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Lecture 1

Jan. 7 — Motivation for Algebraic Number
Theory

1.1 Motivation: Fermat’s Last Theorem

Theorem 1.1 (Fermat’s last theoremED. " +y" = 2" has no nonzero integer solutions when n > 3.

Remark. The n = 3 case was solved by Euler, and the n = 4 case was solved by Fermat. So we will
assume n > 5. We can also assume n is prime, since if n = pm, then we can instead consider

(&™) + (y™)" = (z")".

Thus any nonzero solution to ™ 4+ y™ = z" also yields a nonzero solution to 2P + y? = 2P. Solet p > 5
be prime, and let ¢ = ¢, be a primitive pth root of 1. Then consider

2 +yf = (z+y) (e +Cy)(z+ Cy) . (2 + Ply) = 2P
Note that z + ¢’y € Z[¢] C C. Let us pretend for the moment that Z[(] is a UFDP| One can check that
ged(z + Ty, z +(Fy) =1
whenever j # k. If Z[(] were a UFD, then we could conclude that
x4y = ua?
for some u € Z[¢]* and a € Z[(] E] For the sake of illustration, suppose u = +¢’ for some j. Then
a=ay+a+--+ ap_ggp_Q

for a; € Z. This gives
oz”:a0+a1+--~+ap,2 (modp),

using Fermat’s little theorem, (? = 1, and the binomial theorem. So a” = a (mod p) with z € Z, and
r 4y =%al’ (mod p)

for some 0 < j < p— 1. Note that (P7!' = —(1 4+ ( + -+ + ¢P72), and one can check as an exercise that
this implies p|x or p|y. This would have proved the “first case” of Fermat’s last theorem.

IThis problem was finally resolved by Wiles-Taylor in 1995.
2Tt is far from it, and this is likely the mistake that Fermat originally made.
3In a UFD, if a product of relatively prime elements is a pth power, then each factor must itself be a pth power.
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LECTURE 1. JAN. 7 — MOTIVATION FOR ALGEBRAIC NUMBER THEORY 5

Remark. However, Kummer (c. 1850) observed that Z[(] is rarely a UFD (in fact, Z[(] is a UFD if and
only if p < 19) [ Also, when p > 5, the unit group of Z[(] is always infinite (so that Z[¢]* # {£¢’}).

Theorem 1.2 (Kummer). Fermat’s last theorem holds for all “reqular” pm’mes.ﬂ

Remark. The first irregular prime is 37, so Kummer’s method works for 3 < n < 36.

1.2 Algebraic Integers

Remark. To resolve these issues, Kummer realized that one can replace elements of Z[(] by “ideal
elements.” Later on, Dedekind look at Kummer’s work and introduced the modern notion of an ideal.
We will be working towards the unique factorization of ideals into prime ideals in certain cases.

Remark. We will work at the level of generality of Dedekind rings (as opposed to just number rings).
This is because there is an analogue of such a unique factorization of ideals for function fields of curves
in algebraic geometry, and this framework is general enough to capture both cases.

Definition 1.1. Let K/Q be a finite extension (i.e. a number field). Then o € K is an algebraic integer
if there exists a monic polynomial f € Z[x] such that f(a) = 0.

Theorem 1.3. Let A C B be rings and let b € B. Then the following are equivalent:
1. b is integral over A (i.e. there exists a monic f € Alx] such that f(b) =0).
2. Ab] is a finitely generated A-module[l]
3. A[b] is contained in a subring C C B which is finitely generated as an A-module.

Proof. (1 = 2) This direction is standard, one only needs powers up to deg f since f(b) = 0.
(2 = 3) This direction is clear since A[b] itself satisfies the desired conditions.

(3 = 1) The idea is to argue via determinants and use the Cayley-Hamilton theorem for modules. [

Corollary 1.3.1. Integrality is transitive, i.e. if B is integral over A and C' is integral over B, then C
is integral over A[l|

Proof. A finitely generated module over a finitely generated module is finitely generated. n
Corollary 1.3.2. If a, 8 are integral over A, then o+ B, a8 are also integral over A.
Proof. This is because a £+ 3, a8 C C' = Ala][f]. O

Theorem 1.4. The set of all algebraic integers in K (denoted Ok ) forms a subring of Kﬁ

Remark. This theorem is not obvious: Given f(a) = 0 and g(5) = 0, one must find a polynomial h
such that h(a + 8) = 0. It is not immediately obvious how to do this.

4Kummer made the first real progress on Fermat’s last theorem in a long time.

A prime p is regular if p does not divide the order of the ideal class group of Z[(].

6Here A[b] is the smallest subring of B containing A and b, so A[b] = {ag + a1b+ azb® + -+ + axby : a; € A}.
"We say that B is integral over A if every b € B is integral over A.

8The ring of algebraic integers O of a number field K is called a number ring.



Lecture 2

Jan. 9 — Algebraic Integers and Dedekind
Domains

2.1 More on Algebraic Integers

Proposition 2.1. Suppose a, 3 € Z C C, then a + 3,3 € Z.

Proof. First, note that every algebraic integer is an eigenvalue of some integer matrix (e.g. take the
companion matrix for the minimal polynomial). So take linear maps T, : V,, = V,, and T : V3 — Vj
which have o and [ as eigenvalues, respectively. Then one can check that the map on the direct sum

T, @1 : Vo @V =V, ® Vs

has o + [ as an eigenvalue. Similarly, by looking at the map on the tensor product
To@Tg: Vo Vs =V, ® Vs

has af3 as an eigenvalue. Hence we see that a + 3,a8 € Z as well. n

Remark. This is a constructive proof of what we showed via finitely generated modules last time.
Lemma 2.1. Let o € K be an algebraic number. Then « is an algebraic integer, i.e. a € Ok, if and
only if the minimal polynomial of o over Q, call it f, € Q|x], has integer coefficients.

Proof. (<) This direction is clear by the definition of an algebraic integer.

(=) We need to show that if o € O, then f, € Z[z]. By assumption, there exists some monic integer
polynomial h € Z[z] such that h(a) = 0. From this, we know that f,|h in Q[z]P| Let a4, ..., a, be the
roots of f, with a; = a. Since f,|h, we know that h(a;) = 0 for every i, so h € Z[x] implies that a; € Z
for each i. Thus the coefficients of f,, are elementary symmetric functions of the ;| so

fa€ (ZNQ)[x)].
Thus it suffices to show that Z N Q = Z to conclude the result. For this, suppose r /s € Q is the root of

"+ a, 2"+ ar+ag € Z|x).

'Here 7Z is the set of algebraic integers.

ZNote that it suffices to show that f,|h in Z[z], so alternatively, a suitable version of Gauss’s lemma immediately
implies the desired result.

3These operations preserve the notion of being an algebraic integer.
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LECTURE 2. JAN. 9 — ALGEBRAIC INTEGERS AND DEDEKIND DOMAINS 7

We can assume (7, s) = 1 without loss of generalityﬁ Plugging in, we obtain
(r/s)” + an—1(r/s)" ' + - +ai(r/s) + ayg = 0.
Clearly denominators by multiplying by s", we obtain
P4 Ay ST 4 ars" T Faps” =0

The right-hand side is divisible by s and every term on the left-hand side except r" is divisible by s, so
we must have s|r™. Since (r,s) = 1, this implies that s = +1, i.e. r/s € Z. O

Example 2.0.1. For K = Q, we have Ok = Z. This follows from the previous lemma since the minimal
polynomial of a € Q is x — a, which has integer coefficients precisely when a € Z.

Example 2.0.2. Let K = Q(V/d), i.e. K is quadratic number field. Clearly Z[v/d] C Ok, but this is not
always an equality. For example,

o= gz,

but 2 — x — 1 has ¢ as a root.

Exercise 2.1. Let d be a square-free integer and K = Q(v/d). Show that

0. Z[\/d) if d=2,3 (mod 4),
TNzl +Vd)/2] ifd=1 (mod 4).

Definition 2.1. Let S be a ring. If R C S is a subring, then we say that R is integrally closed in S if
whenever a € §' is integral over R, then o € R.

