2,0)(,9i.§ (v))
I
U@j x A°

(z,si())

Example 2.3.3. We can use the above compatibility condition to compute the global sections of Op:i(1).
Write PL = Uy UU;. Given a section s : P! — O(1), we get regular functions

T0:T1

SQZUO—>I{Z

812U1—>l€

satisfying (z1/z9)s1 = so (x). We can write

S0 = Z (21 /20)™ and 51 = Z b (z0/21)™

m>0 m>0
with a,,, b,, € k (finitely many nonzero). Then (x) implies that
ag + ar(x1/x) + - -+ = (21/20)(bo + br(zo/21) + -+ ),
so ag = by, a1 = by, and all other terms are 0. So we can relate s to a linear form
J = aoro + arzy,

where sg = (1/x¢)f and s; = (1/z1) f.



Lecture 3

Jan. 20 — Sections

3.1 Global Sections, Continued

Definition 3.1. Let I'( X, E) := {sections of E — X}, which has the structure of a k-vector space by
(s+t)(x) =s(z)+t(xr) and (cs)(z) = cs(z)
for s,t € I'(X,E) and ¢ € k.

Example 3.1.1. One can check that I'(P", Opn(d)) = k[xo, . .., 2,]a (HW). For example, for d < 0, we
have I'(P", O(d)) = {0}, and for d = 0, we have

P(]P)n, O(O)) - I“(IP)TZ’ ]]_]Pm) — Opn(Pn) = kj
For d = 1, we can define an isomorphism

klwo, ..., za)i — T(P", 0(1))
[+ section s : P*" — O(1) given by s; = f/x;.
Note that (x;/x;)s; = s; holds, so this is a section. An alternative perspective is that s corresponds to

P — P\ {[0:---:0: 1]}

T |xg: - rxy o f(T)]

3.2 Morphisms and Sections

Definition 3.2. Given a section s : X — E, its vanishing locus is
V(s) :={s=0} ={z € X :s(x) =0}
Using a trivializing cover, one can check that V(s) is closed in X.
Example 3.2.1. For a section s : P* — O(1) corresponding to f € k[xo, ..., x,]1, we have V(s) = Vpa(f).
Remark. Recall that there is a bijection

{morphisms X — A"} «— {f1,..., fn € Ox(X)}
[f: X = A" —[fi=f2,....fn=f"2;€ Ox(X)]
[ = (fu(@), o fal@))] = 1y fo € Ox (X))

We want a similar statement for P".

12
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Definition 3.3. Given a line bundle L — X and s, ...,s, € I'(X,L), they are nowhere vanishing if
V(so)N---NV(sy) = 2.

Example 3.3.1. For O(1), the sections z, ..., z, € I'(P", O(1)) are nowhere vanishing.

Remark. If s,...,s, € ['(X, L) are nowhere vanishing, then we get a morphism
X —P"
x> [so(z) -+ 1 su(x)].

Note that (so(z),...,sn(x)) is a well-defined point in A" up to scaling. One can check that this map
is a morphism by working locally.

Example 3.3.2 (Linear maps). Let X =P" and L = O(1).
(i) zo,...,z, € T(P",O(1)) gives id : P" — P™.
(ii)) For A € GL,41(k), we get a map
P* — P"
[z] — [Ax]
given by Axy,..., Az, € ['(P", O(1)).
Remark. Now given a morphism X — P", we want to get a line bundle with sections.
Definition 3.4 (Pullback). Let p: E — X be a vector bundle and f : Y — X a morphism. Define
fE={(e,y):e €E,y €Y with p(e) = f(y)} — Y-
One can show that this has the structure of a vector bundle in a natural way.

Remark. An alternative way to define the pullback is to choose trivialization data (U;, g; ;) for E — X.
Then we can define f*: E — Y to be the vector bundle with trivialization data (f~*(U;), f*gi ;).

Remark. Now to go in reverse, given a morphism X — P and nowhere vanishing sections xg, ..., z, €
['(P", O(1)), we get nowhere vanishing sections

frxo, ..., ffe, € (X, fFO(1)).

We can define the pullback of a section in one of two ways: by f*(z;)(a) = (z;(f(a)),a) € f*O(1)) for
a € X or by using trivializing covers.

Remark. Using the above, we get a bijection
{morphisms X — P"} «— {line bundles L — X with sy, ..., s, € ['(X, L) nowhere vanishing}.

Note that we should consider the right-hand side up to isomorphism of the line bundle. When do . — X
and sg, ..., s, € I'(X,L) give an injective morphism (or an embedding)?

Definition 3.5. Given a vector bundle E — X, we get a sheaf of abelian groups £ on X by
E(U) := {sections of p~(U) — U}
for U C X open. For V C U C X open, the restriction map is given by
EU)— E(V)
s +— S|y

We call € the sheaf of sections of E. Also note that £(U) has the structure of an Ox(U)-module. We
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will see that this gives rise to the structure of an Ox-module.

3.3 Review of Sheaves

Definition 3.6. A presheaf of abelian groups F on a topological space X is the data of:
e for U C X open, an abelian group F(U) (with F(@) = 0),
e for V C U C X open, a group homomorphism pyy : F(U) — F(V).
Remark. Note the following:
1. We may replace abelian groups in the above definition by rings, sets, R-modules, etc.
2. We denote I'(U, F) = F(U), whose elements are called sections.
3. slv = pyu(s) is called the restriction for s € F(U) and V C U C X open.
4. We may view F as a functor Openy — Ab-gps given by U — F(U).
Definition 3.7. For F a presheaf on X and z € X, the stalk of F at x is
Fo= lim FU)={(sU):se€FU)}/~.

U>x open

Example 3.7.1. The following are examples of presheaves:
1. Let M be a smooth manifold. Then
e O, = sheaf of smooth R-valued functions on M,
e & = sheaf of sections of a vector bundle E — M.
2. Let X be an algebraic variety, E — X a vector bundle, and Z C X closed. Then
e Ox and & are sheaves,
e 7, = ideal sheaf of Z, given by Zz(U) = {p € Ox(U) : p|z = 0}.
3. Let X be a topological space and A an abelian group.
o AP given by U — {constant functions U — A}, i.e. AP(U) = A for U # @,
e A given by U — {locally constant functions U — A},
A ifpel,

e i,A = skyscraper sheaf, given by U — {0 otherwise.
Definition 3.8. A presheaf F is a sheaf if for any
e open set U C X,
e open cover U = (J,.; U,
e and 5; € F(U;) such that s|y, ; = 5], for all 4,5 € I,
then there exists a unique s € F(U) such that s|y, = s; for every i € I.

Remark. The presheaf AP™ is not a sheaf in general. All other examples above are sheaves.
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Definition 3.9. A morphism of (pre)sheaves ¢ : F — G on a topological space X is the data of group
homomorphisms ¢(U) : F(U) — G(U) for each U C X open such that for all V' C U C X, the following
diagram commutes:

Example 3.9.1. Let X be a variety.

1. If a : E — F is a morphism of vector bundles on X, then we get a morphism of sheaves &€ — F by
s—aose F(U) forse&U).

2. A closed subvariety Z C X induces a morphism Z;, — Ox given by inclusion.
Remark. Given a morphism of (pre)sheaves and ¢ : F — G and p € X, we get an induced morphism

Fp— Gp
(s, U) — ((s),U).



Lecture 4

Jan. 22 — Sheaves

4.1 Sheafification

Theorem 4.1 (Sheafification). For a presheaf F on a topological space X, there exists a morphism to a
sheaf i : F — F*t such that for any morphism to a sheaf g : F — G, there exists a unique morphism
gt Ft — G such that g = g* o1, i.e. the following diagram commutes:

F—=g

In the above, F* is called the sheafification of F, and the pair (i, FT) is unique up to isomorphism (as
a consequence of the universal property).

Proof. We first define F*(U) = {t: U — | | x Fp : (1) and (2) hold}, where
1. t(p) € Fp;
2. for any x € X, there is an open set x € V,, C U with s € F(V,) such that t(p) = s, for all p € V.
It is straightforward to see that F* is a sheaf and that
F(U) — F7(U)
s— (X 2pr—s, € F).

gives a morphism ¢ : F — F*+. Now we check the universal property. Given a morphism ¢ : F — G with
G a sheaf, we need to define gt : F© — G. Fix t € F7(U). By definition, there exists an open cover
{U;} of U and s; € F(U;) such that t(p) = (s;), € F, for all p € U;. Set t; := g(t;). Note that

(t;)p = gp(tp) = (t;)p €6,

for every p € U; N Uj. Since G is a sheaf, we get t}|v,nv; = t|v,~v,- Thus there exists a unique ¢ € G(U)
such that t'|y, = t; for every i € I. Then we can set gt (¢) = t'. One can check as an exercise that this
gives a morphism F* — G satisfying the universal property. n

Example 4.0.1. We have the following:
1. If F is a sheaf, then F — F7 is an isomorphism.

2. For an abelian group A and topological space X, we have (AP™)t = A.

16
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Remark. We have the following:
1. If p € X, the induced morphism on stalks i, : F, — .7-"; is an isomorphism for all p € X.

To construct the inverse map, consider F,f — F, defined by (£,U) + ¢, for t € F*(U). Check as
an exercise that this is well-defined and is inverse to i,.

2. If F C G is a subpresheaf (i.e. F(U) C G(U) and pf,; = p‘g/7U|;(U) forall V CU C X) and G is a
sheaf, then we could alternatively define F* as

FHU)={s € G(U) : for all z € X, there exists x € U, C U open such that s|y, € F(U,)}.

4.2 Kernel, Image, Cokernel for Sheaves

Remark. We want the following notions for sheaves:
e kernel, image, cokernel;
e short exact sequences;
e injectivity and surjectivity.
Example 4.0.2. We want the following to be short exact sequences of sheaves:

e for X a variety and Z — X a closed subvariety,

0 >IZ )OX >i*OZ—>O

e for M a complex manifold (e.g. C") with Oy the sheaf of C-valued holomorphic functions,

pr—e?

0 s 72" Oy > O, —— 0

Remark. Let ¢ : F — G be a morphism of sheaves on a topological space X.
Definition 4.1. The kernel of ¢ is (ker ¢)(U) = ker(¢(U) : F(U) — G(U)).
Remark (Properties of the kernel). It is straightforward to check that ker ¢ is a sheaf. Moreover:

1. ker ¢ satisfies the following universal property: For any morphism to a sheaf o such that poa =0,
there exists a unique morphism o’ such that the following diagram commutes:

ker ¢

To see this, use the universal property of the kernel in the category of abelian groups.
2. Since filtered limits are exact, we have (ker p,) = (ker ¢), for all p € X.

Lemma 4.1 (Injectivity for sheaves). The following are equivalent:
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1. (U) : F(U) — G(U) is injective for all U C X open;
2. o Fr — G, is injective for all v € X.

We say that o is injective if either of these equivalent conditions hold.

Proof. (1 = 2) This is clear.
(2=1) Fix s € F(U) with ¢(U)(s) = 0. Then

ep(sp) = (p(U)(5)), =0

for all p € X, so s, =0 for all p € U, so s = 0 by homework from Algebraic Geometry I. O

Example 4.1.1 (Subtleties for the image). Consider the following:
1. Let ¢ : Ocn =% OF.. Then U + im(Ocn(U) — OF,(U)) is a presheaf but not a sheaf. This is
because logarithms only exist locally.
2. Define ¢ : Opn — i,k @ ip,k by f— (f(p1), f(p2)). Again U — im(¢(U)) is not a sheaf.

Definition 4.2. Let im ¢ = (U — im(p(U)). This is a presheaf and im ¢ € G. Then the image of ¢ is
im ¢ = (im )". By Remark 1.1 we can equivalently define

(im ) (U) = {s € G(U) : there exists cover {U;} of U such that s|y, € im(F(U;) — G(U;))}.

Remark. We have im(,) 2 (im ¢), 2 (im ¢),, where the first isomorphism is because filtered direct
limits are exact and the second isomorphism is because sheafification preserves stalks.

Definition 4.3. Let CO/EG/I‘((,O) = (U + coker(o(U))). Then the cokernel of ¢ is coker(yp) = (coker(p))™.
Remark. We have the following:
1. coker(p), = coker(yp,) (similar to above).

2. coker(¢p) satisfies the universal property of the cokernel:

0
, m o
l //’7 N
- 1
- 1
1

-
|

—_—~—

coker(yp) — coker(yp)

3. For a subsheaf 7' C F, we can define the quotient sheaf F/F' = coker(F' — F).

4. By the universal property of the cokernel, we get natural maps

ker > F > im F
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As the following diagram commutes,

(F /ker ), —— (im ),

oo

Fp/ (ker @) —=— im(pp)

, is an isomorphism for all p € X. So by HW, «a is an isomorphism. So F/ker ¢ = im ¢.
Lemma 4.2 (Surjectivity for sheaves). The following are equivalent:
1. coker ¢ = 0y
2. imp =G;
3. pr + Fr — G, is surjective for all x € X.

We say that ¢ is surjective if any of these equivalent conditions hold.

Proof. (3 < 1) We have (3) if and only if coker(y,) = 0 for all z € X, if and only if (coker ¢), = 0 for
all z € X, if and only if (1).

(3 < 2) We have (3) if and only if coker(y,) = 0 for all x € X, if and only if im ¢, = G, for all x € X, if
and only if (im ¢), — G, is an isomorphism for all x € X, if and only if (2) by HW. O
Remark. Note that if o(U) : F(U) — G(U) is surjective for all U C X, then ¢ is surjective. However,

the converse is false in general.

Definition 4.4. A sequence of morphisms of sheaves

F-Ii,g_ 9,y

is exact at G if kerg = im f.

Lemma 4.3. The following are equivalent:
1. kerg =1im f;
2. ker g, =im f, for all x € X.

Proof. Similar to above. O

4.3 Constructions with Sheaves

Definition 4.5. Let F;, F» be sheaves on X. Then F; & F; is a sheaf defined by
Ur— F(U)® F(U).

This is a biproduct in the category of sheaves.

Example 4.5.1. Let X be a variety with connected components X7, ..., X,,. Then
Ox=0x, & &0k,

as sheaves of abelian groups.
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Definition 4.6. Let U C X be open. Then F;|y is a sheaf on U given by V +— F;(V)
Definition 4.7. Hom(Fi, F,) is the sheaf U +— Hom*™**(F |y, Falv).

Definition 4.8 (Gluing). Let {U;} be an open cover of X with a sheaf F; on each U; and isomorphisms
a;j Filu., — ]:i‘Um such that «; ; = Qs 0Gj O Qg = g, and «;; = id. Then there exists a sheaf F
with isomorphisms f; : F|y, — F; such that the following diagram commutes:

id

al |5

Filv; —ar7 L

Ul‘,j
One can define F as follows and check that it satisfies the above properties:

FU) ={(si)ier : si € F(U;) and «; ;(s;

Ui,j) = Si}'



Lecture 5

Jan. 27 — Oxy-Modules

5.1 Sheaves and Continuous Maps

Remark. The category Shy of sheaves of abelian groups on a topological space X is an abelian category,
i.e. it has or satisfies the following:

e zero object (the 0 sheaf);

Hom(F,G) is an abelian group and composition is bilinear;

finite biproducts exist;

kernels and cokernels exist;
e the image coincides with the coimage.

Remark. For the rest of this section, let f : X — Y be a continuous map of topological spaces, F a
sheaf on X, and G a sheaf on Y.

Definition 5.1. The pushforward f.JF is the sheaf on Y defined by
Vi F(fTH(V)).

Example 5.1.1. We have the following:
e Ifi:{p} — X and A is an abelian group, then i, A is the skyscraper sheaf on X at p.

o If X is a variety and 7 : Z — X with Z a closed subvariety, then
i.0z(U) ={p:UNZ — k: ¢ is regular}.

o 1 L o ;.
Definition 5.2. Let f~1G(U) = h_n>1V2f(U) G(V), which is a presheaf. The pullback is f~'G := (f~1G)".

Example 5.2.1. Let f : {p} — X. Then f~'G = G,, which is a sheaf, so f~'G = f1G = G,,.
Example 5.2.2. If i : U — X is the inclusion of an open set, then i 1 F = F|y.

Remark. The pushforward f, and pullback f~! are functors:

f*
~—

Shx Shy
~ —
f—l

How are f, and f~! related? There are natural maps f~'f,.F — F and G — f.f'G induced by:

21
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1. For U C X, define

fFUAFU) = lim F(f(V) — F(U)
V2 f(U) open
s +— s|y.
2. For V C Y, define -
g\Vv) — lim g\V') = (ff1G) (V).

V2oV/2f(f~1(V)) open
Note that V' 2 f(f~1(V)), so we can add the V 2 V' D f(f~1(V)) condition.
Another way to think about this is via adjoints.

Proposition 5.1. For F € Shx and G € Shy, there exist functorial bijections

HomShX (filgMF) - HomShy<g7f*F)v
i.e. (f71, f.) is an adjoint pair.

Proof. Given ¢ : f~'G — F, using map (2) from above we get

2 8
R
Similarly, given ¢ : G — f.F, using map (1) from above we get

f_lg fﬁlw f_lf*f (1)

F.
One can (tediously) check that this gives a bijection. O

Remark. The following are consequences of adjointness:

o f, is left exact, i.e. given an exact sequence

K,.)
N2
o
N2
e}

0 > F'

in Shy, we get an exact sequence

0 — fiF — fiF — fF7.

e f~!is right exact (defined similarly with the left 0 missing).

One can also directly check these properties from the definitions.

5.2 Sheaves of Ox-Modules

Remark. To use tools from commutative algebra, we want to consider modules. For the rest of this
section, let X be a topological space with a sheaf of rings Ox (e.g. X a variety with Ox the sheaf of
regular functions, or M a complex manifold with Oy the sheaf of holomorphic functions).
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Definition 5.3. A (pre)sheaf of Ox-modules is a (pre)sheaf F on X such that for each U C X, F(U)
has the structure of an Ox(U)-module compatible with restriction, i.e. such that

(a-s)lv =aly-slv
for V.C U C X open, a € Ox(U), and s € F(U).
Remark. We often say just “Ox-module” to mean a “sheaf of Ox-modules.”

Definition 5.4. A morphism of (pre)sheaves of Ox-modules ¢ : M — N is a morphism of presheaves
such that M(U) — N(U) is a morphism of Ox (U)-modules for all U C X.

Example 5.4.1. We have the following:
1. Ox has the structure of an Ox-module (similar to how a ring A has the structure of an A-module).
2. Let X be a variety and p : E — X a vector bundle. Let £ be the sheaf of sections of p, with
[f5:U—p (V)] € E(V)
as the product of f € Ox(U) and [s: U — p~*(U)] € £(U). Then £ is an Ox-module.

2. Let E = 1y, then £(U) = Ox(U) as Ox(U)-modules. As the isomorphism is compatible with
restriction, we have £ = Oy.

3. Let JFi, Fa, be (pre)sheaves of Ox-modules. Then so is F; & Fo.
2”. If E is a trivial vector bundle of rank e, then & =2 O%°.

4. Tf F is a presheaf of Ox-modules, then F* is naturally a sheaf of Ox-modules (use the definition
of F* in the proof).

5. If o : F — G is a morphism of sheaves of Ox-modules, then ker ¢, im ¢, coker ¢ are sheaves of

Ox-modules (use that ker ¢, im ¢, coker ¢ are presheaves of @ x-modules and then use (4)).
Furthermore, the category Modp, of sheaves of Ox-modules is an abelian.
6. We can define the usual constructions on Qx-modules: ®, Sym?, A%, etc.
Example 5.4.2. Let F,G be Ox-modules. Then their tensor product F ® G is the sheafification of
Ur— F(U) ®oxw) 9(U).
Definition 5.5. An Ox-module F is locally free of rank e if for any p € X, there exists p € U C X
open such that Fl|y = OF°. If e = 1, then we say that F is invertible.

