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Lecture 1

Jan. 7 — Motivation for Algebraic Number
Theory

1.1 Motivation: Fermat’s Last Theorem

Theorem 1.1 (Fermat’s last theorem1). xn + yn = zn has no nonzero integer solutions when n ≥ 3.

Remark. The n = 3 case was solved by Euler, and the n = 4 case was solved by Fermat. So we will
assume n ≥ 5. We can also assume n is prime, since if n = pm, then we can instead consider

(xm)p + (ym)p = (zm)p.

Thus any nonzero solution to xn + yn = zn also yields a nonzero solution to xp + yp = zp. So let p ≥ 5
be prime, and let ζ = ζp be a primitive pth root of 1. Then consider

xp + yp = (x+ y)(x+ ζy)(x+ ζ2y) . . . (x+ ζp−1y) = zp.

Note that x+ ζjy ∈ Z[ζ] ⊆ C. Let us pretend for the moment that Z[ζ] is a UFD.2 One can check that

gcd(x+ ζjy, x+ ζky) = 1

whenever j ̸= k. If Z[ζ] were a UFD, then we could conclude that

x+ yζ = uαp

for some u ∈ Z[ζ]× and α ∈ Z[ζ].3 For the sake of illustration, suppose u = ±ζj for some j. Then

α = a0 + a1ζ + · · ·+ ap−2ζ
p−2

for ai ∈ Z. This gives
αp = a0 + a1 + · · ·+ ap−2 (mod p),

using Fermat’s little theorem, ζp = 1, and the binomial theorem. So αp = a (mod p) with z ∈ Z, and

x+ yζ = ±aζj (mod p)

for some 0 ≤ j ≤ p− 1. Note that ζp−1 = −(1 + ζ + · · ·+ ζp−2), and one can check as an exercise that
this implies p|x or p|y. This would have proved the “first case” of Fermat’s last theorem.

1This problem was finally resolved by Wiles-Taylor in 1995.
2It is far from it, and this is likely the mistake that Fermat originally made.
3In a UFD, if a product of relatively prime elements is a pth power, then each factor must itself be a pth power.
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LECTURE 1. JAN. 7 — MOTIVATION FOR ALGEBRAIC NUMBER THEORY 5

Remark. However, Kummer (c. 1850) observed that Z[ζ] is rarely a UFD (in fact, Z[ζ] is a UFD if and
only if p ≤ 19).4 Also, when p ≥ 5, the unit group of Z[ζ] is always infinite (so that Z[ζ]× ̸= {±ζj}).

Theorem 1.2 (Kummer). Fermat’s last theorem holds for all “regular” primes.5

Remark. The first irregular prime is 37, so Kummer’s method works for 3 ≤ n ≤ 36.

1.2 Algebraic Integers

Remark. To resolve these issues, Kummer realized that one can replace elements of Z[ζ] by “ideal
elements.” Later on, Dedekind look at Kummer’s work and introduced the modern notion of an ideal.
We will be working towards the unique factorization of ideals into prime ideals in certain cases.

Remark. We will work at the level of generality of Dedekind rings (as opposed to just number rings).
This is because there is an analogue of such a unique factorization of ideals for function fields of curves
in algebraic geometry, and this framework is general enough to capture both cases.

Definition 1.1. Let K/Q be a finite extension (i.e. a number field). Then α ∈ K is an algebraic integer
if there exists a monic polynomial f ∈ Z[x] such that f(α) = 0.

Theorem 1.3. Let A ⊆ B be rings and let b ∈ B. Then the following are equivalent:

1. b is integral over A (i.e. there exists a monic f ∈ A[x] such that f(b) = 0).

2. A[b] is a finitely generated A-module.6

3. A[b] is contained in a subring C ⊆ B which is finitely generated as an A-module.

Proof. (1⇒ 2) This direction is standard, one only needs powers up to deg f since f(b) = 0.

(2⇒ 3) This direction is clear since A[b] itself satisfies the desired conditions.

(3⇒ 1) The idea is to argue via determinants and use the Cayley-Hamilton theorem for modules.

Corollary 1.3.1. Integrality is transitive, i.e. if B is integral over A and C is integral over B, then C
is integral over A.7

Proof. A finitely generated module over a finitely generated module is finitely generated.

Corollary 1.3.2. If α, β are integral over A, then α± β, αβ are also integral over A.

Proof. This is because α± β, αβ ⊆ C = A[α][β].

Theorem 1.4. The set of all algebraic integers in K (denoted OK) forms a subring of K.8

Remark. This theorem is not obvious: Given f(α) = 0 and g(β) = 0, one must find a polynomial h
such that h(α + β) = 0. It is not immediately obvious how to do this.

4Kummer made the first real progress on Fermat’s last theorem in a long time.
5A prime p is regular if p does not divide the order of the ideal class group of Z[ζ].
6Here A[b] is the smallest subring of B containing A and b, so A[b] = {a0 + a1b+ a2b

2 + · · ·+ akbk : ai ∈ A}.
7We say that B is integral over A if every b ∈ B is integral over A.
8The ring of algebraic integers OK of a number field K is called a number ring.



Lecture 2

Jan. 9 — Algebraic Integers and Dedekind
Domains

2.1 More on Algebraic Integers

Proposition 2.1. Suppose α, β ∈ Z ⊆ C, then α+ β, αβ ∈ Z.1

Proof. First, note that every algebraic integer is an eigenvalue of some integer matrix (e.g. take the
companion matrix for the minimal polynomial). So take linear maps Tα : Vα → Vα and Tβ : Vβ → Vβ
which have α and β as eigenvalues, respectively. Then one can check that the map on the direct sum

Tα ⊕ Tβ : Vα ⊕ Vβ → Vα ⊕ Vβ

has α + β as an eigenvalue. Similarly, by looking at the map on the tensor product

Tα ⊗ Tβ : Vα ⊗ Vβ → Vα ⊗ Vβ

has αβ as an eigenvalue. Hence we see that α+ β, αβ ∈ Z as well.

Remark. This is a constructive proof of what we showed via finitely generated modules last time.

Lemma 2.1. Let α ∈ K be an algebraic number. Then α is an algebraic integer, i.e. α ∈ OK, if and
only if the minimal polynomial of α over Q, call it fα ∈ Q[x], has integer coefficients.

Proof. (⇐) This direction is clear by the definition of an algebraic integer.

(⇒) We need to show that if α ∈ OK , then fα ∈ Z[x]. By assumption, there exists some monic integer
polynomial h ∈ Z[x] such that h(α) = 0. From this, we know that fα|h in Q[x].2 Let α1, . . . , αn be the
roots of fα with α1 = α. Since fα|h, we know that h(αi) = 0 for every i, so h ∈ Z[x] implies that αi ∈ Z
for each i. Thus the coefficients of fα are elementary symmetric functions of the αi,

3 so

fα ∈ (Z ∩Q)[x].

Thus it suffices to show that Z ∩Q = Z to conclude the result. For this, suppose r/s ∈ Q is the root of

xn + an−1x
n−1 + · · ·+ a1x+ a0 ∈ Z[x].

1Here Z is the set of algebraic integers.
2Note that it suffices to show that fα|h in Z[x], so alternatively, a suitable version of Gauss’s lemma immediately

implies the desired result.
3These operations preserve the notion of being an algebraic integer.
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LECTURE 2. JAN. 9 — ALGEBRAIC INTEGERS AND DEDEKIND DOMAINS 7

We can assume (r, s) = 1 without loss of generality.4 Plugging in, we obtain

(r/s)n + an−1(r/s)
n−1 + · · ·+ a1(r/s) + a0 = 0.

Clearly denominators by multiplying by sn, we obtain

rn + an−1sr
n−1 + · · ·+ a1s

n−1r + a0s
n = 0

The right-hand side is divisible by s and every term on the left-hand side except rn is divisible by s, so
we must have s|rn. Since (r, s) = 1, this implies that s = ±1, i.e. r/s ∈ Z.

Example 2.0.1. For K = Q, we have OK = Z. This follows from the previous lemma since the minimal
polynomial of a ∈ Q is x− a, which has integer coefficients precisely when a ∈ Z.

Example 2.0.2. Let K = Q(
√
d), i.e. K is quadratic number field. Clearly Z[

√
d] ⊆ OK , but this is not

always an equality. For example,

ϕ =
1 +
√
5

2
/∈ Z[
√
5],

but x2 − x− 1 has ϕ as a root.

Exercise 2.1. Let d be a square-free integer and K = Q(
√
d). Show that

OK =

{
Z[
√
d] if d ≡ 2, 3 (mod 4),

Z[(1 +
√
d)/2] if d ≡ 1 (mod 4).

Definition 2.1. Let S be a ring. If R ⊆ S is a subring, then we say that R is integrally closed in S if
whenever α ∈ S is integral over R, then α ∈ R.

Remark. Recall that for a domain R, its field of fractions K is the localization

K = S−1R

where S = R \ {0}. There is a natural embedding of R into K via r 7→ r/1.

Lemma 2.2. The fraction field of OK is K. More precisely, for every α ∈ K, there exists m ∈ Z,
m ̸= 0, such that mα ∈ OK.

Proof. Since α is algebraic, there exists a monic polynomial fα ∈ Q[x] such that fα(α) = 0. By clearing
denominators, there exists m ∈ Z such that mfα ∈ Z[x]. So we have

mαn + bn−1α
n−1 + · · ·+ b1α + b0 = 0,

and multiplying by mn−1 on both sides, we obtain

mnαn +mn−1bn−1α
n−1 + · · ·+mn−1b1α +mn−1b0 = 0,

which implies
(mα)n + bn−1(mα)

n−1 + · · ·+mn−2b1(mα) +mn−1b0 = 0.

This shows that mα is integral over Z, i.e. mα ∈ OK .

4Here we write (r, s) to denote gcd(r, s).
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Theorem 2.1. The ring of integers OK is integrally closed (in its fraction field).

Proof. Transitivity of integrality implies that OK is integrally closed in K. The theorem then follows
from the fact that K is the fraction field of OK .

Remark. This theorem says that (it implies the second equality)

OK = {α ∈ K | α is integral over Z} = {α ∈ K | α is integral over OK}.

2.2 Dedekind Domains

Definition 2.2. A Dedekind domain is a Noetherian integrally closed domain of dimension 1.

Remark. Recall that all rings in this class are commutative and have a 1. A dimension 1 domain is a
domain which is not a field and in which every nonzero prime ideal is maximal. In general, the dimension
of a ring R is the maximum length of a chain of prime ideals of the form

p0 ⊊ p1 ⊊ · · · ⊊ pn.

In dimension 1, this corresponds to (0) ⊊ p being the maximum chain for every nonzero prime ideal p,
which is equivalent to the other definition.

Remark. Our goal for now will be to show that OK is a Dedekind domain.

Definition 2.3. Let k be either Q or R and V be a finite-dimensional k-vector space. A complete lattice
in V is a discrete additive subgroup Λ of V which spans V , where discrete means that any bounded
subset of Λ is finite (equivalent to being discrete in the sense of topology).

Proposition 2.2. Let V be as above (dimension n over k) and Λ ⊆ V an additive subgroup which spans
V . Then the following are equivalent:

1. Λ is discrete.

2. Λ is generated by n elements.

3. Λ ∼= Zn as Z-modules.

Proof. (2⇔ 3) This follows by the structure theorem (Λ is torsion-free since Λ ⊆ V ).

(1⇒ 2) Suppose Λ is discrete, and let x1, . . . , xn ∈ Λ be a basis for V . Let Λ0 be the Z-module which is
spanned by x1, . . . , xn. We claim that Λ/Λ0 is finite, which implies that Λ is also generated by n elements
(exercise). To see the claim, we note that there exists an integer M > 0 such that if x =

∑
λixi ∈ Λ

with λi ∈ k and all |λi| < 1/M , then x = 0. This is standard and follows from all norms being equivalent
in a finite-dimensional vector space and the assumption that Λ is discrete.

Now let y1, y2, . . . be coset representatives for Λ/Λ0. Without loss of generality (by translating in the
coset), assume each yi ∈ C, where C is the unit cube. Cover C by Mn boxes of the form

mi

M
≤ λi <

mi + 1

M

with mi ∈ Z and 0 ≤ mi < M . We must have |Λ/Λ0| ≤Mn, since otherwise we end up with two yi ̸= yj
in the same box by the pigeonhole principle, and yi − yj ∈ C[1/M ] ∩ Λ = {0} leads to a contradiction.

(2⇒ 1) This proof is to be finished next class.
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Theorem 2.2. If I is a nonzero ideal in a number ring OK, then OK/I is finite.

Proof. The strategy is to show that if [K : Q] = n, then OK
∼= Zn and I ∼= Zn as Z-modules. This will

imply that OK/I is finite, which follows from the proof of the structure theorem. In fact, we will show
that I and OK are lattices in K ∼= Qn ⊆ Rn. Note that it suffices to show that OK is a lattice, since it
immediately follows that I ⊆ OK is also discrete, hence also a lattice as I is an additive subgroup.

The proof is to be finished next class.

Corollary 2.2.1. A number ring OK is Noetherian.

Proof. Suppose that we have an ascending chain of ideals

I = I0 ⊆ I1 ⊆ I2 ⊆ . . . .

Suppose without loss of generality that I0 ̸= 0. Since OK/I is finite, by an isomorphism theorem we see
that there are only finitely many ideals in OK containing I. This implies that the chain must eventually
stabilize, i.e. that OK is Noetherian.

Corollary 2.2.2. A number ring OK is 1-dimensional.

Proof. Verify as an exercise that OK is not a field. Now let p be a nonzero prime ideal, so that OK/p is
a finite domain, hence a field. This implies that p is maximal, so OK is 1-dimensional.

Theorem 2.3. A number ring OK is a Dedekind domain.



Lecture 3

Jan. 14 — Unique Factorization of Ideals

3.1 Norms for Field Extensions

Remark. Let K/Q be a finite extension of degree n. Our goal will be to define a norm NK/Q : K → Q
which also sends OK → Z. Note that there are n distinct embeddings σ1, . . . , σn : K → C, e.g. choose
a primitive element θ ∈ K (so that K = Q(θ)) with minimal polynomial f of degree n and define
σ : K → C by sending θ to some root of f , of which there are n choices.1

Definition 3.1. Given a finite extension K/Q, define the norm NK/Q : K → Q by

NK/Q(x) =
n∏

i=1

σi(x),

where σ1, . . . , σn : K → C are the n distinct embeddings of K into C.

Exercise 3.1. Show that in fact NK/Q(γ) ∈ Q. (Hint: One way is via Galois theory.)

Exercise 3.2. Define [γ] : K → K by x 7→ γx, which is a Q-linear map. Show that NK/Q(γ) = det[γ].

Proposition 3.1. We have the following properties of the norm N = NK/Q:

1. N(γ) = 0 if and only if γ = 0;

2. if γ ∈ OK, then N(γ) ∈ Z.

Proof. Check these properties as an exercise.

Theorem 3.1. A number ring OK is a complete lattice in K ∼= Qn ⊆ Rn.

Proof. We need to show that OK is discrete. Note that there exists a basis α1, . . . , αn for K/Q such
that αi ∈ OK for every i. Now suppose otherwise that OK is not discrete, so there are arbitrarily small
λ1, . . . , λn ∈ Q such that α =

∑
λiαi is nonzero and in OK . Then

NK/Q(α) = ϕ(λ1, . . . , λn)

for some homogeneous polynomial ϕ of degree n (since each σ(α) =
∑
λiσ(αi)). Thus if |λi| ≪ 1, the

polynomial ϕ also gets small and we can obtain 0 < |NK/Q(α)| < 1, a contradiction sinceNK/Q(α) ∈ Z.

Corollary 3.1.1. If I ⊆ OK is a nonzero ideal, then I is also a complete lattice in Rn.

1As an example of having n embeddings, consider Q(
√
2) ⊆ R ⊆ C, where we can send

√
2 7→ ±

√
2.

10
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Proof. One needs to show that I contains a basis for K/Q. Choose any nonzero c ∈ I and consider
cα1, . . . , cαn ∈ I (since I is an ideal). This will also be a basis for K/Q since c ̸= 0.

Corollary 3.1.2. We have |OK/I| <∞ for every nonzero ideal I ⊆ OK.

Proof. This is because OK
∼= I ∼= Zn as Z-modules, so the result follows by the structure theorem.

Remark. These details complete the proof from last time that OK is a Dedekind domain.

Remark. The following is a preview of what we will do later in the class: We will define the norm of
an ideal to be N(I) = |OK/I|. One can show that if I = (γ), then N(I) = N(γ). An extension of the
previous techniques then leads to a proof of the finiteness of the ideal class group.

3.2 Unique Factorization of Ideals

Remark. Recall that for ideals I = (α1, . . . , αk) and J = (β1, . . . , βℓ), their product is IJ = (αiβj)i,j.

Example 3.1.1. Consider R = Z[
√
−5], which is the ring of integers OK in K = Q(

√
−5). Note that

6 = 2(3) = (1 +
√
−5)(1−

√
−5)

and these elements are irreducible and not associates, so R is not a UFD. However, let

p1 = (2, 1 +
√
−5), p2 = (2, 1−

√
−5), p3 = (3, 1 +

√
−5), p4 = (3, 1−

√
−5).

None of these ideals are principal, but they are all prime ideals. One can check that

p1p2 = (4, 2− 2
√
−5, 2 + 2

√
−5, 6) = (2),

that p3p4 = (3), that
p1p3 = (6, 2 + 2

√
−5, 3 + 3

√
−5, 6) = (1 +

√
−5),

and finally that p2p4 = (1−
√
−5). At the level of ideals, the original equation then becomes

(6) = (2)(3) = (p1p2)(p3p4) = (p1p3)(p2p4) = (1 +
√
−5)(1−

√
−5).

In fact, the previous nonunique factorization is now the same factorization in the language of ideals.

Lemma 3.1. Let I1, . . . , In be ideals in a commutative ring R, and let p be a prime ideal. Suppose that
I1I2 . . . In ⊆ p. Then Ij ⊆ p for some j.

Proof. Check this as an exercise, it follows from the definition of a prime ideal.

Lemma 3.2. Let R be a Noetherian ring, and I ⊆ R be a nonzero ideal. Then there exist nonzero prime
ideals p1, . . . , pr such that p1p2 . . . pr ⊆ I.

Proof. Let Σ be the set of all I for which the lemma is false. If Σ ̸= ∅, then since R is Noetherian, Σ
has a maximal element (pick I1 ∈ Σ, if it is not maximal, then we can find I2 ∈ Σ with I1 ⊊ I2, and we
obtain I1 ⊊ I2 ⊊ . . . by continuing; this chain must terminate since R is Noetherian). Let J be such a
maximal element. Now J cannot be prime, so there exist a, b ∈ R such that ab ∈ J but a, b /∈ J . Let

a = (J, a) ⊋ J and b = (J, b) ⊋ J.
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Then a ⊇ p1p2 . . . pm and b ⊇ q1q2 . . . qn. Since ab = (J2, Ja, Jb, ab) ⊆ J , we obtain

J ⊇ ab ⊇ p1 . . . pmq1 . . . qn,

which is a contradiction. Thus we must have Σ = ∅, so the lemma holds for every nonzero ideal I.

3.3 Inverse Ideals

Example 3.1.2. Consider the problem of finding (2)−1 in Z. Logically, the answer should be something
like (1/2) = (1/2)Z ⊆ Q, which is not an ideal in Z.2 This will satisfy 2((1/2)Z) = Z.

Definition 3.2. Let R be an integral domain with fraction field K, and let I be a nonzero ideal in R.
Then the inverse ideal I−1 of I is

I−1 = {x ∈ K | xI ⊆ R}.

Example 3.2.1. Let R = Z and I = (2). Then we can see that

I−1 = {x ∈ Q | x(2) ⊆ Z} = 1

2
Z.

Remark. Our goal at this point is to show that if R is Dedekind, then II−1 = R. Note that if M,N
are two R-submodules of K, then their product is well-defined:

MN = R-submodule of K generated by {xy | x ∈M, y ∈ N},

e.g. ((1/2)Z)((1/3)Z) = (1/6)Z. This is how we will make sense of the product II−1.

Lemma 3.3. If I = (a), then I−1 = (a−1) and II−1 = (1) = R.

Proof. Check this as an exercise.

Proposition 3.2. If R is Dedekind, I ̸= 0 is an ideal, and p ̸= 0 is a prime ideal, then p−1I ̸= I.

Proof. First consider the special case I = R, and we want to show that p−1 ̸= R. We will find x ∈ p−1

which is not in R. To do this, we will take x = a−1b = b/a for some a, b ∈ R. We want (b/a)p ⊆ R, so we
should look for bp ⊆ (a) with b /∈ (a). Let a ∈ p be any nonzero element, and we will find a suitable b.

Since R is Noetherian, there exist prime ideals pi ̸= 0 such that p1 . . . pr ⊆ (a) ⊆ p. Without loss of
generality, we can assume r is minimal. This then implies that pi ⊆ p for some i, which implies pi = p
since R is 1-dimensional. Assume without loss of generality that i = 1, so p1 = p.

If r = 1, then p = (a), so that p−1 = (a−1) ̸= R since a is not a unit. So now assume r ≥ 2. Then

p2 . . . pr ̸⊆ (a)

by the minimality of r, so there exists b ∈ p2 . . . pr such that b /∈ (a). But bp = bp1 ⊆ (a), so the element
x = b/a ∈ p−1 but is not in R. This proves the statement when I = R.

2Note that this is not an ideal of Q either since it is not closed under multiplication by elements of Q. The inverse ideal
(2)−1 is instead a Z-submodule of Q, viewed as a Z-module.
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In the general case, using the hypothesis that R is Noetherian, we can write I = (α1, . . . , αn). Assume
otherwise that p−1I = I. Then for x ∈ p−1, we can write

xαi =
n∑

j=1

aijαj, aij ∈ R.

Let A = (aij) and define T = xIn − A. Check as an exercise that detT = 0. Since detT is a monic
polynomial in x with coefficients in R, we see that x is integral over R. Since R is integrally closed, we
must have x ∈ R, so we get p−1 = R. This contradicts the above special case.

Remark. The key idea of the proof is Cayley-Hamilton for modules: Let R be a commutative ring and
M a finitely generated R-module. Then if JM =M , there exists a with 1− a ∈ J such that aM =M .
The proof above uses a similar strategy to the proof of this statement.



Lecture 4

Jan. 16 — Ideal Class Group

4.1 Unique Factorization of Ideals, Continued

The following is a corollary of Proposition 3.2:

Corollary 4.0.1. If R is Dedekind and p ̸= 0 is a prime ideal, then p−1p = R = (1).

Proof. First note that we have p ⊆ p−1p ⊆ R since R ⊆ p−1 by the definition of p−1. Furthermore, p−1

is an R-submodule of K, so p−1p is an R-submodule of R, i.e. an ideal of R. Also, by Proposition 3.2,
p−1p ̸= p. Now R being 1-dimensional implies that p is maximal, so we must have p−1p = R.

Proposition 4.1. A Dedekind domain R admits unique factorization of ideals into prime ideals.

Proof. For uniqueness, suppose that I = p1 · · · pr = q1 · · · qs. Then q1 . . . qs ⊆ p1, so we must have some
qi ⊆ p1. Without loss of generality, assume q1 ⊆ p1, so that q1 = p1. Now multiplying by p−1

1 , we get

p2 . . . pr = q2 . . . qs.

Proceeding by induction finishes the proof for uniqueness.

Now we argue for existence. Let Σ be the set of all proper ideals of R which cannot be written as a
product of prime ideals. If Σ is nonempty, then the Noetherian property of R implies that Σ has a
maximal element J . Then J ⊊ p for some maximal ideal p, which is equivalently a nonzero prime ideal
since R is one-dimensional. Since R ⊆ p−1, we have the chain of inclusions

J ⊊ Jp−1 ⊊ pp−1 = R.

Since J was maximal in Σ, we must have Jp−1 /∈ Σ, so we can write Jp−1 = p1p2 . . . pr. But then we
have J = pp1p2 . . . pr which is a contradiction with J ∈ Σ.

4.2 Ideal Class Group

Proposition 4.2. In a Dedekind ring R, to contain is to divide, i.e. I ⊆ J if and only if J |I.1

Proof. (⇒) If I ⊆ J , then IJ−1 ⊆ JJ−1 = R.2 Then J ′ = IJ−1 is an ideal and satisfies I = JJ ′.

(⇐) This is the easier direction, verify this as an exercise.
1We say that J divides I, written J |I, if I = JJ ′ for some ideal J ′.
2Note that we have technically only proved this property for prime ideals, but any ideals factors as prime ideals and we

can argue via this factorization.

14



LECTURE 4. JAN. 16 — IDEAL CLASS GROUP 15

Definition 4.1. Let R be an integral domain. A fractional ideal of R is an R-submodule J of K such
that aJ is an ideal for some a ∈ R.