Remark. Recall that for a domain R, its field of fractions K is the localization
K=S"R

where S = R\ {0}. There is a natural embedding of R into K via r — r/1.

Lemma 2.2. The fraction field of Ok is K. More precisely, for every a € K, there exists m € Z,
m # 0, such that ma € Og.

Proof. Since « is algebraic, there exists a monic polynomial f, € Q[z] such that f,(«) = 0. By clearing
denominators, there exists m € Z such that mf, € Z[z]. So we have

ma” + b, 10"+ a4+ by =0,
and multiplying by m™~! on both sides, we obtain
ma”™ +m" b, "+ m i+ m iy = 0,

which implies
(ma)" + bp—1(ma)" ™ 4+ 4+ m" by (ma) +m" by = 0.

This shows that ma is integral over Z, i.e. ma € Ok. O]

4Here we write (r, ) to denote ged(r, s).
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Theorem 2.1. The ring of integers O is integrally closed (in its fraction field).

Proof. Transitivity of integrality implies that O is integrally closed in K. The theorem then follows
from the fact that K is the fraction field of Ok. O
Remark. This theorem says that (it implies the second equality)

Ok = {a € K | a is integral over Z} = {a € K | « is integral over Ok }.

2.2 Dedekind Domains

Definition 2.2. A Dedekind domain is a Noetherian integrally closed domain of dimension 1.

Remark. Recall that all rings in this class are commutative and have a 1. A dimension 1 domain is a
domain which is not a field and in which every nonzero prime ideal is maximal. In general, the dimension
of a ring R is the maximum length of a chain of prime ideals of the form

Po &P & &P

In dimension 1, this corresponds to (0) C p being the maximum chain for every nonzero prime ideal p,
which is equivalent to the other definition.

Remark. Our goal for now will be to show that O is a Dedekind domain.

Definition 2.3. Let k be either Q or R and V' be a finite-dimensional k-vector space. A complete lattice
in V is a discrete additive subgroup A of V which spans V', where discrete means that any bounded
subset of A is finite (equivalent to being discrete in the sense of topology).

Proposition 2.2. Let V be as above (dimension n over k) and A C'V an additive subgroup which spans
V. Then the following are equivalent:

1. A is discrete.

2. N\ is generated by n elements.

3. A= 7" as Z-modules.

Proof. (2 < 3) This follows by the structure theorem (A is torsion-free since A C V).

(1 = 2) Suppose A is discrete, and let xy, ..., 2z, € A be a basis for V. Let Ay be the Z-module which is
spanned by x1, ..., x,. We claim that A/Aq is finite, which implies that A is also generated by n elements
(exercise). To see the claim, we note that there exists an integer M > 0 such that if z = > \a; € A
with \; € k and all |\;| < 1/M, then = 0. This is standard and follows from all norms being equivalent
in a finite-dimensional vector space and the assumption that A is discrete.

Now let y1, s, ... be coset representatives for A/Ag. Without loss of generality (by translating in the
coset), assume each y; € C', where C' is the unit cube. Cover C' by M™ boxes of the form

with m; € Z and 0 < m; < M. We must have |A/A¢| < M", since otherwise we end up with two y; # y;
in the same box by the pigeonhole principle, and y; — y; € C[1/M] N A = {0} leads to a contradiction.

(2 = 1) This proof is to be finished next class. O
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Theorem 2.2. If [ is a nonzero ideal in a number ring Ok, then Ok /I is finite.

Proof. The strategy is to show that if [K : Q] = n, then O = Z™ and I = Z" as Z-modules. This will
imply that Og/I is finite, which follows from the proof of the structure theorem. In fact, we will show
that I and Ok are lattices in K = Q™ C R"™. Note that it suffices to show that O is a lattice, since it
immediately follows that I C Ok is also discrete, hence also a lattice as [ is an additive subgroup.

The proof is to be finished next class. O
Corollary 2.2.1. A number ring Ok is Noetherian.
Proof. Suppose that we have an ascending chain of ideals

[:[nglgfgg
Suppose without loss of generality that [y # 0. Since Ok /I is finite, by an isomorphism theorem we see
that there are only finitely many ideals in Ok containing /. This implies that the chain must eventually
stabilize, i.e. that Ok is Noetherian. O

Corollary 2.2.2. A number ring Ok is 1-dimensional.

Proof. Verify as an exercise that O is not a field. Now let p be a nonzero prime ideal, so that O /p is
a finite domain, hence a field. This implies that p is maximal, so Ok is 1-dimensional. O

Theorem 2.3. A number ring Ok is a Dedekind domain.



Lecture 3

Jan. 14 — Unique Factorization of Ideals

3.1 Norms for Field Extensions

Remark. Let K/Q be a finite extension of degree n. Our goal will be to define a norm N/ : K — Q
which also sends Ok — Z. Note that there are n distinct embeddings o4,...,0, : K — C, e.g. choose
a primitive element 6§ € K (so that K = Q(¢)) with minimal polynomial f of degree n and define
o : K — C by sending 6 to some root of f, of which there are n choices]f]

Definition 3.1. Given a finite extension K/Q, define the norm Ng/g : K — Q by

n

Nisg(x) = [T i),

i=1
where o1,...,0, : K — C are the n distinct embeddings of K into C.
Exercise 3.1. Show that in fact Nk ,g(v) € Q. (Hint: One way is via Galois theory.)
Exercise 3.2. Define [y] : K — K by x — v, which is a Q-linear map. Show that Ny q(y) = det[y].
Proposition 3.1. We have the following properties of the norm N = N q:

1. N(v) =0 if and only if v =0;

2. if v € Ok, then N(v) € Z.
Proof. Check these properties as an exercise. O
Theorem 3.1. A number ring Ok is a complete lattice in K = Q" C R"™.
Proof. We need to show that Ok is discrete. Note that there exists a basis aq, ..., a, for K/Q such
that a; € Ok for every ©. Now suppose otherwise that O is not discrete, so there are arbitrarily small

ALy An € Q such that o = > Ny is nonzero and in Ok. Then

NK/Q(&) =o(A1,.. . An)

for some homogeneous polynomial ¢ of degree n (since each o(a) = > Njo(«;)). Thus if | ;| < 1, the
polynomial ¢ also gets small and we can obtain 0 < | Ng/g(c)| < 1, a contradiction since Nk /g(a) € Z. [

Corollary 3.1.1. If I C Ok is a nonzero ideal, then I is also a complete lattice in R™.

'As an example of having n embeddings, consider Q(\/i) C R C C, where we can send V2 = /2.

10



LECTURE 3. JAN. 14 — UNIQUE FACTORIZATION OF IDEALS 11

Proof. One needs to show that I contains a basis for K/Q. Choose any nonzero ¢ € I and consider
cay, ..., ca, € I (since I is an ideal). This will also be a basis for K/Q since ¢ # 0. [

Corollary 3.1.2. We have |Ok/I| < 0o for every nonzero ideal I C Ok.
Proof. This is because O = I = Z" as Z-modules, so the result follows by the structure theorem. [

Remark. These details complete the proof from last time that Ok is a Dedekind domain.

Remark. The following is a preview of what we will do later in the class: We will define the norm of
an ideal to be N(I) = |Ok/I|. One can show that if I = (), then N(I) = N(v). An extension of the
previous techniques then leads to a proof of the finiteness of the ideal class group.

3.2 Unique Factorization of Ideals

Remark. Recall that for ideals I = (aq,...,a) and J = (B4, ..., Be), their product is IJ = (;53;)i ;.
Example 3.1.1. Consider R = Z[y/—5], which is the ring of integers Ok in K = Q(v/—5). Note that
6=2(3)=(1++v=5)(1—v=-5)

and these elements are irreducible and not associates, so R is not a UFD. However, let
pr=(21+V=5), p=(21-V-5), p3=031+V-5), p=(31-V-5).
None of these ideals are principal, but they are all prime ideals. One can check that
pipo = (4,2 — 2¢/=5,2 + 2/=5,6) = (2),

that psps = (3), that
pips = (6,2 +2v—=5,3+3V—5,6) = (1 +vV—5),

and finally that pops = (1 — +/—5). At the level of ideals, the original equation then becomes

(6) = (2)(3) = (p1p2)(p3ps) = (p1p3)(paps) = (1 + V=5)(1 — V=5).
In fact, the previous nonunique factorization is now the same factorization in the language of ideals.
Lemma 3.1. Let Iy, ..., 1, be ideals in a commutative ring R, and let p be a prime ideal. Suppose that
Lily.. .1, Cp. Then I; Cp for some j.