Example 5.5.1. Let X be a variety and p : E — X a vector bundle of rank e. For p € X, there exists
p € U C X open such that

(=23

p N (U) —— U x A°
|
U
Then €|y = sheaf of sections of U x A® = OF°.

Remark (Transition functions). Let e = 1 for simplicity, and € a locally free Ox-module of rank e.
Then there exists an open cover {U;} of X with isomorphisms «; : E|y, — (9[6]95. Soon U ; = U;NUj, we
get isomorphisms o ; = a; 0 o ' (9?]92_6], — (93.6],.
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Jan. 29 — Oy-Modules, Part 2

6.1 More on Oy-Modules

Remark. Recall that we have operations ®, @, Sym?, A?, Hom(-,-) on Ox-modules.

Example 6.0.1. The sheaf Homo, (F,G) is the sheafification of
U — Homo, (Flv, Glv)-

This is again an Ox-module.
Example 6.0.2. We have F¥ = Homo, (F, Ox).

Exercise 6.1. The invertible sheaves on X up to isomorphism forms a group with multiplication given
by ®, identity Oy, and inverse L1 = LV,

Remark (Transition data). Let £ be an invertible Ox-module. Then there exists an open cover {U;} of
X and isomorphisms «; : L|y, — Op,, so we get isomorphisms

— OU'

—1 .
Q5 = ;O ij : OU g

%)

For this to be an isomorphism, we must have o ;(U; ;)(1) = ¢;; € Ox(U; ;).

Proposition 6.1. If X is a variety, then there is a bijection

{line bundles on X}/= — {invertible sheaves on X} /=
L— L

Proof. To get the reverse map, fix an invertible Ox-module £ with trivialization data (U;, g; ;). Send it
to the line bundle with the same trivialization data. Check that this is well-defined as an exercise.

To show that this gives an inverse, it suffices to show that if IL is a line bundle with trivialization data
(Ui, gi.;), then the sheaf £ of sections of L has the same trivialization data. The trivializations

Liy, 25 U; x Al
give isomorphisms U, ; x A — U, ; x A by (z,v) — (z, g; j(x)v). We get an isomorphism

o; L

24
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-1
where ¢; == a; (1) = [U; ), U; x Al LN L|y,]. Now we have

1

Oy —39 1

2V

1l — €; = €;0i; — Gij-
So we get the same transition functions (U;, g; ;) for L. O

Remark. Given a morphism of rings ¢ : A — B, we have functors

d
T

Modpg Mod 4

~_
0\

given as follows:
1. Extension of scalars: Mody 2 M —— M ® 4 B € Modpg, where the multiplication by B is
c(m®b) =m® (cb).
For example, if M = A®! then M ® 4 B = B!,
2. Restriction of scalars: Modg 3 N —— N4 € Mod 4, where N4 := N as abelian groups with
a-n=¢lan
as the multiplication by A.

Proposition 6.2. There is a functorial bijection

Homp(M ®4 B, N) «— Hom(M, N4)

[f: M®sB— Nj— [m— f(m®1)]

[(m®@b—=b-g(m)] «—[g: M — Ny
for M € Mod, and N € Modg.

Remark. Given the result for rings, we want a similar statement for Ox-modules.

6.2 Ox-Modules and Continuous Maps

Definition 6.1. A morphism of ringed spaces (X, Ox) — (Y, Oy) is the data of
1. a continuous map f: X — Y,
2. a morphism of sheaves of rings f# : Oy — f,Ox.
Example 6.1.1. If X — Y is a morphism of varieties, then Oy — f,Ox is given for U C Y open by

Oy (U) — Ox(f1(U))
o — frp.
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Remark. Our goal will be to define functors
f*
7

MOdoX MOd@Y

~_
f*

Remark (Pushforward). Given an Ox-module F, the sheaf pushforward f,F is naturally an f,Ox-
module. Via the map f# : Oy — f.Ox, we get an Oy-module structure on f,F. More concretely, for

UCY open, s € f,.F(U)=F(fYU)), and a € Oy (U), we can define
a-s= f*(U)(a)-s.
Remark (Pullback). Given an Oy-module G, we get an f~'Oy-module f~'G. By the adjoint property
for (f~1, f.), the morphism Oy — f,Ox corresponds to a morphism f~'0y — Ox. So we get
fG:=r1"'g ®r-10, Ox
is an Ox-module. Thus we get a functor f*: Modp, — Modp, .

Proposition 6.3. The pair (f*, f.) are adjoint functors.

Proof. Similar to before. O]

Example 6.1.2. Recall that if A — B is a morphism of rings, then A ® 4 B = B. In our setting, we get
f Oy = (f 1Oy @10, Ox)t =2 OF = Ox.

Similarly, we have f*(O%') 2 (f*Oy)® =2 O (as left-adjoint functors commute with coproducts).

Remark. If £ is a locally free rank m Ox-module, then f*£ is a locally free rank m Oy-module, (as f*
can be computed locally on Y using Example [6.1.2)).



Lecture 7

Feb. 3 — Coherent Sheaves

7.1 Review of Localization

Remark. Let A be a ring and S C A a multiplicative system (i.e. 1 € S, and a,b € S implies ab € 5).
For example, we could take S = (f) = (1, f, f?,...) for f € Aor S = A\ p for a prime ideal p < A.

Definition 7.1. The localization of A at S is

ST'A={a/s:a€c A secS},
where a/s = a’/s" if and only if t(as’ — a’s) = 0 for some t € S.
Remark. The localization satisfies the following universal property:

a—a/l

ST1A

N

A

5

+

T

whenever f(S) lands in the units of 7.

Definition 7.2. For an A-module M, the localization of M at S is
S™'M ={m/s:m € M,s € S},

where m/s = m//s" if and only if t(s'm — sm') = 0 for some t € S.
Remark. For S = (f), we will write S™'M = M;. For S = A\ p, we will write S™'M = M,
Proposition 7.1. We have the following properties for localization:

1. There 1s an isomorphism
M®,S7A = 57 M
m® (a/s) — (am)/s.

2. Localization gives an exact functor

MOdA — MOds—lA
M +— S7IM.

27
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3. A sequence in Mod 4
7 M// —> 0

~
-

0 s M’

is exact if and only if the sequence

0 » M > M,

b My —— 0

g

is exact for all maximal (equivalently, prime) ideals p < A.

Example 7.2.1. Recall that if X is an affine variety, then
Ox(D(f)) = A(X); and  Ox. = A(X)m,,

where m, = I({z}) < A(X).

7.2 Coherent Sheaves on Affine Varieties

Remark. For this section, let X be an affine variety and A = Ox(X) = A(X). We want a functor

MOdA — MOdOX .

Theorem 7.1. For M € Mod,, there exists a unique Ox-module M such that
1. M(D(f)) = My;
2. for D(g) € D(f), we have

M(D(f)) — M(D(g))

:l l:

Mf Mg

natural map

Remark. How is the natural map M; — M, defined? If D(g) C D(f), then we have V(g) 2 V(f), so
V(9) €/ (f). Thus g € \/(f), so g¢ = fh for some d > 0 and h € A. So we get a map

Mf — Mg
m/ s mh' ",

Alternatively, if D(g) C D(f), then D(g) = D(gf), so we could instead consider

M(D(f)) — M(D(fg))

-| |

My ———— My,
m/firomg'/(fg)"

Remark. To construct M. , we need the notion of sheaves on a basis. Let (X, Ox) be a ringed space and
P a collection of open sets in X such that

1. P is a basis for X;
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2. if U,V € P, then UNV € P.

Example 7.2.2. If (X, Ox) is an affine variety, we can take P = {D(f) : f € A(X)}. Also, if (X, Ox)
is a general algebraic variety, then we can take P to be the affine open subsets of X (as X is separated,
the intersection of two affine open subsets is again affine open).

Definition 7.3. A P-sheaf of Ox-modules F on X is the data of:

e an Ox(U)-module F(U) for each U € P,

e homomorphisms of abelian groups F(U) — F(V) for all U,V € P with V C U
satisfying the following properties:

e the multiplication is compatible with restriction,

e the sheaf axiom with respect to open sets in P.
Example 7.3.1. If F is a sheaf of Ox-modules, then we get F7, a P-sheaf of Ox-modules.
Theorem 7.2. There is an equivalence of categories

Modo, — Modj

F— FP.

In particular, Home , (F,G) — Hom(F”,G") is a bijection, and for any H € Modgx, there exists some
F € Modp,, such that F¥ = H.

Proof. We construct the inverse functor. Take H € Modgx, and define 7 € Modp, by setting
JT"(U) = {(SV)VEP,VQU : 3V|Vﬂ\/’ = S/V|VQV/ for all ‘/, V, € P with VY, V/ g U}
One can check that this defines a functor and an equivalence of categories. m

Remark. Returning to algebraic geometry, let X be an affine variety, A = A(X), and M an A-module.

Proposition 7.2. For P = {D(f) : f € A}, the assignment D(f) — My with the natural restriction
maps defines a P-sheaf of Ox-modules.

Proof. See Mustata Lemma 8.3.2. The hard part is to check the sheaf axiom for P, which is similar to
the computation that Ox(D(f)) = Ay for an affine variety X. O

Proof of Theorem [7.1 Combining Theorem [7.2 and Proposition we get an Ox-module M such that
M(D(f)) = My, and it is unique up to isomorphism. O

Example 7.3.2. We have A Ox, since

Similarly, one can check that A®7 = o%L.

Exercise 7.1. For Z C X closed and I(Z) < A(X), we have I(Z) = Z, (the ideal sheaf of 7).
Remark. We have the following:
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1. For x € X with p := I({z}) < A, we have M, = hmD(f)sx M(D(f)) = h—>feA\p My = M,.

2. For an A-module homomorphism ¢ : M — N, we get homomorphisms

—~

M(D(f)) — N(D(f))

% lg

_—>
f natural map Nf

which are compatible with restriction. So we get a homomorphism of Ox-modules M — N. One
can check that this gives a functor ® : Mod4 — Modp, .

Proposition 7.3. We have the following:
1. ® is exact;
2. ® is fully faithful, i.e. the following map is a bijection:
Hom(M,N) — HomoX(M, N)
pr— Q.

Proof. (1) If 0 — M" — M — M" — 0 is exact, then 0 — M, — M, — M, — 0 is exact for every
p < A maximal by Proposition [7.1(3). So the sequence

0—>]T/[; > M, > M > 0

isexact forall z € X. So 0 — M — M — M" — 0 is exact.

(2) We want a map Hom@X(M N) — Homyu(M, N). Given an Ox-module homomorphism ¢ : M — N,
we get f = @(X): M(X) =M — N(X)=N. We want to show that f = . We have

V3 (X) ~

M(X) N(X)

| |

M(D(g)) 5 N(DIg)

and this diagram commutes. So we get f(D(g)) = o(D(g)). O

Remark. By Proposition (1), given an A-module homomorphism f : M — N, we have

P ~ —_—— —_——

ker(f) = ker(f), coker(f) = coker(f), im(f)2=im(f).

Proposition 7.4. For M, N € Mod,4, we have

1. M®o, N2 M®, N;

2. HomA(M,N)%’HomoX(M N);

3. @zel Ml = ®zel Ml
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Proof. (1) We have a homomorphism

M @4 N —— T(X,M &0, N)

L

I'(X,M ®0, N)

This gives a homomorphism of Ox-modules M ®4 N — M R0y N. Now at the stalks for € X with
m = I({z}) < A(X), we can see that

(M®RaN), = (M®sN)Ra Ay = My @a,, N

Similarly, we have . N . B
(M ®OX N)z = Mx ®Ox,x Na: = Mm ®Am Nm-

Thus we have isomorphisms at the stalks. O

Remark. The functor ® : Mod, — Modp, is left adjoint to Modp, — Mody given by F — F(X).



Lecture 8

Feb. 5 — Coherent Sheaves, Part 2

8.1 Coherent Sheaves on Affine Varieties, Continued

Proposition 8.1. Let ¢ : X — Y be a morphism of affine varieties, and let

#
A=0y(Y) 2= Ox(X)=B
be the corresponding ring homomorphism on the coordinate rings. Then:

1. For N € Modpg, we have @*N = N;;.

2. For M € Mod 4, we have 30*1\72 M &4 B.

Proof. (1) For f € A= Oy (Y), the left-hand side is given on D(f) by

(p-N)(D(f)) = N(¢ " (D(f))) = N(D(¢*[)) = Np# s = (Na) -
So we get that w*N = N,
(2) (Hartshorne says this holds by definition lol.) First assume M = A%'. Then

¢ M = " (OF)) = (9" Oy)®! = OY = B! = M @4 B.
For an arbitrary A-module M, we use the following:

Claim. There exists an exact sequence

A®T oy qel P o » 0

Proof of claim. Choose generators (m;);c; for M, and set ((e;) = m;. Choose generators
(nj)jes for ker 8. Then we can set a(f;) = n;. O

Apply - ®4 B (which is right exact) to the exact sequence from the claim to get

B®7 » B! s M @4 B —— 0.

Applying ¢*(*) (note that ~ is exact and ¢* is right exact) to the original sequence to get

P (ABT) —— GF(ABT) —— oM —— 0
[ [
B@J BeBI

using the previous case. Thus ¢*M = coker(B®/ — Z?T‘BI) = (coker(B®/ — B®1))~ = M ®,4 B.
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8.2 Quasicoherent and Coherent Sheaves

Remark. For the rest of this lecture, assume (X, Ox) is a variety (not necessarily affine).

Definition 8.1. An Ox-module F is quasicoherent if there exists an affine cover X = |J,.; U; such that
Flu, = M, for some Ox(U;)-module M;. It is coherent if the M, are finitely generated Ox (U;)-modules.

Remark. We have M; = ]\Z(Ul) = F(U;), so we may replace the F|y, = ]\Z condition with one of the
following: Fly, = F(U;), or F(U;)f — F(Dy,(f)) is an isomorphism for all f € Ox(U;).
Example 8.1.1. We have the following:

1. If € is a locally free sheaf of rank r on X, then there exists an open cover X = JU; such that
Elv, = OF|v,. Refining the cover, we may assume the U; are affine, so

&

v, = Ox(Uy)®r.
Thus we see that £ is coherent.
2. For Z — X a closed embedding, 7, C Oy is coherent.
3. For F a (quasi)coherent Ox-module and U C X open, F|y is (quasi)coherent.
To see this, use that if F|y, = M; for M; an Ox (U;)-module and f € Ox(U;), then

—_——

Flpu,n = (Mi)g-

Furthermore, if M; is finitely generated, then so is (M;)s. So by refining our open affine cover in
with principal opens (which form a basis) we may assume U = |, ;;. ;y U;. This gives the result.

Proposition 8.2 (Key proposition). Let F € Mode, . The following are equivalent:

1. F is quasicoherent (resp. coherent).

—_——

2. For any affine open set U C X, we have F|y = F(U) (with F(U) finitely generated in the coherent
case).

Lemma 8.1 (Affine communication). If X is a variety, U,V C X affine open subsets, and p e UNV,
then there exists an open set p € W € UNYV that is a principal open of both U and V.

Proof. Choose a principal open of U with p € Wy = Dy(h) CU NV for some h € Ox(U), and choose a
principal open of V with p € W = Dy (g) € W for some g € Ox (V). Now

glw, = Ox(W1) = Ox (U)n,
so glw, = f/h" for some f € Ox(U) and i > 0. Now Dy(g) = W = Dy, (g|lw,) = Du(fh). O

Proof of Proposition[8.4. (2 = 1) This is clear.

P

(1 = 2) Assume F € QCohy. So there exists an open affine cover {U;} such that F|y, = F(U;). Fix
U C X affine open. By refining the cover, we may assume that U = UU&U U;. Now replacing X with U,
we may assume that X = U. Using Lemma we may assume U; = D(f;) for some f; € Ox(X).
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—_—

So now X is affine, X = J;_, D(f:), and F|p(y,) = F(D(f;)). We want to show that for any f € A, the

—_—

natural map F(X); — F(D(f)) is an isomorphism (this would imply F = F(X)). Now

0 —— .F(X)f E— @if(D(fz‘))f B @” ]:(D(fifj))f
[ s §
0 —— F(D(f)) — @, F(D(fif)) — D,,; F(D(f:fif))

where the first row is exact by the sheaf property and using that localization is exact, and the second
row is exact by the sheaf property. Note that g and v are isomorphisms as

—~— e~

Floy = F(D(f)) and  Flpsp) = F(D(fify))-

—_——

So by the five lemma, « is an isomorphism, and thus F = F(X). O

Remark. For the coherent case, use the fact that if M is an A-module, A = (fi,..., f.), and My, is
finitely generated for i = 1,...,r, then M is finitely generated.

Proposition 8.3. We have the following:
1. If p : F — G is a morphism of (quasi)coherent sheaves, then ker ¢,im ¢, coker ¢ are (quasi)coherent.
2. If F and G are (quasi)coherent, then so are F ® G and Hom(F,G).
3. If F; is quasicoherent for i € I, then @, Fi is quasicoherent. Furthermore, if F; is coherent and
1] < oo, then @,.; Fi is coherent.

Proof. (1) Choose U C X affine open. So we can write F|y = M and G|y = N. Furthermore, o[y = &
for some Ox(U)-module homomorphism « : M — N. Now

(ker )|y = ker |y = kera = ker a.

Furthermore, if 7 and G are coherent, then M and N are finitely generated, so ker « is also finitely
generated. One can show the same for im ¢ and coker ¢ similarly. O

Remark. We have full subcategories Cohx C QCohy C Modp, , which are abelian.



Lecture 9

Feb. 10 — Coherent Sheaves, Part 3

9.1 Quasicoherent Sheaves, Continued

Proposition 9.1. Let f: X — Y be a morphism of varieties. Then
1. If G € QCohy (resp. Cohy ), then f*G € QCohy (resp. Cohy ).
2. If F € QCohy, then f.F € QCohy .
Proof. (1) Fix G € QCohy and z € X. There exist affine opens z € U C X and f(x) € V C Y such
B =

that f(U) C V. Write g = f|y : U — V, then (f*G)|v = g*(G|v). Now letting A = Oy (V), Ox(U),
M = G(V), we see that

F*6lv = g*(Glv) = ¢'M = M @, B.
So f*G is quasicoherent. The coherent version follows from the fact that if M is a finitely generated

A-module, then M ® 4 B is a finitely generated B-module.

(2) Fix F € QCohy. We can check quasicoherence locally, so we can reduce to the case where Y is affine
(cover Y by affine opens U; and replace f with f~(U;) — U;). Choose an affine cover X = U; U---UU,,
and note that U; N U; is again affine for a variety. Write o; : U; — X and o ; : U;j — X. As Fis a
sheaf, we have an exact sequence

0 > F > D, (a)F

v — B (i) Flu,-

Applying f,, which is left exact, we get an exact sequence

0 > foF » D, (f o i) F

Ui T @i,j(fo&i,j)*F Uiy

Note that the last two terms are both quasicoherent (e.g. F|y, is quasicoherent and f o «; is a morphism
of affine varieties, so (f o ;).F|y, is quasicoherent) ] O

Remark. The coherent version of Proposition [0.1)2) fails: For
i A'\ {0} — Al

the pushforward i,Oa1\ (3 is not coherent (but Oa1\ (o} is coherent).

f f: X — Y is a morphism of affine varieties, and A := Oy (Y), B := Ox(X), then f,N = N4 for N € Modp and
f*M for M € Mod 4. This shows that pushforwards and pullbacks of quasicoherent sheaves on affine varieties are again
quasicoherent.
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Remark. If X — Y is projective, i.e. there exists a factorization

X — Y xP"
\leﬁ
Y

then we do get a coherent version for the pushfoward f,F. One can prove this via sheaf cohomology.