Exercise 4.1. If I ⊆ R is an ideal, then show that I−1 is a fractional ideal.

Exercise 4.2. If J is an R-submodule of K, then show that J is a fractional ideal if and only if J is
finitely generated as an R-module.

Exercise 4.3. Show that set of nonzero fractional ideals in a Dedekind domain R forms a group under
multiplication.

Remark. In fact, one can actually show that

I(R) = {nonzero fractional ideals} = {pk11 pk22 . . . pkrr | ki ∈ Z}.
Due to unique factorization, this is actually the free abelian group on the set of nonzero prime ideals.
We can also define

P (R) = {principal fractional ideals} = {aR | a ∈ K}.

Definition 4.2. The ideal class group of a Dedekind domain R is the quotient Cl(R) = I(R)/P (R).3

Exercise 4.4. Show that Cl(R) is also the equivalence classes of ideals under ∼, where I ∼ J if there
exist a, b ∈ R such that aI = bJ .

Remark. Our goal now will be to show that if R = OK and [K : Q] <∞, then Cl(R) is finite. The key
tool will be the norm N : {ideals of R} → N, where N contains 0.

Definition 4.3. We define the norm of an ideal I ⊆ R to be N(I) = |R/I|.

Remark. To prove the finiteness of Cl(OK) where K is a number field, we will need to show the following
properties of the norm N :

• N((α)) = NK
Q (α).

• N(IJ) = N(I)N(J).

Then, we will proceed to show the following:

• There exists M ≥ 0 such that {ideals I | N(I) ≤M} is finite.

• Letting ν(I) = minα∈I{N(I)/N(α)}, there exists M such that ν(I) ≤ M for every I. Moreover,
ν(I) = 1 if and only if I is principal. Note that ν(I) ∈ Z by the multiplicative property of N .

4.3 Discriminants

Definition 4.4. Let L/K be a finite separable field extension, where [L : K] = n. Fix a Galois closure
M of L/K, so there are n distinct embeddings σ1, . . . , σn : L→M fixing K. The norm of α ∈ L is

NL
K(α) = σ1(α) . . . σn(α) ∈ K.

Now let α1, . . . , αn ∈ L. The discriminant of α1, . . . , αn is

∆(α1, . . . , αn) = det

σ1(α1) · · · σ1(αn)
...

. . .
...

σn(α1) · · · σn(αn)


2

= (detT )2.

3As a shorthand, we may write “the class group of a number field K” to mean Cl(OK).
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Lemma 4.1. For α1, . . . , αn ∈ L, the discriminant ∆(α1, . . . , αn) ∈ K and is nonzero if and only if
α1, . . . , αn form a basis for L/K.

Proof. (⇒) One can show the contrapositive that if α1, . . . , αn are linearly dependent, then ∆ = 0.

(⇐) Let α1, . . . , αn be a basis for L/K. By the primitive element theorem, there exists θ ∈ L such that
L = K(θ), so that 1, θ, θ2, . . . , θn−1 form a basis for L/K. Then we haveα1

...
αn

 =M

 1
...

θn−1


for some matrix M ∈Mn×n(K) with detM ̸= 0. This implies thatσi(α1)

...
σi(αn)

 =M

 1
...

σi(θ
n−1)

 .
Thus if we define

T ′ =

σ1(1) · · · σ1(θ
n−1)

...
. . .

...
σn(1) · · · σn(θ

n−1)

 =

σ1(1) · · · σ1(θ)
n−1

...
. . .

...
σn(1) · · · σn(θ)

n−1


and ∆′ = (detT ′)2, then T = T ′M t implies ∆ = ∆′(detM)2. Now T ′ is a Vandermonde matrix, so

(detT ′)2 =
∏
i̸=j

(σi(θ)− σj(θ)) ̸= 0.

We can also see ∆′ = (detT ′)2 ∈ K× (via Galois theory) and (detM)2 ∈ K×, so ∆ ∈ K× as well.

Theorem 4.1. Let K be a number field and α ∈ OK. Then N((α)) = |N(α)|.

Proof. Let ω1, . . . , ωn be a Z-basis for OK , and let αi = αωi. Then α1, . . . , αn is a Z-basis for a = (α).
Thus we may write α1

...
αn

 = A

ω1
...
ωn


for some matrix A ∈Mn×n(Z). Now the theory of finitely generated modules over a PID implies that
N(a) = |detA|. (This is because we have two free Z-modules of rank n: OK and a ⊆ OK . So if A ∼ A′

where A′ = diag(d1, . . . , dn) is in Smith normal form, then |OK/a| = |(Z/d1)× · · · × (Z/dn)|, so we see
that N(a) = |OK/a| = |d1 . . . dn| = |detA′| = |detA|.) Thus we have

∆(α1, . . . , αn) = (detA)2∆(ω1, . . . , ωn).

But we can also see that

∆(α1, . . . , αn) = ∆(αω1, . . . , αωn) = det

σ1(αω1) · · · σ1(αωn)
...

. . .
...

σn(αω1) · · · σn(αωn)


2

= (σ1(α) . . . σn(α))
2∆(ω1, . . . , ωn) = N(α)2∆(ω1, . . . , ωn).

This shows that N(a)2 = (detA)2 = N(α)2, so that N(a) = |N(α)| since these values are positive.



Lecture 5

Jan. 21 — Finiteness of the Class Group

5.1 Multiplicativity of the Norm

Theorem 5.1. If I, J ⊆ OK are ideals, then N(IJ) = N(I)N(J).

Proof. First observe that if a, b ⊆ OK are relatively prime ideals (i.e. a+ b = (1)), then

OK/ab ∼= OK/a×OK/b

by the Chinese remainder theorem, and the result immediately follows. One can also show that if p ≠ q
are nonzero prime ideals in OK , then ps and qt are relatively prime for every s, t. Thus by unique
factorization of I, J into prime ideals, it is enough to prove N(pm) = (N(p))m for a prime ideal p.

To do this, observe that we have the chain of inclusions

OK ⊋ p ⊋ p2 · · · ⊋ pm,

and it suffices to show that [pk : pk+1] = N(p) for each 0 ≤ k < m. We will show the stronger result
that OK/p ∼= pk/pk+1 as abelian groups. To do this, pick γ ∈ pk \ pk+1 (note that pk ≠ pk+1 by unique
factorization) and define ϕ : OK → pk/pk+1 by x 7→ γx. Since γx ∈ pk+1 whenever x ∈ p, this induces a
map ϕ : OK/p→ pk/pk+1, which we prove is an isomorphism in Proposition 5.1.

Proposition 5.1. The map ϕ : OK/p→ pk/pk+1 by x 7→ γx is an isomorphism of abelian groups.

Proof. We will show the following claims:

1. (γ) + pk+1 = pk. This implies that ϕ is surjective.

2. (γ) ∩ pk+1 = γp. This means that if γx ∈ γp, then x ∈ p, i.e. ϕ is injective.

(1) Let I = (γ) + pk+1. Since we already know that pk|(γ), we have pk|I. But I ⊋ pk+1, so I|pk+1, and
the containment being strict implies that we must have I = pk.

(2) Let I ′ = (γ) ∩ pk+1. Since γ ∈ pk, we have γp ⊆ I ′. This is one containment. Conversely, let x ∈ I ′.
Write x = γy, where y ∈ OK and γy ∈ pk+1. Now note that1

ordp(γ) + ordp(y) = ordp(γy) ≥ k + 1.

But ordp(γ) = k (since γ ∈ pk \ pk+1), so ordp(y) ≥ 1. This implies that p|(y), so y ∈ p. Since x = γy,
this gives x ∈ γp. This yields the other containment, and so I ′ = γp.

1Here ordp(α) = ordp(a) is the largest integer m such that pm|a, where a = (α).

17
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Corollary 5.1.1. Let [K : Q] = n and p ∈ Z be a prime number. Write

(p) = pOK =
r∏

i=1

peii ,

where the pi are distinct prime ideals. Then
∑r

i=1 eifi = n, where N(pi) = pfi.

Proof. Since the norm is multiplicative, we have

pn = N(pOK) = N(p) =
n∏

i=1

σi(p)

since each σi fixes p. Then since pOK =
∏r

i=1 p
ei
i , we have2

pn = N(pOK) = N(
∏

peii ) =
∏

(N(pi))
ei =

∏
(pfi)ei =

∏
peifi .

Thus n =
∑r

i=1 eifi, which is the desired result.

Remark. In the above case, we will say that the pi “lie over” p.

5.2 Finiteness of the Class Group

Theorem 5.2. Let K be a number field. Then there exists M > 0 such that every nonzero ideal I of
OK contains a nonzero element α with |N(α)| ≤M ·N(I). Equivalently, α satisfies

inf
α∈I

|N(α)|
N(I)

≤M,

and the above infimum is 1 if and only if I is principal.

Proof. Choose an integral basis α1, . . . , αn of OK , and let I be a nonzero ideal. Choose m such that
mn ≤ N(I) < (m+ 1)n. Then define the set

Σ =

{
n∑

j=1

mjαj : 0 ≤ mj ≤ m,mj ∈ Z

}
.

Note that #Σ = (m + 1)n > N(I) = |OK/I|, so by the pigeonhole principle there exist x ≠ y in OK

such that α = x− y ∈ I, and we can write α =
∑
mjαj where |mj| ≤ m for every j. Then

|N(α)| =
n∏

i=1

|σi(α)| ≤
n∏

i=1

n∑
j=1

|mj||σi(αj)| ≤ mn

n∏
i=1

n∑
j=1

|σi(αj)| ≤ N(I) ·M,

where M =
∏n

i=1

∑n
j=1 |σi(αj)| is independent of I (but depends on the choice of integral basis).

Corollary 5.2.1. Every ideal class in OK contains a nonzero ideal of norm at most M .

2Note that OK/pi is a finite field (since pi ≠ 0 is prime, hence maximal in OK) and a vector space over Z/p since
(p) ⊆ pi. So OK/pi has prime characteristic, hence N(pi) = |OK/pi| = pfi for some fi.
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Proof. Let C ∈ Cl(OK), and let I be an ideal with [I] = C−1. By the above theorem, choose α ∈ I such
that |N(α)| ≤M ·N(I). Now (α) = IJ for some J , so [J ] = [I]−1 = C, and

N(J) =
|N(α)|
N(I)

≤M,

which proves the desired result.

Lemma 5.1. The set of ideals with norm bounded by M is finite, i.e. |{I : N(I) ≤M}| <∞.

Proof. One way to proceed is to write I =
∏

peii , and then use N(pi) = pfi .

Another way to prove this is to note that if |N(I)| = m, then mx = 0 in OK/I for every x ∈ OK . So
I ⊇ mOK . But OK/mOK is finite, so there are only finitely many ideals containing mOK .

Corollary 5.2.2. The ideal class group of a number field Cl(OK) is finite.

Proof. Each ideal class can be represented by an ideal of norm bounded by M , and there are only finitely
many such ideals. Thus there can only be finitely many ideal classes.

5.3 Computing Rings of Integers

Remark. Recall that if [K : Q] = n and α1, . . . , αn ∈ K are a basis for K/Q, then ∆(α1, . . . , αn) ∈ Q×.
Moreover, if α1, . . . , αn ∈ OK , then ∆(α1, . . . , αn) ∈ Z. Also, if α1, . . . , αn are a Z-basis for OK , then

∆(α1, . . . , αn) = ∆K = ∆(OK)

is independent of the choice of Z-basis. So ∆K is an invariant of K (or of OK), called its discriminant.

Proposition 5.2. Let α1, . . . , αn ∈ OK be a basis for K/Q, and let d = ∆(α1, . . . , αn). Then

Z[α1, . . . , αn] ⊆ OK ⊆ Z
[α1

d
, . . . ,

αn

d

]
.

Proof. Suppose α ∈ OK , so we can write (since α1, . . . , αn is a basis for K/Q)

α = c1α1 + · · ·+ cnαn, ci ∈ Q.

We want to show that dcj ∈ Z. Note that σi(α) = c1σi(α1) + · · ·+ cnσi(αn), soσ1(α)...
σ1(α)

 = T

c1...
cn

 ,
where T = (σi(αj)). Multiplying both sides by adjT , we get (note that T adjT = δI, where δ = detT )β1...

βn

 = δ

c1...
cn

 ,
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where the βi ∈ OK . Let mj = δβj, and noting that δ2 = d by definition, we havem1
...
mn

 = d

c1...
cn

 .
This tells us that dci ∈ OK for every i. But the ci were also rational, so in fact dci ∈ OK ∩Q = Z.

Lemma 5.2. Let α1, . . . , αn ∈ OK be a basis for K/Q. Let

M = Z-module spanned by α1, . . . , αn.

Then ∆K/Q(α1, . . . , αn) = ∆K · |OK/M |2.

Proof. Check this as an exercise; it is a calculation involving determinants.

Corollary 5.2.3. Let α1, . . . , αn ∈ OK be a basis for K/Q. If ∆(α1, . . . , αn) is square-free, then the
α1, . . . , αn form an integral basis.

Proof. If the αi do not form a basis, then the ∆ will contain a |OK/M |2 factor by the lemma.

Example 5.0.1. Let K = Q(
√
d), where d is square-free. Then we can see that

∆K/Q(1,
√
d) = det

[
1
√
d

1 −
√
d

]2
= 4d.

Thus 4d = ∆K/Q · |OK/M |2, where M = Z · 1 +Z ·
√
d. Since d is square-free, [OK :M ] = 1 or 2. Now if

we have |OK/(Z+ Z
√
d)| = 2, then at least one of

1

2
,

√
d

2
,

1 +
√
d

2
,

1−
√
d

2

must be an algebraic integer. The first two are obviously not algebraic integers, and the third is an
algebraic integer if and only if the fourth one is (since they are conjugates). So the index is 2 if and only
if (1 +

√
d)/2 ∈ OK . By looking at the coefficients of the minimal polynomial

x2 − x+ 1− d
4

,

this happens if and only if (1− d)/4 ∈ Z, which is equivalent to d ≡ 1 (mod 4).
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Jan. 23 — Computing Rings of Integers

6.1 More on Computing of Rings of Integers

Lemma 6.1. Let α1, . . . , αn ∈ OK be a basis for K/Q, and suppose that OK/(Zα1 ⊕ · · · ⊕ Zαn) has
exponent m, i.e. mα ∈ Zα1 ⊕ · · · ⊕ Zαn for every α ∈ OK. Then

OK ⊆ Z
α1

m
⊕ · · · ⊕ Z

αn

m
.

Moreover, if OK ̸= Zα1 ⊕ · · · ⊕ Zαn, then there exist 0 ≤ mi ≤ m− 1, not all zero, such that

m1
α1

m
+ · · ·+mn

αn

m
∈ OK .

Proof. The idea is the following: Let M = Zα1⊕ · · · ⊕Zαn, so mOK ⊆M . Then OK ⊆ (1/m)M , which
proves the first part. Now if OK ̸=M , then there exists a nonzero element of (1/m)M which is not in
M . This gives a nonzero element in the quotient:

(1/m)M

M
=

[
m1

α1

m
+ · · ·+mn

αn

m

]
for some mi, as in the statement.

Example 6.0.1. We can apply this lemma to our example from last lecture: Let K = Q(
√
d), where d

is square-free. Then ∆(1,
√
d) = 4d, so ∆K |4d. Then we have

4d

∆K

= [OK : (Z⊕ Z
√
d)]2 = 12 or 22.

Thus by the lemma, either OK = Z[
√
d] or one of

1

2
,

√
d

2
,

1 +
√
d

2

is in OK . The first two are obvious not in OK , and (1 +
√
d)/2 ∈ OK if and only if d ≡ 1 (mod 4). Thus

if d ≡ 1 (mod 4), then 1, (1 +
√
d)/2 is an integral basis for OK .

Proposition 6.1. Let [K : Q] = n and α ∈ OK with minimal polynomial of degree n. Suppose further
that the minimal polynomial of α is Eisenstein at p. Then p ∤ [OK : Z[α]].1

1Recall that Z[α] = Z⊕ Zα⊕ · · · ⊕ Zαn−1.

21
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Proof. Let the minimal polynomial of α be

f(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0,

with p|ai for every i and p2 ∤ a0 (since f is Eisenstein at p). Suppose otherwise that p|[OK : Z[α]]. Then
by Cauchy’s theorem, there exists ξ ∈ OK such that [ξ] ∈ OK/Z[α] has order p. Then

pξ = b0 + b1α + · · ·+ bn−1α
n−1

where bi ∈ Z, not all divisible by p. Let j be the smallest index such that p ∤ bj. Then

OK ∋ η = ξ −
(
b0
p
+
b1
p
α + · · ·+ bj−1

p
αj−1

)
=
bj
p
αj +

bj+1

p
αj+1 + · · ·+ bn

p
αn.

So we have

OK ∋ ηαn−j−1 =
bj

p
αn−1 +

αn

p
(bj+1 + bj+2α + . . . ).

Also notice that
αn

p
= −a0 + a1α + · · ·+ an−1α

n−1

p
∈ OK

since f was Eisenstein at p. Since (bj+1 + bj+2α + . . . ) ∈ OK , we see that bjα
n−1/p ∈ OK and p ∤ bj. So

Z ∋ NK
Q

(
bj
p
αn−1

)
=
bnj
pn
N(αn−1) =

bnj
pn
an−1
0 .

Now p ∤ bj and p2 ∤ a0 so we have at most n− 1 factors of p in the numerator, a contradiction.

Proposition 6.2. For K = Q( 3
√
2), we have OK = Z[ 3

√
2].

Proof. Let α = 3
√
2 and M = Z[α] = Z⊕ Zα⊕ Zα2. Let m = |OK/M |. Then

m2∆(OK) = ∆(1, α, α2) = ∆(fα),

where fα is the minimal polynomial of α (check that ∆(1, α, α2) = ∆(fα)). Recall that up to signs,

∆(f) =
∏

roots αi

f(αi).

For a cubic polynomial f(x) = x3 + ax + b, the discriminant is ∆f = −4a3 − 27b2 (for a quadratic
f(x) = x2 + bx+ c, it is ∆f = b2 − 4c). Thus for fα(x) = x3 − 2, we have

m2∆(OK) = ∆(fα) = −108 = −62 · 3.

Thus the index m divides 6, and since fα is Eisenstein at 2, we have 2 ∤ m. Now notice that

Z[α] = Z[β], where β = α− 2.

The minimal polynomial of β is g(x) = (x+ 2)3 − 2 = x3 + 6x2 + 12x+ 6. Then g is Eisenstein at 3, so
3 ∤ m. Thus we must have m = 1, which proves that OK = Z[α].

Remark. Later on, we will show that if K = Q(ζn) for some n ≥ 1 (where ζn is a primitive nth root of
unity), then OK = Z[ζn]. The proof will largely involve similar types of ideas.

Remark. In general if K = Q(θ) and we only work with Z[θ] instead of OK , we may run into trouble
since Z[θ] may not be integrally closed (hence we may not have unique factorization of ideals).
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6.2 Computing Factorizations of Ideals

Proposition 6.3. Let K = Q(
√
d), where d is square-free. Let p be an odd prime with p ∤ d. Then:

(a) if (d
p
) = 1, then pOK = p1p2 where p1 = (p, a+

√
d) ̸= p2 = (p, a−

√
d), and a2 ≡ d (mod p);

(b) if (d
p
) = −1, then pOK = p is prime in OK.

In the above, (d
p
) is the Legendre symbol.

Proof. (a) Note that

p1p2 = (p2, p(a+
√
d), p(a−

√
d), a2 − d) ⊆ (p)

since each of the above terms is divisible by p. But p2 ∈ p1p2 and p(a+
√
a) + p(a−

√
d) = 2ap so

(p) = (gcd(p2, 2ap)) ⊆ p1p2.

This gives the equality p1p2 = (p). Now we show that pi is prime. Note that

N(p1)N(p2) = N(p) = p2.

It is enough to show that a+
√
d /∈ (p) (this implies p1 ̸= (p), so N(p1) = |OK/p1| < |OK/(p)| = p2 and

we must have N(p1) = p). Now if p|(a+
√
d), then p|(a−

√
d) as well, so p|2a. This is a contradiction.

Thus N(pi) = p, which implies that pi is a prime ideal (otherwise the norm would also factor). It only
remains to show that p1 ̸= p2, which is left as an exercise.

(b) It is enough to show that there is no prime ideal p ⊆ OK such that N(p) = p. Equivalently, it suffices
to show that if p is a prime ideal, then OK/p ≇ Z/pZ. Note that x2 − d has a root in OK and thus in
OK/p, so OK/p ∼= Z/pZ would imply that d is a square modulo p, contradicting (d

p
) = −1.

Exercise 6.1. Show that if p|d, then pOK = p2 for some prime ideal p.

Theorem 6.1 (Kummer). Let K = Q(θ) with θ ∈ OK. Suppose p is a prime such that p ∤ [OK : Z[θ]].
Let g be the minimal polynomial of θ. Factor g mod p as

g(x) ≡ g1(x)
e1 . . . gr(x)

er (mod p),

where gi(x) ∈ Z[x], gi(x) is irreducible over Fp, and the gi are pairwise distinct.2 Then

pOK = pe11 . . . perr ,

where pi = (p, gi(θ)) is a prime ideal, N(pi) = pfi where fi = deg gi, and the pi are distinct.

Remark. Note that this generalizes the quadratic case: x2 − d mod p factors if and only if d is a square
modulo p, and the ideals are (p, gi(θ)) for g1 = x− a and g2 = x+ a.

2Here g(x) denotes the reduction of g(x) modulo p.
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Jan. 28 — Kummer’s Theorem

7.1 Kummer’s Theorem

Lemma 7.1. Let θ ∈ OK and assume p ∤ [OK : Z[θ]]. Then

OK/pOK
∼= Z[θ]/pZ[θ].

Proof. Consider the map ψ : Z[θ] ↪→ OK ↠ OK/pOK . Note that we have pZ[θ] ⊆ kerψ, so ψ induces a
map ψ : Z[θ]/pZ[θ]→ OK/pOK on the quotient. We will show that ψ is an isomorphism, by checking:

1. kerψ = pZ[θ].

Let α ∈ kerψ. Then α ∈ Z[θ] ∩ pOK , so α = pβ for some β ∈ OK . Then β ∈ OK/Z[θ] has order
dividing p since pβ = α = 0. Therefore β = 0, so β ∈ Z[θ]. This gives α ∈ pZ[θ], so kerψ = pZ[θ].

2. ψ is surjective.

Note that if (|G|, p) = 1 where G is a finite abelian group, then [p] : G→ G is injective and hence
bijective. So let γ ∈ OK , so that γ ∈ OK/Z[θ] is a multiple of p, i.e. γ = pγ′ for some γ′ ∈ OK .
Then γ − pγ′ ∈ Z[θ], so ψ(γ − pγ′) = γ. Since γ − pγ′ ∈ Z[θ], this shows that ψ is surjective.

Thus ψ is bijective, so it is an isomorphism Z[θ]/pZ[θ]→ OK/pOK .

Theorem 7.1 (Kummer). Let K = Q(θ) and p be a prime. Assume that p ∤ [OK : Z[θ]], and let g(x) be
the minimal polynomial of θ. Write (let g denote the reduction of g modulo p)

g =
r∏

i=1

(gi)
ei ,

where gi(x) ∈ Z[x] and gi ∈ Fp[x] is irreducible and monic, with g1, . . . , gr distinct. Then

pOK = pe11 . . . perr ,

where N(pi) = pfi for fi = deg gi, and pi = (p, gi(θ)) are distinct prime ideals.

Proof. Let pi = (p, gi(θ)) as in the statement. Then

OK/pi = OK/(p, gi(θ)) ∼= Z[θ]/(p, gi(θ)) ∼= Z[x]/(p, gi(x))

The first isomorphism follows from the lemma, which holds only when p ∤ [OK : Z[θ]]. Note that

Fp[θ]/(gi(θ)) ∼= Z[θ]/(p, gi(θ)) ∼= Z[x]/(p, gi(x)) ∼= Fp[x]/(gi(x)).

24
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Since gi is irreducible of degree fi, the quotient is a field of size pfi . This proves that N(pi) = pfi and
also that pi is a maximal ideal (so in particular, a prime ideal). Now if n = [K : Q], then

r∑
i=1

eifi = deg g = n.

Check as an exercise that the pi are distinct (use the fact that gi and gj are relatively prime, so that
(gi, gj) = 1 in Fp[x]). Now we will show that pOK

∼= pe11 . . . perr . First observe that

pe11 . . . perr = (p, g1(θ))
e1 . . . (p, gr(θ))

er ⊆ (p, g1(θ)
e1 . . . gr(θ)

er) = (p).