Proof. Check this as an exercise, it follows from the definition of a prime ideal. O

Lemma 3.2. Let R be a Noetherian ring, and I C R be a nonzero ideal. Then there exist nonzero prime
vdeals pi, ..., p, such that pipo...p, C 1.

Proof. Let X be the set of all I for which the lemma is false. If ¥ # &, then since R is Noetherian, X
has a maximal element (pick I; € 3, if it is not maximal, then we can find Iy € ¥ with I; C I, and we
obtain I; C I, C ... by continuing; this chain must terminate since R is Noetherian). Let J be such a
maximal element. Now J cannot be prime, so there exist a,b € R such that ab € J but a,b ¢ J. Let

a=(J,a)2J and b= (Jb)DJ
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Then a D p1ps... Py and b D qiqs ... qy. Since ab = (J?, Ja, Jb,ab) C J, we obtain

J2ab2pr. Pl dn,

which is a contradiction. Thus we must have ¥ = &, so the lemma holds for every nonzero ideal I. [J

3.3 Inverse Ideals

Example 3.1.2. Consider the problem of finding (2)~! in Z. Logically, the answer should be something
like (1/2) = (1/2)Z C Q, which is not an ideal in Z| This will satisfy 2((1/2)Z) = Z.

Definition 3.2. Let R be an integral domain with fraction field K, and let I be a nonzero ideal in R.
Then the inverse ideal I7* of I is
I''={re K|xI CR}.

Example 3.2.1. Let R =7 and I = (2). Then we can see that

]_1:{xEQ|x(2)§Z}:%Z.

Remark. Our goal at this point is to show that if R is Dedekind, then I/-! = R. Note that if M, N
are two R-submodules of K, then their product is well-defined:

MN = R-submodule of K generated by {zy | x € M,y € N},

e.g. ((1/2)2)((1/3)Z) = (1/6)Z. This is how we will make sense of the product 77!
Lemma 3.3. If I = (a), then 7' = (a™') and IT7' = (1) = R.

Proof. Check this as an exercise. n
Proposition 3.2. If R is Dedekind, I # 0 is an ideal, and p # 0 is a prime ideal, then p~*I # 1.

Proof. First consider the special case I = R, and we want to show that p~! # R. We will find z € p~*
which is not in R. To do this, we will take z = a~'b = b/a for some a,b € R. We want (b/a)p C R, so we
should look for bp C (a) with b ¢ (a). Let a € p be any nonzero element, and we will find a suitable b.

Since R is Noetherian, there exist prime ideals p; # 0 such that p;...p, C (a) C p. Without loss of
generality, we can assume r is minimal. This then implies that p; C p for some i, which implies p; = p
since R is 1-dimensional. Assume without loss of generality that i = 1, so p; = p.

If r =1, then p = (a), so that p~! = (a71) # R since a is not a unit. So now assume r > 2. Then
po...p, Z (a)

by the minimality of 7, so there exists b € ps...p, such that b ¢ (a). But bp = bp; C (a), so the element
x =0b/a € p~! but is not in R. This proves the statement when I = R.

2Note that this is not an ideal of Q either since it is not closed under multiplication by elements of Q. The inverse ideal
(2)7! is instead a Z-submodule of Q, viewed as a Z-module.
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In the general case, using the hypothesis that R is Noetherian, we can write [ = (aq, ..., q,). Assume
otherwise that p~'7 = I. Then for z € p~!, we can write

n
TOy; = E A0, Q5 € R.

j=1

Let A = (a;;) and define T' = zI,, — A. Check as an exercise that det7" = 0. Since detT is a monic
polynomial in z with coefficients in R, we see that x is integral over R. Since R is integrally closed, we
must have z € R, so we get p~' = R. This contradicts the above special case. O

Remark. The key idea of the proof is Cayley-Hamilton for modules: Let R be a commutative ring and
M a finitely generated R-module. Then if JM = M, there exists a with 1 — a € J such that aM = M.
The proof above uses a similar strategy to the proof of this statement.



Lecture 4

Jan. 16 — Ideal Class Group

4.1 Unique Factorization of Ideals, Continued

The following is a corollary of Proposition [3.2}
Corollary 4.0.1. If R is Dedekind and p # 0 is a prime ideal, then p~'p = R = (1).
Proof. First note that we have p C p~'p C R since R C p~! by the definition of p~!. Furthermore, p~—*

is an R-submodule of K, so p~!p is an R-submodule of R, i.e. an ideal of R. Also, by Proposition
p~!p # p. Now R being 1-dimensional implies that p is maximal, so we must have p~'p = R. O

Proposition 4.1. A Dedekind domain R admits unique factorization of ideals into prime ideals.

Proof. For uniqueness, suppose that [ =p;---p. =q1---qs. Then q;...qs C p1, so we must have some
q; C p1. Without loss of generality, assume q; C py, so that q; = p;. Now multiplying by p; !, we get

Pa...Pr=1¢2...4s.
Proceeding by induction finishes the proof for uniqueness.

Now we argue for existence. Let X be the set of all proper ideals of R which cannot be written as a
product of prime ideals. If ¥ is nonempty, then the Noetherian property of R implies that > has a
maximal element J. Then J C p for some maximal ideal p, which is equivalently a nonzero prime ideal
since R is one-dimensional. Since R C p~!, we have the chain of inclusions

JCJIp Sl =R

Since J was maximal in 2, we must have Jp~! ¢ 3, so we can write Jp~! = p1ps...p,. But then we
have J = pp1p, ... p, which is a contradiction with J € . O

4.2 Ideal Class Group

Proposition 4.2. In a Dedekind ring R, to contain is to divide, i.e. 1 C J if and only if J|I.EI

Proof. (=) If I C J, then IJ~' C JJ ' = RP| Then J' = IJ! is an ideal and satisfies I = J.J".

(<) This is the easier direction, verify this as an exercise. O

'We say that J divides I, written J|I, if I = JJ' for some ideal J'.
2Note that we have technically only proved this property for prime ideals, but any ideals factors as prime ideals and we
can argue via this factorization.

14
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Definition 4.1. Let R be an integral domain. A fractional ideal of R is an R-submodule J of K such
that aJ is an ideal for some a € R.

Exercise 4.1. If ] C R is an ideal, then show that /="' is a fractional ideal.

Exercise 4.2. If J is an R-submodule of K| then show that J is a fractional ideal if and only if J is
finitely generated as an R-module.

Exercise 4.3. Show that set of nonzero fractional ideals in a Dedekind domain R forms a group under
multiplication.

Remark. In fact, one can actually show that
I(R) = {nonzero fractional ideals} = {p&'ph* .. p* | k; € Z}.

Due to unique factorization, this is actually the free abelian group on the set of nonzero prime ideals.
We can also define
P(R) = {principal fractional ideals} = {aR | a € K}.

Definition 4.2. The ideal class group of a Dedekind domain R is the quotient CI(R) = I(R)/P(R)f]

Exercise 4.4. Show that CI(R) is also the equivalence classes of ideals under ~, where I ~ J if there
exist a,b € R such that al = bJ.

Remark. Our goal now will be to show that if R = O and [K : Q] < oo, then CI(R) is finite. The key
tool will be the norm N : {ideals of R} — N, where N contains 0.

Definition 4.3. We define the norm of an ideal I C R to be N(I) = |R/I|.