9.2 Morphisms to Projective Space
Remark. Recall that there is a bijection
{L — X with s,...,s, € I'(X,L) nowhere vanishing} /= «— {morphisms X — P"}.
We want to rephrase this using the bijection
{L£ invertible sheaves of Ox-modules} «— {line bundles L. — X'}

and determine when X — P" is injective or a closed embedding.

Remark. Let X be a variety and £ an invertible Ox-module. For x € X, we have
L(z):=Ly/m, L, = Ox,/m, =k,

where m, C Ox, is a maximal ideal.

Definition 9.1. We say s, ..., s, € I'(X, L) generate L if
So(x), ..., sn(x) € L(x) =k

generate £(z) as a k-vector space (i.e. at least one of so(x),. .., s,(x) is nonzero) for all z € X.
Proposition 9.2. The following are equivalent:
1. So,...,s, € (X, L) generate L;

2. (80)zs- -+, (Sn)z generate L, as an Ox ,-module for all z € X ;

3. the morphism ¢ : — L given by e; — s; is surjective;

4. for every U C X open affine, solu, ..., Sq|lu generate L(U) as an Ox(U)-module.

Proof. By commutative algebra (in particular Nakayama’s lemma), so(x),. .., s,(x) span L(x) (1) if and
only if (so)s,- .-, (8n)s generate £, as an Oy ,-module (2). This happens if and only if ¢, is surjective,
which happens if and only if ¢ is surjective (3). This happens if and only if ©(U) is surjective for all
U C X open affine (4) (note that coker(M — N) = (coker(M — N))™). O
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Feb. 12 — Morphisms to Projective Space

10.1 Morphisms to Projective Space, Continued

Definition 10.1. When any of the conditions in Proposition hold, we say that £ is generated by
S0, - - -, Sp. Furthermore, we say L is globally generated if there exist sq, ..., s, generating L.

Example 10.1.1. Oy is globally generated, e.g. by 1 € T'(X, Ox).

Example 10.1.2. For X = P", the invertible sheaf Opn(1) on P™ defined by transition data (U;, z;/x;)
is globally generated. There are isomorphisms «; : Opn(1)|y, — Op, such that a; o aj_l = multiplication
by z;/z;. Note that we have an isomorphism

klxo,...,x,)1 — T(P", Opn(1))
[ sy,
where «;(sf|y,) = f/x; (check that this is well-defined).
Then xzg, ..., z, € ['(P", Op: (1)) generate Opn(1). To see this, note that on U;, we have
a;(x;) =1€ Oy,

so x;|y, generates Opn(1)(U;) as an Opn(U;)-module by Proposition 9.2(4). So the zo, ..., x, generate
Opr(1). Alternatively, one can note that for a = [ag : -+ - : a,] € P, we have [zg(a) : -+ : z,(a)] = [ao :
: ay), so the x;(a) do not all vanish, hence the x; generate Opn(1).

Example 10.1.3. Let f: X — P™ be a morphism. Then £ = f*Opx (1) is generated by

ffxo, ..., ffe, e T(X, L).

Remark. If £ is generated by so, ..., s,, then we get a map
X — P
x— [so(z) -+ 1 su(x)].

This is a morphism: If we fix a € X and pick a € U C X open such that
a ﬁ‘U i OU,

then f|y(x) = [a(solv) () : -+ : a(sp|y)(x)]. Since each a(s;) is a regular function, f|y is a morphism.
Thus we see that f is a morphism.
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Remark. Similar to before, we have a bijection
{morphisms X — P"} «— {invertible sheaves £ on X with sq,...,s, € I'(X, £) generators}/=
The maps are given by f — £ = f*Opn(1) with s; = f*z; with inverse (L, s;) — [z — [s(x)]].
Example 10.1.4. Recall the Veronese embedding given by
pr __, pNd
a — [2'(a) : 2" monomial of degree d in zq, ..., ,)].

This map corresponds to Opn(d) with sections 2! € T'(P"*, Opn(d)).

10.2 Injectivity and Closed Embeddings

Remark. When is f : X — P" injective or a closed embedding?
Definition 10.2. Let V = span{sg,...,s,} C I'(X, £) such that so,...,s, generate L. We say that
1. So,...,8n separate points of X if for all x # y, there exists s € V such that s(z) = 0 # s(y)[]]
2. So,...,Sy separate tangent vectors if for each p € X,
{sp s € V and s(p) = 0}
generates m,L,/m>L, as a k-vector space.ﬂ

Proposition 10.1. Assume that X is complete and L an invertible sheaf on X generated by sq, ..., S, €
[(X,Y). Write

f: X —P
x— [so(x) -+ 1 sp(x)].
Then we have the following:
1. f is injective if and only if so, ..., S, separate points;
2. f is a closed embedding if and only if so,...,s, separate points and tangent vectors.

Proof. (1) For s = >"""  a;s; with a; € k, we have
{r € X :s(z)=0}=fH,)

where H, = V(> a;z;). Now f is injective if and only if for all z # y € X, there exists a hyperplane
H C P" such that f(z) € H and f(y) & H. This happens if and only if sq, ..., s, separate points.

(2) Assume that f is injective (equivalently, s, ..., s, separate points by (1)). For p € X, we get a local
ring homomorphism Opn ¢,y — Ox p, which induces a map on cotangent spaces

mf(p)/m?(p) > my,/m?

«| lg

M) Opn (1) 1) /05 ) O (1) ) m, L, /oL,

!Note that s(p) = 0 if and only if s € m,L,,.
*Here m;, < Oxj, is its unique maximal ideal. Recall that (T,X)* = m,/m2 = m,L,/m2L,.
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(as L is invertible, it is locally trivial), where the bottom map is given by

Son] o [Seo]-

So f separates tangent vectors at p if and only if mf(p)/mfc(p) — mp/mf) is surjective. Since f : X — P"
is injective and a closed map (as X is complete), we get X «— f(X) C P" is a homeomorphism (we know
it is a bijection, preimages of open sets are open, and images of closed sets are closed), and f(X) C P" is
closed. Using this, f is a closed embedding if and only if Op» — f.Ox is surjective (HW) which happens
if and only if Opn f(,) — Ox, is surjective for all p € X. This happens if and only if

mf(P)/mfc(p) — m,/m;
is surjective for all p € X (see Mustata’s notes, uses that f.Ox is coherent). O
Definition 10.3. Let £ be an invertible sheaf on a complete variety X.
1. L is very ample if there exists a closed embedding f: X < P" and £ = Ox(1) := f*Opn(1).
2. L is ample if there exists m > 0 such that £%™ is very ample.

Example 10.3.1. Let X =P" (for n > 1), then £ = Opn(d) is very ample if and only if d > 0, if and
only if Opn(d) is ample (though this is not true in general).

Exercise 10.1. If F is a coherent sheaf on a complete variety X and Ox(1) is ample, then show that
there exists an exact sequence:

@le Ox(nz) E— @::1 Ox(mz) > F

o

10.3 Divisors

Remark. For the rest of the lecture, let X be an irreducible variety.
Definition 10.4. A prime divisor on X is a closed irreducible subvariety D C X of codimension 1.
Example 10.4.1. We have the following:

1. Prime divisors on P" correspond to irreducible hypersurfaces.

2. Prime divisors on a curve C correspond to points.

Definition 10.5. A (Weil) divisor on X is a formal sum

,
D = Z CLZ'DZ‘,

i=1
such a; € Z and the D; are distinct prime divisors. Write

Div X = {divisorson X} = €P  Z[E].

ECX
prime divisor

Remark. We will see that when X is smooth, there is a surjective group homomorphism

® : Div X — Pic X = {invertible sheaves on X}/
D — Ox(D).

Furthermore, ker ® = {divy : ¢ € K(X)*}, where div ¢ is the divisor of zeros and poles of ¢.
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Definition 10.6. For a closed irreducible subset Z C X, the local ring at Z is

Oxz={(p,U): 9 € Ox(U), U C X open, ZNU # @}/~

UCX open
ZNU#2

where (¢, U) ~ (1, V) if there exists W C U NV open with Z N W # & such that ¢y = ¥|w.

Remark. We consider open sets intersecting Z (and not those containing Z) because otherwise there
not be many such U. For example, if X = P" and Z is a hyperplane, then we can only have U = X.

Remark. This construction works for any sheaf on X, not just Ox.
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Feb. 17 — Divisors

11.1 Divisors, Continued

Proposition 11.1. We have the following:

1. If U C X is affine open, then we have an isomorphism
Ox(U)z,w) — Oxz

when Z NU # @.
2. dim Oy z = codimy Z.
3. Ox.z 1s a local ring.

4. Let my be the maximal ideal of Ox z. If X s smooth, then Ox z is regular, i.e.
dim Ox ; = dimmy/m7,
where the right-hand side is the dimension as a vector space over Ox z/mz.
Proof. (1) The proof is the same as when Z = {z}.

(2) We can reduce to the case where X is affine. Then we have a bijection

{prime ideals p < A such that pN(A\ Iz) = @}qﬁz{prime ideals of Ox #}

I

{closed irreducible subvarieties Z C Y C X}

where A = Ox(X). This proves the claim.
(3) We use (1). Since Zy(U) C Ox(U) is prime, Ox 7 is a local ring with maximal ideal

my :=27(U)Oxz ={(¢,U) € Oxz: ¢|zov =0} C Ox 2.

(4) In Algebraic Geometry I, we have seen that this holds when Z is a point. Choose = € Z, then

OX,Z = (OX,x){npeoxi,z 1p|z=0}-

As Ox, is regular, so is Ox z by commutative algebra.
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Remark. For the rest of this lecture, assume that X is a smooth irreducible variety (so that the local
rings are regular and we can talk about the function field of X).

Remark. Let £ C X be a prime divisor. Then Ox g is a regular local ring of dimension 1. By results
from commutative algebra, Ox g is a discrete valuation ring (DVR). In particular, this implies that Ox g
is an integral domain which is a UFD with a unique irreducible element up to multiplication by units.

So there exist an irreducible element 7 € Ox g such that for any 0 # f € Frac(Ox g) = K(X),

f=ur?

for some u € O% p and d € Z (with d > 0 if and only if f € Ox g). Such a 7 is called a uniformizer.

We will write ordg(f) = d when f = ur?, which we view as the multiplicity of vanishing of f along E.
Remark. Note the following:

o ordp(fg) = ordp(f) + orde(g).

o ordp(f +g) > min{ord(f), ords(g)}.

Along with some other properties, the above implies that ordg is a valuation on K(X).

Example 11.0.1. Consider 0 € A'. Then we have

Oprp = {g : f.9 € klz], g(0) # O} ~
For ¢ € Oy1 9, we can write
o =uzx"
such that u € (91@70 ={f/g: f,g € klz], f(0),g(0) # 0}. So ordgp = m.
Remark. We can also think of Ox p = {¢ € K(X) : ordg(p) > 0}.
Definition 11.1. For 0 # ¢ € K(X), its divisor of zeros and poles is

div(p) = divx(p) = Z ordp(p)E.

Proposition 11.2. The divisor of zeros and poles div(p) is a divisor, i.e. we have ordg(p) = 0 for all
but finitely many prime divisors £ C X.

Proof. Fix an open affine @ # U C X. Since X \ U contains at most finitely many prime divisors, it
suffices to show that divy () is a divisor. Write ¢ = f/g with f,g € Ox(U) = A. Since

divy (p) = divy(f) —dive(g),
it suffices to consider the case when ¢ € Ox(U). Now for £ C X prime with ENU # &, we have

ordg(p) >0 <= ¢ emg C Oxp
<=  vanishes on ENU
— ECV(p).

As V() contains finitely many prime divisors, we get that divy(p) is a divisor. O



LECTURE 11. FEB. 17 — DIVISORS 43

Example 11.1.1. Let f € k[z1,...,2,] € Opn(A™). We can write

fecff gy

with f; irreducible and a; > 0. Then we have
divae(f) =Y a;V(fi).
i=1

This follows since ordy (s, f; = 1, which in turns follows from Opn v (s,) = k[z1, ..., 25](s,), which has
maximal ideal (f;) and hence uniformizer f;.

Proposition 11.3 (Algebraic Hartog’s lemma). For 0 # ¢ € K(X), we have divp >0 (i.e. ordg ¢ > 0
for all prime divisors E C X ) if and only if ¢ € Ox(X).

Proof. 1t suffices to show the statement on an affine cover. So we may assume that X is affine. Write
A = Ox(X). Hartog’s lemma in commutative algebra implies that

A= () A CFrac(A).

p<A prime
height 1

Thus for ¢ € Frac(A) = K(X), we have ¢ € A if and only if ¢ € A, for all height 1 prime ideals p < A,
which happens if and only if ordg(p) > 0 for all prime divisors £ C X, i.e. divx(¢) > 0. ]

11.2 Class Groups

Definition 11.2. A divisor D € Div X is principal if D = divx(y) for some 0 # ¢ € K(X).

Example 11.2.1. Any divisor on A" is principal by the previous examples (this is also true when A™ is
replaced by an affine variety X such that Ox(X) is a UFD).

Remark. Note that PDiv X = {divyp: 0 # ¢ € K(X)} C Div X is a subgroup.
Definition 11.3. We say that Dy, Dy € Div X are linearly equivalent if Dy — Dy is principal. The class
group of X is
Cl(X) = Div(X)/PDiv(X) = group of divisors up to ~.

Example 11.3.1. We have the following:

1. CI(A™) =0.

2. CI(P") = Z[H], where H C P" is a hyperplane.

To see this, recall that we have a bijection

{prime divisors in P"} «— {irreducible hypersurfaces}.

Consider deg : Div(P") — Z which sends > a;F; = ) a; deg E;, which is clearly surjective. For
v € K(P"), write ¢ = f/g where f, g € k[zo, ..., x,] are homogeneous of the same degree. So

f=frfir and g=git-gy
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with f;, g; homogeneous and a;,b; € Z>o, and ) a;deg f; = > b; deg g;. Now
divp =Y aV(f;) = Y bV(g)-
i=1 i=1

So deg ¢ = 0. This shows that PDiv(P") C ker deg. One can show the reverse inclusion as well, so
PDiv(P") = ker deg. Thus we have CI(P") = Div(P")/PDiv(P") = Z.

11.3 Cartier Divisors

Definition 11.4. A divisor D on X is Cartier if it is locally principal, i.e. at each x € X, there exists
an open neighborhood =z € U, C X and 0 # ¢, € K(X) such that divy, (¢.) = D|u,.

Example 11.4.1. Principal divisors are Cartier (in fact, they are globally principal).
Example 11.4.2. Let H = V() C P". Note H ~ 0, so H is not principal. But on U; = {z; # 0} C P,

H‘Ui = diVUz‘ (l’o/mi),

so H is Cartier (alternatively, P™ has an open cover by the U;, and each Cl(U;) = 0).
Proposition 11.4. Fvery divisor D on X s Cartier.

Proof. If Dy, Dy are Cartier, then so is D + Ds. So it suffices to consider the case when D = F for
some prime divisor E on X. Now fix z € X. If z ¢ E, then set U, = X \ F and ¢, = 1. Now assume
x € E. Since Oy, is a regular local ring, the Auslander-Buchsbaum theorem implies that Ox, is a
UFD. Now we have a bijection

{prime ideals of Ox ,} «— {irreducible closed subvarieties x € Y C X}.

Write J C Ox , for the prime ideal corresponding to £. As J is a height 1 prime ideal and Ox , is a
UFD, there exists f € Ox, such that J = (f). So there exists an isomorphism

¢+ (Oxa)(p) — Ox.p

such that ¢(f)Ox g = mg. So ordg(f) = 1. One then checks that divy, (f) = E|y, for some U,. O

Remark. Proposition [I1.4] crucially uses our assumption that X is smooth. It may fail in general.
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12.1 Cartier Divisors, Continued

Example 12.0.1. Consider X = V(zy — 2%). Note that this is singular. Also, all of the local rings for

this particular variety are still DVRs, so we can still talk about divisors. The prime divisors are

Dy =V(x,z) and Dy =V(y,z).

One can compute that divy(z) = 2Dy, divx(y) = 2D, and divx(z) = Dy + Dy. So Dy is not Cartier.

Example 12.0.2. Consider X = V(zy — zw), which is also singular. Then D = V(z,z2) is a prime

divisor, and one can check that mD is not Cartier for all m # Z \ {0}.

12.2 Divisors and Invertible Sheaves

Definition 12.1. For D € Div X, define Ox (D) € Mode, such that for U C X open,
Ox(D)(U) = {¢ € K(X) : divpy(p) + D|y = 0}

Remark. If D > 0, then one can think of this as saying that “the poles of ¢ are < D.”
Remark. Note that Ox (D) C K(X) is a subsheaf.

Example 12.1.1. Let H = V(27) C A™. Then
Oun(H)(A") = {p € k[z1,...,2,] s ordg () > —1 and ordg(y) > 0 for all prime H # E C X}

= —kl[r1,...,x,] Ck(z,...,2,).

Proposition 12.1. If D is principal and D = divx(g), then

Ox(D) = éOX C K(X).

Proof. Fix U C X open. For ¢ € K(X), we have ¢ € Ox(D)(U) if and only if

divy (¢) + D]y = divy (@) + divy(g) > 0,

if and only if divy(¢g) > 0, if and only if g € Ox(U), if and only if ¢ = ¢ /g for some ¢ € Ox(U). So

we have Ox(D)(U) = (1/9)Ox(U).

45
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Corollary 12.0.1. For any D € Div X, Ox(D) is an invertible Ox-module.

Proof. Since D is necessarily Cartier (recall the smoothness assumption), there exists an open cover
X=U,U---UU, and g; € K(X)* such that D|y, = divy,(g;). Now

1
Ox(D)|y, = Oy, (Dly,) = EOUZ--

Now we have an isomorphism

1
Qo Ox(D) U, = _OUZ' — OUi
f— fg.
So Ox (D) is an invertible Ox-module with trivialization data (U;, ¢;; = ¢i/9;)- O

Example 12.1.2. If H = V(z() C P, then we have
H‘Ui = diVUZ. (l'o/mi),

so Opn(H) is the invertible sheaf with transition data (U;, zj/x;). So Opn(H) = Opn(1).
Proposition 12.2. The map

DivX — Pic X
D — Ox(D)

is a surjective homomorphism with kernel PDiv X . In particular, CI(X) = Pic X, and Dy ~ D, if and
only if Ox(D1) = Ox(Ds).

Proof. We first check that this map is a group homomorphism. Fix Dy, Dy € Div X. Choose an open
cover {U;} of X such that there exist g}, g? € K(X)* with

Dily, = divy,(g;) and  Dsly, = divy, (g7).
So we have (D; + Ds)|y, = divy, (g} g?). Then we have:

invertible sheaf ‘ transition data
Ox (D) g9/ 9]1'
Ox(Ds) 9;/ 9]2

Ox(Di+ Do) | 9i9}/9;9;

So we see that Ox(D; + Dy) =2 Ox(D1) @ Ox(Ds).
Now we check the kernel. If D ~ 0, then D = divyx g for some g € K(X)*. So

1
Ox(D> - 50){ = Ox.

Conversely, assume that there exists an isomorphism 3 : Ox — Ox (D). Set f = B(1). Since 10x = Oy,

fOx = Ox(D,).
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So fOUl = (1/gZ)OUl, SO fgz € Ox(UZ)X Then
divy, f =divy,(1/g;) = =D

U+
So divx f = —D, and thus D is principal.