(Check the above inclusion as an exercise. Note that for g(x) = g1(x)g2(x), we can find h such that
g1 + g2 = 1+ ph, so that (p, g1(θ))(p, g2(θ)) = (p2, pg1(θ), pg2(θ), g1(θ)g2(θ)) = (p) as p(1 + ph) = p+ p2h
and g(θ) = 0). Thus pOK |pe11 . . . perr , which implies that

pOK = p
e′1
1 . . . pe

′
r
r

with 0 ≤ e′i ≤ ei. But n =
∑
e′ifi =

∑
eifi, so e

′
i = ei for all i, which completes the proof.

7.2 Ramification

Definition 7.1. Let pi, ei, fi, r be defined as in the statement of the previous theorem. We say that the
pi are prime ideals lying over p, and ei is called the ramification index of pi over p.

If ei = 1, then we say that pi is unramified over p. Otherwise if ei > 1, we say that p is ramified. Finally
if ei = n, then we say that p is totally ramified, i.e. pOK = pn.

If pOK is prime, then we say that p is inert. If r = n, i.e. if pOK = p1 . . . pn for distinct pi, then we say
that p splits completely in OK (or in K). The fi is called the residue degree.

Corollary 7.1.1. If the minimal polynomial of θ ∈ OK is Eisenstein at p and K = Q(θ), then p is
totally ramified in OK.

Proof. We have previously shown that p ∤ [OK : Z[θ]], so Kummer’s theorem applies. Let g(x) be the
minimal polynomial of θ. Then g(x) = xn in Fp[x] since g(x) is Eisenstein at p. Thus by Kummer’s
theorem, we have pOK = pn where p = (p, θ), i.e. p is totally ramified.

Corollary 7.1.2. Only finitely many primes ramify in any number field K/Q. More specifically, if
p ∤ [OK : Z[θ]] for some θ ∈ OK, then p ramifies in K if and only if p|∆K.

Proof. Note that p ramifies in OK if and only if g has a multiple root in Fp[x], if and only if ∆(g) = 0 in
Fp[x]. Now recall that we have

∆K =
∆Z[θ]

[OK : Z[θ]]2
,

so p|∆K if and only if p|∆Z[θ] (since p ∤ [OK : Z[θ]] by hypothesis). So we look at ∆Z[θ] instead. Taking g
to be the minimal polynomial of θ, this happens if and only if p|∆(g) ≡ ∆K .

Remark. The above corollary holds in greater generality (without the hypothesis that p ∤ [OK : Z[θ]]),
but the proof requires some more advanced tools.
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7.3 More Computing of Rings of Integers

Remark. Recall that OQ( 3√2) = Z[ 3
√
2]. We will now generalize this result.

Theorem 7.2. Let p be a prime and a ≠ 0,±1 be a square-free integer such that (p, a) = 1. Let θ = p
√
a.

Letting K = Q(θ) = Q[x]/(xp − a), we have OK = Z[θ] if and only if ap−1 ̸≡ 1 (mod p2).

Proof. (⇐) Let K = Q(θ) and assume that ap ̸≡ a (mod p2). The discriminant of xp − a is

∆(θ) = ±ppap−1 = ∆K · [OK : Z[θ]]2.

Note that xp − a is Eisenstein at every prime dividing a. Now observe that

(x+ a)p − a

is Eisenstein at p (since p2 ∤ (ap − a) by hypothesis), and Z[θ] = Z[θ − a], so p ∤ [OK : Z[θ]].

(⇒) Suppose that OK ≠ Z[θ]. Kummer’s theorem implies that pOK = pp where p = (p, θ−a). Note that

xp − a ≡ (x− a)p (mod p)

by Fermat’s little theorem, and that N(p) = p. Now θ − a ∈ p (and θ − a /∈ p2), so

p ∈ p2 = (p2, p(θ − a), (θ − a)2)

since p2|(p) = pp and p ≥ 2, so (p) ⊆ p2. Thus we have (θ − a) = pa for some ideal a which is relatively
prime to p. Now (p,N(a)) = 1 since N(a) =

∏
qeifii where a = qe11 . . . qerr for qi ̸= p, so qi ̸= p. Then

ap − a = |N(θ − a)| = N(pa) = pN(a)

where N(a) is relative prime to p, so p2 does not divide ap − a.

Remark. Next class, we will show that Q(
√
−5) has class number 2, which we will use to solve the

Diophantine equation y2 = x3 − 5 in Z via arithemtic in Z[
√
−5], by writing

x3 = y2 + 5 = (y +
√
−5)(y −

√
−5).

We will fix our previous issue by arguing that if a product of ideals is a cube, then each ideal is a cube
when the class number is not a multiple of 3. This is similar to Kummer’s work on Fermat’s last theorem.
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Jan. 30 — Computing Ideal Class Groups
and Applications

8.1 Computing Ideal Class Groups

Example 8.0.1. Let K = Q(
√
2). We know that OK = Z[

√
2]. Recall that every ideal class in Cl(OK)

contains an ideal of norm ≤M , where (if OK = Zα1 ⊕ · · · ⊕ Zαn as Z-modules)

M =
n∏

i=1

n∑
j=1

|σi(αj)|.

Thus in this case, we have M = (1 +
√
2)2 ≈ 5.8 < 6. Thus every ideal class contains an ideal of norm

≤ 5. We will want to factor the ideals (2), (3), (5) in OK via Kummer’s theorem. We need to factor

x2 − 2 (mod p), p = 2, 3, 5.

Mod 2, we have x2 − 2 ≡ x2 (mod 2), so (2) = p22. Now x2 − 2 is irreducible mod both 3 and 5 since 2 is
not a quadratic residue mod 3 or 5. Thus (3) = p3 and (5) = p5 with f3 = f5 = 2. Thus

N(p2) = 2, N(p3) = 9, N(p5) = 25.

So any nonzero ideal in OK is equivalent to p2 or (1) (since p22 = (2) is principal). Thus

Cl(OK) = {(1), [p2]},

which is isomorphic to either {1} if p2 is principal or Z/2Z if p2 is not principal. But p2 = (
√
2), so

Cl(Z[
√
2]) = {1}.

This also implies that Z[
√
2] is a PID, and hence a UFD.

Example 8.0.2. Let K = Q(
√
−5), where we have seen that OK = Z[

√
−5]. By a similar reasoning as

above, we have M = (1 +
√
5)2 < 11. So we want to find all nonzero prime ideals of norm ≤ 10. We

consider x2 + 5 (mod p) for p = 2, 3, 5, 7, where we can factor

p = 2 : x2 + 5 ≡ x2 + 1 ≡ (x+ 1)2 (mod 2),

p = 3 : x2 + 5 ≡ x2 − 1 ≡ (x− 1)(x+ 1) (mod 3),

p = 5 : x2 + 5 ≡ x2 (mod 5),

p = 7 : x2 + 5 ≡ (x+ 3)(x+ 4) (mod 7).
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Thus we have (2) = p22, (3) = p3p
′
3, (5) = p25 = (

√
−5)2 = (

√
−5), and (7) = p7p

′
7. Since (5) is principal,

we only need to consider (2), (3), (7), which each have norm ≤ 10. Thus

Cl(OK) = ⟨[p2], [p3], [p7]⟩,

where we note that p′3 and p′7 are inverses to p3 and p7, respectively, since their product is principal, so
we do not need to include them as generators. Note that O×

K = {±1}, so we do not need to worry much
about units. If any of the pp is principal, then it is generated by an element α = a+ b

√
−5 with

p = N(α) = a2 + 5b2.

This cannot happen for p = 2, 3, 7, so p2, p3, p7 are not principal. Now N(1 +
√
−5) = 6, so

(1 +
√
−5) = p2p3 or p2p

′
3.

This means that one of p3 or p′3 is an inverse to p2 in Cl(OK), so in fact

Cl(OK) = ⟨[p2], [p7]⟩.

Also note that [p2]
2 = 1 since p22 = (2) is principal. We can also see that N(3 +

√
−5) = 14, so

(3 +
√
−5) = p2p7 or p2p

′
7.

Thus we also do not need p7 as a generator, so Cl(OK) = ⟨[p2]⟩. Since [p2]
2 = 1 and p2 is not principal,

Cl(Z[
√
−5]) = Z/2Z.

8.2 Applications of Class Group Computations

Theorem 8.1. The Diophantine equation y2 = x3 − 5 has no integer solutions.

Proof. Assume that we have a solution x, y to the above equation. Writing x3 = y2 + 5, we can factor

x3 = (y +
√
−5)(y −

√
−5).

in Z[
√
−5]. By looking at the equation mod 4, we see that x must be odd. Also, (x, y) = 1 since

otherwise (x, y) = 5 and one can derive a contradiction with the equation y2 = x3 − 5.

Now we claim that (y +
√
−5) and (y −

√
−5) are coprime (equivalent to comaximal in a Dedekind

domain) ideals. To see this, suppose otherwise that p divides both. Then p|(x3) = (x)3, so we must have
p|(x) by unique factorization. Also, p|(2y). But p|(x) means that N(p) is odd, so p ∤ (2). Thus p|(y).
Then (x, y) = 1 implies that p|(1), a contradiction. Thus (y +

√
−5) and (y −

√
−5) are coprime.

Thus we may write
(x)3 = (y +

√
−5)(y −

√
−5).

Since the above ideals are relatively prime, unique factorization implies that each of (y ±
√
−5) is

the cube of some ideal. Write (y +
√
−5) = a3 for some ideal a. Then [a]3 = 1 in Cl(Z[

√
−5]), so

Cl(Z[
√
−5]) = Z/2Z implies that [a] = 1. Thus a = (α) for some α = a+ b

√
−5, so

(a+ b
√
−5)3 = α3 = ±(y +

√
−5)

as elements. Finish the proof and derive a contradiction from here as an exercise.
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8.3 Cyclotomic Fields

Theorem 8.2. Let m = pk for k ≥ 1. Then the ring of integers of Q(ζm) is Z[ζm].

Remark. Recall that the minimal polynomial for ζm over Q is

Φm(x) =
xp

k − 1

xpk−1 − 1
= x(p−1)pk−1

+ x(p−2)pk−1

+ · · ·+ xp
k−1

+ 1.

This polynomial is irreducible over Z (e.g. Φm(x+ 1) is Eisenstein at p), with

deg Φm(x) = ϕ(m) = (p− 1)pk−1.

Note that Q(ζm)/Q is Galois with Galois group isomorphic to (Z/mZ)×.

Lemma 8.1. For any m ≥ 1, the discriminant ∆(ζm) = disc(Φm) = ∆(1, ζm, ζ
2
m, . . . ) divides m

ϕ(m).

Proof. Since Φm|(xm − 1), we can write xm − 1 = Φm(x)g(x) for a polynomial g. Taking a derivative,

mxm−1 = Φ′
m(x)g(x) + Φm(x)g

′(x).

Plugging in x = ζjm for (j,m) = 1 (these are the conjugates of ζm),

mζj(m−1)
m = Φ′

m(ζ
j
m)g(ζ

j
m)

since Φm(ζ
j
m) = 0. Taking the norm in Q(ζm)/Q, we have

mϕ(m) = N(mζm−1
m ) = N(Φ′

m(ζ
j
m))N(g(ζjm)) = ±∆(ζm)N(g(ζjm)),

where N(g(ζjm)) ∈ Z since an integer polynomial evaluated at an algebraic integer is an algebraic integer,
and the norm of an algebraic integer is an integer. Also, g(ζjm) ̸= 0, so ∆(ζm)|mϕ(m).

Proof of Theorem 8.2. Since Φm(x+ 1) is Eisenstein at p, we have p ∤ [OQ(ζm) : Z[ζm]]. But

∆(ζm) = ∆(Q(ζm)) · [OQ(ζm) : Z[ζm]]2

and ∆(ζm) is a power of p by the lemma, so [OQ(ζm) : Z[ζm]] is a power of p. So [OQ(ζm) : Z[ζm]] = 1.

Remark. Using field/Galois theory, we will show that OQ(ζm) = Z[ζm] for all m ≥ 1 next time.

8.4 First Case of Fermat’s Last Theorem

Remark. Our current goal is: If p is an odd prime and u ∈ Z[ζp]×, then u/u = ζkp for some k ∈ Z.

Lemma 8.2. If m is a positive integer, then the roots of unity in Q(ζm) are{
primitive mth roots of 1 if m is even,

primitive (2m)-th roots of 1 if m is odd.

Proof. If m is odd, then Q(ζm) = Q(ζ2m). So assume without loss of generality that m is even. Suppose
ζ ∈ Q(ζm) and ζ

k = 1 for some k. We want to show that k|m. Assume without loss of generality that
ζ = e2πi/k. Since ζk, ζm ∈ Q(ζm), one can check as an exercise that ζr ∈ Q(ζm) where r = lcm(k,m).
Then Q(ζr) ⊆ Q(ζm), so taking degrees implies that ϕ(r) ≤ ϕ(m). Also m|r, which one can check implies
that ϕ(m) ≤ ϕ(r). This means that ϕ(m) = ϕ(r), so m = r and thus k|m.
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9.1 First Case of Fermat’s Last Theorem, Continued

Theorem 9.1 (Kronecker). If α ∈ C is a nonzero algebraic integer, all of whose complex conjugates
have absolute value 1, then α is a root of unity.

Proof. Let f(x) ∈ Z[x] be the minimal polynomial of α (since α is an algebraic integer, f is monic):

f(x) = xn + a1x
n−1 + · · ·+ an−1x+ a0.

Then there exists C > 0 such that |ai| ≤ C for all i, where C depends only on n (this is because each
|ai| = |σi(α1, . . . , αn)| ≤ 2n = C by the triangle inequality, where σi is the ith elementary symmetric
polynomial). Since the ai are integers, there are only finitely possible choices for f . Then since each f
only has finitely many roots, there are only finitely many possible choices for α.

The same argument applies to α, α2, α3, . . . , so we see that {α, α2, α3, . . . } is a finite set. Thus there
exist i < j such that αi = αj, which implies that αj−i = 1, i.e. α is a root of unity.

Remark. The algebraic integer assumption is necessary, e.g. consider (3/5) + (4/5)i.

Lemma 9.1. If α ∈ Z[ζp], then αp ≡ a (mod p) for some a ∈ Z.

Proof. Let ζ = ζp and write
α = a0 + a1ζ + · · ·+ ap−2ζ

p−2

with ai ∈ Z. By the binomial theorem, we have (all the cross-terms are divisible by p)

αp ≡ ap0 + (a1ζ)
p + · · ·+ (ap−2ζ

p−2)p ≡ a0 + a1 + · · ·+ ap−2 (mod p),

where the second step is by ζp = 1 and Fermat’s little theorem. So we can take a = a0 + · · ·+ ap−2.

Theorem 9.2 (Kummer). Let p be an odd prime. If u ∈ Z[ζp] is a unit, then u/u = ζkp for some k ∈ Z.

Proof. Let α = u/u ∈ Z[ζp] ⊆ C. Then all conjugates of α have absolute value 1 (the key point is that
Gal(Q(ζp)/Q) is abelian, so complex conjugation commutes with taking the other conjugates). So α is a
root of unity, which implies that α = ±ζkp for some k. All that remains is to show that the sign is +.

Suppose for sake of contradiction that u/u = −ζkp . Then raising both sides to the kth power, we find
that up = −up. By the lemma, there is a ∈ Z such that up ≡ a ≡ up (mod p) (the second congruence
comes from taking complex conjugates of both sides). This implies that 2up ≡ 0 (mod p), so we get p|up
since p is an odd prime. This is a contradiction as up is a unit.
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Definition 9.1. A prime p is regular if p ∤ |Cl(Z[ζp])|, and p is irregular otherwise.

Remark. Kummer realized that class numbers are related to certain congruences of Bernoulli numbers,
which gives a better criterion for a prime to be regular.

Remark. It is known that there are infinitely many irregular primes, with the smallest being p = 37.
Thus the below theorem, due to Kummer, works for all primes p ≤ 31.

Theorem 9.3 (Fermat’s last theorem for regular primes, first case). Let p ≥ 5 be a regular prime and
p ∤ xyz. Then the equation xp + yp = zp has no solutions for non-zero integers x, y, z.

Proof. Let ζ = ζp and write (the following equality is on the level of ideals)

(x+ y)(x+ ζy) . . . (x+ yζp−1) = (z)p. (∗)

Check as an exercise that the ideals on the left-hand side are pairwise relatively prime. Due to unique
factorization of ideals into prime ideals, we must have (x+ yζ) = Ip for some ideal I. Now I must be
principal since p is regular (since (x+ yζ) is principal but p does not divide the class number). So

x+ yζ = u · αp for some α ∈ Z[ζ].

We claim that x ≡ y (mod p) (∗∗). Assuming (∗∗) for now, we have x ≡ −z (mod p) as well (we can
use symmetry to apply the same argument to the equation xp + (−z)p = (−y)p, since p is odd), so

2xp ≡ xp + up ≡ zp ≡ −xp (mod p).

This implies that p|3xp, which is a contradiction since p ≥ 5 and p ∤ x.

Now we prove (∗∗) via the result about u/u = ζp. We have αp ≡ a (mod p) for some a ∈ Z, so

x+ yζ ≡ ua (mod p).

Then ζp = ζ−1
p implies that

x+ yζ−1 = x+ yζ ≡ ua (mod p).

So (x+ yζ)u ≡ (x+ yζ−1)u (mod p), which implies

x+ yζ ≡ (x+ yζ−1)
u

u
(mod p).

Thus x+ yζ ≡ xζk + yζk−1 (mod p) for some 0 ≤ k ≤ p− 1 (use u/u = ζk). Show as an exercise that
this is only possible if k = 1 (note that the powers of ζ form an integral basis, so a representation in
powers of ζ must be unique). This then implies that x ≡ y (mod p), which completes the proof.

9.2 More on Cyclotomic Fields

Definition 9.2. If K ⊆ K1, K2 ⊆ L, then the compositum of K1 and K2 is the smallest subfield of L
containing both K1 and K2.

Remark. If everything is Galois in the above definition, K = K1 ∩K2, and K1, K2 are linearly disjoint,
i.e. that we have [K1K2 : K] = [K1 : K][K2 : K], then one obtains the result

Gal(K1K2/K2) ∼= Gal(K1/K).
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Proposition 9.1. Let K,K ′ be number fields of degree n, n′, respectively. Assume that

1. K,K ′ are both Galois over Q,

2. K ∩K ′ = Q,

3. and (|∆K |, |∆K′ |) = 1.

Then if α1, . . . , αn is an integral basis for OK and α′
1, . . . , α

′
n′ is an integral basis for OK′, then {αiαj′}

is an integral basis for OKK′.

Proof. Let α ∈ OKK′ . Field theory shows that {αiαj′} is a basis for KK ′ over Q, so we can write

α =
∑
i,j

aijαiα
′
j, aij ∈ Q.

We need to show that aij ∈ Z. Let d = |∆K |, d′ = |∆K′|. We will show that daij ∈ Z and d′aij ∈ Z,
which will imply that aij ∈ Z since (d, d′) = 1. Let

βj =
∑
i

aijα
′
i, j = 1, . . . , n.

Let T be the n× n matrix with Tℓj = σℓ(αj), where σ1, . . . , σn are the embeddings of KK ′ over K ′, i.e.
the elements of Gal(KK ′/K ′) since K,K ′ are Galois over Q. Let

a =

σ1(α)...
σn(α)

 and b =

β1...
βn

 .
Check as an exercise that a = Tb. Multiplying this equation by adjT , we find that

(adjT )a = (detT )b.

Now all the entries of T , adjT , and a are algebraic integers, so multiplying the above equation by detT
implies that the entries of db are algebraic integers. Thus dβj ∈ OK′ for all j. But the {α′

i} were an
integral basis for OK over Z by assumption, so in fact dai,j ∈ Z for all i, j, completing the proof.

Remark. Let Km = Q(ζm). If (m,m
′) = 1, then (|∆Km|, |∆Km′ |) = 1. Additionally, some field theory

shows that if (m,m′) = 1, then Km ∩Km′ = Q and KmKm′ = Kmm′ in C.

Using this proposition, along with the previous case that OQ(ζm) = Z[ζm] for m = pk and the Chinese
remainder theorem, one can show that OQ(ζm) = Z[ζm] for any m ≥ 1.

Corollary 9.3.1. For all m ≥ 1, we have OQ(ζm) = Z[ζm].

9.3 Motivation for Geometry of Numbers

Remark. We will discuss Minkowski’s geometry of numbers next. The goals of this are the following:

1. Improve the constant M from the class number computations.

2. Prove the “four squares” theorem, i.e. that every n ≥ 1 is the sum of 4 integer squares.
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10.1 Complete Lattices and Covolume

Remark. Let K be a number field with [K : Q] = n. Recall that OK
∼= Zn as Z-modules, but we will

use a different method. Let σ1, . . . , σn : K ↪→ C be the n embeddings of K into C. Call an embedding σ
real if σ(K) ⊂ R, and complex otherwise. Note that if σ : K ↪→ C is complex, then σ : K ↪→ C satisfies

Re(σ) = Re(σ) and Im(σ) = − Im(σ),

so σ, σ are kind of dependent. This indicates that we should consider pairs of complex embeddings
instead. Suppose we have r1 real embeddings σ1, . . . , σr1 : K ↪→ R and r2 pairs of complex embeddings
τ1, . . . , τr2 : K ↪→ C, so that r1 + 2r2 = n. Then we have the embedding

(σ1, . . . , σr1 , τ1, . . . , τr2) : K
i
↪→ Rr1 × Cr2 ∼= Rr1 × (R2)r2 ∼= Rr1+2r2 ∼= Rn. (∗)

Definition 10.1. Let Λ be a complete lattice in Rn. A fundamental domain F is a subset F ⊆ Rn such
that for all x ∈ Rn, there is a unique y ∈ F such that x− y ∈ Λ.

Remark. If x1, . . . , xn form a Z-basis for Λ, i.e. Λ = Zx1 + · · ·+ Zxn, then

F = {a1x1 + · · ·+ anxn : 0 ≤ xi ≤ 1}

is a fundamental domain, and every fundamental domain arises in this way. In particular, this means
that if F, F ′ are fundamental domains, there exists T ∈ GLn(Z) such that F ′ = T (F ).

Definition 10.2. The covolume of a complete lattice Λ ⊆ Rn, denoted covol(Λ), is the volume of any
fundamental domain. The above discussion says that covol(Λ) is well-defined.1

Theorem 10.1. Let i : K → Rn be defined as in (∗). Then

1. i(OK) is a complete lattice in Rn, and

2. covol(i(OK)) = 2−r2
√
|∆K |.

Proof. One can show that i(OK) is discrete, so it is a complete lattice in Rn (since OK is of rank n and
i is an embedding). Let α1, . . . , αn be an integral basis for OK . Let

B =

σ1(α1) . . . σ1(αn)
...

. . .
...

σr1(α1) . . . σr1(αn)

 ,
1Note that we can think of covol Λ as vol(Rn/Λ), which motivates the name “covolume.”
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and note that |detB| =
√
|∆K |. Now define the matrix

A =



σ1(α1) . . . σ1(αn)
...

. . .
...

σr1(α1) . . . σr1(αn)
Re τ1(α1) . . . Re τ1(αn)
Im τ1(α1) . . . Im τ1(αn)

...
. . .

...
Re τr2(α1) . . . Re τr2(αn)
Im τr2(α1) . . . Im τr2(αn)


,

and one can compute that covol(i(OK)) = |detA| = 2−r2|detB| = 2−r2
√
|∆K |.

Proposition 10.1. Let Λ′ ⊆ Λ be a finite index sublattice. Then

covol(Λ′) = [Λ : Λ′] · covol(Λ).

Proof. A fundamental domain for Λ′ contains [Λ : Λ′] copies of a fundamental domain for Λ.

Corollary 10.1.1. For an ideal I ⊆ OK, we have covol(i(I)) = N(I) · 2−r2
√
|∆K |.

Remark. We have seen before that for every ideal I, there exists α ∈ I such that |N(α)| ≤M ·N(I).
We will now try to improve this constant M using the above ideas. To do this, we will need to find a
norm function on Rn which is compatible with N on OK .

Definition 10.3. Define the norm N : Rn → R by

N (a1, . . . , ar1 , x1, y1, . . . , xr2 , yr2) = a1 . . . ar1(x
2
1 + y21) . . . (x

2
r2
+ y2r2),

for (a1, . . . , ar1) ∈ Rr1 and (x1, y1, . . . , xr2 , yr2) ∈ Cr2 ∼= R2r2 . Note that N(α) = N (i(α)).

10.2 Minkowski’s Theory of the Geometry of Numbers

Definition 10.4. A set S ⊆ Rn is (centrally) symmetric when x ∈ S if and only if −x ∈ S.

Lemma 10.1 (Geometric pigeonhole principle). Let S ⊆ Rn is a bounded measurable set. If T : S → Rn

is piecewise volume-preserving and vol(S) > vol(T (S)), then T is not injective.

Proof. Since T is piecewise volume-preserving, we can write S =
⊔
Si (disjoint union) such that

vol(T (Si)) = vol(Si) for every i.