Remark. To prove the finiteness of C1(Of) where K is a number field, we will need to show the following
properties of the norm N:

o N((@)) = N§ (o).
e N(IJ)=N(I)N(J).
Then, we will proceed to show the following:
e There exists M > 0 such that {ideals I | N(I) < M} is finite.

e Letting v(I) = minge;{N(I)/N(«)}, there exists M such that v(I) < M for every I. Moreover,
v(I) =1 if and only if [ is principal. Note that v(I) € Z by the multiplicative property of N.

4.3 Discriminants

Definition 4.4. Let L/K be a finite separable field extension, where [L : K| = n. Fix a Galois closure
M of L/K, so there are n distinct embeddings o4, ...,0, : L — M fixing K. The norm of o € L is

NE(a) = o1(a)...on(a) € K.

Now let ayq,...,a, € L. The discriminant of aq, ..., a, is
2
or(ar) -+ o1(an)
Aoy, ... ) = det : : = (det T)*.
on(ar) - oplay)

3As a shorthand, we may write “the class group of a number field K” to mean Cl(Of).
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Lemma 4.1. For ay,...,a, € L, the discriminant A(ay,...,a,) € K and is nonzero if and only if
ai, ..., form a basis for L/K.
Proof. (=) One can show the contrapositive that if ay, ..., q, are linearly dependent, then A = 0.

(<) Let ay,...,a, be a basis for L/K. By the primitive element theorem, there exists § € L such that
L = K(0), so that 1,0,62, ...,6" ! form a basis for L/K. Then we have

(03] 1
. — M E
ay, g1
for some matrix M € M,,.,,(K) with det M # 0. This implies that
O'Z‘(Oq) ]_
: =M :
oilay) o (0" 1)
Thus if we define
o (1) - ou(6"7) o(1) -+ o(9)"!
T = : .. : — : .. :
Un(l) T Un(enil) Un(l) T Un(e)nil

and A’ = (det T")?, then T'= T"M"* implies A = A’(det M)?. Now T" is a Vandermonde matrix, so
(et 72 = [ [ (04(6) — 3(0)) £ 0.

i#]
We can also see A’ = (detT")? € K* (via Galois theory) and (det M)* € K*,so A € K* as well. [

Theorem 4.1. Let K be a number field and o € Og. Then N((o)) = |N(a)|.

Proof. Let wy,...,w, be a Z-basis for Ok, and let a; = aw;. Then oy, ..., q, is a Z-basis for a = («).
Thus we may write
ay w1
= A :
ap, Wy

for some matrix A € M,,«x,(Z). Now the theory of finitely generated modules over a PID implies that
N(a) = |det A|. (This is because we have two free Z-modules of rank n: Ok and a C Q. So if A ~ A’
where A" = diag(dy, ..., d,) is in Smith normal form, then |Ok/a| = |(Z/dy) % - - x (Z/d,,)|, so we see
that N(a) = |Ok/a| =|dy ...d,| = |det A’| = |det A|.) Thus we have

Alay,...,ap) = (det A?Afwy, ..., wy).
But we can also see that

o1(awy) - op(awy,) ?

Alay,...,an) = Alaws, . . ., aw,) = det
onlawy) -+ op(awy)
= (01(a) ... on())*Awy, ..., w,) = N(a)?A(wi, . .., wy).
This shows that N(a)? = (det A)? = N(a)?, so that N(a) = |N(«)] since these values are positive. [



Lecture 5

Jan. 21 — Finiteness of the Class Group

5.1 Multiplicativity of the Norm
Theorem 5.1. If I, J C Ok are ideals, then N(IJ) = N(I)N(J).

Proof. First observe that if a,b C O are relatively prime ideals (i.e. a +b = (1)), then
OK/Cl[J = OK/Cl X OK/b

by the Chinese remainder theorem, and the result immediately follows. One can also show that if p # g
are nonzero prime ideals in O, then p* and q' are relatively prime for every s,¢. Thus by unique
factorization of I, .J into prime ideals, it is enough to prove N(p™) = (N(p))™ for a prime ideal p.

To do this, observe that we have the chain of inclusions
Ox 2p 29" 29",

and it suffices to show that [p* : p¥+1] = N(p) for each 0 < k < m. We will show the stronger result
that Ok /p = p*/p*+! as abelian groups. To do this, pick v € p¥ \ p**! (note that p* # p**1 by unique
factorization) and define ¢ : O — p*/p*+1 by 2+ vya. Since vz € p**! whenever z € p, this induces a
map ¢ : Ok /p — p¥/pF* which we prove is an isomorphism in Proposition . O

Proposition 5.1. The map ¢ : Ok /p — p*/p**1 by x +— yx is an isomorphism of abelian groups.

Proof. We will show the following claims:
1. (7) + pF*tt = p*. This implies that ¢ is surjective.
2. (v) Np**t = yp. This means that if vz € vp, then x € p, i.e. ¢ is injective.

(1) Let I = () + p**L. Since we already know that p*|(y), we have p*|I. But I D p**1 so I|pF*! and
the containment being strict implies that we must have I = p*.

(2) Let I' = () N p**L. Since v € p*, we have yp C I’. This is one containment. Conversely, let z € I'.
Write 2 = 7y, where y € O and vy € p**1. Now note tha

ord,(y) + ord,(y) = ord,(vyy) > k + 1.

But ord,(y) = k (since v € p* \ p*1), so ord,(y) > 1. This implies that p|(y), so y € p. Since x = 7y,
this gives x € p. This yields the other containment, and so I’ = vp. O]

"Here ordy,(a) = ordy(a) is the largest integer m such that p|a, where a = ().

17
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Corollary 5.1.1. Let [K : Q] =n and p € Z be a prime number. Write

=pOx = [ ¥f,
=1

where the p; are distinct prime ideals. Then >._, e;f; = n, where N(p;) = p’.

Proof. Since the norm is multiplicative, we have
pn (pOK H 07,

since each o; fixes p. Then since pOx = [[;_, p;’, we haveﬂ
p"=Npok) = N([[v) = [T =T[@" =]
Thus n = >",_, €;f;, which is the desired result. O

Remark. In the above case, we will say that the p; “lie over” p.

5.2 Finiteness of the Class Group

Theorem 5.2. Let K be a number field. Then there exists M > 0 such that every nonzero ideal I of
Ok contains a nonzero element o with |N(«)| < M - N(I). Equivalently, « satisfies

[N (a)]
N

<M,

and the above infimum is 1 if and only if I is principal.

Proof. Choose an integral basis aq,...,a, of Ok, and let I be a nonzero ideal. Choose m such that
m" < N(I) < (m+ 1)". Then define the set

n
= {ijajzogmj <m,m; GZ}.
j=1

Note that #% = (m + 1) > N(I) = |Og/I|, so by the pigeonhole principle there exist  # y in Ok
such that « = —y € I, and we can write a = ) m;a; where |m;| < m for every j. Then

o) = [Tloto)l < T imsllos(ap)l < m [T lov(a)] < N (1) - M

where M = [[;_, >>7_, [oi(y)| is independent of I (but depends on the choice of integral basis). O

Corollary 5.2.1. Every ideal class in Ok contains a nonzero ideal of norm at most M.

ZNote that Oy /p; is a finite field (since p; # 0 is prime, hence maximal in O) and a vector space over Z/p since
(p) C pi- So Ok /p; has prime characteristic, hence N(p;) = |Ok /p;| = p/i for some f;.
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Proof. Let C € Cl(Of), and let I be an ideal with [I] = C~!. By the above theorem, choose a € I such
that |N(a)] < M - N(I). Now (a) = IJ for some J, so [J] = [[]7' = C, and

which proves the desired result. O
Lemma 5.1. The set of ideals with norm bounded by M is finite, i.e. |{I : N(I) < M}| < oc.

Proof. One way to proceed is to write I = []p{’, and then use N(p;) = p’i.

Another way to prove this is to note that if |[N(I)| = m, then maz = 0 in Og/I for every x € Ok. So
I D mOk. But Og/mOk is finite, so there are only finitely many ideals containing mQOx. m

Corollary 5.2.2. The ideal class group of a number field Cl(Ok) is finite.