Finally, we check surjectivity. Fix an invertible sheaf £ € Pic X, say with trivialization data (U;, ¢; j)ier-
Fix an element 0 € [ and set go = 1, g; = gipo for i € I \ {0}. Then

X

9i/9; = 910/ 950 = 9i,j € Ox(Us;)".
Let D' = divy;,(g;) € Div(U;). Note that
Dy, — Dj, . = divy, (g:/9;) = divy, ;(gi) =0,

so the D' glue to a divisor D € Div X such that D|y, = divy,(g:). So Ox (D) = L. O

Remark. Proposition implies the following:
e Pic(A™) = Cl(A™) = 0.
e Pic(P") = CI(P") = Z, and Pic(P") = (Opn(1)).

12.3 Effective Cartier Divisors

Remark. Fix D =) a;D; € Div X such that the D; are distinct prime divisors.
Definition 12.2. A divisor D is called effective if a; > 0 for all 7, and we write D > 0.
Remark. If D > 0, then we have
Ox(—D) C Ox C K(X),
and Ox(—D) is a coherent ideal sheaf. We write Op := OX%X(—D).
Example 12.2.1. Let H = V(z1) € A™. Then Opn(—H) = 10xn, and
Op = (k[xy, ...,z /(21))” =004,
where ¢ : H — A" is the inclusion. In general, we have
1. Supp(Op) = U._, E;, where D = >""_ b;E; with b; > 0 and E; distinct primes.

To see this, we can write (Op), = Ox,/Ox(—D),, which is zero if and only if = ¢ |J_, E;. We
will call this locus the support of D.

2. Ifby=---=0b,=1, then
OX(__D) :IE1U'~~UET‘

Thus Op = 1.0g,u...uE,, Where, where ¢ : £} U---U E, — X is the inclusion.

12.4 Effective Divisors and Zero Loci of Sections

Remark. Fix an invertible sheaf £ on X. Fix trivialization data

(UZ’,Oéi . ‘C|Uz i OUl)



LECTURE 12. FEB. 19 — DIVISORS, PART 2 48

Proposition 12.3. For 0 # s € I'(X, L), there exists a divisor D € Div X such that
1. D|y, = divy,(ai(s)),
2. D >0,
3. Ox(D) = L.
Write V(s) := D for this divisor.
Proof. (1) It suffices to show divy, ;(ai(s)) = divy, ,(;(s)), and this holds as a;(s)/a;(s) € Ox(Us;)*.
(2) Use that «;(s) € Ox(U;).
(3) Left as an exercise. One works with transition functions. O

Remark. We get a bijection

{1-dimensional subspaces in I'(X, £)} «— {effective Cartier divisors D such that Ox(D) = L}
ks — V(s)
L2~ 0x(D)>31+«D.
If £= Ox(Dy), then there is another bijection with the effective Cartier divisors D ~ D.
Example 12.2.2. Let X =P" and £ = Ox(m), m > 1. Then £ = Ox(mH) for a hyperplane H, and

a; > 0, H; irreducible hypersurfaces
{effective Cartier divisors D ~ mH} = {Z a; H; : }

with Z a;deg H; =m
= {hypersurfaces of degree m in P" counting multiplicities}.
Remark. If sy,...,s, € ['(X, L) globally generate L,

f: X —P"

e [so() o+ ¢ sa(a)],

and H, = V(> a;z;) C P" is a hyperplane, then f~'(H,) =V (> a;s;).



Lecture 13

Feb. 24 — Differentials

13.1 Review of Tangent Spaces
Definition 13.1. For a variety X and x € X, the tangent space of X at x is
TX,x = (mx/mi)v

We say that X is smooth at z if dim, X = dimy T'x ;.

Remark. Our goals will be:
1. Define Qx € Coh(X) such that Qx(U) gives the “algebraic 1-forms on U.”
2. Define T := QY.
3. Show that there is a natural isomorphism T'x(z) = Tx ;.

4. Construct a relative version {2x/y for a morphism X — Y.

13.2 Differentials

Remark. Let ¢ : A — B be a morphism of rings, e.g. k — k[xq,...,z,]/I.
Definition 13.2. For a B-module M, an A-derivation is a map D : B — M such that
1. D is A-linear,
2. (Leibniz rule) D(byby) = b1 D(bs) 4+ D(by)bs.
Remark. Using (2), condition (1) can be reformulated as the following:
1. D is additive and D(a-1) =0 for all a € A.
Example 13.2.1. Let A =k and B = k[z1,...,x,]. We can define

D : klxy,...,z,] — @k[ml, e Tp)day
i=1

of
fr—df = Z 8x'dxi'
One can check that D is a k-derivation (but D is not k[xy, ..., z,]-linear).
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Proposition 13.1. There exists a derivation B — Qp/4 such that for any derivation D : B — M, there

exists unique a B-module homomorphism such that the following diagram commutes:

B L) QB/A
D iﬂ!
M

Here Qp/a s called the module of Kahler differentials.

Proof. Let Qg4 be the B-module with generators (db),cp and relations
1. d(blbg) = bld(b2> -+ de(bl) for bl, b2 € B,
2. d(by + bz) = dby + dby for by, by € B and d(¢(a)) =0 for a € A.

Then one can check B — (g4 given by b+ db is a derivation satisfying the universal property.

Remark. If (b;);c; generate B as an A-module, then the db; generate Q2,4 as a B-module.
Example 13.2.2. We have the following:

0. Q474 = 0.

1. For K C L a finite field extension, (27,5 = 0 if and only if L/K is separable.

2. Let B = Alx1,...,x,]. We know that dx; for 1 <i < n generate Qp/4. We claim that the dz; are

also linearly independent over B.

To see this, fix 1 <i < n and consider the derivation D, : B — B given by f + df/0x;. Then

1 ifj—i
Dz’(%‘)_{

0 otherwise.

By the universal property we have a diagram

Qp/a

-

D;

B

so the dz; are independent over B. Thus we have Qg4 = Bdx, @ --- ® Bdz,.
Proposition 13.2. If S C B is a multiplicative system, then there is a canonical isomorphism
QSAB/A — S_lQB/A

1 b
d(b/s) — ;db - S—st.

Proof. Given an A-derivation S™'B — M, we get an A-derivation by composition:
B—S'B—M

So there exists a unique B-module homomorphism D such that the following diagram commutes:
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B L) QB/A

1R _ A o
d/

51

Note that by the universal property of localization, we get a unique map S~!D that fits into the above

diagram. Then one can check that the map

d:S'B— S*IQB/A

é — 1db— Eds

S S 52

makes the diagram commute and is an A-derivation, so S™'Qp/4 = Qg-1p5,4.

Proposition 13.3. We have the following:
1. For A-algebras B, and By, we have Q(p,g,B,)/4 = (2,74 @4 B2) ® (B1 ®4 Qp,/a).

2. If we have ring homomorphisms A .Y C, then the sequence
QB/A Qg C —— QC’/A — QC/B — 0

is exact, where the first map Qp/a @p C — Qcya is given by db @ ¢ — cdip(b).

3. If I < B is an ideal, then there exists an exact sequence
[/12 E— QB/A®(B/I) — Q(B/I)/A — 0
where the first map I/1* — Qpa @ (B/I) is given by b+ db ® 1.

Proof. See Mustata’s notes.

Example 13.2.3. Let X C A" be an affine variety, C = Ox(X) = k[z1,...,2,]/1(X), B = k[zq, ...

and A = k. Let I = I(X). Then Proposition [13.3|3) gives an exact sequence
[/[2 e @?:1 Bd.’]fl ®B C —_— QC/k — 0

Thus we see that Q¢ is given by
@TF_I Cdﬂ?z
Qo = —————.
T feD)

If I =(f1,...,fr), then we just get

1=

Qo = (df1,. ..., df,)’

7xn]7

Example 13.2.4. If X = V(2? — ?), then C' = Ox(X) = k[z,y]/(2* — y3), and Example [13.2.3| gives

Cdx ® Cdy
2wdr — 3y?dy)’

Qo = (
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Proposition 13.4. Given a variety X, there exists a coherent sheaf Q0x, called the sheaf of differentials,
such that

1. for U C X open affine, there exists an isomorphism Qx (U) = Qo w)/k;

2. for V. C U C X open affine, the following diagram commutes:

Qx(U) —— Qoxw)/k

l lded(flU)

Qx (V) —— Qoxw)k

Proof. For U C X open affine, set Gy := Qg)_IU/)/,y€ € Coh(U). Now for V- C U C X open affine,

Qoxwye — Qox W)k

induces a morphism ¢y : Gylv — Gyv. f V = Dy(f), then

Gulv = ((Qoxwyk)s)™ and Gy = Qo)

These are isomorphic by the localization property of differentials. So by the affine communication lemma,
we get that ¢y is an isomorphism for all V' C U C X open affine.

Using this, we can glue the Gy for U C X open affine to construct G =: Q. O
Remark. Similarly, for a morphism of varieties f : X — Y, we can define
Qx/y € Coh(X)
such that for any open affines U C X and V C Y with f(U) C V, we have
Qx/vlv = Qoxwyjorw)™

Remark. Note that Qx = Qx /-
Example 13.2.5. We have the following:

Lo Qpn = (Qgey i)™ = (D) Klzn, - wa]des)™ = D Oun.

2. To compute Qpr, note that there is a short exact sequence (called the Euler sequence)
0 —— Qpn — Opn (=12 — 5 Opn —— 0
On U; C P", this corresponds to

Qpn (U;) —— @17 Opn(—1)(U;) —— Ope(U;) — 0
d(z;/z) —— ej — (zj/z)e;

e

! > ZJ/ZZ

One can check that these maps glue and that the sequence is exact.



Lecture 14

Feb. 26 — Differentials, Part 2

14.1 Tangent Sheaf

Proposition 14.1. We have the following:

1. For X C A" closed, we have
@7’11 fldl’Z
Qx(X) = —F——|
x(X) (dfy, ..., df,)

where A = Ox(X) = klzy,...,x,]/1(X) and I(X) = (f1,..., fr) < K[z, ..., 2,).
2. Forx € X, we have (Qx ). = Qoy, k-

Proof. (1) This was the discussion in Example [13.2.3]
(2) We may assume that X is affine. Let I := Ix({z}) < Ox(X). Then

(Ux)e = (Qoyx)/w)e = (Qoxx)m)r = Qox., ks

which is the desired claim. O

Proposition 14.2. For a variety X and x € X,

1. Ty, = Qx(x), in particular dim Qx (v) = dimy Tx ,;

2. X is smooth if and only if Qx is locally free (of rank dim X if X is irreducible).
In particular, when (2) holds, Tx = QY% is a locally free sheaf.

Proof. (1) We will only show the dimension statement. As both are local statements, we may assume
that x =0 € X C A™ where X is closed. Write A = Ox(X) and Ix = (f1,..., fr) < k[z1,...,2,]. Then

_ x(X) _ D, kdx;
QX(O) a (fb cee 7§n)QX<X) B (Zj(afz/ax])(O)da:j)

by Proposition [14.1, As Txo = V(fi", ..., fi"), we see that dim Qx(0) = dim T’x 0.

(2) We may assume that X is connected. If X is smooth, then X is irreducible, so
n:=dim X = codimx{z} = dimTx, = dim Qx(z)

for all x € X. Thus a homework problem implies that 2x is free.
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Conversely, assume Qx is free. Set n = rkQy, then for x € X, we have codimx{z} = dim Qx(z) = n.
Now X*" is dense in X, so X is of pure dimension n. So for all x € X, we have

n=dimX = codimx{z} < dim7T,, = dim Qx(x) = n,
hence dim 7Ty , = n, so X is smooth. O
Definition 14.1. For a variety X, its tangent sheaf (or tangent bundle) is Tx := QY.
Remark. If X is smooth, then T is locally free.

Conjecture 14.0.1 (Zariski-Lipman). If T is locally free, then X is smooth.

Remark. In general, F being locally free does not imply that FV is locally free.



Lecture 15

Mar. 3 — Differential Forms

15.1 Differential Forms

Definition 15.1. For a variety X and 0 < p < dim X,
OF = ANPQx
is the space of p-forms on X. If X is smooth and irreducible, its canonical bundle is

Wx = /\dimXQX = det(Qx).

Remark. If M is a smooth compact oriented manifold, the de Rham cohomology is given by

closed k-forms

HY (M, R) = .
ar (M, R) exact k-forms

Then Poincaré duality says that (here n = dim X)
HSR(M’ R) X Hglllgk(Mv R) - HgR(M7 R) =R
([, [B]) = [ A ]

is a perfect pairing, i.e. the following map is an isomorphism:
HclifR(M’ R) - Hgfzk(Mv R)V
[ — ([B] = [a A f])

The canonical bundle wy will be an analogue of Hji (M, R) = R in algebraic geometry.

15.2 Canonical Divisor

Definition 15.2. The canonical divisor of a smooth irreducible variety X is a divisor Kx such that
wx = Ox(Kx) (note that technically Ky is only defined up to linear equivalence).

Example 15.2.1. How do we compute the canonical divisor K x?

1. First consider A™. In this case Qxn = (’)S@?, so det(Qpn) = Opn. So Kpn = 0 (alternatively one can
note that CI(A™) = 0, so there every divisor is 0 up to linear equivalence).

2. Next consider P". We need to use the following tools:
i) The Euler short exact sequence 0 — Qpn — Opn(—1)®"+) — Op, — 0.
i) f 0 — & — F — G — 0 is a short exact sequence of locally free sheaves of ranks e, f, g

on X, then det(F) = det(€) ® det(G).

%)
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To see this, note that given a short exact sequence of free R-modules

0 » I » [ > G > 0
of ranks e, f, g for some ring R, we can define a map

det(F) ® det(G) — det(F)
(VA AV) @ (W A+ AWy) —> V1 A= Ave Awy A -+ A wy,

where we think of G = F//E. One can check that this is well-defined, is an isomorphism (it is
enough to check this on a basis), and commutes with localization. This induces a morphism

det(f)|U — det(€)|U (%9 det(g)|U

on U C X open affine which trivializes £, F,G. Since the map commutes with localization,
these morphisms glue to give an isomorphism det(F) — det(£) ® det(G).

iii) For Ly,..., L, invertible sheaves, we have
det(L1D---®L,) =L ®--QL,.

One can prove this as above by defining a map on affine opens and showing that it commutes
with localization, or by checking the transition data.

Using these three properties, we see that
wpn = det Qpn = det(Opn (—1) ) @ det(Opn) = Opn(—n — 1).
Hence we see that Kpn = —(n + 1)H with H C P a hyperplane.

15.3 Exact Sequences of Differentials

Proposition 15.1. We have the following:

1. For a morphism of varieties f : X — 'Y, there is an exact sequence

f*Qy > QX > Qx/y — 0

2. Fori:Z — X a closed embedding, there is an exact sequence (where T =T C Ox)

I/7? —— i*Qx y Qg > 0

Proof. (1) For U C X open affine with f(U) C V open affine, set
A=k—— B=0y(V)— C =0x(U).
From this, we get an exact sequence

QB/A QR C —— QC/A — QC/B — 0

Then use that this sequence is natural (i.e. for another row A’ <— B’ < C” with the appropriate arrows,
there is another row in the exact sequence which commutes) and commutes with localization to get an
exact sequence of coherent sheaves.

(2) Reduce to the corresponding ring theoretic statement. O
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Remark. In Proposition [15.1(2), we abusively write Z/Z? for i*(Z/Z?), since for X affine, A = Ox(X),
and I = I(Z) < A, we have that I/I? is naturally an A/I-module as Ann(I/I%) C I. Thus

i(Z/T%) = (I/I? @4 A/I)™ = I/ I2.

More generally, there is an equivalence of categories

Cohy Z<:>* coherent sheaves F on X with Ann(F) CZ

Example 15.2.2. For i : {p} — P!, we have an exact sequence

0 > I{p} > Op1 —_— i*O{p} — 0

Remark. If Z, X are smooth varieties of pure dimension, then
e Mustata 6.3.21 implies that Z/Z? is a locally free Ox-module of rank dim X — dim Z.
e We call Nz x = Homp, (Z/Z?, Oy) the normal bundle.

e We have a short exact sequence:

0 —— I/7* —— i*Qx » Oy > 0

To see this, note that locally on U C X open affine trivializing the locally free sheaves, we get an
exact sequence

. T . 8 .
Ognn X—dim Z [&] OdU1m X O(d]lm Z s 0

We want to check that we get a short exact sequence if we add a 0 on the left, i.e. that kera = 0.

~

For z € U, we can apply the right exact functor — ® Oy /m, (= k) to get
pdmX—dimZ __ pdmX __ . pdimZ
which is short exact by dimension reasons. So we see that
(ker @), C mdimX—dimZ  (dim X—dim 2,

As this holds for all x € U, we get ker a = 0. So the original sequence is short exact.

Corollary 15.0.1. Ifi: Z — X 1is a closed embedding of smooth irreducible varieties, then
wyz = det(Q2z) = det(i*Qx) @ det(Nz/x) = i"'wx @ det(Nz/x).

15.4 Graded Modules

Remark. On an affine variety X, there is a bijection

{finitely generated A(X)-modules}/= «— {coherent sheaves on X }/=
M — M
F(X) — F.

Now we want a similar correspondence for a closed subvariety X C P" with S(X) = k[zo, ..., z,)/I(X)
and graded S(X)-modules, though we will only get a bijection up to some further equivalence.
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Remark. Let X C P" be a closed subvariety and S = @, S5 its homogeneous coordinate ring.
Definition 15.3. A graded S-module M is an S-module with a direct sum decomposition
M= M,
ecZ
as abelian groups, such that S;- M, C My... A morphism of graded S-modules
¢o: M — N
is a morphism of S-modules which respects the grading, i.e. ¢(My) C Ny for all d € Z.
Example 15.3.1. We have the following:
1. If M, N are graded S-modules, then so are M & N and M ®g N, with
(M@&N)g=My& Ny and (M®sN)a= P (M. @5, Ny).
e+ f=d
2. For m € Z, let S(m) be the graded S-module such that S(m); = Sp+a-

3. If ¢ : M — N is a morphism of graded S-modules, then ker ¢, im ¢, coker ¢ are graded S-modules.

Exercise 15.1. If M is a finitely generated graded S-module, then show that there exists an exact
sequence of graded S-modules of the form

S « ' B
D, S(a;) —— @j=1 S(b;) > M

=}

Hint: Choose generators my, ..., m, € M that are homogeneous, set b; = —degm;, and let 5(e;) = m;.

—_—~—

Remark. Next time, we will define M € QCoh,, and we will see that S(m) = Ox (m).



Lecture 16

Mar. 5 — Coherent Sheaves on Projective
Varieties

16.1 Coherent Sheaves on Projective Varieties

Remark. Let X C P™ be a projective variety (i.e. a closed subvariety), and let
S =S(X) = k[xg,...,z,)/1(X),

which is a graded ring. Recall the notion of a graded S-module (Definition [15.3)).
Example 16.0.1. Trivially, S is a graded S-module.
Example 16.0.2. If M is a graded S-module, then M (m) is the graded S-module with

M(m)d = Md+m-

Remark. Gr-Modg is an abelian category.

Remark. We want a correspondence
(finitely generated) graded S-modules 7— (coherent) quasicoherent sheaves on X

To begin with, we want S to correspond to Ox.

Example 16.0.3. Let X =P", then S = k[zo,...,z,]. Note that

Opn (D(x)) = kl[zo/xiy . . xn/zi]) = (K[zo, - ..y 20))z, )0 = {% fe k[:po,...,xn]d}

(2

Note that k[zo, ..., x|, is naturally graded. More generally, for f € ST of homogeneous degree d, let

S(py = (Sf)o = degree 0 part of Sy = {% €Sr:g€Su, i€ N}.