If T is injective, then T (S) =
⊔
T (Si), which implies that

vol(T (S)) =
∑

vol(T (Si)) =
∑

vol(Si) = vol(S),

which contradicts the hypothesis that vol(S) > vol(T (S)).

Example 10.4.1. Let Λ ⊆ Rn be a lattice and F be a fundamental domain for Λ. Let T : Rn → F
send x ∈ Rn to the unique y ∈ F such that x− y ∈ Λ. Then T is piecewise volume-preserving.
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Theorem 10.2 (Minkowski’s convex body theorem). Let Λ ⊆ Rn be a complete lattice, and let S ⊆ Rn

be a convex, symmetric, bounded set. If vol(S) > 2n covol(Λ), then S contains a nonzero element of Λ.2

Proof. Consider the lattice Λ′ = 2Λ ⊆ Λ, so covol(Λ′) = 2n covol(Λ). Let F ′ be a fundamental domain
for Λ′. Let T : Rn → F ′ be as in Example 10.4.1, which is piecewise volume-preserving. Then

vol(S) > 2n covol(Λ) = covol(Λ′) = vol(F ′) ≥ vol(T (S))

since T (S) ⊆ F ′. Thus by the geometric pigeonhole principle, T is not injective, i.e. there exist distinct
x′, y′ ∈ S such T (x′) = T (y′). So p′ = x′− y′ ∈ Λ′. Write p′ = 2p with p ∈ Λ \ {0}. Since S is symmetric,
−y′ ∈ S, and convexity implies

p =
1

2
x′ +

1

2
(−y′) ∈ S.

Thus p is a nonzero lattice point in S, which completes the proof.

Remark. The vol(S) > 2n covol(Λ) condition is sharp: Let Λ = Zn and S = (−1, 1)n. Note that if S is
closed (so compact since S is bounded), then the same conclusion holds when vol(S) = 2n covol(Λ).

10.3 Applications to Class Group Computations

Remark. We will apply Minkowski’s convex body theorem to a compact, convex, symmetric

S ⊆ {x ∈ Rn : |N (x)| ≤ 1}.

Note that {x ∈ Rn : |N (x)| ≤ 1} is not in general convex. For instance, consider the case where K/Q is
a real quadratic field and N (x, y) = xy. One can try to instead consider a subset S with a diamond
shape lying inside the hyperbola shape, and consider homogeneous scalings of S. In general, set

S =

{
x ∈ Rn : |a1|+ · · ·+ |ar1 |+ 2

(√
x21 + y21 + · · ·+

√
x2r2 + y2r2 ≤ n

)}
,

where x = (a1, . . . , ar1 , x1, y1, . . . , xr2 , yr2). One can check that S ⊆ {x ∈ Rn : |N (x)| ≤ 1} (via tools
like the AM-GM inequality, etc.), and that S is compact, convex, symmetric. One can also explicitly
compute via calculus that

vol(S) =
nn

n!
2r1

(π
2

)r2
.

Corollary 10.2.1. Let Minkowski’s constant be

MK =
n!

nn

(
4

π

)r2 √
|∆K |.

Then every ideal class in OK contains a nonzero ideal of norm ≤MK . Equivalently, every ideal I in OK

contains an element α ∈ I with |N(α)| ≤MK ·N(I).

Remark. This is a significant improvement over the old method. For Q(
√
−5), the old bound gives

M = 10, whereas this method gives Mk = 4
√
5/π < 3.

2Note from measure theory that any convex set is (Lebesgue) measurable.
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11.1 Lagrange’s Four Square Theorem

Theorem 11.1 (Fermat). If p ≡ 1 (mod 4) is a prime, then there exist a, b ∈ Z such that p = a2 + b2.

Proof #1. Recall that by Kummer’s theorem, factoring (p) in Z[i] is reduced to considering x2 + 1 mod
p. Since p ≡ 1 (mod 4), we see that −1 is a square mod p (e.g. this follows by Euler’s criterion for the
Legendre symbol). So pZ[i] = p1p2, where each pi has norm p. Since Z[i] is a UFD, we have p1 = (a+ bi)
and so p = N(p1) = N(a+ bi) = a2 + b2. This proves the theorem.

Remark. There is a way to generalize this proof for sums of four squares, but it requires developing
unique factorization theory in the integer quaternions Z[i, j, k]. The proof below generalizes more readily.

Proof #2. As above, we know that x2 ≡ −1 (mod p) has a solution, call it u ∈ Z. Define Λ ⊆ Z2 by

Λ = {(a, b) ∈ Z2 | b ≡ au (mod p)}.

Then Λ is a rank 2 lattice, and |Z2/Λ| = p (e.g. one can write an explicit isomorphism Z2/Λ→ Z/pZ by
mapping [(a, b)] ∈ Z2/Λ to a ∈ Z/pZ, noting that a completely determines b mod p). Let

S = D(0, r), where πr2 = 4p.

Then vol(S) = 4p = 22 · vol(Λ), so by Minkowski’s theorem, there exists (a, b) ̸= (0, 0) in Λ ∩ S. So

0 < a2 + b2 ≤ r2 =
4

π
· p < 2p

since π > 2. Since (a, b) ∈ Λ, we have b ≡ au (mod p), so b2 ≡ −a2 (mod p), which implies p|(a2 + b2).
Then a2 + b2 is divisible by p but lies strictly between 0 and 2p, so we must have a2 + b2 = p.

Theorem 11.2 (Lagrange’s four square theorem). Every positive integer n is a sum of four squares.

Lemma 11.1. It suffices to prove Lagrange’s four square theorem when n = p is prime.

Proof. There is an identity that says the product of two numbers, which are each a sum of four squares,
is again a sum of four squares. The idea behind the identity is the following: In the ring HZ of integral
quaternions, we have N(α) = N(α)N(β), where N(a+ bi+ cj + dk) = a2 + b2 + c2 + d2.

Remark. The norm is also multiplicative in C, where (a+ bi)(c+ di) = (ac− bd) + (ad+ bc)i implies
that (a2 + b2) = (ac− bd)2 + (ad+ bc)2. A similar identity happens in the quaternions.
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Lemma 11.2. If p is an odd prime, then there exist u, v ∈ Z such that u2 + v2 ≡ −1 (mod p).

Proof. The number of squares in Fp = Z/pZ is (via the primitive element theorem and Euler’s criterion)
(p− 1)/2 + 1 = (p+ 1)/2. Now define the sets

A = {1 + x2 : x ∈ Fp} and B = {−y2 : y ∈ Fp}.

Each of these sets contains (p+ 1)/2 elements, so |A|+ |B| = p+ 1 > #Fp. By the pigeonhole principle,
A ∩B ̸= ∅, so there exist u, v ∈ Fp such that 1 + u2 ≡ −v2 (mod p), which implies the result.

Proof of Theorem 11.2. By the first lemma, it suffices to let n = p be prime. As 2 = 12+12+02+02, we
can assume that p is an odd prime. By the second lemma, choose u, v such that u2 + v2 ≡ −1 (mod p).
Define Λ ⊆ Z4 by

Λ = {(a, b, c, d) ∈ Z4 : c ≡ ua+ vb, d = ub− va (mod p)}.
Note that covol(Λ) = |Z4/Λ| = p2 (similarly we find an isomorphism Z4/Λ→ (Z/pZ)2 by (a, b, c, d) 7→
(a, b)). Once we can find (a, b, c, d) ̸= 0 in Λ with norm < 2p (claim), we have

a2 + b2 + c2 + d2 ≡ a2 + b2 + (ua+ vb)2 + (ub− va)2

≡ a2 + b2 + u2a2 + v2b2 + u2b2 + v2a2

≡ a2 + b2 + (u2 + v2)a2 + (u2 + v2)b2

≡ a2 + b2 − a2 − b2

≡ 0 (mod p),

since u2 + v2 ≡ −1 (mod p). Then as before, a2 + b2 + c2 + d2 is divisible by p but lands strictly between
0 and 2p, so we must have a2 + b2 + c2 + d2 = p. Given the claim, this proves the result.

So it suffices to find such a point (a, b, c, d) ̸= 0. Let Br be the 4-dimensional closed ball of radius r. If
vol(Br) = 24p2, then by Minkowski we get a nonzero lattice point in Br. We want r2 < 2p. We have

1

2
π2r4 = vol(Br) = 16p2,

so r2 =
√

32p2/π2 = (4
√
2/π) · p. So we need 4

√
2/π < 2, which happens if and only if π > 2

√
2. This

is true, since π ≈ 3.14 and 2
√
2 ≈ 2.83, which completes the proof of the theorem.

11.2 Revisiting Minkowski’s Theorem

Remark. Recall that for a number field K, every ideal class is represented by an ideal of norm ≤MK :

MK =
n!

nn

(
4

π

)r2 √
|∆K |.

This implies that MK ≥ 1, since an ideal cannot have norm 0. In the above formula, this gives√
|∆K | ≥

nn

n!

(π
4

)n/2

,

which is > 1 when n ≥ 2 and goes to ∞ as n → ∞. This implies that if K ≠ Q is any number field,
then some p ramifies in OK . This then means that Z has no unramified covers, which means that Z has
trivial “arithmetic fundamental group.” The subject discussing this is called étale cohomology.
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Theorem 11.3 (Tate?). If E/Q is an elliptic curve, then there is some prime of bad reduction.

Remark. The above theorem from the theory of elliptic curves has a similar flavor to our discussion
above. Fontaine greatly generalizes this result to an abelian variety A/Q.

11.3 Introduction to Dirichlet’s Unit Theorem

Remark. Let K be a number, OK its ring of integers, and O×
K the unit group.

Theorem 11.4 (Dirichlet, weak). The unit group O×
K is finitely generated. In particular,

OK
∼= Zr × (finite abelian group),

where the finite abeliain group is the roots of unity in K.

Example 11.0.1. Suppose [K : Q] = 2. If K is imaginary, then K = Q(
√
−d), where d > 0 is square

free. Then u ∈ OK is a unit if and only if N(u) = 1, Since u is either a+ b
√
−d or a+ b

√
−d/2, One

can use N(a+ b
√
−d) = a2 + db2 = 1 to easily find the units. The conclusion is

O×
K =


{±1,±i}, if d = 1,

{±1,±ω ± ω2}, if d = 3,

{±1}, otherwise,

so OK has rank 0. Now consider a real quadratic field K = Q(
√
d). For Q(

√
2), notice that

(
√
2− 1)(

√
2 + 1) = 1.

In particular, this means that (
√
2− 1)k is a unit for each k ∈ Z, yielding a rank 1 subgroup. In fact,

Z[
√
2]× ∼= {±1} × Z ∼= {±1} × ⟨

√
2− 1⟩.

One can also view this from the perspective of Diophantine equations. Note that a+ b
√
2 ∈ Z[

√
2] is a

unit if and only if a2− 2b2 = ±1. The set of solutions to this equation form a group under multiplication,
and that group is of rank 1. This is the generalized Pell equation, a2 − db2 = ±1. It is known for certain
d modulo 4, this equation has infinitely many solutions, which are generated by a single fundamental
solution. This result follows as a special case of Dirichlet’s unit theorem.

Remark. The above Pell equations are difficult to solve, even for relatively small values of d. For
instance, the smallest solution to a2 − 61b2 = 1 is a ≈ 106, b ≈ 108.

Example 11.0.2. Let K = Q(ζm), where m = pk. Then the unit group O×
K contains{

1− ζam
1− ζm

: 1 ≤ a ≤ p− 1

}
.

This generates a subgroup of rank ϕ(m)/2− 1 = r1 + r2 − 1 (here r1 is the number of real embeddings
and r2 is 1/2 the number of complex embeddings). Note that this is compatible with the quadratic case,
since r1 + r2 − 1 is 1 if K is real and 0 if K is complex.
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Feb. 13 — Dirichlet’s Unit Theorem

12.1 Dirichlet’s Unit Theorem and Proof

Theorem 12.1 (Dirichlet’s unit theorem). For a number field K of degree n, we have

O×
K
∼= Zr × (finite abelian group)

where the finite abelian group is the roots of unity in K and r = r1 + r2− 1 (≤ n− 1, with equality if and
only if K/Q is totally real), where r1, r2 are the number of real and (pairs of) complex embeddings of K.

Remark. The strategy is the following: Let L : K× → Rr1+r2 be the homomorphism given by

L(α) = (log |σ1(α)|, . . . , log |σr1(α)|, log |τ1(α)|, . . . , log |τr2(α)|),

where σ1, . . . , σr1 : K ↪→ R are the real embeddings and τ1, . . . , τr2 : K ↪→ C are half of the complex
embeddings. We will want to show that L(OK) is a lattice.

Lemma 12.1. We have kerL|O×
K
= µK and L(O×

K) ⊆ H = {
∑
xi = 0}.

Proof. We can write the kernel of LO×
K
as

kerL|O×
K
=

{
α ∈ O×

K : absolute values of the conjugates
α1, . . . , αm of α are all 1

}
= µK

by Kronecker’s theorem. Now if α ∈ O×
K , then |NK

Q (α)| = 1, so∣∣∣∣∣∏
i

σi(α) ·
∏
j

τj(α)
2

∣∣∣∣∣ = 1,

which implies that
∑

log |σi(α)|+
∑

log |τj(α)|2 = 0, i.e. L(α) ∈ H.

Corollary 12.1.1. We have O×
K/µK ⊆ H ∼= Rr1+r2−1.

Lemma 12.2. For any closed ball B around 0 in Rr1+r2, L(O×
K) ∩B is finite, i.e. L(O×

K) is discrete.

Proof. We can write the intersection via

L(O×
K) ∩B = {α ∈ O×

K : all conjugates of α have norm bounded by C}.

For any element of the set, there are only finitely many possible minimal polynomials, each with only a
finite number of roots, so the set itself must be finite.

39
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Lemma 12.3. Let A = (aij) be an r × r real matrix such that:

1. the entries in each row sum to 0,

2. the diagonal entries aii > 0, and

3. the off-diagonal entries aij < 0 for i ̸= j.

Then rankA = r − 1.

Proof. It suffices to show that the first r − 1 columns v1, . . . , vr−1 are linearly independent. Suppose
otherwise that we can write

r−1∑
i=1

civi = 0,

where the ci are not all zero. Without loss of generality, assume ck = 1 and cj ≤ 1 for all j ̸= k. Then
akj < 0 implies that cjajk ≥ ajk, and

∑r−1
j=1 akj >

∑r
j=1 akj since k ̸= r. Then

0 =
r−1∑
j=1

cjakj ≥
r−1∑
j=1

akj >
r∑

j=1

akj = 0,

which is a contradiction. Since (1) imposes one linear condition, we have rankA = r − 1.

Lemma 12.4. Fix k with 1 ≤ k ≤ r. Then there is a constant C (depending only on K) such that given
α ∈ OK \ {0}, there exists β ∈ OK \ {0} with:

1. |N(β)| ≤ C, and

2. if L(α) = (a1, . . . , ar) and L(β) = (b1, . . . , br), then bi < ai for all i ̸= k.

Proof. We claim that taking

C =

(
2

π

)r2 √
|∆K |

works. For convenience, let

ϵi =

{
1 if 1 ≤ i ≤ r1,

2 if r1 + 1 ≤ i ≤ r = r1 + r2.

Choose a′1, . . . , a
′
r with a

′
i < ai for each i. Define the region

E = {x ∈ Rr1 × Cr2 : |xi|ϵi ≤ Ci},

where Ci = ea
′
i for i ̸= k and

∏
iCi = C. It is clear that E is symmetric, compact, convex, and

vol(E) = 2r1πr2
∏
i

Ci = 2r1πr2C = 2n covol i(OK)

So by Minkowski’s theorem, E ∩ i(OK) ̸= {0}. Thus taking p ∈ E ∩ i(OK) and β = i−1(p) works.

Proof of Theorem 12.1. Choose α0 ∈ OK arbitrarily and fix k. By Lemma 12.4, we can find a sequence
α1, α2, α3, · · · ∈ OK \ {0} such that if L(αj) = (a1(j), . . . , ar(j)), then |N(αj)| ≤ C for j ≥ 1 and
ai(j) < ai(j − 1) for j ≥ 1, for all i ≠ k. There are only a finite number of ideals of norm ≤ C, so there
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exists j1 > j2 such that (αj1) = (αj2). So u
(k) = αj1/αj2 ∈ O×

K . If L(u
(k)) = (a1, . . . , ar), then ai < 0 for

i ̸= k, since ai = ai(j1)− ai(j2) < 0. Then ak > 0 since L(u) ∈ H.

Now applying Lemma 12.3 to u(1), . . . , u(k), we see that O×
K/µK is full rank in H ∼= Rr1+r2−1.

Remark. Next time, we will compute the class group and unit group of Q( 3
√
11).

12.2 Real Quadratic Fields and Continued Fractions

Example 12.0.1. Let K = Q(
√
d), where d > 0 is square-free. We know that the unit group O×

K has
rank 1, and (if d ≡ 2, 3 (mod 4)) the units correspond to the integer solutions to x2 − dy2 = ±1.

To solve this equation, one computes the continued fraction expansion for
√
d. A continued fraction is

α = a1 +
1

a2 +
1

a3 + . . .

for some positive integers ai, also denoted [a1, a2, a3, . . . ]. The nth convergent for [a1, a2, a3, . . . ] is

[a1, a2, . . . , an] = a1 +
1

a2 +
1

· · ·+ 1

an

=
pn
qn

The reason for the name convergent is because pn/qn → α as n→∞.

Theorem 12.2. Every α > 1 has a unique continued fraction expansion.

Theorem 12.3. We have the following:

1. The continued fraction expansion of α is finite if and only if α ∈ Q.

2. The continued fraction expansion of α is pre-periodic if and only if [Q(α) : Q] ≤ 2.1

Theorem 12.4. Let d ≡ 2, 3 (mod 4) be square-free and positive. Let ε > 1 be the fundamental unit
of Z[

√
d], i.e. the unique unit which generates the unit group and is > 1. Let k be the period of the

continued fraction expansion of
√
d. Then ε = pk + qk

√
d.

Example 12.0.2. Let K = Q(
√
19). One can compute that

√
19 = [4, 2, 1, 3, 1, 2, 8],

which has period 6. The 6th convergents are p6 = 170 and q6 = 39. This says that

√
19 ≈ 170

39
.

In fact, 1702 − 19 · 392 = 1. This also means that 170 + 39
√
19 is the fundamental unit in K.

Remark. For Q(
√
94), the fundamental unit is 2143295 + 221064

√
94. Furthermore, in Q(

√
9199), the

first coefficient for the fundamental unit has 88 decimal digits.

1A continued fraction expansion is pre-periodic if it is periodic after some finite prefix.
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Feb. 18 — Computing Unit Groups

13.1 Computing Unit Groups

Exercise 13.1. Show that the sign of ∆K is (−1)r2 .

Remark. If n = 3 and r1 = r2 = 1, then by Dirichlet’s unit theorem we know that O×
K has rank 1. The

fundamental unit is the unique generator ε ∈ O×
K with ε > 1. This means that

O×
K = {±εk : k ∈ Z}.

(Note that when K has a real embedding, the only roots of unity are ±1.) We want a lower bound for ε.

Lemma 13.1. Let K be a cubic number field with negative discriminant. Then

ε >
3

√
|∆K | − 24

4
.

Equivalently, |∆K | < 4ε3 + 24.

Proof. Let ε = ε1 and ε2, ε3 be its other two conjugates. Since K has a pair of complex embeddings, we
have ε3 = ε2. Write ε = u2 with u > 1 in R. Then since N(ε) = 1, we have

|ε2|2 =
1

ε
= u−2.

Thus ε2 = u−1eiθ, with 0 ≤ θ ≤ π (by exchanging the two conjugates, if necessary). Then

|∆(ε)|1/2 = |∆(1, ε, ε2)|1/2 = det

1 ε ε2

1 ε2 ε22
1 ε3 ε23

 = 2(u3 + u−3 − 2 cos θ) sin θ.

Note that K = Q(ε), so |∆K | ≤ |∆(ε)|. Thus it suffices to bound |∆(ε)|. We claim that

2(u3 + u−3 − 2 cos θ) sin θ ≤ (4ε3 + 24)1/2 = (4u6 + 24)1/2,

which would prove the lemma. Set 2a = u3 + u−3, so that

|∆(ε)|1/2 = 4(a− cos θ) sin θ.

For fixed a, this is maximized when a cos θ = 2 cos2 θ − 1. Let x = cos θ and g(x) = 2x2 − ax − 1, so
that cos θ is a root of g. Note that u > 1, so a > 1 and thus g(1) = 1− a < 0. Clearly, g(x) > 0 for x

42
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sufficiently large, so g has a root > 1. But this is not the root we want. We also have g(−1/2u3) < 0
and g(−1) > 0, where −1/2u3 ∈ (−1/2, 0), so this gives a root x0 ∈ (−1,−1/2u3) ⊆ (0, 1). Then

|∆(ε)|1/2 ≤ 4(a− x0)(1− x20)1/2,

which gives the bound
|∆(ε)| ≤ 16(a2 + 1− x20 − x40) < 4u6 + 24

since x0 ∈ (−1,−1/2u3). This proves the claim.

Remark. The smallest value of |∆K | over all cubic number fields K is 23.

Example 13.0.1. We will find the unit group for K = Q( 3
√
2). Let α = 3

√
2, which satisfies

1 + α + α2 =
α3 − 1

α− 1
=

1

α− 1
.

In particular, u = 1 + α + α2 ∈ O×
K , and we claim that ε = u. Note that

∆K = ∆(x3 − 2) = −108.

So the lemma implies that ε3 > (108− 24)/4 = 21, i.e. ε > 3
√
21. One can compute that

1 < u < 7 < (21)2/3,

which implies that 1 < u < ε2. Since u = εm for m ≥ 1 (as u is positive), we must have m = 1.

Example 13.0.2. Let K = Q( 3
√
11). We will find O×

K and Cl(OK). Note that the calculus argument
(lower bound for ε) will not work here: It only tells us that a certain unit u is either ε or ε2. Note that

112 ̸≡ 1 (mod 9),

so OK = Z[ 3
√
11]. Also note that ∆K = −3 · 112, so Minkowski’s constant is

MK =
3!

33

(
4

π

)√
33 · 112 < 17.

Thus we want to factor 2, 3, 5, 7, 11, 13 in OK . We can factor x3 − 11 (mod p) by:

p x3 − 11 (mod p)
2 (x− 1)(x2 + x+ 1)
3 (x+ 1)3

5 (x− 1)(x2 + x+ 1)
7 x3 − 4
11 x3

13 x3 − 2

Thus by Kummer’s theorem, we have (2) = p2p
′
2 with N(p2) = 2 and N(p′2) = 4, (3) = p33, (5) = p5p

′
5

with N(p5) = 5, and (11) = p311 where p11 = (α) for α = 3
√
11. Thus the class group is generated via

Cl(OK) = ⟨[p2], [p3], [p5]⟩.

Now we want to find some elements of OK with small norm.
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Note that α has minimal polynomial x3 − 11, so α− t has minimal polynomial (x− t)3 − 11 for t ∈ Z,
so N(α− t) = t3 − 11. For t = 1,

N(α− 1) = −10,

so (α− 1) has norm 10. Thus (α− 1) = p2p5, which allows us to remove p5 as a generator. For t = 2,

N(α− 2) = −3,

so (α − 2) = p3 and we can remove p3 as a generator. So Cl(OK) = ⟨[p2]⟩, and it suffices to find the
order of p2. Set t = −1, so

N(α + 1) = −12.

Thus (α + 1) = p3p
2
2 or p3p

′
2. But p2 = (2, α− 1) contains α+ 1, so p2 divides (α + 1). Thus

(α + 1) = p3p
2
2,

so p22 is principal. So p2 has order dividing 2, and Cl(OK) ∼= Z/2Z or {1}.

To see which one it is, we will need some information about the unit group. We begin by finding some
nontrivial unit. To do this, note that p3 = (α− 2) and p3p

2
2 = (α+ 1). Then p22 = (β) for

β =
α + 1

α− 2
= α2 + 2α + 5.

Using t = 3 from before, we have N(α− 3) = 16, so (α− 3) = p42 or p
2
2p

′
2 since α− 3 ∈ p2. But p2p

′
2 = (2)

and 2 does not divide α− 3, so we must have (α− 3) = p42. Then p42 = (β2), so

u = − β2

α− 3
≈ 266.99 > 1

is a unit. The lower bound gives ε > 9.34, so ε3 > u. Thus either u = ε or ε2.

The new idea from this point is the following: We will construct a homomorphism Z[α]→ Fp for suitable
p, such that the image of u is not a square (this will imply that u itself cannot be a square). Try

p5 = (5, α− 1)

with norm 5, so reduction mod p5 gives a homomorphism Z[α] → F5 = Z[α]/p5 which maps α 7→ 1.
Using u = −β2/(α− 3) = −(α2 + 2α + 5)/(α− 3), we have u 7→ 2, which is not a square. So ε = u.