Proof. Each ideal class can be represented by an ideal of norm bounded by M, and there are only finitely
many such ideals. Thus there can only be finitely many ideal classes. O

5.3 Computing Rings of Integers

Remark. Recall that if [K : Q] =n and «y,...,q, € K are a basis for K/Q, then A(ay,...,a,) € Q*.
Moreover, if aq, ..., a, € Ok, then A(ayq,...,a,) € Z. Also, if a1, ..., «, are a Z-basis for Ok, then

A(Oél, . ,Oén) = AK = A(OK)
is independent of the choice of Z-basis. So Ak is an invariant of K (or of Ok), called its discriminant.

Proposition 5.2. Let ay,...,a, € Ok be a basis for K/Q, and let d = A(ay,...,a,). Then

(03] (6 7%
Zion, ... an C CZ[—,...,—]
[y a, C Ok C 7 7

Proof. Suppose a € O, so we can write (since aq, ..., a, is a basis for K/Q)
a=ca)+ -+, ¢ €Q.

We want to show that dc; € Z. Note that o;(o) = c10i(aq) + - - - + ¢r04(,), s0

where T = (0;(c;)). Multiplying both sides by adj7’, we get (note that T"adjT = 01, where § = det T)
b1 €1
B I R
B Cn
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where the 3; € Og. Let m; = §3;, and noting that 6> = d by definition, we have

This tells us that de¢; € Ok for every i. But the ¢; were also rational, so in fact de; € Ox NQ =7Z. O
Lemma 5.2. Let ay,...,a, € Ok be a basis for K/Q. Let
M = Z-module spanned by aq, ..., ay,.
Then Agjglau, ... an) = Ak - |[Ox /M2
Proof. Check this as an exercise; it is a calculation involving determinants. O

Corollary 5.2.3. Let ay,...,a, € Ok be a basis for K/Q. If A(ay,...,«ay) is square-free, then the
Qai,...,q, form an integral basis.

Proof. If the o; do not form a basis, then the A will contain a |Og /M|? factor by the lemma. O

Example 5.0.1. Let K = Q(v/d), where d is square-free. Then we can see that

LA

Thus 4d = A g - |Ox /M |?, where M =7 -1+ Z-/d. Since d is square-free, [Of : M] =1 or 2. Now if
we have |Og /(Z + Z~/d)| = 2, then at least one of

1 Vd 14+vd 1-+d

27 2 2 2

A /o1, Vd) = det [

must be an algebraic integer. The first two are obviously not algebraic integers, and the third is an
algebraic integer if and only if the fourth one is (since they are conjugates). So the index is 2 if and only
if (14 v/d)/2 € Ok. By looking at the coefficients of the minimal polynomial
1—d
T N Ep—

4
this happens if and only if (1 — d)/4 € Z, which is equivalent to d = 1 (mod 4).



Lecture 6

Jan. 23 — Computing Rings of Integers

6.1 More on Computing of Rings of Integers

Lemma 6.1. Let ay,...,a, € Ok be a basis for K/Q, and suppose that Ok /(Zay & - - - & Zay,) has
exponent m, i.e. ma € Loy & - - - & Zav, for every a € Ok. Then

Moreover, if Og # Zay @ - - - & Zay,, then there exist 0 < m; < m — 1, not all zero, such that

« (67
My 4 m " € Ok.
m m

Proof. The idea is the following: Let M = Za; & - - - & Zay,, so mOx C M. Then Ok C (1/m)M, which
proves the first part. Now if Ox # M, then there exists a nonzero element of (1/m)M which is not in
M. This gives a nonzero element in the quotient:

1/m)M n
M_[mlﬂ+...+mna_
M m m

for some m;, as in the statement. O

Example 6.0.1. We can apply this lemma to our example from last lecture: Let K = Q(v/d), where d
is square-free. Then A(1,v/d) = 4d, so Ak|4d. Then we have

4
A—d =[Ok - (Z® ZVd))? = 1% or 22,
K

Thus by the lemma, either Ok = Z[/d] or one of

S

Vd o1+
2" 27 2

is in Of. The first two are obvious not in Ok, and (1 ++/d)/2 € O if and only if d = 1 (mod 4). Thus
if d =1 (mod 4), then 1, (1 ++/d)/2 is an integral basis for O.

Proposition 6.1. Let [K : Q] = n and o € Ok with minimal polynomial of degree n. Suppose further
that the minimal polynomial of o is Eisenstein at p. Then p{ [Ok : Z[o]][]

'Recall that Z[a] =Z & Za® -+ & Za™ L.

21
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Proof. Let the minimal polynomial of a be
f@)=2" 4+ ap 12" '+ + arx + ag,

with p|a; for every i and p? { ag (since f is Eisenstein at p). Suppose otherwise that p|[Ok : Z[a]]. Then
by Cauchy’s theorem, there exists £ € Ok such that [£] € Ok /Z[a] has order p. Then

P& =by+ b+ + by

where b; € Z, not all divisible by p. Let j be the smallest index such that p 1 b;. Then

b b by b by b
OKaﬁzﬁ—(—o—l-—la—ir"-—l—J—loﬂ1):—Joﬂ—|—]—+loﬂ+1—|—~~—|——a".
p p p p p p
So we have
1

; v o
OK > n(lniji = ;Oénil + ?(b‘]+1 —+ ijrzOé + ... )

Also notice that

a” ap+ a4+ -+ a,_a"t
o _ 1 1 cOx
p p

since f was Eisenstein at p. Since (bj1 + bjiaa+...) € Ok, we see that b;ja™ ' /p € O and p{b;. So

b. b pn
Z> NE (—](x”l) = LN ) = La .
e 5 p (@) s

Now ptb; and p? t ag so we have at most n — 1 factors of p in the numerator, a contradiction. O
Proposition 6.2. For K = Q(v/2), we have Ox = Z[V/2].

Proof. Let a = v/2 and M = Z[a] = Z @ Za ® Za?. Let m = |Ox/M|. Then
m*A(Ok) = A1, a,0%) = A(fa),
where f,, is the minimal polynomial of o (check that A(1,a, a?) = A(f,)). Recall that up to signs,

Ay =T Flew).

roots «;

For a cubic polynomial f(x) = x® + az + b, the discriminant is Af = —4a® — 270 (for a quadratic
f(x) =2® +bx +c, it is Af = b* — 4c). Thus for f(z) = 2% — 2, we have

m?*A(Og) = A(f.) = —108 = —67 - 3.
Thus the index m divides 6, and since f, is Eisenstein at 2, we have 24 m. Now notice that
Zlo) = Z[B], where f =a — 2.

The minimal polynomial of 3 is g(z) = (z + 2)® — 2 = 23 + 622 + 122 + 6. Then g is Eisenstein at 3, so
34 m. Thus we must have m = 1, which proves that Ox = Z[a]. O

Remark. Later on, we will show that if K = Q((,) for some n > 1 (where (, is a primitive nth root of
unity), then Ok = Z[(,]. The proof will largely involve similar types of ideas.

Remark. In general if K = Q() and we only work with Z[f] instead of Ok, we may run into trouble
since Z[f] may not be integrally closed (hence we may not have unique factorization of ideals).
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6.2 Computing Factorizations of Ideals

Proposition 6.3. Let K = Q(v/d), where d is square-free. Let p be an odd prime with p{d. Then:
(a) if (4) = 1, then pOx = prps where py = (p,a -+ V) # ps = (p.a — V), and a = d (mod p);
(b) if(;‘—f) = —1, then pOk = p is prime in Ok.

In the above, (%) is the Legendre symbol.

Proof. (a) Note that

pip2 = (0”,pla + Vd), pla — Vd),a® — d) C (p)
since each of the above terms is divisible by p. But p? € pyps and p(a + v/a) + p(a — vV/d) = 2ap so

(p) = (ged(p?, 2ap)) C p1po.

This gives the equality pips = (p). Now we show that p; is prime. Note that

N(p1)N(p2) = N(p) = p°.