Then there is a homomorphism

¢ : Sy — Ox(D(f))
g/ [ — (x — g(x)/f'(x)),

59



LECTURE 16. MAR. 5 — COHERENT SHEAVES ON PROJECTIVE VARIETIES 60

which we claim is an isomorphism. To see this, consider Y = C(X) C A" which satisfies A(Y) = S.
Now observe that we have a commutative diagram

S(f) L Ox(Dx(f))

/ !

Sy — Oy(Dy(f))
Thus ¢ is injective. Furthermore, if 1) € Ox(D(f)), we get

v=yg/f", geSX).

Then g(Az) = A\g(z) for all z € X such that g(x) # 0. So g € Sy (assuming the previous condition
holds on a dense subset of X, e.g. if g is nonzero on every irreducible component).

Remark. Fix M € Gr-Modg and f € ST homogeneous of degree d. We want an Ox-module. Note that

My := degree 0 part of My = {% € My:me Mg, 1 € N}

is an S( f)—module. Then we can set
o M(D(f)) = My,

e For f,g € ST homogeneous, we have natural maps Mgy — Mz, and My — Mg, which we can
view as the restriction maps M (D(f)) — M(D(fg)) and M(D(g)) — M(D(fg)).

Then we claim that M is a sheaf of Ox-modules on the basis {D(f): f € ST homogeneous}, hence it
induces M € Modop, . The proof is similar to the affine case.

P

Proposition 16.1. S(m) is an invertible sheaf. In particular, it is quasicoherent.

Proof. Write X = D(x¢) U---U D(z,). Now we have an isomorphism

—_~—
~

S(m)(D(x:)) = (Se)m — (Sz.)o

' .

Note that D(z;) has a basis by {D(z;9) : g € ST homogeneous}, and

—_—~—
~

S(m)(D(xig)) = (Swig)m — (Swig>0

e~
~

As this isomorphism is compatible with the previous one, we get that S(m)|pe,) = Op(s,)- So we see
that S(m) is an invertible sheaf. O

—_~—

Remark. We have Ox(m) = S(m). To see this, note that we have an isomorphism

—~—

a; : S(m)|p) — Opay)

" — 1.
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Now observe that we have the composition

—1

—_~—

(o'} a;
Ob(aizy) — S(M)|p@a;) —— Ob(iay)

—_—~—

so the transition functions are g; ; = (z;/x;)™. Thus we see that S(m) = Ox(m).
Remark. Consider the map Gr-Mods — Modp, given by the construction M — M above. Then:
1. This is a functor.

2. This is exact (localization is exact and the D(f) form a basis).

P

3. If M; € Gr-Modg for i € I, then @,., M; = @, M; (localization commutes with direct sums).

Proposition 16.2. For M € Gr-Modg, M is quasicoherent. Furthermore, if M is finitely generated,
then M s coherent.

Proof. We have an exact sequence

D, S(—a;)) — D, 5(-b;) sy M

~
[a)

—~
*

~—

Applying M +— M (which is exact and commutes with direct sums), we get an exact sequence

@D, Ox(—ai;) — D; Ox(-by) y M

)

This gives that M is quasicoherent. If M is finitely generated, then we can choose the direct sums in ()
to be finite, hence M is coherent in this case. O

e~

Remark. We have M ® Ox(m) = M(m). To see this, we can note that

—_——

(M @ Ox(m))(D(w:)) = (Ma,)o @530 (Su)m = (M) = M(m)(D(w)).

Alternatively, shifting the exact sequence @, S(—a;) — @, S(—b;) — M — 0 by m (which preserves
exactness),

&b, S(m —a;)) — B, S(m —b;) —— M(m) —— 0.
Applying M +— M , we get that
]\m = coker (@Ox(m —a;) — @Ox(m — bj)) =M Ox(m).
( J

Remark. When is M = 0? Clearly this is true if M = 0, but there are more examples. Observe that we
can write s/x¢ = x¢s/x7T¢ € M,,, so if x$s = 0 for some ¢ > 0, then s/z¢ is zero in M (D(z;)).

In particular, if there exists ¢ > 0 such that M; = 0 for all ¢ > ¢, then M(D(xz)) =0, s0 M = 0.
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Corollary 16.0.1. Ifa: M — M’ is a morphism of graded S-modules and M; — M/ is an isomorphism
fori>0, then M — M’ is an isomorphism.

Proof. Consider the exact sequence of graded modules

0 —— kera y M —2—» M' —— cokeraa —— 0

Now ker a;; = 0 = coker «; for ¢ > 0. So we get an exact sequence

0 s 0 s M s M’ s 0

~
o

Hence M — M’ is an isomorphism. ]

16.2 Graded Modules from Coherent Sheaves

Remark. How do we get a functor ® : QCohy — Gr-Modg?
Example 16.0.4. For X = P", we want

(Opn)—kxo,..., @/{Zl’o,... d-@l“ O[pm

deN deN

Definition 16.1. For F € QCohy, set (below F(m) = F ® Ox(m))

= @Prex, Fm)

meZ

Remark. For M € Gr-Modg, we have a morphism of abelian groups

M — T.(X, M)
given by the natural maps M; — ['(X, ]\//f(z/)) CTI.(X, M) In particular, we get

S — T(X,Ox).
Using this, we can get a map

Sm x DX, F(n)) —— T'(X,0x(m)) x I'(X, F(n))
I'X,F (lm +n))

which we can think of as a multiplication. Thus I'.(X, F) has the structure of a graded S-module.

Proposition 16.3. For F € QCohy, there exists a natural isomorphism

F = T.(X,F).
Proof. See Mustata 11.1.18. [

Remark. The functors (~,I';) form an adjoint pair.

Corollary 16.0.2. If F € Cohy, then there exists a finitely generated S-module M such that F = M.

Proof. Set N =T',(X,F) and choose M C N finitely generated with M~F. O



Lecture 17

Mar. 10 — Sheaf Cohomology

17.1 Motivation for Sheaf Cohomology

Theorem 17.1. If G is a coherent sheaf on a projective variety X, then I'(X,G) is a finite dimensional
k-vector space.

Remark. Theorem will be a kind of motivating theorem for sheaf cohomology. We will try to give
a simple proof. To do this, we use the following strategy:

1. There is a closed embedding i : X — P". Now I'(X,G) = I'(P",i.G). Note that i,G is coherent
since 7 is a closed embedding. So we reduce to the case X = P".

2. When G = @;_, Opn(a;), Theorem holds as
F(Pn,@OPn<al)> :@k[x07...,$n]ai.
i=1 i=1

3. We want to reduce to Case (2). By a homework problem, there is a surjection

F = @::1 O]P)n (CLZ) > g > 0

for some ay,...,a,. Set &= ker(F — G), then we get a short exact sequence

0 s £ > F s g s ()

Now we get an exact sequence
0 — (P, &) — (P, F) — I'(P", G)

as taking global sections is left exact. Note that I'(P", F) is finite dimensional. Though we do not
always get surjectivity onto I'(P", G), we can construct functors

QCohy — Vecty,
F+— H'(X,F)

for ¢ > 0 such that:
(i) HY (X, F)=T(X,F),
(ii) HY(X,F)=0 for i > dim X,

63
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iii) given a short exact sequence 0 — & — F — G — 0 in QCohy, there is a long exact sequence
g X g

H{(X, ) — H{(X,F) — HY(X,G) — H"(X &) — ---

(iv) H'(P",@]_, Opr(a;)) is a finite dimensional k-vector space.

Then to prove the theorem, it suffices to show that for any coherent sheaf G on P" and i > 0,
H'(P",G)
is a finite dimensional k-vector space. The theorem follows from this by property (i).

Assuming we have H* satisfying (i)-(iv), we can prove the above claim via downwards induction.
As the base case, note that for i > n, we have H*(P",G) = 0 for all quasicoherent sheaves G on P"
by (ii). For the inductive step, assume the claim holds for all coherent G and i > 4. Consider

0 > € » F = @), Opn(ay) > G > 0
and the corresponding long exact sequence (by (iii))
H™(P" &) —— H“(P",F) — H"(P",G) —— H"H(P", &) —— ---
Note that H(X,F) is finite dimensional by (iv) and H**'(X,€) is finite dimensional by the

inductive hypothesis. So H*(X,§) is finite dimensional, and by induction we get the full result.

Thus our goal is to give a definition of H?, which we will do using the Cech complex.

17.2 Homological Algebra

Definition 17.1. Let R be a ring. A cochain complexr of R-modules is a sequence of R-modules

0

) b}
2, AL

A:A.::(AO —>A2_>)
with morphisms 9’ : A" — A™*! such that 9! 0 9° = 0.
Definition 17.2. Let A® be a cochain complex. The cohomology of A® is

ker O0°

im 91"

Hi(A*) =

We call Z/(A®) = ker &' the cocycles and B*(A®) = im 9! the coboundaries.

Definition 17.3. A morphism of cochain complexes A®* — B*® is the data of morphisms ¢’ : A® — B°
such that the following diagram commutes for all i:

Al 5} Aitl

d)zl l¢i+1

Bi d Bitl
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Remark. Given a morphism of cochain complexes A* — B*®, there are induced maps
Z'(A*) — ZY(B*) and B'(A*) — BY(B®).
In particular, we get an induced map on cohomology H'(A®) — H'(B*).

Definition 17.4. A short exact sequence of cochain complexes

0 s A* 2 e Y o > 0
is given by morphisms ¢ and v such that
0 v A2 g Y > 0

is exact for all 7 > 0.
Remark. The category of cochain complexes of R-modules is an abelian category.

Proposition 17.1. Given a short exact sequence of cochain compleres 0 — A* — B®* — C* — 0, we get
a long exact sequence in cohomology

Hz(Ao) N HZ(B.) N Hz(c«o) N Hi—i—l(Ao) - ...

Proof. The difficulty is to define the map H'~'(C*) — H*(A®). Consider the diagram

HY(A) — H(B) — H"'(C)

-

i(B) —— CH/BI(C) ——s 0

Ai/B

0 0 0

-

(A) —— Bi/é

~ ~ ~

0 —— ZY(A) ——— Z(B) —— Z'(C)

~ ~ ~

H(A) ——— HY(B) —— H'(C)

The snake lemma then gives a map H"'(C') — H'(A). O

17.3 Cech Cohomology

Definition 17.5. Let X be a topological space, F a sheaf of abelian groups on X, and U = {U;}}_, an
open cover of X. For I C {0,...,n}, denote Uy = (,c; Us. For p > 0, set

cru.x)= 11 Fw.
I1C<{0,...,n}
|I|=p+1
Then the Cech compler is the cochain complex

C*U.F) = [C°WU. F) = O (U, F) = -]
with @ : CP(U, F) — CP*H (U, F) given by (s1); — (sy)s, where J = {ig < iy < -+ < ip41} and

sr= > (=1 sngglu,-
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Exercise 17.1. Check that the Cech complex is in fact a cochain complex, i.e. that d'™! o d’ = 0.
Definition 17.6. The Cech cohomology is given by H'(U,F) = H (C*(U, F)).
Example 17.6.1. We compute H°(U, F). We have
H(U, F) = ker(C°(U, F) — C' (U, F))
= ker (H'F(U’) — H ]:(Ui,j)> = F(X)=T(X,F)

iel 0<i<j<n
where the isomorphism is by the sheaf axiom.
Example 17.6.2. Let X = P! and U = (Uy, U;) be the standard open cover.
(i) Let F = Ox. Then we have
C*(U, Ox) = [Op1(Uo) @ Op: (Ur) — Ok, (U N UL)] = [kly/2] © Klz/y] — Klz/y,y/x]],
where the map « : k[y/x] & k[x/y] — k[z/y,y/x] is given by (f,g) — f — g. Thus
H(U,Op) =kera =2k =T(P', Op).
As the map « is surjective, we have that

H' (U, Op1) = coker a = 0.

(ii) Let F = Qp1. Then we have the cochain complex

C*(U, 1) = [Qp1(Uo) @ Qp1 (Ur) — Q1 (Uo )]
= [kly/=]d(y/x) & klz/yld(x/y) — d(y/x)k[x/y, y/x]].
If we set s = y/x, then the above becomes
C*(U, Op1) = [k[s]ds @ k[s]ds™" — k[s™]ds],
where the map £ : k[s]ds @ k[s~']ds™ — k[s*']ds is given by

(F(s)ds, g(sV)ds™) — f(s)ds — g(s™) (_i)ds.

52
Thus we see that

H(U,Qp1) =ker =0
H"(U,Qp1) = coker B = span{(1/s)ds} = k.

Example 17.6.3. Let X be a variety and F = O (this is a sheaf of groups under multiplication). Fix
an open cover Y = {U;}1, of X. Consider

H'(U,0%) = {(9i5)i : 915 € Ox(Usy) and gi;jg;09:5 = 1}/~,
where (g;;)i; ~ (g} )i, if there exists h; € OX(U;) such that hy'g; jh; = g ;. Thus
H'(U,0%) = {line bundles . — X such that Ly, = 1y, } /2

In fact, the above is an isomorphism of groups.
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Remark. From now on, we will assume that X is a variety, F is a quasicoherent sheaf on X, and that
U = {U;}, is an open affine cover of X.

Proposition 17.2. We have the following:
1. HU,F) =0 fori>n, where n = [U| — 1.

2. Gwen a short exact sequence 0 — & — F — G — 0 in QCohy, there is an induced long ezvact
sequence on Cech cohomology:

HU,E) —— H'U,F) — HU,G) —— HTU,E) —— -

3. Given a closed embedding i : Z — X and a quasicoherent sheaf G on Z, there is an isomorphism
H{U:N 2}, G) = H (U, i.G).
4. H'U,F) =T (X, F).

Proof. (1) We have C?(U, F) = 0 for p > n.

(2) Since the U; are affine, we get a short exact sequence
0 —— &WU) — F(U) — G(U;) —— 0
for any I C {0,...,n}. So we get an induced short exact sequence of Cech complexes
0—— C*(U,E) —— C* U, F) —— C*(U,G) —— 0

This gives a long exact sequence on Cech cohomology by Proposition [17.1}

(3) We have G(U; N Z) = (i.G)(Uy), so we get C*(UNZ,G) = C*(U,i.G). O



Lecture 18

Mar. 12 — Sheaf Cohomology, Part 2

18.1 Cech Cohomology, Continued

Remark. Does H'(U, F) depend on the choice of the affine open cover? Consider finite open affine
covers U' C U = {U;}, with U' = {U,};es with J C {0,...,n}. Then we get a morphism of chain
complexes C*(U, F) — C*(U', F) and hence an induced morphism ¢;,,,, : H'(U, F) — H'U', F).

Theorem 18.1. The map ¢}, is an isomorphism. In particular, H (X, F) := H'(U, F) is independent
of the choice of finite open affine cover U.

Proof. 1f suffices to consider the case when U = {U;}!, and U’ = {U;}!_;, and then the rest follows by
induction. Consider the short exact sequence of chain complexes

0
A , o s Tiriepss F(UL) —— -
0el
C'(U,.F) > o >H‘I‘:p+IF(UI>—>
C*U F) — - —— Tliops F(UL) — -+
0¢1
0

Then we get a long exact sequence on cohomology
H{(A*) —— H'(U,F) —— H'U',F) —— HT(A®)

Now let AP = CPH({U; N Uy}, F), where we note that {U; N Uy}, is an open cover of Uy. We claim
that H*(A®) for all i > 0 (Proposition [18.1]), so H*(U,F) — H'(U', F) is an isomorphism. O

Remark. When X is not an algebraic variety, one can set

H(X,F)= lim H'U,F)

U open cover

68
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Proposition 18.1. If X is an affine variety, U = {U;}, is a finite open affine cover, and F is a
quasicoherent sheaf on X, then H?(U, F) = 0 for all p > 0.

Proof. We first assume that Uy = X. Then we have a short exact sequence of complexes

0 0

~ ~

HII\ZlF(UI) — H\I|:2F(UI) s ...

0el 0el

2 2

0 —— F(X) — Hm:l]:(UI) — H\1|:2-7:(UI) —

~ ~

0 —— F(X) — H%\; F(U) — H‘ng FU) — -

~ ~

0 0

Note that [];_,.10e; F(Ur) = F(X), and we see that the first row is the last row shifted right by 1.

Calling the middle row by A® and using the long exact sequence on cohomology, we see that H'(A®) =0
for all . Thus we see that H'(U, F) = 0 for « > 0. This proves the special case.

Now consider the general case. Let A = Ox(X). Note that C*(U, F) is a complex of A-modules Now
HP(U,F) =0 for p > 0if and only if C*(U, F) is exact in degree p > 0. By commutative algebra, this is
equivalent to there being fi,..., f, € A such that D(f;) U---UD(f,) = X and C*(U, F)y, is exact in
degree p > 0. Then we observe that

c*U. Fy, = [ Fwns= ] FUinD).

|=p+1 |=p+1

Now choose fi, ..., fr € A such that D(f;)U---U D(f,) = X and for each i, there exists j; such that
HP(C*(U, F)y) = H'({U; N D(fi) Y=o, F) = 0

7=0

for p > 0 by the special case. So C*(U, F) is exact in degree p > 0. ]

Remark. Theorem [18.1] implies the following:

e For a quasicoherent sheaf F, we can define H'(X, F) := H'(U, F) where U is any finite open affine
cover, and H'(X, F) is independent of the choice of U.

e If X is affine and F is quasicoherent, then H'(X,F) = 0 for i > 0.

Theorem 18.2 (Serre). If X is a variety that is not affine, then there exists a quasicoherent sheaf F on
X such that H'(X,F) # 0 for some i > 0.



Lecture 19

Mar. 17 — Sheaf Cohomology, Part 3

19.1 Examples of Sheaf Cohomology

Remark. We want to compute H*(P", Opx(m)) and use it to give applications.
Example 19.0.1. We have already seen in Example [17.6.2] that

. k iti=0

H (P, Op) = ’

(B, Or) {0 if i >0,

and that (note that we have Qp1 = Op1(—2))

koifi=1,

0 otherwise.

H'(PY, Opi(—2)) = {

Example 19.0.2. We have seen in homework that H°(P", Opn(m)) = I'(P", Opn(m)) = k[zo, . . .
Example 19.0.3. Let X =P, U = {U;}]_, for U; = D(x;), and S = €P,,50 Sm = D0 k[70, - - -

We want to compute H* of the complex

[T, On (m)(T) —— TToe; Oen () (Usy) —— -+ —— Opn(m)(U,...)

We know that for U;, . ;. = D(zy, - - - ;,.), we have
O]P’” (m)(Ulo ----- ir) = (SzLOer)m

To make this simpler, write 7 = @, ., Ox(m). Now

H'(X,F) =P H'(X,Ox(m)),

MEZ

and observe that (Ui, i) = Sy, -z;. . SO We have
C*U,F) = [H Sa, — | [ Sziey — -+ — S] :
i i<j

Then we want to compute H*(C*(U, F)) and keep track of the grading. For i = 0,

H°(X,F) = ker (HS% — stixj) =5,

i<j

70
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so HY(P", Opn(m)) = S,,. In particular, H*(P", Opn(m)) = 0 for m < 0. For i = n,
H"(X,F) = coker (H St By — Sxo...xn> = @ kag® - - xon.

So H"(X, Opn(m)) = @Dy, <0,5 as=m kx5’ - . In particular, H"(X, Op(m)) = 0 for m > —n and
H"(X,Opn(—n — 1)) = kgt -~ a;1.

n

Observe that there is a perfect pairing

HY(X,Opn(m)) x H* (X, Opn(—m —n — 1)) — H"(X,Opn(—n — 1)) =2k

ao 0 bo .. pbn) s p@0tbo | an+b
(170 {L‘n",l'o xnn) o) Tyt tome

where a; > 0 and Y a; =m, and b; < 0 and > b; = —m —n — 1. Note that

L. . -1 if . — ;
20T et x xt it a; 4+ b; = —1 for all ¢,
0 otherwise.

This says that H"(X, Opn(—m) @ wpn) = HY(X, Opa(m))Y, which is a special case of Serre duality.