Now we claim that p2 is not principal. If it were, then p2 = (γ) and

(β) = p22 = (γ2).

Then for v = u−1 = −2α2 + 4α+ 1, we can write ±vmβ = γ2 for some m. Without loss of generality, we
can assume m = 0 or 1 (by absorbing powers of v into γ). So one of β, −β, vβ, or −vβ is a square in
OK . As before, we can find homomorphisms Z[α]→ Fp for various p such that each of these elements
map to non-squares, which will give a contradiction. Note that 19 splits completely in K, so we get
three homomorphisms Z[α]→ F19, with α 7→ {5,−3,−2}. Choose the one which maps α 7→ 5. This one
sends β → 2 and vβ → −1, which are non-squares. Choosing the one with α 7→ −2, we find −β 7→ −5
and −vβ 7→ −1, which are non-squares mod 19. Thus p2 is not principal, so p2 has order 2.

This shows that Cl(OK) ∼= Z/2Z and O×
K = {±⟨v⟩}.
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Feb. 20 — Localization

14.1 Motivation for Localization

Remark. So far we have been dealing with the following scenario of a number field K:

K OK

Q Z

n n

We would now like to consider relative extensions, for a finite extension L/K:

L OL

K OK

n n

For instance, that if prime ideals q1, . . . , qr ⊆ OL lie over p ⊆ OK , then [L : K] =
∑r

i=1 eifi. One of our
goals will be to show that a Noetherian domain R is Dedekind if and only if Rp is a PID for every prime
ideal p. The second goal will be to prove “Dirichlet’s S-unit theorem.”

14.2 Localization

Definition 14.1. Let R be a domain and K its field of fractions. Let S be a multiplicative subset of R,
i.e. 0 /∈ S, 1 ∈ S, and a, b ∈ S implies ab ∈ S. Then the localization of R by S is the subring

S−1R =
{a
b
: a ∈ R, b ∈ S

}
⊆ K.

Remark. The equivalence relation of a/b ∼ c/d if ad = bc is included by default since S−1R ⊆ K.

Remark. Note that R ⊆ S−1R ⊆ K. The idea is that S−1R will have some of the nice properties of K
while still retaining enough of the information of R.

Example 14.1.1. For S = R \ {0}, we have S−1R = K, and for S = {1}, we have S−1R = R.

Example 14.1.2. If p ⊆ R is a prime ideal, then S = R \ p is a multiplicative subset. Thus we can
define Rp = S−1R, which we will call the localization of R at p.

Remark. One can definition localization in a more general context, e.g. for a ring which is not a domain.
This is necessary for algebraic geometry, but we do not need this, so we will avoid it.
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Proposition 14.1. The prime ideals of S−1R are in (inclusion-preserving) bijection with the prime
ideals of R disjoint from S.

Proof. Denote by SpecR the set of prime ideals of R. We will show the following bijection:

{q ∈ Spec(R) : q ∩ S = ∅} ←→ Spec(S−1R) = Spec(R′)

q 7−→ S−1q =
{a
b
: a ∈ q, b ∈ S

}
q′ ∩R 7−→q′

First we claim that S−1q is a prime ideal in R′. Note that q∩S = ∅ is equivalent to 1 /∈ S−1q. Check as
an exercise that S−1q is in fact an ideal in R′. To see that it is prime, suppose that (a1/b1)(a2/b2) ∈ S−1q,
where a1, a2 ∈ R and b1, b2 ∈ S. Then we can see that

a1a2
b1b2

=
a

b
, a ∈ q, b ∈ S,

so a1a2b = ab1b2 ∈ q. As b ∈ S and q ∩ S = ∅, we have b /∈ q. Thus a1 ∈ q or a2 ∈ q, i.e. S−1q is prime.

The other direction is easier and is mostly left as an exercise. To see that (q′ ∩R)∩ S = ∅, suppose that
s ∈ S ∩ q′. Then s · (1/s) = 1 ∈ q′, where s ∈ q′ and (1/s) ∈ R, which is impossible since q′ ̸= R.

It only remains to show that these maps are inverses of each other, which is left as an exercise.

Corollary 14.0.1. The prime ideals of Rp are in bijection with the prime ideals of R contained in p.

Corollary 14.0.2. The localization Rp is a local ring, i.e. it has a unique maximal ideal.

Example 14.1.3. We can write the localization Z(2) as

Z(2) =
{a
b
∈ Q : b is odd

}
.

The unique maximal ideal is 2Z(2) = {2a/b : b is odd}, and Z(2) \ 2Z(2) = Z×
(2). We also have

Z(2)/2Z(2) = Z/2Z.

In general, we will see that OK/p
mOK

∼= (OK)p/p
m(OK)p, so we can study the localization instead.

Lemma 14.1. Let R be a ring and m a maximal ideal in R. If s /∈ m, then mn + (s) = (1) for all n ≥ 1.
Equivalently, s is a unit in R/mn for every n ≥ 1.

Proof. We induct on n. The case n = 1 is clear since m is maximal. Now suppose (1) = mn−1 + (s), so

m = mn + sm ⊊ mn + (s)

since s /∈ m. But m is a maximal ideal, so we must have mn + (s) = (1).

Remark. We will denote mp = pRp, the unique maximal ideal in the localization Rp.

Lemma 14.2. Let R be an integral domain and p a maximal ideal. Then for all n ≥ 1, the natural map

ϕ : R/pn → Rp/m
n
p

is an isomorphism. (In particular, R/p ∼= Rp/mp.)
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Proof. The natural map is the map induced by the inclusion R ↪→ Rp on the quotient R/pn.

First we show that ϕ is injective. Suppose x ∈ R ∩mn
p , and we will show that x ∈ pn. Write

x =
y

s
, y ∈ pn, s /∈ p.

By the lemma, we have s ∈ (R/pn)×. But sx = y ∈ pn, which implies that s · x = 0 in R/pn. Since s is
a unit, this means that x = 0, so x ∈ pn. This shows that ϕ is injective.

Now we show that ϕ is surjective. Let r/s ∈ Rp with r ∈ R and s /∈ p. By the lemma, there exists
r′ ∈ R such that r ≡ r′s (mod pn) (e.g. take r′ = s−1r ∈ R/pn). Then r/s ≡ r′ (mod mn

p ), so we have

ϕ(r′) =
r

s
+mn

p .

Since r/s ∈ Rp was arbitrary, this shows surjectivity. Thus ϕ is an isomorphism.

14.3 Dedekind Domains and Localization

Lemma 14.3. If R is a Noetherian domain, then so is S−1R.

Proof. The key observation is that every ideal of S−1R is of the form S−1I for some ideal I of R (check
this as an exercise). So if I is generated by x1, . . . , xr, then S

−1I is generated by x1/1, . . . , xr/1.

Lemma 14.4. If R is integrally closed, then S−1R is also integrally closed.

Proof. Suppose α = a/b ∈ K satisfies a monic polynomial f ∈ (S−1R)[x]. Then we need to show that
α ∈ S−1R. Write

f(x) = xn + an−1x
n−1 + · · ·+ a0, ai =

ri
si
∈ S−1R.

Let s = s0s1 . . . sn−1 and multiply the equation f(α) = 0 by sn to get

(sα)n + an−1s(sα)
n−1 + · · ·+ a1s

n−1(sα) + a0s
n = 0.

The coefficients an−1s, . . . , a0s
n are in R, so sα is integral over R. But R is integrally closed, so sα ∈ R.

Since s ∈ S, we have α ∈ S−1R, which proves that S−1R is integrally closed.

Proposition 14.2. If R is a Dedekind domain and S is a multiplicative set, then S−1R is either a
Dedekind domain or a field.

Proof. From the above lemmas, it suffices to show dim(S−1R) ≤ 1. There is an bijection from chains of
prime ideals in S−1R to chains of prime ideals in R disjoint from S, so dim(S−1R) ≤ dimR = 1.

Corollary 14.0.3. If R is Dedekind, then Rp is a PID for every nonzero prime ideal p.

Proof. Note that Rp is a local Dedekind ring with prime ideals (0) and mp. By unique factorization,
every nonzero ideal of Rp is of the form mk

p . So it suffices to show that mp is principal.

To do this, choose any π ∈ p \ p2, and we claim that mp = πRp. Since πRp is an ideal, we have πRp = mk
p

for some k ≥ 1. If k ≥ 2, then π ∈ m2
p ∩R = (mp ∩R)2 = p2, a contradiction. So k = 1.

Definition 14.2. A local PID is called a discrete valuation ring (DVR).
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Feb. 25 — Localization, Part 2

15.1 Valuations

Example 15.0.1. Recall that Rp is a local PID, also known as a discrete valuation ring. Consider

Z(p) =
{a
b
∈ Q : p ∤ b

}
⊆ Q.

There is a p-adic valuation vp : Z(p) → N ∪ {∞} given by vp(x) = k if x = pk · a/b where a, b ∈ Z, p ∤ a,
p ∤ b, and vp(0) =∞. Now vp extends to vp : Q→ Z ∪ {∞}, and we can recover Z(p) as

Z(p) = {x ∈ Q : vp(x) ≥ 0}.

This is known as the valuation ring associated to vp. This is discrete since Z ∪ {∞} is discrete.

Definition 15.1. A (real) valuation on a field k is a function v : k → R ∪ {∞} such that

• v(x) =∞ if and only if x = 0;

• v(ab) = v(a) + v(b);

• v(a+ b) ≥ min{v(a), v(b)}.

Given such a valuation v, there valuation ring associated to v is Ov = {x ∈ k : v(x) ≥ 0}.

Lemma 15.1. For all x ∈ k, either x ∈ Ov or x−1 ∈ Ov.

Definition 15.2. A valuation ring is a subring O of a field k such that for all x ∈ k, x ∈ O or x−1 ∈ O.

15.2 Dedekind Domains and Localization, Continued

Lemma 15.2. If R is an integral domain, then

R =
⋂

p prime

Rp =
⋂

m maximal

Rm.

Proof. Since every maximal ideal is prime, we prove the statement for maximal ideals. We need to show
that

⋂
pRp ⊆ R. Choose a/b ∈

⋂
pRp. Define the ideal

I = {y ∈ R : ay ∈ bR}

We will show that I = R, which implies that a ∈ bR and thus a/b ∈ R since 1 ∈ I. Check as an exercise
that I is indeed an ideal. Now since a/b ∈ Rp, we can write a/b = x/y with x, y ∈ R and y /∈ p. Then
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ay = bx, so y ∈ I. Since y /∈ p, this means that I ⊈ p. We can do this for every maximal ideal p. But
every I ̸= R is contained in a maximal ideal, so we must have I = R.

Theorem 15.1. If R is a Noetherian integral domain, then R is Dedekind if and only if Rp is a PID for
every nonzero prime ideal p of R.

Proof. (⇒) This was Corollary 14.0.3.

(⇐) The tricky part to show is that R is integrally closed. This part follows from Lemma 15.2 since the
intersection of integrally closed subrings is again integrally closed.

15.3 S-Integers and S-Units

Definition 15.3. Let S be a finite set of nonzero prime ideals in a domain R and K = FracR. Define

RS =

{
x

y
∈ K : x, y ∈ R, y /∈ p for all p /∈ S

}
= T−1R,

where T = {x ∈ R : x /∈
⋃

p/∈S p}.

Remark. If R is Dedekind, this means (y) is divisible only by primes in S.

Example 15.3.1. Let S = {(2), (3)} ⊆ SpecZ. Then

ZS =

{
x

y
∈ Q : x, y ∈ Z, y = ±2a3b

}
.

In some sense, Z(2) is close to Q while Z(2) is close to Z. Note that (Z(2))× = ±{2k}, which is of rank 1.

Remark. The following are some facts and definitions regarding RS:

• RS is Dedekind.

• Cl(RS) is finite.

• (RS)× is finitely generated of rank |S|+ r1 + r2 − 1.

Exercise 15.1. Let K be a number field, R = OK , and S a finite set of nonzero prime ideals. Show that

1 R× (RS)×
⊕

p∈S(K
×/R×

p ) Cl(R) Cl(RS) 0

is an exact sequence, where K×/R×
p
∼= Z.

Remark. Note that the above shows that Cl(RS) is in fact a quotient of Cl(R), hence it must be finite.

Proposition 15.1. If K is a number field, then there exists a finite set S of nonzero prime ideals such
that OS

K is a PID (equivalently, Cl(OS
K) = {0}).

Proof. There is a map ρ : Cl(R)→ Cl(RS) given by [I] 7→ [IRS], which one can verify as an exercise is
surjective. Let I1, . . . , It be ideals which generate Cl(R). Define

S = all prime ideals of R dividing some Ik.

For p ∈ S, we have pRS = (1). So ρ([Ik]) = 0 for all k. Thus we must have Cl(RS) = 0.
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Remark. The above proposition says that we may get a PID OS
K in place of OK (which is often not a

PID), at the cost of increasing the rank of the unit group by |S|.

15.4 Applications to Elliptic Curves

Theorem 15.2 (Siegel). Let K be a number field and S a finite set of nonzero primes in OK. Let
f(x) ∈ K[x] be a separable polynomial of degree ≥ 3. Then the Diophantine equation

Y 2 = f(X)

has only finitely many solutions with X, Y ∈ OS
K. (As a special case, this holds when S = ∅, so that

OS
K = OK. In particular, if K = Q and S = ∅, then OS

K = Z. The case deg f = 3 is an elliptic curve.)

Proof. We will use the following result without proof:

Theorem (Siegel, Mahler). Let K,S as before. Then the equation x+ y = 1 has only finitely
many solutions with x, y ∈ (OS

K)
×.1

Without loss of generality, assume that f splits over K (by enlarging K if necessary), so

f(X) = a(X − α1) . . . (X − αn), a, αj ∈ K

for distinct α1, . . . , αn and n ≥ 3. Let KS = (OS
K)

×. By enlarging S if necessary, we can assume:

1. a ∈ KS, α1, . . . , αn ∈ OS
K ;

2. αi − αj ∈ KS for all i ̸= j;

3. OS
K is a PID.

By Dirichlet’s S-unit theorem, KS is finitely generated, and so KS/(KS)2 is finite. So if

L = compositum of K(
√
u) for all u ∈ KS,

then L/K is finite. Now define the set

T = prime ideals of OL containing some element of S.

We will work with OT
L , the T -integers in OL. Now suppose y2 = f(x) with x, y ∈ OS

K , so that

y2 = a(x− α1) . . . (x− αn).

Then any prime ideal p of OS
K divides at most one of these terms (otherwise it divides αi − αj for i ̸= j,

which we assumed lies in KS). Since p must divides y2, it must divide y2 twice, and since

(x− α1) . . . (x− αn) = a−1y2,

we must have x−αi = uia
2
i for each i, where ui ∈ KS and ai ∈ OS

K . Then (x−αi) = a2i , where ai = (ai).
Let ui = v2i with vi ∈ LT , then

x− αi = v2i a
2
i = w2

i , wi ∈ OT
L .

1For instance, x+ y = 1 has finitely solutions with x, y ∈ ±{2a3b}. This is not obvious, e.g. 1 = 32 − 23 = 3 − 2 =
22 − 3 = . . . .
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The trick is then the following: We can write

αj − αi = w2
i − w2

j = (wi − wj)(wi + wj).

Since αj − αi ∈ KS, we must have wi − wj, wi + wj ∈ LT . Because n ≥ 3, we have Siegel’s identities :

w1 − w2

w1 − w3

+
w2 − w3

w1 − w3

= 1 and
w1 + w2

w1 − w3

− w2 + w3

w1 − w3

= 1.

All of the above quotients lie in LT , so there are only finitely many choices for the quotients by the
theorem of Siegel and Mahler. One can show that there are then only finitely many choices for w1, hence
there can only be finitely many choices for x = α1 + w2

1, since α1 is fixed.



Lecture 16

Feb. 27 — Factorization and Galois Theory

16.1 Factorization of Ideals in Relative Extensions

Remark. Let L/K be a finite extension of number fields with [L : K] = n. Note that we also have an
extension of number rings of the form OK ⊆ OL.

Exercise 16.1. Show the following:

• OL ∩K = OK ;

• OL is a finitely generated OK-module, generated by n elements.

Remark. Let L/K be a finite separable extension of fields of degree n, and let B,A be Dedekind
domains such that A ⊆ K and A ⊆ B ⊆ L. We will assume that

• B is integral over A;

• B/q and A/p are finite fields for all nonzero prime ideals q, p.

Definition 16.1. A prime ideal q of B lies over p of A if q contains p (if and only if q|pB).

Lemma 16.1. In the above setting, q lies over p if and only if q ∩ A = p.

Proof. The key point is that if q ⊇ p, then q ∩ A is a prime ideal containing p. But A is Dedekind, so it
is 1-dimensional, so we must have q ∩ A = p.

Lemma 16.2. If p is a nonzero prime ideal of A, then pB ̸= B, i.e. pB is a proper ideal of B.

Proof. Choose π ∈ p \ p2. Since π ∈ p, we have πA = pa for some ideal a with p ∤ a. Thus (p, a) = 1, so

1 = b+ a, b ∈ p, a ∈ a.

Suppose otherwise that pB = B. Then aB = apB ⊆ πB. This means that a = πx for some x ∈ B, so
x = a/π ∈ K. But then x ∈ B ∩K = A, so a ∈ πA ⊆ p. This implies 1 = b+ a ∈ p, a contradiction.

Theorem 16.1. Let p ⊆ A be a prime ideal. If pB = qe11 · · · qerr ⊆ B, then

r∑
i=1

e(qi/p)f(qi/p) = [L : K],

where e(qi/p) = ei and f(qi/p) = [B/qi : A/p].
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Proof. Let S = A \ p ⊆ A ⊆ B. We claim that we can replace B by S−1B = B′ and A by S−1A = A′

without changing any of the above numerical invariants (e or f). This is because we have A/p ∼= A′/p′

and B/q′ ∼= B′/q′i, and if pB = qe11 · · · qerr , then pB′ = q′e11 · · · q′err .

Then A′ is a PID, so the same argument we used over Z will work.

Corollary 16.1.1. Let p ⊆ OK be a prime ideal. If pOL = qe11 · · · qerr ⊆ OL, then

r∑
i=1

e(qi/p)f(qi/p) = n,

where e(qi/p) = ei and f(qi/p) = [OL/qi : OK/p].

16.2 Connections to Galois Theory

Proposition 16.1. If L/K is Galois, then Gal(L/K) acts transitively on the set {q1, . . . , qr} of prime
ideals of B lying over p.

Proof. It is clear to see that Gal(L/K) acts on {q1, . . . , qr}: If q ∩ A = p and σ ∈ Gal(L/K), then

σ(q) ∩ A = σ(q ∩ A) = σ(p) = p.

To see that the action is transitive, let qi, qj be two distinct prime ideals of B lying over p, and assume
otherwise that qi ̸= qj for every σ ∈ Gal(L/K). By the Chinese remainder theorem, we can solve

x ≡ 0 (mod qj), x ≡ 1 (mod σ(qi))

for all σ ∈ Gal(L/K), with x ∈ B. Now we have

NL/K(x) =
∏

σ∈Gal(L/K)

σ(x) ∈ B ∩K = A.

Thus NL/K(x) ∈ qj ∩ A = p. Note that x /∈ σ(qi) for all σ, so σ(x) /∈ qi for all σ. Since pB ⊆ qi,∏
σ∈Gal(L/K)

σ(x) ∈ pB ⊆ qi,

which implies σ(x) ∈ qi for some σ ∈ Gal(L/K) since qi is a prime ideal. Contradiction.

Corollary 16.1.2. If L/K is Galois, then

e(q1/p) = · · · = e(qr/p) = e and f(q1/p) = · · · = f(qr/p) = f,

so we have the equality efr = n.

Proof. Applying σ to pB = qe11 · · · qerr , we have pB = σ(q1)
e1 · · · σ(qr)er . For any i, j, we can find σ with

σ(qi) = qj, so by unique factorization we have ei = ej. For f , note that we have an induced map

σ : B/qi → B/qj.

Since σ is an automorphism, it is easy to see that σ is an isomorphism, so that fi = fj.
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Remark. Let L/K be Galois, and B,A be Dedekind domains with A ⊆ K and A ⊆ B ⊆ L. Fix a
prime ideal p ⊆ A and let S = {q1, . . . , qr} be the set of prime ideals lying over p. Then G = Gal(L/K)
acts transitively on S, with |G| = n = efr and |S| = r.

So by the orbit-stabilizer theorem, the stabilizer of any qi has order ef . Fix some q ∈ S, define the
decomposition group Dq = Dq/p of q/p to be the stabilizer of q, i.e.

Dq/p = {σ ∈ G : σ(q) = q}.

Let ℓ = B/q and k = A/p, so that |Gal(ℓ/k)| = f .

Theorem 16.2 (Frobenius). There is a natural surjective homomorphism

Dq/p Gal(ℓ/k).

Proof. Let σ ∈ Dq/p. We want to define σ ∈ Gal(ℓ/k). Take x ∈ ℓ and lift it to some x ∈ B. Define

σ(x) = σ(x) mod q.

To see that this is well-defined, note that if x1, x2 are two lifts, then x1 − x2 ∈ q, so

σ(x1)− σ(x2) ∈ σ(q) = q.

Let α be a primitive element for ℓ/k (recalling that we are assuming ℓ/k is finite separable). To prove
surjectivity, it suffices to show that every Galois conjugate of α is of the form σ(α) for some σ ∈ Dq/p.
Let α ∈ B be a lift of α such that α ∈ q′ for all q′ ∈ S, q′ ̸= q. This follows by the Chinese remainder
theorem, which gives a solution to the following system of congruences:

α ≡ α (mod q), α ≡ 0 (mod q′) for q′ ̸= q.

Let f ∈ A[x] be the minimal polynomial of α and g ∈ k[x] be the minimal polynomial of α. We have

f(x) =
∏
σ∈H

(x− σ(α))

for some subset H ⊆ G. Let H ′ = H ∩Dq. We claim that σ(α) ∈ q whenever σ ∈ G and σ /∈ Dq. This
is because σ /∈ Dq gives σ

−1 /∈ Dq, so σ
−1(q) ̸= q, hence α ∈ σ−1(q) and σ(α) ∈ q. Let f = f mod q, so

f(x) =
∏
σ∈H

(x− σ(α)) =
∏
σ∈H′

(x− σ(α))
∏
σ/∈H′

(x− σ(α)) = xm
∏
σ∈H′

(x− σ(α)).

So all nonzero roots of f(x) have the form σ(α) for some σ ∈ Dq. Finally, note that

f(α) = f(α) = 0,

so g|f . Note that 0 is not a root of g (since g is the minimal polynomial of a nonzero element), so

g |
∏
σ∈H′

(x− σ(α)).

This shows the result for any root of g, which completes the proof.

Corollary 16.2.1. Let the inertia group Iq/p be the kernel of the above map. Then |Iq/p| = e.

Proof. This is by the first isomorphism theorem, since |Dq/p| = ef and |Gal(ℓ/k)| = f .



Lecture 17

Mar. 4 — More Galois Theory

17.1 Frobenius Elements

Remark. Recall that last class, we showed that |Dq| = eqfq = ef , |Iq| = eq = e, and Dq/Iq ∼= Gal(ℓ/k).
This is useful because Gal(L/K) is in general a complicated group; in fact, any finite group can arise as
Gal(L/K) for some extension L/K. On the other hand, ℓ, k are finite fields, and thus Gal(ℓ/k) is cyclic.
In particular, Gal(ℓ/k) = ⟨τ⟩ where τ(x) = x|k| is the Frobenius automorphism.

Corollary 17.0.1. If q/p is unramified (i.e. p ∤ ∆L/K, or eq = 1), then Dq is cyclic.

Definition 17.1. The generator of Dq is called the Frobenius element and is denoted Frobq.
1

Remark. What is the dependence of Frobq on the choice of q/p?

Lemma 17.1. Suppose q, q′ are prime ideals of OL lying over p. Choose σ ∈ G such that σq = q′ Then

Dq′ = σDqσ
−1 and Iq′ = σIqσ

−1.

If q/p is unramified, then so is q′/p and Frobq′ = σ Frobq σ
−1.

Proof. We will prove the statement only for Dq′ , the rest is left as an exercise. We can write

Dq′ = {τ ∈ G : τq′ = q′} = {τ ∈ G : τσq = σq} = {τ ∈ G : (σ−1τσ)q = q}
= σ{σ−1τσ : τ ∈ G}σ−1 = σDqσ

−1.

The proof of the other statements are similar.

Remark. When L/K is Galois and p is unramified, the above lemma allows us to define the Frobenius
conjugacy class Frobp ⊆ Gal(L/K) (the set of all Frobq where q/p is unramified).

Example 17.1.1. Consider K/Q, let G = Gal(K/Q) and Frobp be the conjugacy class corresponding
to a prime p not dividing ∆K . The Chebotarev density theorem then says that if we fix a conjugacy class
C ⊆ G, then the density of primes p with Frobp = C is |C|/|G|.