It is enough to show that a 4+ v/d ¢ (p) (this implies p; # (p), so N(p1) = |Ok/p1| < |Ox/(p)| = p* and
we must have N(p;) = p). Now if p|(a + v/d), then p|(a — v/d) as well, so p|2a. This is a contradiction.
Thus N(p;) = p, which implies that p; is a prime ideal (otherwise the norm would also factor). It only
remains to show that p; # po, which is left as an exercise.

(b) It is enough to show that there is no prime ideal p C Ok such that N(p) = p. Equivalently, it suffices
to show that if p is a prime ideal, then Ok /p % Z/pZ. Note that 22 — d has a root in Ok and thus in
Ok /p, so Ok /p = Z/pZ would imply that d is a square modulo p, contradicting (%) = —1. ]

Exercise 6.1. Show that if p|d, then pOx = p? for some prime ideal p.

Theorem 6.1 (Kummer). Let K = Q(0) with 0 € Ok. Suppose p is a prime such that p t [Ok : Z[0]].
Let g be the minimal polynomial of 6. Factor g mod p as

9(x) = g1(x)" ... g;(x)* (mod p),
where g;(z) € Z[x], g;(x) is irreducible over F,, and the g; are pairwise distinct Then
pOk =pi*...py7,
where p; = (p, g;(0)) is a prime ideal, N(p;) = p/i where f; = deg g;, and the p; are distinct.

Remark. Note that this generalizes the quadratic case: 22 — d mod p factors if and only if d is a square
modulo p, and the ideals are (p, g;(0)) for gy = x — a and g, = = + a.

2Here g(z) denotes the reduction of g(x) modulo p.
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Jan. 28 — Kummer’s Theorem

7.1 Kummer’s Theorem

Lemma 7.1. Let 0 € Ok and assume pt Ok : Z[0]]. Then
Ok /pOx = Z[0] /pZ[0).
Proof. Consider the map ¢ : Z[0] < Ox — O /pOk. Note that we have pZ[f)] C ker ¢, so ¢ induces a
map ¢ : Z[0]/pZ[0] — Ok /pOk on the quotient. We will show that 1 is an isomorphism, by checking:
1. ker ) = pZI[d].

Let a € kertp. Then a € Z[0] N pOx, so a = pf3 for some § € Ok. Then § € Ok /Z[f)] has order
dividing p since pf = @ = 0. Therefore 8 = 0, so 5 € Z[f]. This gives a € pZl[f], so kerp = pZ[d].

2. 1) is surjective.

Note that if (|G|,p) = 1 where G is a finite abelian group, then [p] : G — G is injective and hence
bijective. So let v € Ok, so that 7 € Ok /Z[0] is a multiple of p, i.e. ¥ = py’ for some v € Ok.
Then v — py' € Z|[f)], so (v — py') = . Since v — py' € Z[0], this shows that 1) is surjective.

Thus v is bijective, so it is an isomorphism Z[0]/pZ[0] — Ok /pOx-. O

Theorem 7.1 (Kummer). Let K = Q(0) and p be a prime. Assume that p{ [Ok : Z[0]], and let g(x) be
the minimal polynomial of 6. Write (let § denote the reduction of g modulo p)

7=[1@"
i=1
where g;(x) € Z[x] and §; € F,|x] is irreducible and monic, with g1, ..., g, distinct. Then
POk =pi' ... P,

where N(p;) = p’i for f; = deg g, and p; = (p, g:(0)) are distinct prime ideals.
Proof. Let p; = (p, g;(0)) as in the statement. Then

Ok /pi = Ok /(p, g:(0)) = Z[0]/(p, 9:(0)) = Z[x]/(p, gi(z))

The first isomorphism follows from the lemma, which holds only when p{ [Ok : Z[#]]. Note that
Fp[01/(9:(0)) = 2[0]/(p, 9:(0)) = Zx)/ (p, 9i(x)) = Fypl]/ (gi(x)).

24
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Since g; is irreducible of degree f;, the quotient is a field of size p/i. This proves that N(p;) = p/* and
also that p; is a maximal ideal (so in particular, a prime ideal). Now if n = [K : Q)], then

T

Zeifi = degg =n.

i=1

Check as an exercise that the p; are distinct (use the fact that g; and gj are relatively prime, so that
(g:,g;) = 1 in Fp[z]). Now we will show that pO = p7'...pS. First observe that

pit P = (p,1(0) - (P, 9-(0) C (p, g1(0) ... g-(0)) = ().

(Check the above inclusion as an exercise. Note that for g(z) = gi(x)gz(z), we can find h such that
g1+ g2 = 1+ ph, so that (p, g1(0))(p, 92(0)) = (P, pg1(0), pg2(0), 91(6)92(0)) = (p) as p(1+ph) = p+p*h

and g(f) = 0). Thus pOk|p{* ... p¢, which implies that
pOx = pi*.. -pi;

with 0 < €] <e;. But n=> elfi=> eifi, so e, =e; for all 4, which completes the proof. O

7.2 Ramification

Definition 7.1. Let p;, e;, fi,r be defined as in the statement of the previous theorem. We say that the
p; are prime ideals lying over p, and e; is called the ramification index of p; over p.

If e; = 1, then we say that p; is unramified over p. Otherwise if e; > 1, we say that p is ramified. Finally
if e; = n, then we say that p is totally ramified, i.e. pOg = p".

If pOg is prime, then we say that p is inert. If r = n, i.e. if pOx = p;y ... p, for distinct p;, then we say
that p splits completely in Ok (or in K). The f; is called the residue degree.

Corollary 7.1.1. If the minimal polynomial of 6 € Oy is Eisenstein at p and K = Q(0), then p is
totally ramified in Ok.

Proof. We have previously shown that p 1 [Of : Z[f]], so Kummer’s theorem applies. Let g(x) be the
minimal polynomial of §. Then g(z) = 2™ in F,[z| since g(z) is Eisenstein at p. Thus by Kummer’s
theorem, we have pOx = p" where p = (p,0), i.e. p is totally ramified. ]

Corollary 7.1.2. Only finitely many primes ramify in any number field K/Q. More specifically, if
p1 Ok : Z[0]] for some 0 € Ok, then p ramifies in K if and only if p|Ak.

Proof. Note that p ramifies in O if and only if g has a multiple root in F,[z], if and only if A(g) =0 in
F,[x]. Now recall that we have

A
AI( - 20 9
Ok - Z[0)]]
so p|Ag if and only if p[Az (since p { [Ok : Z[f]] by hypothesis). So we look at Az instead. Taking g
to be the minimal polynomial of , this happens if and only if p|A(g) = Ak. O

Remark. The above corollary holds in greater generality (without the hypothesis that p 1 [Ok : Z[0]]),
but the proof requires some more advanced tools.
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7.3 More Computing of Rings of Integers

Remark. Recall that Og 45, = Z[v/2]. We will now generalize this result.

Theorem 7.2. Let p be a prime and a # 0, +1 be a square-free integer such that (p,a) = 1. Let 6 = ¥/a.
Letting K = Q(0) = Q[z]/(z? — a), we have O = Z[0] if and only if a?~! # 1 (mod p?).

Proof. (<) Let K = Q(6) and assume that a? # a (mod p?). The discriminant of z¥ — a is
A(9) = £pPaP™ = Ak - [Ok : Z[9])*.
Note that P — a is Eisenstein at every prime dividing a. Now observe that
(x+a)’ —a
is Eisenstein at p (since p*{ (a? — a) by hypothesis), and Z[0] = Z[0 — a], so p 1 [Ox : Z[0]].
(=) Suppose that Ox # Z[f]. Kummer’s theorem implies that pOx = pP where p = (p,0 —a). Note that
2’ —a=(xr—a)’ (mod p)
by Fermat’s little theorem, and that N(p) = p. Now 6 —a € p (and 6 — a ¢ p?), so
p€p* =" p(0 —a),(0 — a)*)

since p?|(p) = p? and p > 2, so (p) C p?. Thus we have (§ — a) = pa for some ideal a which is relatively
prime to p. Now (p, N(a)) = 1 since N(a) = [] ¢/ where a = q¢* ... q% for q; # p, so ¢; # p. Then

a’ —a=|N(0 —a)| = N(pa) = pN(a)
where N(a) is relative prime to p, so p* does not divide a? — a. O

Remark. Next class, we will show that Q(1/—5) has class number 2, which we will use to solve the
Diophantine equation y? = z® — 5 in Z via arithemtic in Z[y/—5|, by writing

=y +5=(y+vV=5)(y - vV-5).