Now for the middle cohomology, we claim that H*(X, Opx(m)) = 0 for 0 < i < n. For this, it suffices to
show that H* (X, F) =0 for 0 < i < n. We argue by induction. Consider the short exact sequence

XTp

0 —— S(-1) ) > S/x,S —— 0

Then taking M — M gives a short exact sequence

0 —— Ox(—]_> > OX > Z*OH — 0

with H =V (z,) = P" ' — P". Set Fy = i.(D,,cz, Ou(m)). Applying — @ F gives

0 — F(-1) = F > Fu > 0
This gives a long exact sequence

(X, F(-1)) —— HYX,F) ——— H'(X,Fy) ———— -+~
——— H'(X,F(-1)) — = H(X,F) ——— H'(X, Fy) ———

— s H"YX, F(H)) <> H"(X,F(-1)) = H"(X,F) —— H"(X, Fy)

Note that H (X, Fg) = 0 for 1 <i < n — 1 by induction. One can check that § is multiplication by
1/z,, so it is injective. Thus for 0 < ¢ < n, we have an isomorphism (note that F(—1) = F)

H (X, F(-1)) = H(X, F).
So HY(X, F), viewed as an S-module, satisfies that x,, : H(X, F) — H'(X,F) is an isomorphism. Now
HZ(X7 “F)mn = HZ(C.(Z/{7 f))l’n = HZ(C.({UZ N U”}?ZO’ ‘FlUn)) = O

as {U; N U, }", is an open cover of U,, and U, is an affine variety. So H(X,F) =0 for 0 < i < n. This
then implies that H*(P", Opn(m)) = 0 for 0 < i < n. From the duality perspective, we have

H'(X, Opn(m)) = H" (X, Opn(m)” @ wen)”.
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19.2 Applications to Coherent Sheaves

Remark. For this section, let X < P™ be a projective variety and F a quasicoherent sheaf on X.

Proposition 19.1. H (X, F) =0 fori > dim X.

Proof. Let r = dim X, and choose hyperplanes Hy, ..., H, on X such that XN (HyN---NH,) = . So
X=0yU---UU,

with U; = X \ H;. As the U; are affine, we get H (X, F) = H(C*({U;}i_y, F)) = 0 for i > r. O

Proposition 19.2. If F is coherent, then H'(X,F) is a finite dimensional k-vector space.

Proof. See the reduction given in Section [17.1] where the only missing part was that H*(P", Opn(m)) is
finite dimensional for 7 > 0 and m € Z. O

Theorem 19.1 (Serre vanishing). If F is coherent, then there exists mo = mo(F) such that
HY(X,F(m))=0
fori >0 and m > my.
Proof. Note that i.(F(m)) = (i.F)(m), and we have
HY(X,F(m)) = H(P",i,F(m)),
so we may reduce to the case X = P". Then there is a short exact sequence of coherent sheaves

0 y £ » D;_, Ox(a;) > F > 0

Twisting by Ox(m) gives
0 —— &(m) — P, Ox(m+a;) —— F(m) —— 0
So we get a long exact sequence on cohomology
H{(P", P,_, Ox(m+a;)) — H'(P", F(m)) —— HTYP", E(m)) — -+

Now H™H(P",&(m)) = 0 by induction and H'(P",P,_, Ox(m + a;)) =0 for m > —n — 1 — a;. So we
see that H'(P", F(m)) =0 for ¢ > 0 and m > 0. O

Remark. The coherent assumption in Theorem is necessary: Let X =P" and F =P, ., Opn(m).

meEZL

Remark. We can get a cohomological characterization of ampleness. One can check that for an invertible
sheaf £ on a projective variety X, the following are equivalent:

1. £ is ample;
2. F ® L™ is globally generated for any coherent sheaf F and m > 0 (dependent on F);
3. HY(X,F ® L®™) = 0 for any coherent F on X, i > 0, and m > 0 (dependent on F).

Note that in general (not necessarily for a projective variety), the definition of ampleness is given by (2).
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Mar. 19 — Sheaf Cohomology, Part 4

20.1 More Examples of Sheaf Cohomology

Remark. Last time, we computed that for X =P" and m € Z,
1. HY(X,0x(m)) = k[z1, ..., 2p)m,
2. H'(X,0x(m)) =0 for i # 0,n,

3. there is a perfect pairing

Hi(X,0x(m)) x H/(X,0x(—m —n — 1)) — H"(X, Ox(—n — 1)) = k.

We can also write wpn for Opn(—n — 1) (and wpn @ Opm(m)Y) for Opn(—m — n — 1)). We can make an
isomorphism H"(X,wpn) = k by choosing the Cech cocycle class

n
Lo

d(x1/xe) A+ Nd(zp/20)

xl o .. ':CTI,
uniquely determined by Uy, ..., U,. For example, [xg:---: x,] — [agzo : - - : a,x,] fixes this class.

Example 20.0.1. Let D be a degree d hypersurface in P™ with n > 2. We have a short exact sequence
0 —— Zp(m) —— Opn(m) —— Op(m) —— 0
Note that Zp = Opn(—D) = Opn(—d). We get a long exact sequence on cohomology

s HI(P", Opa(m — d)) ——— HI(P", Opa(m)) —— H'(D,Op(m))

> HTYP™, Opn(m — d)) ——— -
From this we can conclude that:
1. © = 0: We have
H(D, Op(m)) = coker(H(P", Opn(m — d)) 5 H(P", Opn(m))) = S/ f S
with S = k[zg, ..., z,].

2. 0<i<n—1: H(D,Op(m)) = 0 since H(P", Opn(m)) = HF(P", Opn(m — d)) = 0.

73
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3. i=n—1. H"YD,Op(m)) = ker(H"(P", Opn(m — d)) — H"(P", Opn(m))).
Example 20.0.2. Let C be a smooth degree d plane curve in P2. Then H°(C,O¢) = k and
dim H'(C, O¢) = dim ker(H?*(P?, Op2(—d)) — H?*(P?, Op2)) = dim H*(P?, Op2(—d))

— dim HO(P?, Op2(d — 3)) = (2“21_3) - (d; 1> - W.

Note that if £ = C, then (d — 1)(d — 2)/2 is the genus of the Riemann surface C** C P&™".
Example 20.0.3. H*(X,Ox) can have “middle” cohomology: The Kunneth formula says that

H'(X xY,piFopG) = @ H (X, F) @ H (Y, G).

J+k=i

For example, we can take X =Y = (' to be a smooth degree d plane curve and F = G = O¢, with

pif@ng = Ocxc-

Theorem 20.1 (Serre duality). If X is a smooth projective variety of pure dimension n and F is a
locally free sheaf on X, then H' (X, F) = H" (X, F¥ @ wx)".

Exercise 20.1. Check that Serre duality holds for P and hypersurfaces.
Remark. Serre duality implies in particular that H"(X, F) & HY(X, F" ® wx).

20.2 Invariants from Sheaf Cohomology

Definition 20.1. Let X be a projective variety and F a coherent sheaf on X. Thus H'(X,F) is a
finite-dimensional k-vector space. Then we define:

1. hi(X, F) = dimHi(X,]:),
2. the Euler characteristic ‘ ’
XX, F) =) (~1)'dim H'(X, F) € Z.

>0

Lemma 20.1. If0 — & — F — G — 0 s a short exact sequence of coherent sheaves on a
projective variety X, then
X(X, F) = x(X, &) + x(X, ).

Proof. Take the long exact sequence on cohomology
H(X,) — HY(X,F) — HY(X,G) —— HT(X &) —— ---
Then by linear algebra, Y. (—1)"h"(X, F) = >_,(—=1)'h (X, &) + >_;(=1)'h (X, G). O
Example 20.1.1. We have
X(P", Opn(m)) = dim H°(P", Opn(m)) + (—1)" dim H*(P", Opn(—m — n — 1)).

Then we see that:
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o If m > —n, this is BO(P", Opn(m)) = ("I™) = (m+1) -+ (m +n))/nl.

n

o If m < —n—1, thisis

«4ww@ﬂow@m—n—1»:«4w(””‘ﬁ:4—n

Thus x (P, Opn(m)) = (m+1)--- (m+n))/n! for all m € Z.
Theorem 20.2. If F is a coherent sheaf on a projective variety X, then
Pr(m) = (X, F(m))
1s a polynomial of degree dim Supp F.
Lemma 20.2. If ¢ : Z — Z is a function such that there exists Q € Qlt] with
6(m) — d(m — 1) = Q(m)

for all m € Z, then there exists P € Q[t] such that ¢(m) = P(m) for all m € Z. Furthermore, we have
deg P =deg@ + 1.

Proof. See the notes from Algebraic Geometry 1. O

Definition 20.2. Let A be a Noetherian ring and M a finitely generated A-module. An associated
prime of M is a prime p < A such that p = Ann(m) for some 0 # m € M. Let

Ass(M) = {p < A :p is an associated prime of M}.

Theorem 20.3. We have the following:
1. Ass(M) is finite.
2. If M # 0, then Ass(M) # 0.
8. {zero divisors of M} = J,enssar) P-

Proposition 20.1. If F is a nonzero coherent sheaf on P™, then for a general hyperplane H C P", there
1$ a short exact sequence

0 —— FROp(—H) s F > FRQOg —— 0

and dim Supp(F ® Og) = dim Supp F — 1.

Proof. We have a short exact sequence

~
o

0 —— O]pn(—H) E— O]pn > OH

Applying — ® F, we get an exact sequence

F & Opn(—H) s F s FRQ O —— 0

So it suffices to determine when the map F ® Opn(—H) — F is injective. We can check this on each
U; = D(z;) C P": Write
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(i) M; = F(U;), which is a finitely generated module over A; = k[zo/x;, ..., xn/xi];
(i) H=V (> ajz;) and h; = (ao/a;)(zo/xi) + - - + (an/a;)(x,/x;) € A
Choose H general so that h; ¢ J,eag(ur,) P- Then the map

m +—— mh;
is injective. So we have that

0 — F®Op(—H) s F » FQOg —— 0

is a short exact sequence. Check as an exercise that Supp(F ® Op) = Supp(F) N H. O

Proof of Theorem[20.9. First check that we may reduce to the case X = P": If i : X — P" is a closed
embedding, then we have
X(X, F(m)) = x(P", i, F(m)).

We proceed by induction on dim Supp F: First note that if dim Supp F = 0, then F ® Oy = 0. Now by
Proposition [20.1], we have a short exact sequence

0 — F(m—1) — F(m) — F(m)®@ Oy —— 0
where dim Supp(F(m) ® Oy) = dim Supp F — 1. Thus we have

where y (X, F(m) ® Og) is a polynomial of degree dim Supp F — 1 by the induction hypothesis. Thus
by Lemma [20.2] x(X, F(m)) is a polynomial of degree dim Supp F. O

Remark. Let X C P"” be a projective variety and consider the short exact sequence
0 —— Zx(m) —— Opn(m) —— Ox(m) —— 0
By Serre vanishing, all of the higher cohomology is 0 for m > 0. Thus

k[l’o, N ,.Tn]m

dim S(X),, = dim
(X) T ()

= h'(P", Opn (m)) — h*(P", Zx (m))
= k%X, Ox(m)) = x(X, Ox(m)),

where the last two equalities hold for m > 0. Note that dim S(X),, is a polynomial for m > 0, whereas
X(X,Ox(m)) is a polynomial for all m € Z.



Lecture 21

Mar. 31 — Riemann-Roch Theorem

21.1 More on Vanishing of Cohomology
Theorem 21.1. If X is a projective variety and F is a coherent sheaf on X, then
Hi(X,F) =0
for all i > dim Supp(F).
Proof. Set r = dim Supp(F) and choose hyperplanes Hy, ..., H, such that
Supp(F)NHyN---NH, =0.
Now take U; = X \ H;, which are open affines with
(Up U -+ - UU,) N Supp(F) = Supp(F).
Choose an open affine cover U, 1, ..., Us such that U, U---UUs; = X \ Supp(F). So

..........

since F(U;) = 0 for ¢ > r. Thus HY(X,F) =0 for i > r. O

21.2 Riemann-Roch Theorem

Remark. The Riemann-Roch problem is the following: Let C be a smooth projective curve and £ an
invertible sheaf on C. What is h°(C, £) = dimT'(C, £)? The following are special cases:

o If L =wc, then h°(C,we) is the dimension of the space of algebraic 1-forms.

o If L =wc(D) =we ® Oc(D), then h°(C,we(D)) gives the dimension of the space of algebraic
1-forms with certain conditions on poles.

o If L= 0O, then h°(C,O¢) = 1.
We can approach this problem as follows:
e instead compute x(C, L) = h°(C, L) — h*(C, L);
e using C1(C') — Pic(C) given by [D] — O¢(D), we may assume that £ = O (D).

7
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Theorem 21.2 (Riemann-Roch). If C' is a smooth projective curve and D is a divisor on C, then
X(C,0c(D)) =degD + 1 — g,

where g = h*(C, O¢) is the genus of C, and degD = >""_ a; where D =3 _ a;P;.

Remark. By Serre duality, we can rewrite

X(C,Oc(D)) = h°(C,Oc(D)) — h'(C,Oc(D))
= h%(C,0¢(D)) — h*(C, Oc(—D) @ we)
= h’(C,0c(D)) — °(C, Oc (K¢ — D)),

where K¢ is the canonical divisor of C. Riemann showed (1857) that
h°(C,Oc(D)) > deg D + 1 — g,
and Roch improved this (1865) to the full statement of Theorem [21.2}
R°(C, Oc(D)) — h*(C,O¢(Ke — D)) =deg D +1 — g.
Proof of Theorem[21.4, We proceed by induction. The base case is D = 0, and we have
xX(C,0¢) = h°(C,0¢) — RHC,0¢) =1 — g = deg(0) + 1 — g.

Now we show the inductive step. It suffices to show that for any P € C, the theorem holds for D if and
only if it holds for D — P (then we can repeatedly add or subtract points until we get to the desired
divisor). Consider the short exact sequence

0 —— Oc(—P) s Oc > Op —— 0,
and apply — ® O¢(D) to get a short exact sequence (note that the sheaves above are locally free)

Op
|
0 —— OC(D—P) e OC(D) e Op@@c(D) — 0.

Then we have that

X(C,0c(D)) = x(C,0c(D — P)) = x(C, Op) = h’(C,0p) — h'(C, Op)
= h%(C,0p) =1 =deg D — deg(D — P),

so Riemann-Roch holds for D if and only if it holds for D — P. O]



Lecture 22

Apr. 2 — Applications of Riemann-Roch

22.1 Applications of Riemann-Roch
Example 22.0.1. Let C' = P!. We have g(P') = h}(P!, Op1) = 0. Using the isomorphism
CI(PY) = Z
D +—— deg D,
we have Op1 (D) = Op:1(d) with d = deg D. So

A(B', 051 (D)) = X(P', Op1 (d) = W'(P', Opa (d)) — ' (P', Opa (d)) = d + 1 = deg D + 1 — g.

Example 22.0.2. Let C' C P? be a smooth plane curve of degree d. Then we have seen that

(d-1)d—2)

g:hl(C,OC): 9

Corollary 22.0.1. If Dy and D, are linearly equivalent divisors on C, then deg D = deg Ds.

Proof. If Dy ~ Dy, then Oc(D1) = Oc(Ds), so x(C,Oc(D1)) = x(C, Oc(D3)), which then implies that
deg D, = deg D, by the Riemann-Roch theorem. O

Definition 22.1. Let £ be an invertible sheaf on C'. The degree of L is deg £ := deg D where D is a
divisor such that £ = O¢(D).
Remark. The degree of L is well-defined by Corollary [22.0.1

Example 22.1.1. Let £ be an invertible sheaf on C. If h%(C, L) > 1, then there exists 0 # s € H°(C, L).
Thus there exists D > 0 such that £ = O¢(D), so deg £ = deg D > 0. Furthermore, if h°(C, £) > 1 and
deg L =0, then £ = O¢.

Corollary 22.0.2. degwe = 29 — 2.

Proof. By Serre duality, we have x(C,O¢) = —x(C,wc) (as h°(O¢) = ht(we) and W (Og) = h®(we)).
So by the Riemann-Roch theorem, we have

—(1—g)=—x(C,0¢) = x(C,wc) = degwe + 1 — g,

so degwe = 2g — 2, as desired. O]

79
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Remark. If 0 # n € I'(C,w¢), then we = O¢(dive n), so by Corollary [22.0.2]

2g — 2 = degdive n = # zeros of 7.

Definition 22.2. We say that a divisor D on C'is non-special if h°(C, Oc(K — D)) = 0 (or equivalently,
by Serre duality, if h*(C, Oc(D)) = 0).

Remark. For D non-special, we have h°(C, O¢(D)) = deg D + 1 — g by Riemann-Roch.
Lemma 22.1. Ifdeg D > 29 — 1, then D s non-special.

Proof. 1f deg D > 2g — 1, then deg(K — D) < (29 —2) — (2g — 1) = —1, s0 h°(C,Oc(K — D)) =0. O

Remark. If deg D > 2¢g — 1, then D is non-special, which implies h°(C, O¢(D)) = deg D + 1 — g.

22.2 More on Embeddings to Projective Space
Proposition 22.1. An invertible sheaf L on C' is globally generated if and only if
RO(C, L) — h°(C,L(—P)) =1

for every P € C.
Remark. We define £L(—P) := L ® Oc(—P). In these cases, the fibre will be denoted by

ﬁ(p) = Ep/mpﬁp = HO(C, ﬁ/Ipﬁ)

Proof of Proposition |22.1. For P € C, we have a short exact sequence

0—>Oc<—P) >OC )Op—)O
Applying — ® L, we get an exact sequence (since L is invertible)

0 —— L(—P) > L » L Op —— 0.

Taking H°, we then get an exact sequence

0 —— HYL(—P)) — H'(L) —2— HY(L ® Op)
|

So L is globally generated at P if and only if ¢ is surjective, if and only if R°(L) — R°(L(=P)) =1. O
Proposition 22.2. An invertible sheaf L on C is very ample if and only if

K(C, L) — h(C,L(—P — Q)) =2

for every P,Q € C' (not necessarily distinct).
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Proof. By the proof of Proposition [22.1], we have
RO(C, L) — h°(C,L(—P)) =1

for all P € C, so L is globally generated. In this setting, we know that £ is very ample if and only if £
separates points and tangent vectors. For P # () € C, consider the short exact sequence

O—>Oc(—P—Q) >OC >OP@OQ—>O

Applying — ® £ and H°, we get an exact sequence

0 —— HY(L(—P — Q) —— H°(L) —= Lip & Lg)

So L separates P, Q if and only if 1 is surjective, if and only if h°(C, L) — h%(C, L(—P — Q)) = 2.

Next fix P € C, and consider the short exact sequence

0 —— Oc(—2p) > OC > OC/Oc(—QP) — 0

Again applying — ® £ and H°, we get an exact sequence
0 —— H°%(L(—2P)) —— H°(L) —— Lp/miLp

(note that Oc/Oc(—2P) = ip(Oc,p/m%)). Thus L separates tangent vectors at P if and only if v is
surjective, if and only if h°(C, L) — h°(C, L(—2P)) = 2. O

Corollary 22.0.3. We have the following:
1. if deg L > 2g, then L is globally generated;
2. if deg L > 2g + 1, then L is very ample.