Example 17.1.2. Consider K = Q(ζn), so G ∼= (Z/nZ)× is abelian (so that the Frobenius conjugacy
classes are singletons and can therefore be identified with elements). If we fix σa ∈ G with (a, n) = 1,
then we will show shortly that Frobp = σp for p ∤ n. So if we fix a conjugacy class (element) a ∈ (Z/nZ)×,
then Frobp = a if and only if p ≡ a (mod n). The Chebotarev density theorem then says that the density
of such p is 1/ϕ(n) (this is Dirichlet’s theorem on primes in arithmetic progressions).

1Note that Frobq depends on the choice of q and only makes sense when q is unramified.
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17.2 Fixed Fields

Remark. Let L/K be Galois and fix q/p. Let D = Dq/p and I = Iq/p. Then for an intermediate field
K ⊆ K ′ ⊆ L (e.g. K = LH , the fixed field of some subgroup H ⊆ G), we have some p′ lying over p:

L q

LH = K ′ p′ = q ∩ OK′

K p

Lemma 17.2. Let D′ = Dq/p′ and I
′ = Iq/p′. Then D

′ = D ∩H and I ′ = I ∩H.

Proof. We only prove the statement for D′, the other for I ′ is similar. Note that

D = stabilizer of q in G and D′ = stabilizer of q in H,

from which it is clear that D′ = D ∩H.

Remark. The following is a fact from Galois theory that we will use:

If H,H ′ are subgroups of G = Gal(L/K), then LH∩H′
= LHLH′

.

In the above, LHLH′
is compositum of LH and LH′

.

Proposition 17.1. Call LD the decomposition field and LI the inertia field. Then

1. LD is the largest intermediate field K ′ such that e(p′/p) = f(p′/p) = 1;

2. LI is the largest intermediate field K ′ such that e(p′/p) = 1.

Proof. Again, we only prove the statement for LD. We first claim that if K ′ = LD, then we in fact have
e(p′/p) = f(p′/p) = 1. By the lemma, we have D′ = D, so we have

e(q/p′)f(q/p′) = e(q/p)f(q/p).

But by a homework problem, e and f are multiplicative in towers, so e(p′/p) = f(p′/p) = 1.

To see that it is the largest such extension, let K ′ be any intermediate field with e(p′/p) = f(p′/p) = 1.
We want to show that K ′ ⊆ LD. We can write K ′ = LH for some H ≤ G. Then D′ = D ∩H, so

LD′
= LDK ′

by Galois theory. The hypothesis implies |D| = |D′|, which combined with D′ ⊆ D implies D′ = D.
Then we have LD = LD′

= LDK ′, which implies that K ′ ⊆ LD. This proves the result.

Corollary 17.0.2. Let p ⊆ OK ⊆ K ⊆M,M ′ ⊆ L (not necessarily Galois). Then p splits completely
(resp. is unramified) in both M and M ′ if and only if p splits completely (resp. is unramified) in MM ′.

Proof. Take a Galois closure L′ of L/K. If p splits completely in L, then e = 1 in both K and L, so e = 1
in M,M ′ as well since e is multiplicative in towers. On the other hand, if p splits completely in both M
and M ′, then (L′)D contains both M and M ′, so MM ′ ⊆ (L′)D and p splits completely in MM ′.
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Corollary 17.0.3. Suppose L/K is finite (but not necessarily Galois). Let M be the Galois closure of
L/K. Then p is unramified (resp. splits completely) in L if and only if p is unramified (resp. splits
completely) in M .

Proof. This is because M is the compositum of Lσ over σ ∈ Gal(M/K).

Remark. The above corollaries imply that we can reduce many questions to the Galois case (many
extensions of number fields, e.g. Q( 3

√
2), are not Galois, but we can still work with them by embedding

them in a Galois closure).

17.3 A Non-Monogenic Number Ring

Remark. We will show that if K = Q(
√
7,
√
10), then OK is not monogenic, i.e. there is no α ∈ OK such

that OK = Z[α]. In fact, we will show that for all α ∈ OK such that K = Q(α), we have 3 | [OK : Z[α]].
In particular, this means that Kummer’s theorem will not help us factor (3) in OK , even when trying
some change of variables.

We will actually do this more generally: Let K1 = Q(
√
d1) and K2 = Q(

√
d2) with d1, d2 ≡ 1 (mod 3).

Kummer’s theorem says that 3 splits completely in Ki (i = 1, 2) if and only if

x2 − di ≡ x2 − 1 (mod 3)

splits into linear factors (which it does). By our previous results, this implies that 3 splits completely in
the compositum K = K1K2.

Now suppose otherwise that OK = Z[α] (or even 3 ∤ [OK : Z[α]]). Then Kummer’s theorem applies to
K as well, so the minimal polynomial fα of α over Z factors into distinct linear factors mod 3. But
deg fα = 4 and there are only 3 linear polynomials in F3[x], so this cannot possibly happen.



Lecture 18

Mar. 6 — Factorization in Cyclotomic Fields

18.1 Factorization in Cyclotomic Fields

Remark. Let Z[ζm] ⊆ Q(ζm) and p ∤ m prime. We can factor

pZ[ζm] = p1 . . . pr,

where p ∤ m implies that the pi are distinct, i.e. ei = 1 for each i. Since Q(ζm)/Q is Galois, we have
f1 = · · · = fr = f and thus fr = ϕ(m).

Proposition 18.1. In the above situation, we have f = order of [p] in (Z/mZ)×.

Proof. Note that G = Gal(Q(ζm)/Q) ∼= (Z/mZ)× by the isomorphism

(Z/mZ)× −→ Gal(Q(ζm)/Q)

a 7−→ (σa : ζm 7→ ζam).

We have f = [Z[ζm]/p : Fp], but this is hard to deal with. Instead, Kummer’s theorem says that

f = degree of any irreducible factor of Φm mod p.

Let g(x) be an irreducible factor of Φm(x), so that deg g = f . Then Fp[x]/(g(x)) is a finite field of order
pf , so its Galois group over Fp is generated by x 7→ xp. By the proof of Kummer’s theorem,

Z[ζm]/p ∼= Fp[x]/(g(x)),

so the Galois group of Fp[x]/(g(x)) is Gal(ℓ/k), where ℓ is Z[ζm]/p and k is Fp. Then Dp
∼= Gal(ℓ/k) is

a subgroup of G, and the generator x 7→ xp in Gal(ℓ/k) corresponds to p ∈ (Z/mZ)×. Since ℓ has order
pf (so x 7→ xp has order f in Gal(ℓ/k)), we see that the order of [p] in (Z/mZ)× is f .

Example 18.0.1. Let m = 15, so that ϕ(15) = 8. Then

Φ15(x) =
(x15 − 1)(x− 1)

(x5 − 1)(x3 − 1)
= x8 − x7 + x5 − x4 + x3 − x+ 1.

Mod 2, we can factor
Φ15(x) ≡ (x4 + x3 + 1)(x4 + x+ 1) (mod 2),

and notice that 24 ≡ 1 (mod 15). On the other hand, we have 31 ≡ 1 (mod 15) and

Φ15(x) ≡ (x+ 3)(x+ 11)(x+ 12)(x+ 13)(x+ 17)(x+ 21)(x+ 22)(x+ 24) (mod 15).
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18.2 Law of Quadratic Reciprocity

Remark. Let p be an odd prime and let Kp = Q(ζp). Note that since Gal(Kp/Q) ∼= (Z/pZ)× and p is
odd, Gal(K/Q) is cyclic of even order, hence there is a unique subgroup H of index 2. By Galois theory,
this subgroup corresponds to a unique quadratic subfield L = KH

p ⊆ Kp.

Lemma 18.1. The unique subgroup H of index 2 is the subgroup of squares mod p.

Proof. Half of the residues mod p are squares, so this is a subgroup of index 2, hence it is H.

Remark. One way to calculate L is to use Gaussian periods (Gauss sums). We will do this later, and
we proceed with a different method for now. Because the ramification index e is multiplicative in towers,
and because p is the only prime ramifying in Kp, it follows that p is the only prime ramifying in L.

We know that L = Q(
√
d) where d is square-free. We have previously seen that

∆Q(
√
d) =

{
d if d ≡ 1 (mod 4),

4d if d ≡ 2, 3 (mod 4).

Note that we have to be in the first case since 2 does not ramify in L, and so d = ±p since d is square-free
and p is the only prime dividing it. We also have d ≡ 1 (mod 4), so d = p∗, where

p∗ = (−1)(p−1)/2p =

{
p if p ≡ 1 (mod 4),

−p if p ≡ 3 (mod 4).

Now suppose that p, q are distinct odd primes (so q is unramified in L). We will figure out how q factors
in L, i.e. how qOL factors into prime ideals. We will do this in two different ways.

We first use Kummer’s criterion. We look at x2 − p∗ (mod q) (note that q ∤ [OL : Z[
√
p∗]] = 2 since q is

an odd prime), which splits into linear factors if and only if (p
∗

q
) = 1.

On the other hand, let q be a prime ideal of Z[ζp] lying over q. Let D = Dq/q ⊆ (Z/pZ)×, where D
corresponds to ⟨q⟩. Then KD

p is the largest subfield of Kp in which q splits completely (since Kp/Q is
Galois). But L = KH

p , so Galois theory implies that

q splits in L ⇐⇒ L ⊆ KD
p ⇐⇒ D ⊆ H ⇐⇒ q ∈ H ⇐⇒

(
q

p

)
= 1.

Corollary 18.0.1 (Law of quadratic reciprocity). Let p, q be distinct odd primes. Then(
p

q

)
= (−1)(p−1)/2(−1)(q−1)/2

(
q

p

)
Proof. Recall Euler’s criterion that (a

q
) ≡ a(q−1)/2 (mod q). Then by the above calculation,(

q

p

)
=

(
p∗

q

)
=

(
(−1)(p−1)/2

q

)(
p

q

)
= ((−1)(p−1)/2)(q−1)/2

(
p

q

)
,

which is the desired formula.
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Remark. The above argument can be generalized more readily than other more elementary proofs of
quadratic reciprocity. Let L/K be a finite abelian extension of number fields (i.e. Gal(L/K) is abelian).
One can embed L into some analogue M of Kp (this is called a ray class field), so K ⊆ L ⊆M .

One then analyzes how p factors directly in L/K and also using the L =MH perspective. This results
in Artin’s reciprocity law, which is a result of class field theory. As a subject, class field theory tries to
understand the abelian extensions of a number field.

Theorem 18.1 (Hilbert). Let K be a number field. Then there exists a maximal finite abelian extension
H of K which is unramified at all primes (and ∞). Moreover,

Gal(H/K) ∼= Cl(OK).

18.3 Gauss Sums

Definition 18.1. Let ζ = ζp = e2πi/p. Define the Gauss sum

g =
∑

t∈(Z/pZ)×

(
t

p

)
ζtp.

Lemma 18.2. We have g2 = p∗.

Proof. We sketch the proof. Define

ga =
∑

t∈(Z/pZ)×

(
t

p

)
ζatp .

Note that we have the identity ga = (a
p
)g:

g =
∑

b∈(Z/pZ)×

(
b

p

)
ζbp =

∑
t∈(Z/pZ)×

(
at

p

)
ζatp =

(
a

p

) ∑
t∈(Z/pZ)×

(
t

p

)
ζatp

since multiplication by a is a permutation on (Z/pZ)×. Now we calculate
∑

a gag−a in two different ways:

gag−a =

(
a

p

)(
−a
p

)
g2 =

(
−1
p

)
g2,

so that
∑

a gag−a = (−1
p
)(p− 1)g2. On the other hand, we can also write

gag−a =
∑
x,y

(
xy

p

)
ζa(x−y)
p ,

so
∑

a gag−a =
∑

x,y(
xy
p
)
∑

a ζ
a(x−y)
p = p(p− 1). Comparing the two formulas gives g2 = p∗.

Proof of Corollary 18.0.1 using Gauss sums. Let p, q be distinct primes. First we have

gq ≡ gq =

(
q

p

)
g (mod qZ[ζp]),

so we have

p∗(g2)(q−1)/2 = g2(g2)(q−1)/2 = gq+1 ≡
(
q

p

)
g2 =

(
q

p

)
p∗ (mod qZ[ζp]).

Since (g2)(q−1)/2 = (p
∗

q
), comparing the above expressions yields (p

∗

q
) = ( q

p
), as desired.
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Corollary 18.1.1. We have Q(
√
p∗) ⊆ Q(ζp).

Remark. Gauss actually computed the value of g, in addition to g2. Gauss found that

g =

{√
p if p ≡ 1 (mod 4),

i
√
p if p ≡ 3 (mod 4).

One can also formulate a similar question for cubes, but the answer is much more complicated.



Lecture 19

Mar. 11 — The p-adic Numbers

19.1 The p-adic Absolute Value

Definition 19.1. Let p be a prime number. For x = a/b ∈ Q with a, b ∈ Z, define the p-adic valuation

ordp(x) = ordp(a)− ordp(b).

Recall that ordp(a) = k if and only if a = pkm with p ∤ m. This defines a valuation vp = ordp on Q:

1. vp(0) =∞ and vp(x) ∈ Z for x ̸= 0;

2. vp(xy) = vp(x) + vp(y);

3. vp(x+ y) ≥ min{vp(x), vp(y)}.

Also define the p-adic absolute value | · |p : Q→ R≥0 by |x|p = p− ordp(x), which satisfies

1. |0|p = 0 and |x|p > 0 for x ̸= 0;

2. |xy|p = |x|p|y|p;

3. |x− y|p ≤ max{|x|p, |y|p} (the ultrametric inequality or non-Archimedean triangle equality).

The above properties define an ultrametric, and a set with an ultrametric is called an ultrametric space.

Example 19.1.1. Let p = 3, then |1/54|3 = 27 and |54|3 = 1/27.

Exercise 19.1. Check the following properties:

1. If |x|p ̸= |y|p, then |x− y|p = max{|x|p, |y|p}.

2. In any ultrametric space, all triangles are isosceles (in fact, the maximum occurs at least twice).

3. Any two closed discs in an ultrametric space are either disjoint or one contains the other.

19.2 Completion of a Metric Space

Remark. Recall that if (X, d) is a metric space, a Cauchy sequence is a sequence {xn} such that for
every ϵ > 0, there exists N such that if n,m ≥ N , then d(xn, xm) < ϵ.

Definition 19.2. A metric space X is complete if every Cauchy sequence converges.

Definition 19.3. Define two Cauchy sequences {xn} and {yn} to be equivalent if they become arbitrarily
close to each other, i.e. d(xn, yn)→ 0 as n→∞.
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Definition 19.4. The completion (X̂, d) of a metric space (X, d) is the set of equivalence classes of

Cauchy sequences in X. There is a natural (continuous) embedding X ↪→ X̂ by x 7→ [(x, x, x, . . . )].

Proposition 19.1. If X = R is a ring and | · | is a norm on R inducing d, i.e. d(x, y) = |x− y| and
|xy| = |x||y|, then X̂ is naturally a ring R̂ and R→ R̂ is a ring homomorphism.

Proposition 19.2 (University property of the completion). Let X be a metric space and i : X → X̂ be
the natural embedding. If Y is any complete metric space and f : X → Y is a continuous map, then
there exists a unique continuous map f̃ : X̂ → Y such that the following diagram commutes:

Y

X X̂
i

f
f̃

19.3 The p-adic Numbers

Definition 19.5. Define Zp = ̂(Z, | · |p) to be the ring of p-adic integers and Qp = ̂(Q, | · |p) to be the
field of p-adic numbers.

Theorem 19.1. Every p-adic integer x ∈ Zp can be written uniquely as

x = b0 + b1p+ b2p
2 + . . . , bi ∈ {0, 1, . . . , p− 1}.

Example 19.5.1. Consider

x = 1 + 1 · 3 + 2 · 32 + 2 · 34 +O(35) and y = 1 · 3 + 2 · 32 + 1 · 34 +O(35).

Then we can compute
x+ y = 1 + 2 · 3 + 1 · 32 + 1 · 33 +O(35).

Multiplication is similar:

xy = (1 + 1 · 3 + 2 · 32 +O(34))(1 · 3 + 2 · 32 +O(34)) = 1 · 3 + 2 · 33 +O(34).

Theorem 19.2. Every p-adic number x ∈ Qp can be written uniquely as

x = b−kp
−k + · · ·+ b−1p

−1 + b0 + b1p+ b2p
2 + . . . , bi ∈ {0, 1, . . . , p− 1},

where k ∈ Z and b−k ̸= 0. In this form, we have vp(x) = −k and |x|p = pk.

Definition 19.6. Consider an inverse system of homomorphisms

· · · R3 R2 R1
f3 f2

Then the inverse limit (or projective limit, or limit) is the set of coherent sequences

R̂ = lim←−Rn = {{xn}n≥1 : xi ∈ Ri, fi(xi) = xi−1}.

Remark. There is also a notion of direct limit (or inductive limit, or colimit), denoted lim−→.
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Remark. There is an obvious inverse system of homomorphisms (reduction mod pk)

· · · Z/p3Z Z/p2Z Z/pZ

Then Zp (as previously defined) coincides with the inverse limit: Zp = lim←−(Z/p
nZ). We can also define

Qp = Frac(Zp) = Zp ⊗Z Q, but Qp is not an inverse limit.

Lemma 19.1. Zp = {x ∈ Qp : |x|p ≤ 1} = {x ∈ Qp : vp(x) ≥ 0}, i.e. Zp is the valuation ring of Qp.

Lemma 19.2. Zp is a local ring with maximal ideal pZp = {x ∈ Zp : |x|p < 1} = {x ∈ Zp : |x|p ≤ 1/p}.
In particular, pZp is both open and closed (clopen) in Zp.

Remark. One can think of Zp as a tree. For p = 2, we can think of Z2 as an infinite binary tree, where
the edges on the ith level of the tree corresponds to residues mod 2i. The 2-adic integers are then the
ends of this tree, i.e. an infinite rooted path. Viewed in this way, the 2-adic integers are homeomorphic
to the (middle-thirds) Cantor set, hence Z2 is totally disconnected.



Lecture 20

Mar. 13 — Absolute Values on Q

20.1 Absolute Values

Definition 20.1. Let K be a field. An absolute value on K is a map | · | : K → R≥0 such that

1. |x| = 0 if and only if x = 0;

2. |xy| = |x||y|;

3. |x+ y| ≤ |x|+ |y|.

If we also have |x+ y| ≤ max{|x|, |y|}, then we call | · | non-Archimedean.

Example 20.1.1. We have the usual absolute value | · |∞ given by |x|∞ = max{x,−x}. More generally,
we have absolute values | · |t∞ for 0 ≤ t ≤ 1. When t = 0, we have the trivial absolute value | · |0:

|x|0 =

{
1 if x ̸= 0,

0 if x = 0.

For 0 < t ≤ 1, the | · |t∞ are all equivalent, in the sense that they give the same topology on Q.

Definition 20.2. Two absolute values | · | and | · |′ on Q are equivalent, denoted | · | ∼ | · |′, if they define
the same topology on Q.

Example 20.2.1. We have the p-adic absolute values | · |p for some prime p, and | · |tp for 0 < t <∞.
Each of the | · |tp are equivalent to | · |p.

Remark. Note that we only have p-adic absolute values on Q for prime p, e.g. Z10 = lim←−Z/10kZ is not
an integral domain, so we cannot take its field of fractions. In fact, Z10

∼= Z2 × Z5, so it suffices to study
Z2 and Z5. There is also no need to consider prime powers, since Z9 = Z3, for instance.

20.2 Classification of Absolute Values

Definition 20.3. A place of K, is an equivalence class of non-trivial absolute values on K. The set of
places of K is denoted MK .

Lemma 20.1. Let K be a field and | · |, | · |′ be two non-trivial absolute values on K. Then the following
are equivalent:

1. | · | ∼ | · |′;

2. |x| < 1 if and only if |x|′ < 1;
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3. | · |′ = | · |s for some s > 0.

Proof. (3⇒ 1) This is clear.

(1⇒ 2) Note that |x| < 1 if and only if xn → 0 with respect to | · |.

(2⇒ 3) Fix some y ∈ K× such that |y| < 1 (we can do this since the | · | is multiplicative and non-trivial).
Note that for all x ∈ K×, we have |x| = |y|α for some α ∈ R depending on x. Choose mi/ni → α from
above, with ni > 0. Then |x| = |y|α < |y|mi/ni , so by (2), we have∣∣∣∣ xni

ymi

∣∣∣∣ < 1 =⇒
∣∣∣∣ xni

ymi

∣∣∣∣′′ < 1 =⇒ |x|′ < (|y|′)mi/ni for all i =⇒ |x|′ ≤ (|y|′)α.

Letting mi/ni → α from below, we get |x|′ = (|y|′)α. Then setting

s =
log |y|′

log |y|
=

log |x|′

log |x|
,

we shows that |x|′ = |x|s for all x. It is clear that s > 0 since |y|, |y|′ < 1.

Remark. Recall the Archimedean property of | · |∞ (the completion with respect to which is R): If
x ∈ Q×, then the sequence {|nx|}n∈N is unbounded. In the p-adic norm, however, we have

|nx|p = |n|p|x|p ≤ |x|p,

so this is a bounded sequence for any x ∈ Q×.

Definition 20.4. We say that an absolute value | · | on a field K is Archimedean if {|n|}n∈N is unbounded,
and we call | · | non-Archimedean otherwise.

Lemma 20.2. An absolute value | · | on K satisfies the ultrametric inequality |x+ y| ≤ max{|x|, |y|} if
and only if {|n|}n∈N is bounded.

Proof. (⇒) This is clear by induction, as |1 + 1| ≤ max{|1|, |1|} = |1|.

(⇐) Suppose that |n| ≤ N , and note that we always have |x+ y| ≤ |x|+ |y| ≤ 2max{|x|, |y|}. Then

|x+ y|n =

∣∣∣∣∣
n∑

k=0

(
n

k

)
xkyn−k

∣∣∣∣∣ ≤ N(n+ 1)max{|x|, |y|}n

since
(
n
k

)
∈ N. Taking nth roots and letting n→∞, we get |x+ y| ≤ max{|x|, |y|}.

Theorem 20.1 (Ostrowski). The set of places of Q are precisely | · |∞ and | · |p for prime p, i.e.

MQ = {| · |∞, | · |p for p prime} ←→ {primes} ∪ {∞}.

Proof. Let | · | be a non-trivial absolute value on Q.

First suppose that | · | is non-Archimedean. Then |n| ≤ 1 for all n ≥ 1, and there exists a prime q such
that |q| < 1 (if |q| = 1 for all primes q, then |n| = 1 for all n ≥ 1 and | · | is trivial). Consider the set

I = {n ∈ Z : |n| < 1},
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which is an ideal in Z (it is obviously closed under multiplication and the ultrametric inequality implies
it is closed under addition). Note that 1 /∈ I and q ∈ Z, so I = pZ for some prime p. For n = mpk with
p ∤ m, we have |m| = 1 since m /∈ I, so |n| = |p|k. This gives |n| = |n|sp for s = − logp |p|, so | · | ∼ | · |p.

Now let | · | be Archimedean. Then we can choose n,m > 1 such that |n|, |m| > 1. Write m in base n:

m = a0 + a1n+ . . . akn
k, ai ∈ {0, . . . , n− 1},

where k ≤ lognm, and |ai| ≤ ai|1| < n since ai < n. So |ni| < |nk| for 1 ≤ i ≤ k, and we have

|m| ≤
k∑

i=1

|ai||n|k ≤ (1 + lognm) · n · |n|logn m.

Replacing m by mt, taking tth roots and letting t→∞, one finds |m| ≤ |n|logn m. By switching m and
n, we get |m| = |n|logn m, so |m|1/ logm = |n|1/ logn. Thus we can define s = (log |n|)/(log n), which is
independent of n. If x ∈ Q, write x = m/n, where without loss of generality we can assume |m|, |n| > 1
(by replacing m,n with mt, nt, if necessary). Then we have

|x|s∞ = es log x =
es logm

es logn
=
elog |m|

elog |n|
=
|m|
|n|

= |x|,

which shows that | · | = | · |s∞ ∼ | · |∞.

Theorem 20.2 (Ostrowski for number fields). Let K be a number field. Then every non-trivial absolute
value on K is equivalent to one of the following:

1. p-adic absolute value | · |p for some prime ideal p ⊆ OK (defined by |α|p = (Np)− ordp(α));

2. the absolute value given by K
σ
↪→ C |·|→ R≥0 for some σ.

In particular, we have a bijection

MK ←→ {nonzero prime ideals of OK} ∪ {real or pairs of complex embeddings of K}

Theorem 20.3 (Product formula). For x ∈ Q×, we have
∏

v∈MQ
|x|v = 1. More generally, for a general

number field K and x ∈ K×, we have
∏

v∈MK
|x|v = 1, where | · |v = | · |2C if v is complex.