We will fix our previous issue by arguing that if a product of ideals is a cube, then each ideal is a cube
when the class number is not a multiple of 3. This is similar to Kummer’s work on Fermat’s last theorem.
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Jan. 30 — Computing Ideal Class Groups
and Applications

8.1 Computing Ideal Class Groups

Example 8.0.1. Let K = Q(v/2). We know that Ox = Z[v/2]. Recall that every ideal class in Cl(Ox)
contains an ideal of norm < M, where (if O = Zoy @ - -+ ® Za, as Z-modules)

M = HZ LACHIE

Thus in this case, we have M = (14 /2)? ~ 5.8 < 6. Thus every ideal class contains an ideal of norm
< 5. We will want to factor the ideals (2), (3), (5) in Ok via Kummer’s theorem. We need to factor

r* —2 (mod p), p=2,3,5.

Mod 2, we have 22 — 2 = 2% (mod 2), so (2) = p3. Now 2% — 2 is irreducible mod both 3 and 5 since 2 is
not a quadratic residue mod 3 or 5. Thus (3) = p; and (5) = ps with f3 = f5 = 2. Thus

N(p2) =2, N(ps)=9, N(ps)=25.
So any nonzero ideal in O is equivalent to py or (1) (since p3 = (2) is principal). Thus

Cl(Ok) = {(1), [pa]},
which is isomorphic to either {1} if p, is principal or Z/27Z if p, is not principal. But p, = (v/2), so
Uz = {1},
This also implies that Z[v/2] is a PID, and hence a UFD.

Example 8.0.2. Let K = Q(v/—5), where we have seen that O = Z[v/—5|. By a similar reasoning as
above, we have M = (1 ++/5)% < 11. So we want to find all nonzero prime ideals of norm < 10. We
consider 22 + 5 (mod p) for p = 2,3, 5,7, where we can factor

2?4+ 5=22+1=(z+1)? (mod 2),
2’4+ 5=2"—1=(z—1)(z+1) (mod 3),
2% 4+ 5 = 2% (mod 5),

c2? + 5= (v +3)(x+4) (mod 7).

R_VRBRI
1
N Ot W N

27
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Thus we have (2) = p3, (3) = paps, (5) = pZ = (vV—5)* = (vV=5), and (7) = prp%. Since (5) is principal,
we only need to consider (2), (3), (7), which each have norm < 10. Thus

Cl(Ok) = ([p2]; [ps], [p7]),

where we note that p; and p7, are inverses to ps and pr, respectively, since their product is principal, so
we do not need to include them as generators. Note that O = {£1}, so we do not need to worry much
about units. If any of the p, is principal, then it is generated by an element o = a + by/—5 with

p= N(a)=a®+5b°.
This cannot happen for p = 23,7, so ps, p3, p7 are not principal. Now N(1 + /—5) = 6, so
(14 V/=5) = paps or papy.
This means that one of ps or p} is an inverse to py in Cl(Ok), so in fact
Cl(Ok) = ([p2], [p7])-
Also note that [ps]* = 1 since p2 = (2) is principal. We can also see that N (3 +v/—5) = 14, so
(34 V' —5) = papr or papr.
Thus we also do not need p7 as a generator, so Cl(Of) = ([p2]). Since [p2]> = 1 and p, is not principal,

ClZ[V-5]) = Z/27.

8.2 Applications of Class Group Computations
Theorem 8.1. The Diophantine equation y*> = x> — 5 has no integer solutions.

Proof. Assume that we have a solution z,y to the above equation. Writing 23 = y? + 5, we can factor

2’ = (y+V=5)(y - V-5).

in Z[v/—5]. By looking at the equation mod 4, we see that z must be odd. Also, (x,y) = 1 since
otherwise (z,y) = 5 and one can derive a contradiction with the equation y* = 2% — 5.

Now we claim that (y + v/—5) and (y — v/=5) are coprime (equivalent to comaximal in a Dedekind
domain) ideals. To see this, suppose otherwise that p divides both. Then p|(z®) = ()3, so we must have
p|(x) by unique factorization. Also, p|(2y). But p|(x) means that N(p) is odd, so p 1 (2). Thus p|(y).
Then (z,y) = 1 implies that p|(1), a contradiction. Thus (y + +/=5) and (y — v/=5) are coprime.

Thus we may write
(2)° = (y +V=5)(y — V-5).

Since the above ideals are relatively prime, unique factorization implies that each of (y ++/—5) is
the cube of some ideal. Write (y + v/—5) = a® for some ideal a. Then [a]®> = 1 in CI(Z[v/—5]), so
ClZ[v—5]) = Z/2Z implies that [a] = 1. Thus a = («) for some a = a + by/—5, so

(a+bvV=5) =a® = £(y +vV-5)

as elements. Finish the proof and derive a contradiction from here as an exercise. O
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8.3 Cyclotomic Fields

Theorem 8.2. Let m = p* for k > 1. Then the ring of integers of Q((m) 48 Z[Cm).
Remark. Recall that the minimal polynomial for ¢, over Q is

k-1
— p=1p

Oy (2) = N AL A TP S §

This polynomial is irreducible over Z (e.g. ®,,(z + 1) is Eisenstein at p), with
deg @y () = ¢(m) = (p— L)p* .
Note that Q((,,)/Q is Galois with Galois group isomorphic to (Z/mZ)*.
Lemma 8.1. For any m > 1, the discriminant A((,,) = disc(®,,) = A(1, G, G2, ... divides m®™.

Proof. Since ®,,|(z™ — 1), we can write 2™ — 1 = ®,,(x)g(x) for a polynomial g. Taking a derivative,
ma" " = @) (2)g(x) + P (2)g'(2).
Plugging in x = ¢J, for (j,m) = 1 (these are the conjugates of (,,),
mG" Y = @(G)a(Gh)
since ®,,(¢%,) = 0. Taking the norm in Q((,,)/Q, we have
m? = N(m(™) = N(®,(G)IN(9(GL)) = £AGn)N(9(Gh)),

where N(g(¢J))) € Z since an integer polynomial evaluated at an algebraic integer is an algebraic integer,
and the norm of an algebraic integer is an integer. Also, g(¢7,) # 0, so A(Gp)|[m®™). O

Proof of Theorem[8.2. Since ®,,(x + 1) is Eisenstein at p, we have p { [Og(,,) : Z[(n]]- But

A(Gm) = A(Q(Gn)) - [Oa(cn) : Zl¢ml]?
and A((y) is a power of p by the lemma, so [Ogc,.) : Z[(n]] is a power of p. So [Og,.) : Z[¢n]] =1. O

Remark. Using field/Galois theory, we will show that Og,,) = Z[(y) for all m > 1 next time.

8.4 First Case of Fermat’s Last Theorem

Remark. Our current goal is: If p is an odd prime and u € Z[(,]*, then u/u = ¥ for some k € Z.

Lemma 8.2. If m is a positive integer, then the roots of unity in Q((,,) are

primitive mth roots of 1 if m s even,

primitive (2m)-th roots of 1 if m is odd.
Proof. If m is odd, then Q((,,) = Q((an). So assume without loss of generality that m is even. Suppose
¢ € Q(¢n) and ¢* =1 for some k. We want to show that k|m. Assume without loss of generality that
¢ = e™/* Since (i, Gn € Q(¢n), one can check as an exercise that ¢, € Q((,) where r = lem(k, m).
Then Q(¢.) € Q((n), so taking degrees implies that ¢(r) < ¢(m). Also m|r, which one can check implies
that ¢(m) < ¢(r). This means that ¢(m) = ¢(r), so m = r and thus k|m. O
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9.1 First Case of Fermat’s Last Theorem, Continued

Theorem 9.1 (Kronecker). If a € C is a nonzero algebraic integer, all of whose complex conjugates
have absolute value 1, then « is a root of unity.