Proof. (1) If deg L > 2g, then
RY(C,L) =degL+1—g and h°(C,L(—P))=degL(—P)+1—g

as £ and L(—P) are both non-special. So h%(C, L) — h°(C,L(—P)) =1 for all P € C, so L is globally
generated by Proposition [22.1

(2) The proof is similar, use that deg £ > 2¢g + 1 implies
deg L > deg L(—P) > deg L(—P — Q) > 29 — 1,
so L,L(—P),L(—P — Q) are all non-special. So
ho(C, L) — h°(C,L(—P — Q)) =deg L — deg L(—P — Q) = 2,
so L is very ample by Proposition [22.2 O

Remark. Corollary [22.0.3]is sharp: Let C' = P!, then deg Op1 = 2g, but Op: is not very ample. Similarly,
deg Op1(—1) =29 — 1, but Opi1(—1) is not globally generated.
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22.3 Applications to Curves

Corollary 22.0.4. An invertible sheaf L on C' is ample if and only if deg L > 0.

Proof. (=) If L is ample, then there exists m > 0 such that £®™ is very ample, so
mdeg £ = deg L™ > 0,

which implies that deg £ > 0.
(<) If deg £ > 0, then deg L2291 = (deg £)(2g + 1) > 2g + 1, so L2291 is very ample. O

Corollary 22.0.5. If the genus of C' is g = 0, then C = P!,
Proof. Fix P € C' and set L = O¢(P). Since deg L =1 > 2g + 1, we know L is very ample. Also,
RO(L)=deglL+1—g=1+1-0=2.
So we get an embedding C' — P?~! = P!, Since dim C' = dimP! = 1 and P! is irreducible, C = P!, [
Corollary 22.0.6. If the genus of C is g = 1, then C is isomorphic to a cubic curve in P?.
Proof. Fix P € C and set L = O¢(3P). Since deg L = 3 > 2g + 1, we know L is very ample. Similarly,
RO(L) =degL+1—g=3.
Thus we get an embedding C' «— P31 = P2, So (' is a plane curve of some degree d. Using that
1=g=5(d-1-2),

we see that we can only have d = 3. O]



Lecture 23

Apr. 7 — Classification of Curves

23.1 Higher Genus Curves

Remark. Recall that a smooth plane curve Cy C P? of degree d has genus (d — 1)(d — 2)/2. This does
not cover most g > 2. One may also try to consider complete intersections, but again this does not cover
everything. The full answer is the following:

1. For g > 2, there exists an irreducible quasiprojective variety M, of dimension 3g — 3 parametrizing
all smooth projective genus g curves.

2. It C € M,, then either
e there exists a 2-to-1 cover C' — P! (hyperelliptic curves), or
e Oc(Kc) is very ample and induces an embedding C' < P91 (canonically embedded curves).

To show (2) (we will not prove (1)), we need to understand finite morphisms.

23.2 Finite Morphisms

Definition 23.1. A morphism of varieties f : X — Y is finite if there exists an open affine cover {U;}
of Y such that V; = f~1(U;) is affine and Oy (U;) — Ox(V;) is a finite morphism of rings (i.e. Ox(V}) is
a finitely generated Oy (U;)-module).

Example 23.1.1. Let d > 0 and consider the morphism
Al — A;

T
l’de.

This morphism is finite, as k[y] — k[z] is given by y +— z?, which is finite (note that k[x] is generated as
a k[y]-module by 1,z,...,2971).
Remark. We have the following properties of finite morphisms:

1. If f: X — Y is finite and U C Y is open affine, then V = f~1(U) is open affine and Oy (V) —
Ox(U) is finite. (See Mustata 5.3.2 for a proof.)

2. A closed embedding Z — Y is finite.
To see this, note that it suffices to prove this on an open cover, so we may assume Y is affine. Set

A=0y(Y). Then Z =V (Iz) with I; C Aand A= Oy(Y) — Oz(Z) = A/Iz, which is finite.

83



LECTURE 23. APR. 7 — CLASSIFICATION OF CURVES 84

3. If X — Y is finite, then #f'({y}) < co for any y € Y.

To see this, note that this is local in a neighborhood of y, so we may assume that Y is affine. Then
by (1), X is also affine. Then B := Oy (Y) — Ox(X) =: C is finite. Now

A {yh) = C/ Iy = (C/m,C)*! = (C @p B/m, B)™
where R™ denotes the reduced ring corresponding to R. Now C ®p B/m,B is a finite B/m,B-
module and B/m, = k, so we see that dimy A(f~'({y})) < oo. Thus it suffices to show:

Claim. If X is an affine variety and dimy A(X) < oo, then X is a finite set of points.

Proof of claim. We may assume that X is irreducible[[] Since dimy A(X) < 0o and A(X)
is a domain, for any 0 # f € A(X), we have an injective linear map given by

A(X) — A(X)
11— f.
By finite dimensionality, this map is also surjective, so f has an inverse. Thus A(X) is a
field, and hence X is a single point. O]

Remark. Morphisms with finite fibers are often not finite. For example, the inclusion Al \ {0} — Al
has finite fibers, but we have k[z] = A(A!) — A(A'\ {0}) = k[z*!].

Theorem 23.1. A morphism of complete varieties f : X — Y with finite fibers is finite.

Proof. See Mustata 14.1.8. O

23.3 Finite Morphisms of Curves

Remark. Assume f: X — Y is a surjective morphism of smooth projective curves. Note that such a
morphism always has finite fibers (as dim X = dimY = 1), so f is finite by Theorem [23.1]

Definition 23.2. Define the degree of f to be deg f = deg(K(X)/K(Y)), where f*: K(Y) — K(X).
Note that since tr.deg, K(Y) = tr.deg, K(X) = 1, this extension is finite.

Definition 23.3. We say that f is separable if K(X)/K(Y') is separable (recall that this condition
always holds when char k = 0.)

Example 23.3.1. The morphism AL — AL given by z — 2P (technically its extension to PL — PL )
p p P P

is non-separable.

Proposition 23.1. If D is a divisor on Y, then deg f*D = (deg f)(deg D). Here, f*D is defined by
pulling back local equations (recall that every divisor is Cartier when Y is smooth).

Proof. As the formula is linear in D, we may assume that D = P for some P € Y. Fix an open affine
PeUCY,andset V= f~}U). Now consider

A=0y(U) 15 0x(V) = B,

LAt this point, this is essentially the statement that a finite integral domain is a field, but with a finite-dimensional
vector space instead. Either way, the key property is that an injective (linear) map is automatically also surjective.
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which is finite by our assumptions. Let mp C A be the ideal of functions vanishing at P. Now By, is a
finite Ay,-module, Ay, is a DVR, and By, is torsion-free, so By, is a finite rank free A, ,-module. So
we have By, = A" for some r > 0, and r = d := deg f by localizing away from 0. So

d= dimk(BmP/mmeP) = dll’nk HO<X, Of*p) = X(X, Of*P)'
Now we can consider the short exact sequence

0 —— Ox(—f*P) » Ox » Opp —— 0

from which we see that (X, Osp) = x(X,Ox) — x(X, Ox(—f*P)) = deg f*P by Riemann-Roch. So
deg f*P = d = (deg f)(deg P)

since deg P = 1, which is the desired formula. O

Example 23.3.2. Let f: A' — A! be given by = + 2. Then

fH(0]+ [1]) = 2[0] + 1] + [=1].
Remark. How do we compare genus(X) and genus(Y)? We have an exact sequence

f*Qy @ > QX > Qx/y — 0 (*)

Claim. If f is separable, then (k) is short exact.
Proof. Since f*Q)y and x are invertible, it suffices to show that o # 0. Since f is separable,
we know that Qg (x) k) = 0. Taking stalks at p € X and setting ¢ = f(p), we get

Ap
QOY,q/k ® OX,p QOX,p QOX,p/OY,q 0

and applying — ® K(X) gives
Qe ® K(X) =5 Quexym — Qi) — 0

I
0

Thus ag(x) # 0, so ap # 0, and hence o # 0. O

So now we assume that f is separable and study (1x/y.



Lecture 24

Apr. 9 — Classification of Curves, Part 2

24.1 Ramification

Remark. As before, let f : X — Y be a surjective morphism of (smooth projective) curves. We will try
to relate (2x/y to “ramification.”

Definition 24.1. Fix P € X and set Q = f(P). Choose uniformizers v € Ox p and v € Oyg. Now
f*v = cu®r for some ¢ € O p and ep € Z>; (note that v vanishes at @, so f*v must vanish at P, hence
ep # 0). Equivalently, ep = coeffp(f*Q)). We say that f is ramified at P if ep > 1.

Example 24.1.1. Let A! — A! be given by x +— z¢. Then

d if P=0,
Ep =
1 if P#0.

Definition 24.2. The ramification divisor of X is

Ram; = Z(ep —1)P.

Pex
We call Supp(Ramy) the ramification locus.
Remark. Assume going forward that f is separable. Note that (2x)p = Ox pdu since

(Qx)(p) = mp/m7,.

Similarly, we have (f*Qy)p = (Qy)q ® Ox,p, generated by dv ® 1, and (Oram,)p = Ox.p/u?"1Ox p.
Now we have a short exact sequence

0 — (f*Qy)p —— Qx)p —— (Qxyv)p —— 0
dv® 1 ——— d(cur)
where d(cu?) = uPde + cu?~tdu = cu®?~'du since ¢ is a unit. Thus Qx/y = ORamf, so we have
00— f"Qy —— Qx —— ORamf — 0
Applying — ® QY, we get a short exact sequence

0 ——r Q\)/( ®f*Qy > OX > ORamf — 0
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Note that Ogam, is supported at points, s0 Q% ® Oram; = Oram,- Thus Q% ® f*Qy = Ox(—Ramy), so
Qx = f*Qy ® Ox(Ramy).
This implies the following result:
Theorem 24.1 (Riemann-Hurwitz formula). We have the following:
1. Ramy +f*Ky ~ Kx,
2. 29(X) —2=(deg f)(29(Y) — 2) + deg Ram;.
Remark. We have the following:
L g(X) = g(Y),

2. g(X) = g(Y) occurs only when d = 1 and there is no ramification, or X, Y are either both genus 0
or both genus 1.

24.2 Classification of Higher Genus Curves

Remark. Morally, hyperelliptic curves are “curves with 2-to-1 maps to P!.”

Definition 24.3. The gonality of a curve X, denoted gon(X), is the smallest degree of an invertible
sheaf £ on X with h°(X, L) > 2.

Example 24.3.1. We have the following:
1. gon(P') = 1 (computed by Op:i(1), or equivalently, Opi (P) for any P € P).

2. gon(E) = 2 for an elliptic curve E, since deg £ = h°(E, L) — h°(E, LY), thus deg £ = 1 implies
hY(E, L) =1 and deg £ = 2 implies h°(E, L) = 2.

Lemma 24.1. The gonality gon(X) is the smallest degree of a finite map X — PL.
Proof. If f : X — P! is a degree d map, then £ = f*Op (1) has degree d and h°(X, L) > 2, so
deg f > gon(X).
Conversely, fix a minimal degree invertible sheaf £ on X with h°(X,£) > 2. Then for P € X,
(X, L(—P)) =h"(X,L) — 1,

by minimality, and in fact h°(X, £) = 2 by a similar argument. Thus £ is globally generated and induces
amap f: X — P! with f*Opi(1) = L. Thus deg £ = (deg f)(deg Opi(1)) = deg f. O

Remark. An elliptic curve has a degree 2 map E — P!, so by the Riemann-Hurwitz formula,
deg Ram; = 4.

So there are 4 distinct points of ramification. In fact, the 4 ramification points (up to isomorphisms of
P!) classifies the elliptic curve up to isomorphism.

Definition 24.4. A curve X is hyperelliptic if gon(X) = 2 (i.e. the minimal degree map X — P! has
degree 2).
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Remark. A hyperelliptic curve X with a degree 2 morphism X — P! can be constructed from the data
of Ramy.

Example 24.4.1. Every smooth genus 2 curve is hyperelliptic and has a 2-to-1 map X — P! ramified
at 6 points.

To see this, note that if g = 2, then degwyx =2-2 -2 =2. Now
RO(X,wx) = h'(X,wx) +degwyxy +1—-2=h"(X,0x) +1=2,
so gon(X) < 2. But gon(X) = 1 would imply X 2 P!, so gon(X) = 2.
Remark. For g > 2, we have that wy is globally generated.
To see this, it suffices to show that h%(X,wx) — h%(X,wx(—P)) =1 for all P € X. We have

(X, wx(—P)) = h'(X,0x(P)) = h°(X,Ox(P)) — deg P+ g — 1,

where the first equality is by Serre duality and the second equality is by Riemann-Roch. Now we must
have h?(X, Ox(P)) = 1 as otherwise h°(X, Ox(P)) > 2 would imply gon(X) = 1. Thus

hO(Xan(_P)) =g - 1= hl(X7 OX) 1= hO(XvwX) - 17
where the last equality is by Serre duality. Thus wyx is globally generated.

Remark. For g > 2, when is wy very ample? Note that wx is not very ample if and only if there exist
P, € X such that
(X, wx) — B (X,wx(—P — Q)) # 2.

Since we already know wy is globally generated, this is equivalent to saying that
(X, wx) — h(X,wx(—P — Q)) = 1.
By Serre duality, this equivalent to there being P, Q) € X such that
g—h'(X,0x(P+Q)) =1,
which by Riemann-Roch is equivalent to there being P, Q) € X such that
9= (W"(X,0x(P+Q)) —deg(P+ Q) +g—1) =1,

which is equivalent to h°(X, Ox (P + Q)) = 2. This is then equivalent to gon(X) = 2. This proves:
Theorem 24.2. For a curve X with g > 2, either X s hyperelliptic or wx 1is very ample.
Definition 24.5. A canonical curve X is a curve of genus > 2 with wy very ample.
Remark. If X is a canonical curve, then there exists an embedding X < P9~! induced by wx.
Example 24.5.1. The following are some classifications of genus g canonical curves:

1. g = 3: quartic curve in P2,

2. g = 4: intersection of a quadric with a cubic in P3,

3. g = 5: intersection of 3 quadrics in P*,

4. g = 6: intersection of G(2,5) in P? with a linear subspace P° C P? and a quadric.



Lecture 25

Apr. 21 — Surfaces

25.1 Intersection Numbers

Remark. Recall that if X is a projective variety and F € Cohy, then

(the Hilbert polynomial) is a polynomial of degree dim Supp(F) in m. When dim X = 1, we have an
explicit description (by Riemann-Roch) as follows:

Theorem 25.1. If C' is a curve and D is a Cartier divisor on C, then

X(C,Oc(mD)) =mdegD +1— g(C).

How does this generalize to higher dimensions?

Let X C P" be a smooth projective surface and D a divisor on X. We want to extract something like
“deg D.” The idea is the following: Take a general hyperplane H C P", and consider #(D N H). Note

DNH=DnN(HNX),
where D and H N X are both curves.

Theorem 25.2. There exists a symmetric bilinear pairing
DivX xDivX — Z
(C,D)— C-D
such that
1. (linear equivalence) if C, D,C', D" € Div X with C ~ C" and D ~ D', then C-D =C"- D’;
2. if C, D are distinct irreducible curves, then C - D =3 _p(C - D),, where

(C'- D), = local intersection number at p = dimy(Ox ,/(f,q))

with Ic, = (f) and Ip, = (g).

Remark. If C' and D are smooth curves meeting transversely at p (i.e. the tangent directions of C, D
at p are distinct), then (C'- D), = 1.

To see this, note that C, D meet transversely at p if and only if k[f] # k[g] in m,/ mg, which happens if
and only if [f], [g] generate m,/m>. By Nakayama’s lemma, this happens if and only if f, g generate m,,
i.e. (f,g) =m,. This implies that dimy(Ox,/(f,9)) = dim; k = 1.
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Remark. The pairing Div X x Div X — Z induces a symmetric bilinear form

CL(X) x CLX) — Z
([C],[D]) — C - D.

Example 25.0.1. Consider P?, where C1(P?) = Z[H| for some line H C P2, Then
HH=H-H =1,
where H' is a line different from H in P2. So if C, D C P? are plane curves of degrees c, d, then
C-D=(cH)-(dH) = cdH* = cd.

This recovers the version of Bezout’s theorem which counts multiplicity.

Example 25.0.2. Consider PL ~x P! where CI(P! x P') = Z[H,] ® Z[H,)] for

T0:T1 Yo:y1?
H ={0:1]} xP' and H,=P'x {[0:1]}.
Then H1 : H1 = H1 : ([1 : 0] X Pl) =0 (Similarly, H2 . H2 = 0) and H1 : HQ = 1.
Example 25.0.3. Let 7 : B,P? — P? be the blowup and F C B,P? the exceptional divisor. Then

Cl(B,P?) = Z|E] & Z[H],

where p ¢ H C P? is a hyperplane. Here H denotes the strict transform. Then we can compute:

1. H-H. Choose a line p ¢ H' C P? different from H. Now H ~ H’, so

H=mH~7mH =H,

and thus H-H = H-H' =1.
2. E-H=0.
3. E - E. Choose distinct lines p € L; C P? for i = 1,2. Now Ly ~ Ly ~ H, and

'L =FE + Zz
So B ~7m*L; — Zz ~H— ZZ-, and thus
E-E=(H—1L) (H—Ly) = (H-H)— (Ly-H) = (Ly- H) + (Ly - L)
=1~ (Ly-H) — (Ly- H) + (L1 - Ly).
Note that Zl and Zz do not intersect in the blowup, while Zl and H intersect at a point. Thus

EF-FE=1-1-14+0=-1.

Lemma 25.1. If C and D are distinct curves on X with C' smooth and irreducible, then

C- D = deg(Ox(D)|c).
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Proof. We have a short exact sequence

0 > ID > OX > OD > 0
and applying — ® O¢ gives a short exact sequence (recall that Op = Ox /Zp)

0 —— Ox(—D)(X)OC > Oc > Ox/(zc —|—ID) — 0

Thus the Euler characteristics satisfy
X(C,Oc) = x(C,0x(=D)lc) = x(X,Ox/(Zc + Ip)) = h'(X, Ox/(Zc + Ip)) = C"- D,
since Ox/(Zc + Ip) is supported at finitely many points, so ' (X, Ox/(Zc + Zp)) = 0. Also,
X(C,Oc) = x(C, Ox(=D)|¢) = 0 — deg(Ox(—=D)]c) = deg(Ox(D)c)
by the Riemann-Roch theorem, which gives the desired formula. O
Example 25.0.4. If C is a smooth curve on X, then we = wx(C)|¢, where wx (C) = Ox(Kx + C).

This implies that
29(C) = 2 = degwe = deg(wx (C)|c) = (Kx +C) - C.

As a special case, if C' is a smooth degree d plane curve in P2, then we see that
29(C)—2=(Kp2+C)-C=(—3H+dH)-dH = (d — 3)d,
where H C P? is a line. This recovers the formula g(C) = (d — 1)(d — 2)/2.

25.2 Riemann-Roch for Surfaces

Theorem 25.3 (Riemann-Roch for surfaces). For a divisor D on a smooth projective surface X,
1
X(X, 0x(D)) = 5D (D — Kx) + 1+ po(X),
where pa(X) = x(X,Ox) — 1 is the arithmetic genus of X.
Lemma 25.2. Any divisor D on a smooth projective surface X can be written as D ~ C" — C with C
and C" smooth irreducible curves.