Theorem 20.4 (Weak approximation). Let K be any field with pairwise inequivalent absolute values
| · |1, . . . , | · |n, and let a1, . . . , an ∈ K. Then for all ϵ > 0, there exists x ∈ K such that

|x− ai|i < ϵ, for all 1 ≤ i ≤ n.

Proof. We only sketch the proof. The idea is the following: We know that there exists α ∈ K such that
|α|1 < 1 and |α|n ≥ 1 (since the absolute values are inequivalent). Similarly, there exists β ∈ K such
that |β|n < 1 and |β|1 ≥ 1. Let y = β/α, so that |y|1 > 1 and |y|n < 1.

Now we induct on n: The above argument is the base case, so assume there exists w ∈ K such that
|w|1 > 1, and |w|j < 1 for j = 2, . . . , n− 1. Then if |w|n ≤ 1, take z = wmy with m≫ 0, and if |w|n > 1,
take z = wmy/(1 + wm) with m≫ 0. This z satisfies |z|1 > 1 and |z|j < 1 for j = 2, . . . , n.

Taking m→∞, we get

zm

1 + zm
−−−→
m→∞

{
1 in | · |1-norm,
0 in | · |j-norm, j = 2, . . . , n,

Doing this and getting zi for each i, we can take x = a1z1 + · · ·+ anzn.



Lecture 21

Mar. 25 — Completions of Number Fields

21.1 Absolute Values on Number Fields

Remark. Let K be a number field and p a nonzero prime ideal of OK . Then for α ∈ K×, we can define
the p-adic valuation vp(α) = ordp(α), where ordp(α) = k if (α) = pkI with I relatively prime to p, i.e.
I + p = (1). We can define the p-adic absolute value by |α|p = (Np)−vp(α), which is non-Archimedean.

If σ is a real embedding of K, then we can define |α|σ = |σ(α)|R, where | · |R is the usual absolute value
on R. Similarly, if {τ, τ} is a pair of conjugate complex embeddings, we can define ∥α∥{τ,τ} = |τ(α)|2C,
where | · |C is the usual absolute value on C.

Note that ∥ · ∥{τ,τ} is not actually an absolute value because it does not satisfy the triangle inequality,
we call it the normalized absolute value (it is squared so that the product formula works). We will write
∥ · ∥ to denote the normalized absolute value corresponding to an absolute value | · |.

Recall the following theorems that we stated last time:

Theorem 21.1 (Ostrowski for number fields). There is a one-to-one correspondence

{places of K}︸ ︷︷ ︸
MK=M0

K⊔M∞
K

←→ {nonzero prime ideals}︸ ︷︷ ︸
M0

K

∪{real embeddings} ∪ {pairs of complex embeddings}︸ ︷︷ ︸
M∞

K

.

Theorem 21.2 (Product formula). For each v ∈MK , let ∥ · ∥v be the corresponding normalized absolute
value. Then for each α ∈ K×, we have

∏
v∈MK

∥α∥v = 1.

Proof. We have ∏
v∈MK

∥α∥v =
∏

v∈M0
K

∥α∥v
∏

v∈M∞
K

∥α∥v = (|N(α)|)−1|N(α)| = 1.

Note that this is essentially the result that |N((α))| = |N(α)|.

21.2 Completions of Number Fields

Remark. We can complete K with respect to any non-Archimedean absolute value | · |p, and we obtain
a field Kp (note that this is not a localization). We also have the valuation ring

Ôp = {x ∈ Kp : |x|p ≤ 1} = p-adic completion of OK = lim←−(OK/p
n).

Note that Ôp is a local ring with unique maximal ideal m̂p = {x ∈ Kp : |x|p < 1}.
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Theorem 21.3. Let p = p ∩ Z. Then we have the following:

1. [Kp : Qp] <∞. In fact, [Kp : Qp] = e(p/p)f(p/p). Moreover, if K/Q is Galois, then so is Kp/Qp

and Gal(Kp/Qp) ∼= Dp/p in this case.

2. Ôp/m̂
k
p
∼= OK/p

k for all k ≥ 1 (a particular case is Zp/pZp
∼= Z/pZ).

Remark. An “explicit” description of Kp looks like the following: Take the coefficients S to be coset
representatives for OK/p (e.g. {0, 1, 2, . . . , p− 1}). Then for each x ∈ Kp, we have an expansion

x =
∞∑

m=−n

amπ
m, am ∈ S,

where we choose a uniformizer π ∈ p \ p2.

21.3 Hensel’s Lemma

Proposition 21.1. The element 2 is not a square in Q5.

Proof. If α2 = 2 for some α ∈ Q5, then |α|25 = |2|5 = 1, so |α|5 = 1 and thus we have α ∈ Z5. Then
α ∈ Z5/5Z5

∼= Z/5Z satisfies (α)2 = 2 in Z/5Z, which is a contradiction.

Proposition 21.2. The element −1 is a square in Q5. More precisely, x2 + 1 has 2 distinct roots in Z5,
where one root in Z5 is congruent to 2 mod 5 and the other is congruent to 3 mod 5.

Proof. Let α = a0 + a1 · 5 + a2 · 52 + . . . for ai ∈ {0, 1, . . . , 4}, and suppose α2 + 1 = 0. We must have
a0 = 2 or 3 mod 5 (these are the only solutions to x2 + 1 ≡ 0 (mod 5)).

Suppose a0 = 2 (check a0 = 3 as an exercise). Then α2 + 1 ≡ 0 (mod 52) implies

(2 + 5a1)
2 + 1 ≡ 5 + 20a1 ≡ 0 (mod 25),

so 1 + 4a1 ≡ 0 (mod 5), which gives a1 = 1. So α = 2+ 1 · 5 +O(52). Then α2 + 1 ≡ 0 (mod 53) implies
that (7 + 25a2)

2 + 1 ≡ 0 (mod 53), which means that

50 + 14 · 25a2 ≡ 0 (mod 125),

so 2− a2 ≡ 0 (mod 5), which gives a2 = 2. So α = 2 + 1 · 5 + 2 · 52 +O(53), and one can continue.

In general, let cn = a0 + a1 · 51 + · · ·+ an · 5n. Assume a0, a1, . . . , an have been computed. Then

(cn + an+1 · 5n+1)2 + 1 ≡ 0 (mod 5n+2),

so we get an+1 ≡ (1 + c2n)/5
n+1 (mod 5). This defines a solution to x2 + 1 = 0 in Z5 inductively.

Proposition 21.3 (Hensel’s lemma, version 2). Let K be a field which is complete with respect to a
non-Archimedean absolute value | · |. Suppose f ∈ R[x], where R is the valuation ring of K, and that
there exists α0 ∈ R such that |f(α0)| < |f ′(α0)|2. Define

αn+1 = αn −
f(αn)

f ′(αn)
.

Then αn → α for some α ∈ K with f(α) = 0, and |α− α0| ≤ |f(α0)/f
′(α0)

2| < 1.
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Proof. The idea is to check that {αn} is a Cauchy sequence and use the Taylor approximation

f(αn+1) = f(αn − ϵn) = f(αn)− f ′(αn)ϵn +O(ϵ2n) = O(ϵ2n),

where ϵn = f(αn)/f
′(αn) (note that f ′(αn)ϵn = f(αn)).

Remark. In practice, we will often choose α0 so that |f(α0)| < 1 and |f ′(α0)| = 1.

Example 21.0.1. Let f(x) = x2 + 1, α0 = 2, and K = Q5. Note that

|f(α0)| = 1/5 and |f ′(α0)| = |4|5 = 1,

so Hensel’s lemma gives a root with α ≡ α0 (mod 5) (this holds if and only if |α− α0|5 < 1).

Example 21.0.2. We can use Hensel’s lemma to show that Zp contains p− 1 different (p− 1)-th roots
of unity. We will solve the equation xp−1 = 1 in Zp. Let f(x) = xp−1 − 1, so that

f(x) ≡ (x− 1)(x− 2) . . . (x− (p− 1)) (mod p).

So by Hensel’s lemma, we have p− 1 distinct roots of f(x) in Zp, one for each element of (Z/pZ)×.

Theorem 21.4 (Baker). The world’s most complicated group (Z/pZ)× is cyclic.

Proof. Let µa be the root of unity in Zp corresponding to a ∈ (Z/pZ)×. There is a homomorphism

(Z/pZ)× −→ Q×
p

a 7−→ µa.

Let the image of this map be µ ⊆ Q×
p . Recall from Algebra I that any two splitting fields for f(x) over

Q are isomorphic, so Q(µ) ⊆ Qp and Q(ζp−1) ⊆ C are isomorphic. Thus µ is isomorphic to the p − 1
roots of unity µp−1 ⊆ C. But µp−1 = ⟨ζp−1⟩ = ⟨e2πi/(p−1)⟩ ⊆ C is cyclic, so µ ∼= (Z/pZ)× is also.



Lecture 22

Mar. 27 — Introductory p-adic Analysis

22.1 p-adic Analysis

Lemma 22.1. If K is a complete non-Archimedean field, then a series
∑∞

n=1 an with an ∈ K converges
in K if and only if an → 0.

Proof. We want |an + an+1 + · · ·+ am| < ϵ for n,m≫ 0, but

|an + an+1 + · · ·+ am| ≤ max{|ai|}

by the ultrametric inequality, so this happens if and only if an → 0.

Remark. The whole idea of analytic continuation breaks in p-adic analysis because the space is not
even connected. In fact, discs of the same radius are either disjoint or equal.

Definition 22.1. For a power series f(x) =
∑∞

n=0 anx
n, define its radius of convergence to be

R =
1

lim supn→∞ |an|1/n
.

Lemma 22.2. Let f(x) =
∑∞

n=1 anx
n be a power series and R its radius of convergence. Then f

converges on {z ∈ K : |z| < R} and diverges on {z ∈ K : |z| > R}. On {z ∈ K : |z| = R}, f either
converges everywhere or nowhere.

Lemma 22.3. Let bi,j ∈ K. If for all ϵ > 0, there exists M such that |bi,j| < ϵ when max{i, j} ≥ M ,
then the series

∑
i

∑
j bi,j and

∑
j

∑
i bi,j both converge and∑

i

∑
j

bi,j =
∑
j

∑
i

bi,j.

Theorem 22.1 (Strassmann’s theorem). Let f(x) =
∑∞

n=0 anx
n ̸= 0 and suppose that |an| → 0 (i.e. f

converges on D = {|x| ≤ 1}). Define N = N(f) by |aN | = maxn |an| and |an| < |aN | for n > N . Then
f(x) has at most N zeroes in D.

Proof. The proof is by induction on N . First consider the case N = 0, and suppose otherwise that
f(α) = 0 for some α ∈ D. Then we have

|a0| =

∣∣∣∣∣−∑
n≥1

anα
n

∣∣∣∣∣ ≤ max
n≥1
|an||α|n ≤ max

n≥1
|an < |a0|,
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which is a contradiction. Now let N ≥ 1. Suppose f(α) = 0 for some α ∈ D. Then for any β ∈ D,

f(β) = f(β)− f(α) =
∑
n≥1

an(β
n − αn) = (β − α)

∑
n≥1

n−1∑
j=0

anβ
jαn−1−j

︸ ︷︷ ︸
g(β)

.

Then g(x) =
∑∞

j=0 bjx
j, where bj =

∑∞
t=0 aj+1+tα

t. Then N(g) = N(f) − 1, so by induction g has at
most N − 1 zeroes in D, which implies that f has at most N zeroes in D.

Remark. We will often be interested in the case K = Qp and D = Zp. Note that Z ⊆ Zp and Zp is
bounded in the p-adic topology.

Remark. Strassmann’s theorem is a special case of Newton polygons.

Definition 22.2. For an integer n ≥ 0 and t ∈ Qp, define the binomial coefficients by
(
t
0

)
:= 1 and(

t

n

)
=
t(t− 1) · · · (t− n+ 1)

n!
, n > 0.

Lemma 22.4. If t ∈ Zp, then
(
t
m

)
∈ Zp.

Proof. We have
(
t
n

)
∈ Z for all t ∈ Z and

(
t
m

)
is continuous in t. Since Z is dense in Zp, |

(
t
m

)
|p ≤ 1 for

all t ∈ Z implies that |
(
t
m

)
|p ≤ 1 for all t ∈ Zp.

Theorem 22.2 (p-adic binomial theorem). Consider (1 + x)t.

1. If t ∈ N, then (1 + x)t =
∑t

n=0

(
t
n

)
xn. If t ∈ Z, then (1 + x)t =

∑∞
n=0

(
t
n

)
xn for x ∈ pZp (i.e.

|x|p < 1).

2. If |x|p < 1, then there exists Φx(t) =
∑∞

n=0 γnt
n ∈ QpJtK converging for all t ∈ Zp such that

Φx(t) = (1 + x)t for all t ∈ Z.

Proof. (2) Suppose first that t ∈ N. Then we have

(1 + x)t =
∞∑
n=0

t(t− 1) · · · (t− n+ 1)
xn

n!
.

Since |x|p ≤ 1/p, we have |xn/n!|p → 0 as n→∞, so we can rearrange the series to get

(1 + x)t =
∞∑
n=0

γnt
n

where γn = γn(x) ∈ Qp is independent of t and |γn|p → 0. See the notes for the case n < 0.

Exercise 22.1. Prove the following:

1. logp(1 + x) =
∞∑
n=1

(−1)n+1x
n

n
converges if and only if |x|p < 1.

2. expp(x) =
∞∑
n=0

xn

n!
converges if and only if |x|p < p−1/(p−1) (i.e. vp(x) ≥ 1/(p− 1)).

Remark. Note that exp : C→ C× is entire, while expp is not.
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22.2 Applications to Diophantine Equations

Example 22.2.1. We show that the only integer solution to x3 − 11y3 = 1 is (1, 0).

First note that if x3 − 11y3 = 1, then x − y 3
√
11 is a unit of norm 1 in Z[ 3

√
11]. Let α = 3

√
11. The

fundamental unit in Z[α] is u = 18α2 + 40α + 89, and v = 1/u = −2α2 + 4α + 1. Since every unit of
Z[α] with norm 1 is a power of v, we can write x− y 3

√
11 = vn for some n ∈ Z. We will show n = 0.

Note that 19 splits completely in K = Q(α), so equivalently, x3 − 11 has 3 distinct roots modulo 19. So
by Hensel’s lemma, we get α1, α2, α3 ∈ Z19 satisfying α3

i = 11. One can compute that

α1 = −3 + 5 · 19 +O(192),

α2 = −2 + 8 · 19 +O(192),

α3 = 5 + 6 · 19 +O(192).

The αi give 3 embeddings ψi : K → Q19. Let vi = ψi(v), which one can compute to be

v1 = 9 + 2 · 19 +O(192),

v2 = 4 + 0 · 19 +O(192),

v3 = 9 + 6 · 19 +O(192).

Since x− y 3
√
11 = vn, we have x− yαi = vni for i = 1, 2, 3, so

α1v
n
1 + α2v

n
2 + α3v

n
3 =

∑
i

(xαi − yα2
i ) = 0,

where we get α1 + α2 + α3 = α2
1 + α2

2 + α2
3 = 0 by looking at the coefficients of x3 − 11j. We continue

the rest of the argument next class.



Lecture 23

Apr. 3 — Applications of p-adic Analysis

23.1 Applications to Diophantine Equations, Continued

Example 23.0.1. Consider the Diophantine equation x3 − 11y3 = 1. Let K = Q(α) for α = 3
√
11 and

v = −2α2 + rα + 1 ∈ O×
K ,

where OK = Z[ 3
√
11]. Note that v is the reciprocal of the fundamental unit in OK .

Proposition 23.1. If x− y 3
√
11 = vn for some n ∈ Z, then n = 0.

Proof. We have previously found that there exists α1, . . . , α3 ∈ Q19 and v1, . . . , v3 ∈ Q19 such that

α1v
n
1 + α2v

n
2 + α3v

n
3 = 0. (∗)

(We did this by consider the three embeddings σi : K ↪→ Q19, and setting vi = σi(v), αi = σi(α).) Note
for x, t ∈ Zp, we can expand (1 + px)t via a power series in t:

(1 + px)t =
∞∑
n=0

γnt
n, γn ∈ Qp.

Multiply both sides of (∗) by vn2 vn3 to get (note that v1v2v3 = NK/Q(v) = 1 since v ∈ O×
K)

α1 + α2β
n
2 + α3β

n
3 = 0,

where β2 ≡ 11 (mod 19) and β3 ≡ 1 (mod 19). Taking the above equation mod 19, we obtain

α1 + α211
n + α3 ≡ 0 (mod 19)

Recall that α1 ≡ −3 (mod 19), α2 ≡ −2 (mod 19), and α3 ≡ 5 (mod 19), so

2− 2 · 11n ≡ 0 (mod 19),

which gives 11n ≡ 1 (mod 19). This implies that 3|n. Then we have

α1 + α2(β
3
2)

m + α3(β
3
3)

m = 0. (∗∗)

One can calculate that β3
2 = 1 + 7 · 19 +O(192) and β3

3 = 1 + 11 · 19 +O(192), so

α1 + α2(β
3
2)

m + α3(β
3
3)

m =
∞∑
i=1

γim
i = (−2 · 7 + 5 · 11) · 19m ≡ 3 · 19m (mod 192).

This yields N = 1 in Strassmann’s theorem, so it implies that there is at most one zero in Z19. We know
that m = 0 is a root, so it must be the only one. So m = 0 is the only solution of (∗∗).
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Example 23.0.2. Consider the equation 2x2 + 1 = 3m. We can observe the solutions

(x,m) = (±2, 2), (±1, 1), (0, 0), (±11, 5).

Theorem 23.1. The above pairs (x,m) are the only integer solutions to 2x2 + 1 = 3m.

Proof. Let K = Q(
√
−2) and α = 1 + x

√
−2, so the equation becomes N(α) = 3m. Note that Z[

√
−2]

is a PID, and (3) = (1 +
√
−2)(1−

√
−2) = (β1)(β2), where 1±

√
−2 are irreducible. Then

α = ±βm1
1 βm2

2

since αα = N(α) ∈ (3). Note that we have TrK/Q(α) = α+ α = 2, so

βm1
1 βm2

2 + βm1
2 βm2

1 = 2.

So by symmetry, we can assume without loss of generality that m1 ≤ m2. Factoring out βm1
1 βm1

2 = 3m1 ,

3m1(βm2−m1
2 + βm2−m1

1 ) = ±2 ∈ Z[
√
−2].

This implies m1 = 0, so we have the equation βm
1 + βm

2 = ±2 with m = m2. Now we want to embed K
into a suitable Qp. Note that β1, β2 are roots of the polynomial

f(y) = y2 − 2y + 3,

which splits mod p for p = 11. We have β1 ≡ 9 (mod 11) and β2 ≡ 4 (mod 11), each of which satisfy
β5
i ≡ 1 (mod 11). Let m = 5t+ k for k ∈ {0, 1, 2, 3, 4}, and we get

βk
1 (β

5
1)

t + βk
2 (β

5
2)

t = ±2.

Looking at the equation mod 11, only k = 0, 1, 2 give solutions. Let λi = β5
i − 1 ∈ 11Z11. For k = 0,

(1 + λ1)
t + (1 + λ2)

t − 2 = 0,

so expanding this as a power series in t, we find

0 = (1 + λ1)
t + (1 + λ2)

t − 2 =

(
1 + λ1 + λ21

(
t

2

)
+ · · ·

)
+

(
1 + λ2 + λ22

(
t

2

)
+ · · ·

)
= (λ1 + λ2)t+ (λ21 + λ22)

(
t

2

)
+ · · ·

which converges for |t|11 ≤ 1. Computing the power series explicitly, we get

0 = (7 · 112 + 10 · 113 + 10 · 114)
(
t

2

)
+ (8 · 114)

(
t

4

)
+O(115) = γ1t+ γ2t

2 + γ3t
3 + · · · ,

where |γ1|11 = |γ2|11 = 11−2 and |γn|11 ≤ 11−4 for n ≥ 3. The Strassmann bound is N = 2, so there are
at most 2 solutions for k = 0. This implies 5|m, which corresponds to the solutions (0, 0) and (±11, 5).

One can compute that the Strassmann bounds for k = 1 and k = 2 are both N = 1, so there are at most
4 solutions in total. We already have solutions with 4 distinct m, so they must be all of them.
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23.2 Applications to Linear Recurrences

Remark. Note that βn
1 + βn

2 = ±2 for β1, β2 roots of x2 − 2x + 3 is equivalent to solving the linear
recurrence an = ±2 with a0 = a1 = 2 and an+2 = 2an+1 − 3an for n ≥ 2.

In general, suppose an is a linear recurrence over a field K. Choose some c ∈ K, and we want to solve
an = c. Assume that charK = 0. Then we have the following result:

Theorem 23.2 (Skolem-Mahler-Lech). In the above setting, either an = c has finitely many solutions,
or an = c for all n in some arithmetic progression.

Proof. We sketch the main idea of the proof. We embed K into a suitable Qp using the following result:

Theorem (Cassels-Lech embedding theorem). LetK/Q be a finitely generated field extension
and C be a finite set of elements of K×. Then there are infinitely many primes p such that
(1) there is an embedding σ : K ↪→ Qp, and (2) |σ(c)|p = 1 for all c ∈ C.1

A similar argument as before works in this setting due to the above two properties.

Remark. In fact, a stronger result is true: The solutions to an = c form a finite union of arithmetic
progressions. However, the result does not hold for charK ̸= 0: Consider K = Fp(t) and

an = (t+ 1)n − tn,

then an = 1 if and only if n = pk for some k.

Theorem 23.3 (Baker-Demarco). Fix any a, b ∈ C with a ̸= ±b. Then the set

{c ∈ C : a and b both have finite orbit under z 7→ z2 + c}.

is finite.

Theorem 23.4 (Monsky). There is no odd equi-area dissection of a square.

Remark. The proof of the two above theorems have similar flavors using p-adic analysis.

1See Cassels’s Local Fields for a proof of this theorem.



Lecture 24

Apr. 10 — Guest Lecture: Gauss Sums

24.1 Quadratic Gauss Sums

Definition 24.1. Let p be a prime. A quadratic Gauss sum is a sum of the form

Gp =

p∑
n=1

(
n2

p

)
, e(x) = e2πix, x ∈ R.

Exercise 24.1. Show that |Gp|2 = p.

Remark. Gauss famously determined that Gp only takes two values:

Gp =

{√
p if p ≡ 1(4),

i
√
p if p ≡ 3(4).

Note that Gp are really p-adic analogues of the Gaussian integral:∫ ∞

0

e
(a
2
u2 + bu

)
du, a ∈ Z \ {0}, b ∈ Z.

The Gaussian integral is at the infinite place, whereas Gp are at the p-adic places. Dirichlet used Poisson
summation (from Fourier analysis) to evaluate Gp using the Gaussian integral.

24.2 Cubic Gauss Sums

Definition 24.2. Let p ≡ 1 (mod 3) be a prime. A cubic Gauss sum is a sum of the form

Sp =

p∑
n=1

e

(
n3

p

)
.

We work in the Eisenstein fields Z[ω] ⊆ Q(ω), where ω = e2πi/3 satisfies ω2 + ω + 1 = 0. Note that

p = ππ, π a prime in Q(ω).

Remark. One can see that

Sp

2
√
p
= Re g̃3(π), g̃3(π) =

1√
N(π)

∑
x (mod π)

(x
π

)
3
ě
(x
π

)
, ě(x) = e2πi(z+z).
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Kummer in 1846 observed that for p ≤ 500, the values of g̃3(π) are distributed in a ratio of 1 : 2 : 3 for
the left quarter of the unit circle, the top and bottom quarters, and the right quarter. After Kummer,
however, the problem remained untouched for around 100 years.

Later on, the ENIAC (a 1700-vacuum tube computer) at the IAS changed the game. In 1953, von
Neumann, Goldstine, and Selberg computed the ratio to be 2 : 3 : 4. Lehmer in 1956 changed this to
3 : 4 : 5, and Cassels in 1969 led mathematicians to believe that the values were equidistributed.

Conjecture 24.0.1 (Folklore). The cubic Gauss sums g̃3(π) are equidistributed on the unit circle as
N(π)→∞, for π ≡ 1 (mod 3) prime.

Conjecture 24.0.2 (Patterson, 1978). One has∑
π∈Z[ω]

π≡1(3),N(π)≤x

g̃3(π) ∼
2(2π)2/3

5T (2/3)
· x

5/6

log x
.

Remark. In the same paper, Patterson established the x5/6-bias over all Eisenstein integers.

24.3 Automorphic Forms

Remark. One can see a connection between Gauss sums and automorphic forms. Kubota (1969,
1971) considered automorphic forms on the 3-fold cover of SL2(AQ(ω)), i.e. functions F : H3 → C with
∆F = λF and

F

((
a b
c d

)
w

)
≈

( c
a

)
3
F (w),

(
a b
c d

)
∈ SL2(Z[ω]),

such that F is an eigenfunction of the Hecke operator: Tπ3F = λπ3F . Also let w = (z, v) ∈ H3.