Proof. Choose a very ample divisor H on X. For k£ > 0, the divisor D + kH is very ample. By Bertini’s
theorem (see Mustata 6.4.1), there exist smooth irreducible curves C' ~ kH and C' ~ D + kH. Then we
can write D = (D + kH) —kH ~ C' — C. O

Proof of Theorem |25.5. The goal is to reduce to the case of curves. Since the left and right hand sides
only depend on the linear equivalence class of D, we may assume that D = C' — E with C, E smooth
irreducible curves (by Lemma [25.2]). We have a short exact sequence

0 —— Ox(O—E) E— Ox<0) S Ox(C) QRO —— 0
We also have a second short exact sequence

0 > Ox » Ox(C) — Ox(C)@ O —— 0

Thus taking Euler characteristics, we see that
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() — x(X,0x(C) ® Og)

X(X,0x(C) ® Oc) — x(X,0x(C) ® OF)
X(C, 0x(C)|e) — x(E,0x(C)|k)
+

= (L4 pa(X)) +(C*+1-g(C) = (C-E+1~g(E)).

Now g(C) =3C - (C+ Kx)+ 1l and g(E) =1E - (E+ Kx) + 1, so we get
1
X(X,0x(C - E)) = 5(0 —E)-(C—E—Kx)+ 14 pi(X).
Since D = C' — F, this gives the desired formula. m
Remark. There is a criterion for ampleness in terms of intersection numbers (the Nakai-Moishezon

criterion): A divisor D on X is ample if and only if D? > 0 and D - C' > 0 for all irreducible curves
C C X. This is generally true in any dimension.



Lecture 26

Apr. 23 — Complex Analytic Geometry

26.1 Holomorphic Functions
Remark. Let k = C. We will replace polynomials with holomorphic functions and consider the usual
analytic topology on C".

Definition 26.1. Let U C C be open. A function f: U — C is holomorphic at ¢ € U (we say that f is
holomorphic if it is holomorphic at every point) if one of the following equivalent conditions hold:

1. fis analytic at ¢;
2. fis complex differentiable at c;
3. the Cauchy-Riemann equations hold at c.

Definition 26.2. Let U C C” be an open set. We say that a function f : U — C is holomorphic if one
of the following equivalent conditions hold:

1. fis analytic, i.e. if at each ¢ = (¢q,...,¢,) € U, there exist a; € C such that

f(z) = | Z ay(z —cl)jl ...(Zn_cn)jn

in some neighborhood around c;
2. at each ¢ = (cy,...,¢,) €U, f(c1,...,¢Ci—1, %, Cit1, - - ., Cy) is holomorphic in z; near ¢;,
3. the Cauchy-Riemann equations hold: Write f(z) = f(x,y) = u(z,y) + iv(z,y), then

ou ov ou ov
— = = 0.
Or; Oy 0 and Iy * ox;

Definition 26.3. A germ of a holomorphic function at ¢ € C" is a holomorphic function ¢ : U — C
(where ¢ € U C C™) up to the equivalence relation where (¢, U) ~ (¢', U’) if there exists c€ W C UNU’
open such that ¢|w = ¢'|w. Define the space of germs

O,, = {germs of holomorphic functions at 0 € C"}.

Proposition 26.1. We have the following:
1. O, is a ring,

2. there is an inclusion O, — C[z1,..., z,] (we often write C(z1, ..., z,) for the image);
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3. O, has a unique mazimal ideal m = {¢ € O, : ©(0) = 0} (so O, is a local ring);
4. O, is Noetherian;
5. O, is a UFD.

Remark. When n = 1, the ideals of O; are of the form (2™) with m > 0 and (0). In general, proving
Proposition [26.1(4)-(5) is more difficult and relies on the Weierstrass division theorem.

Remark. If we take an open set U C C", we can consider
Ocn (U) = {holomorphic functions U — C}.
However, O¢n(U) is not necessarily Noetherian. For example, in O¢(C) we can take
I. ={p € Oc(C) : f(i) =0 for all i € N with i > k}.

Then I, C Iy, 1 C Ixi2 C -+ and the chain is strict: Something like sin(7z)/(z — k) lies in Tyyq \ Ix.

26.2 Analytic Subvarieties

Definition 26.4. Let U C C” be an open set. An analytic subvariety of U is a subset X C U such that
for each x € X, there exists an open neighborhood x € V' C U such that

VAX = {e eV filw) = = fila) =0} = V(fir. ... f)
for some fi,..., f, € Ocn(V).
Example 26.4.1. The following are analytic subvarieties:
1. Hypersurfaces: Given f € Ocn(U), we have V(f) ={z € U : f(z) = 0}.
2. Z =V(w—e*) CC% Note that ZNV(w — 1) = {(1,2mik) : k € Z}, which is notably infinitel]

3. Let U =C,,\{w =0} and X = [J7, V(2 —nw). Note that X C C? is not an analytic subvariety
of C%. This is intuitively because codimez{w = 0} = 1 and codimy X = 1.

Definition 26.5. A germ of a complex analytic subvariety of C" at 0 is a complex analytic subvariety
0€ X CUCC" (where U is open in C"), up to the equivalence relation where X ~ X’ if there exists
0eW CUNU such that X NW = X' NnW.

Remark. Given a germ 0 € X C C” of a complex analytic subvariety, we can define
I(X) = {p € O, : ¢ vanishes on a neighborhoods of X containing 0}.
Similarly, given an ideal I C O,,, we can define
0eX=V(h,....f[r),

where fi,..., f. are generators of I (recall that O,, is Noetherian) defined on some open neighborhood
of 0 € U C C". Note that X itself is not an analytic subvariety, but a germ of an analytic subvariety.

Proposition 26.2. We have the following:

1. if X1 C X5 are germs of analytic subvarieties (i.e. there is some neighborhood 0 € U C C™ where
X1 NnU Q X2 N U), then I(Xl) :_> I(XQ),

"We saw that with polynomials, the intersection of two distinct curves is finite.



LECTURE 26. APR. 23 — COMPLEX ANALYTIC GEOMETRY 95

2. 4f I C I, C O, are ideals, then V(1) 2O V(I3);
3. V(I(X)) = X;

4 1V(D) = VI

5. X s irreducible if and only if I(X) is prime;
6

. any germ of a complex analytic subvariety at 0 € C™ can be written uniquely (up to reordering) as
a union of irreducible ones.

Remark. Consider the curve 2% — 3*> — 3 = 0. Recall that this is irreducible in algebraic geometry (i.e.
in the Zariski topology). However, in complex analytic geometry, we can write

2=yt =yt =2t =y (14 y) = (e -y 1+ y) (@ +yy/1+y)
for |y| < 1, so this curve is not irreducible as a germ of a complex analytic subvariety.

Remark. The finiteness of the irreducible decomposition fails for non-germs: Consider

{0,1,2,...} CC.

26.3 Complex Manifolds

Definition 26.6. A complex manifold is a locally ringed space (X, Ox) such that
e X is Hausdorff with countable basis;
e Oy is a subsheaf of the sheaf of C-valued continuous functions on X;

e at any x € X, there exists x € U C X open such that
(U, Oxv) = (V,Ocn|v)

for some open set 0 € V C C".
Example 26.6.1. The following are examples of complex manifolds:
1. X =C" or CP".
2. X =V(f) CC" such that f € Oca(C™) and [0f/0z1,- -+ ,0f/0z,] # 0 on X.

Definition 26.7. A complex analytic closed subvariety of a complex manifold X is a closed set Z C X
that is locally a complex analytic subvariety for an open ball V' C C™.

Theorem 26.1 (Chow’s theorem). If X C CP" is an analytic subvariety, then there exist homogeneous
polynomials Fy, ..., F. € Clzo, ..., 2,| such that X =V (Fy,..., F,).

Proof. Consider the quotient map ¢ : C"™'\ {0} — CP". Note that Z = ¢~!(X) is a complex analytic
subvariety of C"*1\ {0}. Now we have

codimgn+1{0} = n + 1 > codimen+1\ 0y Z,

so Levi’s extension theorem says that Z is a complex analytic subvariety of C"*'. Let I = I(Z) C O, 1.
Now for any f € I, we can write f(z) = ijo fj(z) with f; a homogeneous polynomial of degree j.
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For any fixed a € Z, we have
0= f(Aa) =) _Nfi(a)
Jj=20
for every A € C, so f;(a) =0 for all j > 0. So f; € I. Thus there are homogeneous polynomials (F});cs

that generate I (up to infinite sums). This gives that V(F; : j € J) = X, and we can then choose a
finite collection cutting out X by Noetherianity. O

Example 26.7.1. Consider X = {1,2,...,} C C! C CP'. Now X is an analytic subvariety of C', but
it is not an analytic subvariety of CP!.



Lecture 27

Apr. 28 — GAGA

27.1 Revisiting Coherent Sheaves

Remark. Recall Chow’s theorem says that if X C P¢ is a closed analytic subvariety, then there exist
fo, -, fr € Clxo, ..., x,] homogeneous such that X = V(fo,..., f.). Our goal is to compare coherent
sheaves on X®8 and X?". This problem was solved by Serre in his GAGA paper.

Remark. Let (X, Ox) be a ringed space, e.g. an algebraic variety or a complex analytic variety.
Definition 27.1. Let 7 € Modo,.

1. F is finite type if at each x € X, there exists x € U C X open and a surjection OF" — F|y for
some r > 0.

2. F is coherent if it is finite type and for every U C X and morphism ¢ : OF" — F|y, we have that
ker ¢ is finite type (on U).

Remark. If 7 € Modp, is coherent, then at each x € X, there exists x € U C X open such that there
exists an exact sequence

=}

0 —— 0F —— Fly

Example 27.1.1. We have the following:
1. OF is finite type.
2. If (X, Oyx) is an algebraic variety, then this new definition of coherence agrees with the old one.

Theorem 27.1 (Oka-Cartan). If (X, Ox) is a complex analytic space, then Ox is coherent.

Proof. Look this up online, the proof uses the Weierstrass division theorem. Oka showed that Oc¢n is
coherent, and Cartan showed that if X C C" is a complex analytic subvariety, then Zy C Ocn is coherent
(recall that i,Ox = Ocn /IZx where i : X — C"). O
Remark. The category Cohx of coherent sheaves on X is an abelian category.

Definition 27.2. Let F € Cohx. Define

H'(X,F) =lim H'(U, F),
u

where U ranges through all open (not necessarily affine) covers of X.

Remark. We have the following:
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1. A short exact sequence in Cohy gives rise to a longe exact sequences on H".

2. If (X, Ox) is a separated algebraic variety, then this new definition of H* agrees with the old one.

27.2 GAGA

Remark. Let X C PZ be a projective algebraic variety, and let X** C P~™ be X viewed as a projective
complex analytic variety. Note that there is a morphism of ringed spaces

(Xan7 OX&") - <X7 OX)

where X®" — X is a set-theoretic bijection and Ox — ,Oxan is given on open sets by f +— f*". Letting
i~! be the adjoint functor to i,, we get a functor

@ . COhX — COthn
F’—> 'l._lj:' ®Z'71(9X C)Xan7

where the right-hand side is coherent by the Oka-Cartan theorem.
Remark. The functor ® is exact. To prove this, Serre uses that the map
OX,:C B @X,a:
(here @ny is the completion of Oy ) is faithfully flat and @X’x & @Xan#‘.
Remark. If U/ is an open cover of X, then we get a map
H' (U, F) — H'U™, OF),.
This induces a natural map (after taking direct limits)

thz}_ . HZ(X, JT_') N Hi(XanPFan)‘
Theorem 27.2 (Theorem A). If F € Cohy, then ¢’ is an isomorphism.

Proof. The sketch of the proof is as follows:
0. Reduce to the case X = P".
1. Prove the result for F = Opn.
For this part, one notes that H°(P", Opn) = C = H?(P™™ Opn.an) and for i > 1,
HY(P", Opn) = 0 = H'(P"™™, Opn.an).
The equality H'(P™™ Opn.an) = 0 for ¢ > 1 follows from Hodge theory.
2. Prove the result for F = Opn(m).

To prove this, use the short exact sequence (let H = V' (zy))
0 —— O]pn(m— 1) ﬂ) O]pn(m) — OH(m) — 0

Then use induction on n to see that gbé)(m) is an isomorphism if and only if Cbico(mq) is.
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3. Prove the result for F arbitrary.

To do this, one chooses a presentation

D=1 Oen(n;) —— Dy Opn(mi) » F——0
and uses the previous steps.
See Serre’s GAGA paper for more details. n
Theorem 27.3 (Theorem B). For F,G € Cohy, the map
Homop, (F,G) — Homop,., (F*,G*™")
18 an isomorphism.

Proof. Set A :=Home, (F,G) and B := Home ., (F*,G*"). Then the result is equivalent to showing
that I'(X, A) — I'(X?", B) is an isomorphism. Consider the analytification of A:

D(X,A) — I'(X™ B)

\ |

Xan Aan)
The labeled map is an isomorphism by Theorem [27.2] so it suffices to show A** = B. See GAGA. [

Remark. Both Theorem and Theorem [27.3| may be false if X is not assumed to be projective. For
example, consider X = A and F = G = Ox.

Theorem 27.4 (Theorem C). For any H € Cohyxan, there exists F such that F** = H. In particular,
@ . COhX e COthn
1s an equivalence of categories.

Proof. The idea is to show H(m) is globally generated for m > 0. Use this to construct a presentation

@j’:l OXan (nj) — @2:1 (’)Xan(m,-) > H > 0
and use Theorem to show that « is algebraic. O
Remark. Theorem gives an alternative proof of Chow’s theorem (Theorem [26.1)). Fix an analytic

subvariety Z C P". Then Cartan’s theorem implies Z; is coherent, and Theorem [27.4] implies there
exists F € Cohpn such that F** = Opn,an /Zz. Now Supp F = Supp F** = Z.



Lecture 28

Apr. 30 — Hodge Theory

28.1 Hodge Decomposition Theorem

Remark. For this lecture, we will always denote Cech cohomology by Hi. We want to see how this is
related to the singular cohomology HZ (X" C).

sing

Theorem 28.1 (Hodge decomposition theorem). For X C P a smooth projective variety of dimension
n, there exists a decomposition
HS(X™.C)= @ H
ptq=k
for 0 < k < 2n. Furthermore,

1. HP4 = H9 (where we view HE (X* C) = HE (X* R) by the universal coefficients theorem

sing sing
and HP1 denotes complex conjugation);

2. HPY = HU(X,0) (= HO(X™, Q%) by GAGA);

3. writing h?? = dim H??, we have h?? = h®? (by (1), also called Hodge duality) and h?9 = h"~P"—1
(by Serre duality).

Remark. Note that b; = dim H’

sing

(X*,C) =3, =i i7", so the Betti numbers b; are even for i odd.
Example 28.0.1. Let C be a genus g curve. Then for k£ = 1, we have
bt = p%0 = p2(C,0¢) = 1.
Note that we have the diamond
htt =1

hol — g Q10 = g
W0 =1

Remark. We want to explain where the H”9 come from and why it is related to H?(X, Q).

28.2 Cohomology of Sheaves

Remark. Let X be a topological space and F a sheaf of abelian groups (e.g. X a complex manifold
with F = C or Ox). Recall that we have defined Cech cohomology, which we now denote by H*(X, F).
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Definition 28.1. A sheaf F is flasque if F(U) — F(V) is surjective for all V. C U C X open.

Example 28.1.1. Let G be a sheaf. Define the Godement sheaf God(G) by
Ur— God(G)(U) := H (o
zeU

Then one can observe that God(G) is flasque.

Definition 28.2. A flasque resolution of a sheaf F is a complex of sheaves

d d
0 s F y 70 22, 71 Ly L

such that
1. d* = 0;
2. imd;_; = kerd; for all i;
3. each T is flasque.
Example 28.2.1 (Godement resolution). Let F be a sheaf. Then

0 y F —2 God(F) —% God(cokera) — -

-1
| x | -
// //
| - | -
l e l -
- -

v - v -
coker o coker dg

is a (canonical) flasque resolution of F.

Definition 28.3 (Sheaf cohomology). Let X be a topological space and F a sheaf of abelian groups.
Then we can define ' '

H'(X,F):=H'((I'(X,Z%),
where F — Z° is a flasque resolution of F (e.g. the Godement resolution). One can check that this
definition is independent of the choice of flasque resolution.

Example 28.3.1. If X is locally contractible (e.g. a manifold), then
H*(X,R) = Hf,,(X,R).

sing

To see this, consider the complex of sheaves

9 . 1 0
'Csing—>

0 > R s CO

sing

where C?

sing

is the sheaf defined by U +— C%_ (U, R). We can note that:

sing

1. 9*> =0 (from algebraic topology);
2. the sequence is exact (since X is locally contractible);

3. each C%

¢ing 18 flasque (essentially by the definition of a cochain).

Thus this complex is a flasque resolution, so we see that

 ker(9: Ck (X, R) — C5H(X,R))

H*(X,R) = sing sing = H: (X, R).
KB = o o R = Ry R

In fact, this works more generally for any ring R, not just R.
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Theorem 28.2. If X is Hausdorff and paracompact, then

s an isomorphism.

Example 28.3.2. Let X be a smooth manifold. Consider the de Rham complex

0 » R > A° > Al

where AP is the sheaf defined by U — AP(U) (the space of smooth p-forms on U). We have:
1. exactness: this is by the Poincaré lemma;
2. d? = 0: this follows from differentiation rules;
3. flasqueness: this fails, even for A°.

However, AP is still a fine sheaf, so by Theorem below, we still have

ker(d : AP(X) — APTH(X))
im(d : AP~1(X) — A?(X))

HP(X,R) = — H?.(X,R).

Definition 28.4. A sheaf F is fine if it can be viewed as a sheaf of A-modules for some sheaf of rings
A on X such that for every open cover {U;}icr of X, there exist f; € A(U;) such that ). ,(fi). = 1.

Example 28.4.1. Each AP is fine, as we can view AP as a sheaf of A-modules, where A is the sheaf of
smooth functions. Note that A admits partitions of unity.

Theorem 28.3. If F is a sheaf and admits a resolution 0 — F — Z° by fine sheaves, then

H'(X,F)=H'(I'(X,I%).

28.3 Complex Geometry

Remark. Let X be a complex manifold of complex dimension n and A} the sheaf of complex k-forms.
Locally, with respect to complex coordinates z1, ..., z, with z; = x; + ty;, a complex k-form is given by

> fradu Ao Adm, Ny, A Adys,,

1,JC{1,...n}
1+ |=k

where the f7; are smooth complex-valued functions. Then we have a complex

d d d
0 > C > AL > At

which is a fine resolution of C. Thus we have H*(X,C) & H: (X, C).

Remark. Observe that there is a decomposition

A= A,

p+q=k
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where AP is the sheaf of (p, q)-forms. Writing z; = z; + iy; and z; = z; — iy;, we can locally write a
(p, q)-form in the form

Z frodzr Ndzy,

[I|=p,|J]|=q

with f7.; smooth complex-valued functions. Then d : A% — .Afé“ decomposes as d = 0 + 0, where

0
822'

(9(f[7jdzj/\d2]) :Z f]deZi/\dZ[/\dz‘]
i=1

and 0 is defined similarly. This decomposition satisfies the following properties:
1. ?=0 = 0;
2. 00 + 00 = 0;
3. OAPY C APH14 and AP C APAHTL
4. Ox =ker(d : A% — A%1) and Q% = ker(3 : AP0 — AP)]]

Now the complex

0 >Q§( >Ap10 8>AP11 8;...

satisfies the following:
1. AP4is fine (Ox has partitions of unity);
2. exactness (this follows by the antiholomorphic Poincaré lemma).

Thus we get that

We call the HP? the Dolbeault cohomology of X. Then the Hodge decomposition theorem says that

HEL(X.C)= @ HP

sing
ptq=k

(in the case that X C P¢ is a smooth projective variety).

Here Ox denotes the sheaf of holomorphic functions and Q% denotes the sheaf of holomorphic p-forms. Note that Q%

coincides with the analytification of the sheaf of algebraic p-forms when X C IP¢ is a projective algebraic variety.
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