Example 24.2.1. Consider cubic Eisenstein series E3(w, s), which have a pole at s = 4/3, and define

Θ3(w) = Ress=4/3E3(w, s)

to be the cubic theta function. One can expand this function via

Θ3(w) =
35/2

2
v2/3 +

∑
µ∈Z[ω]

τ3(µ)vK1/3(4π|µ|v)ě(µz)

Patterson (1977) determined that τ3(µ) = g̃3(µ) via a Hecke converse argument. Note that this gives
access to a functional equation. The 5/6-bias is a consequence of the translation 4/3− 1/2 = 5/6.

Theorem 24.1 (Heath-Brown-Patterson, 1979). The Folklore conjecture is true.

Theorem 24.2 (Heath-Brown, 2000). For any ϵ > 0, we have∑
π∈Z[ω]

π≡1(3),N(π)≤x

g̃3(π)≪ϵ x
5/6+ϵ, as x→∞.

Remark. Note that the Heath-Brown result falls short of the Patterson conjecture by xϵ.

Theorem 24.3 (Dunn-Radziwitt, 2021/2024). Patterson’s conjecture is true under GRH for Hecke
L-functions over Q(ω).
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24.4 Detecting Primes

Remark. Vaughan’s identity says that

−ζ
′

ζ
= F − ζFG− ζ ′G+

(
−ζ

′

ζ
− F

)
(1− ζG),

where
F (s) =

∑
m≤u

Λ(m)m−s, G(s) =
∑
d≤v

µ(d)d−s.

where Λ is the von-Mangoldt function. One can use this to write

Λ = Λ≤u − u≤v ∗ Λ≤u ∗ 1 + µ≤v ∗ log +µ>v ∗ Λ>u ∗ 1.

This means that we can convert sums over primes to multilinear sums, i.e. sums of the form

∗∑
N(a)∼A
N(b)∼B

αaβbg̃3(ab), αa, βb ∈ C, |αa|, |βb| ≤ 1.

Note that g̃3 is not multiplicative, but we have

g̃3(ab) = g̃3(a)g̃3(b)
(a
b

)
3
.

By absorbing g̃3(a), g̃3(b), we can convert the sums to be of the form

∗∑
N(a)∼A
N(b)∼B

αaβb

(a
b

)
3
.

Applying Cauchy-Schwarz, one ends up with a sum of the form

∗∑
N(a)∼A

∣∣∣∣∣∣
∗∑

N(b)∼B

βb

(a
b

)
3

∣∣∣∣∣∣
2

. (∗)

One can approach this with a cubic large sieve, and Heath-Brown showed that

∗∑
N(a)∼A

∣∣∣∣∣∣
∗∑

N(b)∼B

βb

(a
b

)
3

∣∣∣∣∣∣
2

≪ (AB)ϵ(A+B + (AB)2/3)∥β∥22,

where the A in the middle term comes from square-root cancellation and B comes from orthogonality.
The (AB)2/3 term was the reason that Heath-Brown was stuck at 5/6 + ϵ. For a long time, people
believed that (AB)2/3 could be improved, but it turns out that it is actually sharp. Instead, to achieve
5/6, one must remove a main term in the inner sum of (∗).
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Apr. 15 — Class Field Theory

25.1 Introduction to Class Field Theory

Remark. The following are goals of class field theory :

1. Classify all (finite) abelian extensions of a number field K.

2. Describe Gal(Kab/K), where Kab is the maximal abelian extension of K (in some fixed K).

Lemma 25.1. If L1/K, L2/K are both abelian, then L1L2/K is also abelian.

Proof. By Galois theory, Gal(L1L2/K) ≤ Gal(L1/K)×Gal(L2/K), which is abelian.

Theorem 25.1 (Kronecker-Weber). Qab = Q(ζ∞) =
⋃

m Q(ζm), i.e. every finite abelian extension of Q
is contained in a cyclotomic extension Q(ζm) for some m.

Remark. Part of the motivation for class field theory is to generalize this result to other K.

What is Gal(Qab/Q) (this is an infinite extension)? The answer is that it is the inverse limit

lim←−Gal(Q(ζm)/Q) = lim←−(Z/mZ)× = Ẑ× =
∏

p prime

Z×
p .

Note that Z×
p
∼= Z/(p− 1)Z× Zp for p odd and Z×

2
∼= Z/2Z× Z2.

Example 25.0.1. Hilbert studied unramified abelian extensions of number fields. For K = Q, the
maximal unramified (abelian) extension is just Q itself. For K = Q(

√
−1),Q(

√
−2),Q(

√
−3), the

maximal unramified abelian extensions are also just K itself. For K = Q(
√
−5), however, the extension

Q(
√
−5,
√
−1)/Q(

√
−5)

is abelian (it is quadratic) and also unramified everywhere. For K = Q(
√
−31), one can show K has

class number 3. Letting α be a root of x3 + x+ 1 (which has discriminant −31), the extension K(α)/K
is abelian of degree 3 and unramified everywhere.

Hilbert conjectured that this is part of a more general phenomenon. However, K = Q(
√
3) has trivial

class group, but the extension
Q(
√
3,
√
−1)/Q(

√
3)

is abelian and unramified at p for all primes p. This seeming contradiction is resolved by noting that the
extension is “ramified at ∞” (each real embedding of K extends to only a single complex embedding of
L = Q(

√
3,
√
−1)). We want to consider this scenario to have ramification index e = 2.
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Definition 25.1. An extension L/K is ramified at an infinite place v of K if there exists a complex
place w of L lying over v.

Theorem 25.2 (Hilbert?). If K is a number field, then the maximal abelian extension H of K which is
unramified at all places (including the infinite ones) is finite and Gal(H/K) ∼= Cl(K).

Definition 25.2. The field H in the above theorem is called the Hilbert class field.

25.2 Applications of the Hilbert Class Field

Theorem 25.3. A prime ideal p of OK splits completely in H if and only if p is principal (if and only
if the Frobenius element in Gal(H/K) is trivial, i.e. Frobp = {1}).

Proof. The map (let IK be the set of fractional ideals of OK)

IK −→ Gal(H/K)

p 7−→ Frobp

is surjective with kernel PK (the set of principal ideals of OK), so IK/PK
∼= Gal(H/K).

Example 25.2.1. The rational primes that split completely in L = Q(
√
−5,
√
−1) are p ≡ 1, 9 (mod 20).

Let K = Q(
√
−5), and note that p also has to split in K. Then for a prime pi of OK lying over p, we

have N(pi) = p, and if pi must be principal since it splits completely in L. Writing pi = (x+ y
√
5), we

find that x2 + 5y2 = p for some x, y ∈ Z. This proves the following statement:

Let p be a prime. Then p ≡ 1, 9 (mod 20) if and only if p = x2 + 5y2 for some x, y ∈ Z.

See D. Cox’s Primes of the form x2 + ny2 for more details.

Remark. Kummer considered K = Q(ζp), and the subfield fixed by complex conjugation is

Q(ζp)
+ = Q(ζp + ζ−1

p ).

This can be shown using Gaussian periods. The extension Q(ζp)
+/Q(ζp) is ramified only at ∞.

Theorem 25.4 (Kummer). hK+|hK , where hK denotes the class number of K and K+ is the subfield of
K fixed by complex conjugation.

25.3 Galois Theory for Infinite Extensions

Definition 25.3. Let L/K be normal, separable, and algebraic (but not necessarily finite), i.e. for every
α ∈ L×, its minimal polynomial fα ∈ K[x] splits into distinct linear factors. We say L/K is Galois, and
define its Galois group as

G = Aut(L/K) = Gal(L/K).

Remark. If L/K is finite, then there is a bijection between intermediate extensions L/K and subgroups
of G. If [L : K] =∞, given an intermediate field L ⊆ M ⊆ K, we can still have H = Gal(L/M) ≤ G
and LH =M . But not every subgroup H occurs in this manner.

The solution is to put a topology on G, and then we get a bijection between intermediate fields and
closed subgroups of G (the topology is essentially defined to make this true).
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Definition 25.4. A basis of open subsets of G consists of cosets gH, where H is a normal subgroup of
the form Gal(L/M) for some finite Galois extension M/K. This defines the Krull topology on G.

Remark. In the finite setting, the Krull topology is discrete, which recovers finite Galois theory.

Remark. One can show that (in this case, ∼= denotes homeomorphism)

Gal(L/K) ∼= lim←−
M/K finite Galois,

K⊆M⊆L

Gal(M/K)︸ ︷︷ ︸
discrete topological space

.

The Krull topology is the smallest one such that the maps Gal(L/K)→ Gal(M/K) are continuous.

Proposition 25.1. G = Gal(L/K) is a compact Hausdorff topological group.

Remark. The Galois group Gal(L/K) is a profinite group, i.e. an inverse limit of finite groups. One
gets a bijection between intermediate extensions L ⊆M ⊆ K and closed subgroups of G, as well as a
bijection between finite extensions M/K and open subgroups of G (which also happen to be precisely
the closed subgroups of finite index in G).

Note that if H ≤ G is open, then {gH} is an (disjoint) open cover of G. By compactness, we must have
[G : H] <∞. Since Hc is the union of non-trivial cosets of H (which are open since H is), we get that
Hc is open, hence H is a closed subgroup of finite index.

Example 25.4.1. Let K = Fq and L = Fq. Then Gal(L/K) ∼= Ẑ = lim←−(Z/nZ)
∼=

∏
p prime Zp. There is

a canonical generator 1 ∈ Ẑ, which corresponds to Frobq under the isomorphism. Note that

Fq =
∞⋃
n=1

Fqn ,

and open subgroups of Ẑ (of finite index) are of the form nẐ for n ≥ 1.

Remark. Next time, we will generalize this idea to K a finite extension of Qp (a local field). We will
define the Artin homomorphism

Θ : K× −→ Gal(Kab/K)

which is “almost” an isomorphism. This will give bijections between open subgroups of K× of finite
index, open subgroups of Gal(Kab/K) of finite index, and finite abelian extensions K ⊆ L ⊆ Kab.
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Apr. 17 — Class Field Theory, Part 2

26.1 Local Class Field Theory

Definition 26.1. Let G be a topological group. Its profinite completion is

Ĝ = lim←−
U

G/U,

where U ranges over the open normal subgroups of G of finite index, and G/U is given the discrete
topology. The universal property of the profinite completion is that any map from G to a profinite group
H factors uniquely through the profinite completion Ĝ.

Remark. The finite-index open normal subgroups of G are in bijection with the finite-index open normal
subgroups of its profinite completion Ĝ.

Example 26.1.1. We have Ẑ = lim←−n
(Z/nZ).

Theorem 26.1. Let K be a local field (i.e. a finite extension K/Qp or K/R, or equivalently, kv for a
number field k and a place v of k). Then there exists an injective homomorphism

Θ : K× −→ Gal(Kab/K)

which induces an isomorphism K̂× ∼=−→ Gal(Kab/K).

Remark. What does K̂× look like? If K is Archimedean, then either K = C or K = R. If K = C, then
the left-hand side is Ĉ× = lim←−C×/C× = {1} (since C× has no non-trivial finite-index open subgroups)
and the right-hand side is also {1} (since C is algebraically closed). For K = R, the left-hand side is
Z/2Z (there is a non-trivial open subgroup R>0), and the right-hand side is Gal(C/R) ∼= Z/2Z.

If K is non-Archimedean, then K× ∼= Z×O×
K since there is a split exact sequence

0 OK K× Z 0
vp

where vp : K
× → Z is the p-adic valuation. So we get that (note that O×

K is already profinite)

K̂× ∼= Ẑ×O×
K
∼=

∏
p

Zp ×O×
K .

We also have the following:

0 O×
K K× Z 0

0 Gal(Kab/Kunr) Gal(Kab/K) Gal(Kunr/K) 0

Θ

vp

83
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where Gal(Kunr/K) ∼= Gal(k/k) ∼= Ẑ. For π ∈ OK with v(π) = 1, i.e. π is a uniformizer, Θ(π) is the
Frobenius automorphism. Also, Θ(O×

K) = Gal(Kab/Kunr), which is the inertia subgroup of G.

Theorem 26.2. Let L/K be a finite abelian extension, and ΘL/K be the composite map

K× Gal(Kab/K) Gal(L/K)

Then ΘL/K is surjective, and kerΘL/K = NL/K(L
×) ≤ K×. In particular, K×/NL/K(L

×) ∼= Gal(L/K).

Theorem 26.3 (Local class field theory). There is an inclusion-reversing correspondence between the
finite abelian extensions of a local field K and finite-index open subgroups of K× given by

L/K abelian NL/K(L
×)

26.2 Adeles and Ideles

Definition 26.2. Let K be a number field. For a place v of K, note that the completion Kv is a
local field, and let Ov be the valuation ring in Kv (in the non-Archimedean case, or Kv itself in the
Archimedean case). Define the adele ring of K to be (

∏′ denotes the restricted product)

AK =
′∏
v

(Kv,Ov) =

{
(av) ∈

∏
v

Kv : av ∈ Ov for all but finitely many v

}
.

Consider the basis of open neighborhoods of 0 given by
∏

v Uv, where Uv is open in Kv and Uv = Ov for
almost all v. This turns AK into a topological ring.

Theorem 26.4. The adele ring AK is locally compact.

Remark. Note that it is important for AK to be locally compact, e.g. for harmonic analysis. Also,
there is an embedding K ↪→ AK given by v 7→

∏
v αv, where iv(α) = αv for the inclusion iv : K ↪→ Kv.

Theorem 26.5. K is discrete in AK, and AK/K is compact.

Example 26.2.1. Consider the case Z ↪→ R, where Z is discrete and R/Z is compact.

Definition 26.3. The group of ideles of K is JK = A×
K =

∏′
v(K

×
v ,O×

v ). We take a basis of open
neighborhoods of 1 to be

∏
v Uv for open Uv ⊆ K×

v , such that Uv = O×
v for almost all v. Note that this

is not the subspace topology from A×
K ⊆ AK .

Theorem 26.6. JK is a locally compact abelian topological group.

Definition 26.4. There is a norm ∥ · ∥ : JK → R>0 given by ∥α∥ =
∏

v ∥αv∥v, where ∥ · ∥v : Kv → R>0.
The product formula says that K× ⊆ J1

K (the ideles of norm 1). Define the quotient JK/K
× = CK to be

the idele class group of K, and J1
K/K

× = C1
K ≤ CK .

Theorem 26.7. C1
K is compact.

Proof. This follows from the finiteness of Cl(OK) and Dirichlet’s unit theorem.

26.3 Global Class Field Theory

Remark. Chevalley realized that adeles and ideles give a natural way to state global class field theory.
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Remark. In global class field theory, CK will play that role that K× played in local class field theory.

Theorem 26.8 (Artin). There exists a homomorphism

Θ : CK −→ Gal(Kab/K)

inducing an isomorphism ĈK

∼=−→ Gal(Kab/K).

Remark. How do we define the global Artin map Θ? Pick L/K finite abelian. Define a map

ΘL/K : JK −→ Gal(L/K)

(av) 7−→
∏
v

Θv(av),

where Θv is the local Artin map. Note that if v is unramified in L and av ∈ O×
v , then Θv(av) = 1, so the

above product is indeed well-defined. Then take the inverse limit over all such L, and we get a map

Θ : JK −→ Gal(Kab/K).

Theorem 26.9 (Artin’s reciprocity law). K× ⊆ kerΘ, i.e. for all α ∈ K×, we have
∏

v Θv(α) = 1.

Example 26.4.1. Let p, q be distinct odd primes, and K = Q, L = Q(
√
p∗) for p∗ = p(−1)(p−1)/2. Then

for α = q, Artin’s reciprocity law says (
p∗

q

)(
q

p∗

)
= 1,

which recovers the law of quadratic reciprocity.

Theorem 26.10 (Global class field theory). There is a bijection between the open finite-index subgroups
of CK and the finite abelian extensions of K given by the inclusion-reversing correspondence

NL/K(CL)←→ L.
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27.1 Ray Class Fields

Definition 27.1. Let K be a number field. A modulus is a formal product

m =
∏

v∈MK

vev , ev ∈ Z≥0,

where ev = 0 for almost all v, ev = 0 for v complex, and ev ∈ {0, 1} for v real. So m corresponds to a
pair (I, S), where I =

∏
p p

ep and S is a subset of the real places.

Remark. Fix a modulus m, and we will define a subgroup Um ≤ JK . This will give a subgroup

U ′
m ≤ CK = JK/K

×,

which will be an open subgroup of finite index. Thus U ′
m corresponds to a finite abelian extension Rm/K,

which is called the Ray class field of modulus m. By construction, Rm/K will ramify only at places of K
in supp(m), and Gal(Rm/K) ∼= CK/U

′
m, which is some kind of generalized ideal class group. For m = 1,

the Ray class field R1 is just the Hilbert class field, and CK/U
′
1 = Cl(OK).

Definition 27.2. Let m be a modulus. Define Um,v as follows:

1. if ev = 0, then set Um,v = O×
v ;

2. if ev > 0 and v is non-Archimedean, then set Um,v = 1 + pevv , where pv is the maximal ideal in Ov;

3. if ev > 0 and v is Archimedean (so v is real), then set Um,v = R>0 ⊆ K×
v = R×.

Define Um =
∏

v Um,v.

Lemma 27.1. Every open subgroup of finite index in CK contains some U ′
m.

Corollary 27.0.1. Every finite abelian extension of K is contained in some Ray class field.

Proof. Any finite abelian extension L/K corresponds to a subgroup H ≤ CK . Then H contains U ′
m, so

L/K lies in the corresponding Ray class field Rm/K.

Corollary 27.0.2 (Kronecker-Weber). Every finite abelian extension of Q lies in a cyclotomic field.

Proof. If m = m ≥ 1, then Rm = Q(ζm), and if m = m · ∞, then Rm = Q(ζm)
+,

Definition 27.3. Define Im to be the fractional ideals coprime to m and Pm = {(a) : a ≡ 1 (mod×m)},
where a ≡ 1 (mod×m) means that a ∈ Um,v for all v ∈ supp(m). Define Clm(OK) = Im/Pm.

86
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Proposition 27.1. Clm(OK) ∼= CK/U
′
m.

27.2 Artin Reciprocity

Definition 27.4. Let K be a number field and L/K a finite abelian extension. Let S be the set of
ramified places, and let IS be the set of fractional ideals coprime to S. Define the Artin map by

ΘL/K : IS −→ Gal(L/K)

p 7−→ Frobp

Proposition 27.2 (Artin reciprocity). There exists a modulus m = m(L/K) with supp(m) = S such
that Pm ⊆ kerΘL/K.

Remark. The primes of OK that split completely in Rm (i.e. Frobp is trivial) are exactly those in Pm.

Proposition 27.3 (Existence theorem). Given a modulus m and Pm ⊆ H ⊆ Im, then there exists an
abelian extension L/K which is unramified outside of supp(m), such that kerΘL/K = H.

Example 27.4.1. Let K be a number field and L/K an abelian extension. Then K ⊆ L ⊆ Rm for some
Ray class field Rm, and how a prime p in K splits in L and Rm can be related to produce a reciprocity
law. Note that this is similar to how we proved quadratic reciprocity, where we compared how a prime
splits in a quadratic extension and a cyclotomic extension.

Definition 27.5. Let p be a prime or ∞, and a, b ∈ Q×
p (where Q∞ = R). Define the Hilbert symbol

(a, b)p =

{
1 if z2 = ax2 + by2 has a nontrivial solution in Qp,

−1 otherwise.

This defines a map (a, b)p : Q×
p /(Q×

p )
2 ×Q×

p /(Q×
p )

2 → {±1}. See Serre’s A Course in Arithmetic.

Theorem 27.1. The pairing (a, b)p is bi-multiplicative (i.e. (a, b1b2)p = (a, b1)p(a, b2)p), symmetric, and
non-degenerate (i.e. if (a, b)p = 1 for every b, then a ∈ (Q×

p )
2).

Corollary 27.1.1. b ∈ Q×
p is a norm from all quadratic extensions of Qp if and only if b ∈ (Q×

p )
2.

Proof. Suppose b is a norm from Qp[
√
a] for all a ∈ Q×

p , so b = z2 − ax2 has a solution in Qp. Then

z2 = ax2 + by2

has a nonzero solution, which means (a, b)p = 1 for all a ∈ Q×
p . By non-degeneracy, b ∈ (Q×

p )
2.

Remark. Using quadratic reciprocity, Serre shows that
∏

p≤∞(a, b)p = 1 for all a, b ∈ Q×. In fact, this
statement is equivalent to quadratic reciprocity: Suppose p ̸= q are distinct odd primes. Then

(p, q)p =

(
q

p

)
and (p, q)q =

(
p

q

)
.

Furthermore, (p, q)ℓ = 1 if ℓ ̸= 2, p, q,∞, (p, q)∞ = 1, and (p, q)2 = (−1)(p−1)(q−1)/4.

Theorem 27.2. Let K be a local field containing µn. If b ∈ K× is contained in NL/K(L
×) for every

cyclic extension L/K of degree dividing n, then b ∈ (K×)n.
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Remark. The modern interpretation of the above theorem is that if L/K is cyclic, then

K×/NL/K(L
×) ∼= H2(Gal(L/K), L×).

Definition 27.6. Let K be a local field and a, b ∈ K×. Then define the local Hilbert symbol

(a, b)K =
ΘK(b)( n

√
a)

n
√
a

∈ µn,

where ΘK(b) ∈ Gal(Kab/K).

Theorem 27.3. The Hilbert symbol (a, b)K satisfies the following properties:

1. (b, a)K = (a, b)−1
K ;

2. (a, b)K is bi-multiplicative;

3. (a, b)K is non-degenerate.

Definition 27.7. Let K be a number field. The global Hilbert symbol is given by

(a, b)K =
∏
v

(a, b)Kv ∈ µn, a, b ∈ K×/(K×)n.

Theorem 27.4 (Hilbert reciprocity). (a, b)K = 1 for all a, b ∈ K×, i.e.
∏

v(a, b)Kv = 1.

Proposition 27.4. Let p be an odd prime, n = 2, and a, b ∈ Q×
p . Then the following are equivalent:

1. (a, b)p = 1 in Serre’s sense;

2. X2 − aY 2 − bZ2 represents 0 in Qp;

3. b is a norm from Qp(
√
a);

4. ΘQp(
√
a)/Qp

(b) = 1;

5. X2 − aY 2 − bZ2 + abW 2 represents 0 in Qp;

6. the quaternion algebra A−1(a, b) is split, i.e. A−1(a, b) ∼= M2(Qp).

27.3 Brauer Groups

Definition 27.8. Given a, b ∈ K×
v and a fixed ζ ∈ µn, define a central simple algebra Aζ(a, b) over Kv

with generators i, j and relations in = a, jn = b, and ij = ζji.

Example 27.8.1. The algebra A−1(−1,−1) is the usual Hamilton quaternion algebra HR.

Definition 27.9. Define the Brauer group as Br(Kv) = {central simple algebras over Kv}/∼, and

(a, b)v = ζ−[Aζ(a,b)].

Remark. One has Br(Kv) ∼= H2(Gal(Kab
v /Kv), (K

ab
v )×).

Remark. There is a cohomological interpretation of the statement
∏

v(a, b)v = 1 via Brauer groups.
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27.4 Applications to Fermat’s Last Theorem

Remark. Let p be an odd prime and ζ = ζp. Factor the equation xp + yp = zp (let x, y, z be coprime
and p ∤ xyz; recall that this is the first case of Fermat’s last theorem) as

p−1∏
i=0

(x+ ζ iy) = (z)p.

Then the ideal (α) is a pth power, where

α =
x+ ζy

x+ y
= 1− yπ

x+ y
, π = 1− ζ.

Theorem 27.5. If q|xyz is prime, then qp−1 ≡ 1 (mod p2).

Proof. Let K = Q(ζp), β = qp−1, and α = 1− yπ/(x+ y). Then the power reciprocity law says

1 =

(
β

α

)
p

(
α

β

)−1

p

= ζ
TrK/Q(η)
p , η =

β − 1

p
· α− 1

π

where both symbols are 1 in this case. One can compute that

TrK/Q(η) =
qp−1 − 1

p
· (p− 1)

−y
x+ y

,

so p must divide (qp−1 − 1)/p, which implies p2|(qp−1 − 1).

Remark. For q = 2, this is Wieferich’s criterion, and for q = 3, this is Mirimanoff’s condition.

Remark. Only two primes (1093 and 3511) below 3× 109 satisfy 2p−1 ≡ 1 (mod p2). Neither of these
two primes also satisfy the congruence 3p−1 ≡ 1 (mod p2).

Remark. Class field theory can also be considered as studying 1-dimensional representations of the
Galois group GK = Gal(K/K). The Langlands program studies n-dimensional representations of GK .
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