Proof. Let f(x) € Z|x] be the minimal polynomial of « (since « is an algebraic integer, f is monic):
fx)=2" +aa™ ' 4+ +ap_12 + ao.

Then there exists C' > 0 such that |a;| < C for all 4, where C' depends only on n (this is because each
la;| = |oi(aq, ..., a,)] < 2" = C by the triangle inequality, where o; is the ith elementary symmetric
polynomial). Since the a; are integers, there are only finitely possible choices for f. Then since each f
only has finitely many roots, there are only finitely many possible choices for a.

The same argument applies to «,a? a?, ..., so we see that {a, a?,a?,...} is a finite set. Thus there

exist i < j such that o' = o, which implies that /=" = 1, i.e. « is a root of unity. O
Remark. The algebraic integer assumption is necessary, e.g. consider (3/5) + (4/5)i.

Lemma 9.1. If a € Z[(,], then o = a (mod p) for some a € Z.

Proof. Let ¢ = (, and write
a:a0+a1C—i—~~+ap_2Cp72

with a; € Z. By the binomial theorem, we have (all the cross-terms are divisible by p)
o =ab + (a;0)P + -+ (ap_ol’*)P =ag+ay + -+ a,_» (mod p),

where the second step is by (¥ = 1 and Fermat’s little theorem. So we can take a = ag+ -+ + ap_2. O
Theorem 9.2 (Kummer). Let p be an odd prime. If u € Z[G,) is a unit, then u/u = ¢} for some k € Z.

Proof. Let o = u/u € Z[(,] € C. Then all conjugates of a have absolute value 1 (the key point is that
Gal(Q(¢,)/Q) is abelian, so complex conjugation commutes with taking the other conjugates). So « is a
root of unity, which implies that o = iC,lf for some k. All that remains is to show that the sign is +.

Suppose for sake of contradiction that u/u = —C;f. Then raising both sides to the kth power, we find

that uw» = —u”. By the lemma, there is a € Z such that v = a = @” (mod p) (the second congruence
comes from taking complex conjugates of both sides). This implies that 2u? = 0 (mod p), so we get p|u?
since p is an odd prime. This is a contradiction as u? is a unit. O

30
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Definition 9.1. A prime p is regular if p 1 |CU(Z[(,])|, and p is irregular otherwise.

Remark. Kummer realized that class numbers are related to certain congruences of Bernoulli numbers,
which gives a better criterion for a prime to be regular.

Remark. It is known that there are infinitely many irregular primes, with the smallest being p = 37.
Thus the below theorem, due to Kummer, works for all primes p < 31.

Theorem 9.3 (Fermat’s last theorem for regular primes, first case). Let p > 5 be a regular prime and
p1ayz. Then the equation xP 4+ y? = zP has no solutions for non-zero integers x,y, z.

Proof. Let ¢ = (, and write (the following equality is on the level of ideals)

(T4+y)(z+Cy) ... (x+yPh) = (2)". (%)

Check as an exercise that the ideals on the left-hand side are pairwise relatively prime. Due to unique
factorization of ideals into prime ideals, we must have (z + y() = I? for some ideal I. Now [ must be
principal since p is regular (since (z + y() is principal but p does not divide the class number). So

r+yl=u-aof for some a € Z[(].

We claim that x = y (mod p) (x*). Assuming (%) for now, we have x = —z (mod p) as well (we can
use symmetry to apply the same argument to the equation a? 4+ (—z)? = (—y)?, since p is odd), so

20 = 2P +uP = 2P = —2P (mod p).
This implies that p|32?, which is a contradiction since p > 5 and p 1 .
Now we prove (x*) via the result about u/u = (P. We have o = a (mod p) for some a € Z, so
x4+ y¢ = ua (mod p).

Then ¢, = ¢, * implies that
r+y( ' =z +yl =ua (mod p).
So (z 4+ y¢)u = (z + y¢')u (mod p), which implies

z+y¢ = (v + yC’l)% (mod p).

Thus x + y¢ = 2C* + y¢*=1 (mod p) for some 0 < k < p—1 (use u/u = ¢*). Show as an exercise that
this is only possible if £ = 1 (note that the powers of ¢ form an integral basis, so a representation in
powers of ¢ must be unique). This then implies that x = y (mod p), which completes the proof. O

9.2 More on Cyclotomic Fields

Definition 9.2. If K C K, Ky C L, then the compositum of K; and K is the smallest subfield of L
containing both K and K.

Remark. If everything is Galois in the above definition, K = K; N K», and K;, Ky are linearly disjoint,
i.e. that we have [K K5 : K| = [K; : K][K; : K], then one obtains the result

Gal(KlKg/KQ) = Gal(Kl/K)
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Proposition 9.1. Let K, K’ be number fields of degree n,n’, respectively. Assume that
1. K, K' are both Galois over Q,
2. KNK' =Q,
3. and (|Akl, |Ax/|) = 1.
Then if aq, ..., oy is an integral basis for Ok and o, ..., o, is an integral basis for O, then {a;ay}

1s an integral basis for Ok .

Proof. Let o € Ogr. Field theory shows that {a;a;/} is a basis for KK’ over QQ, so we can write
o= Z aouy, ag € Q.
4.J

We need to show that a;; € Z. Let d = |Ag|,d’" = |Ags/|. We will show that da;; € Z and d'a;; € Z,
which will imply that a;; € Z since (d,d') = 1. Let

Bj:Zaijozg, ]:1,,n

i

Let T' be the n x n matrix with 7j; = o4(c;), where o4, ..., 0, are the embeddings of K K’ over K’, i.e.
the elements of Gal(K K'/K') since K, K" are Galois over Q. Let
or1(a) B
a = : and b= |:
on() B

Check as an exercise that a = T'b. Multiplying this equation by adj T, we find that
(adjT)a = (det T')b.

Now all the entries of T', adj T, and a are algebraic integers, so multiplying the above equation by det T
implies that the entries of db are algebraic integers. Thus df; € O for all j. But the {a}} were an
integral basis for Ok over Z by assumption, so in fact da, ; € Z for all ¢, j, completing the proof. O]

Remark. Let K, = Q((n). If (m,m’) = 1, then (|Ag,|,|Ak, ,|) = 1. Additionally, some field theory
shows that if (m,m’) =1, then K,, N K, = Q and K, K,y = K,y in C.

Using this proposition, along with the previous case that Og(c,.) = Z[(,] for m = p* and the Chinese
remainder theorem, one can show that Og,,) = Z[(] for any m > 1.

Corollary 9.3.1. For all m > 1, we have Og(c,.) = Z[Gn).-

9.3 Motivation for Geometry of Numbers

Remark. We will discuss Minkowski’s geometry of numbers next. The goals of this are the following:
1. Improve the constant M from the class number computations.

2. Prove the “four squares” theorem, i.e. that every n > 1 is the sum of 4 integer squares.
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10.1 Complete Lattices and Covolume

Remark. Let K be a number field with [K : Q] = n. Recall that O = Z" as Z-modules, but we will
use a different method. Let oq,...,0, : K < C be the n embeddings of K into C. Call an embedding o
real if o(K) C R, and complex otherwise. Note that if o : K < C is complex, then 7 : K < C satisfies

Re(o) =Re(@) and Im(c) = —Im(o),

so 0,0 are kind of dependent. This indicates that we should consider pairs of complex embeddings
instead. Suppose we have r; real embeddings o1, ...,0,, : K — R and 7, pairs of complex embeddings
Tiyeoy Try o I = C, so that r; + 2ry = n. Then we have the embedding

(Clseeey Opys Tra ey Try) 1 K < R x C72 2 R™ x (R2)™ =2 RN 22 = R™ (+)
Definition 10.1. Let A be a complete lattice in R™. A fundamental domain F is a subset F C R" such
that for all x € R™, there is a unique y € F' such that x —y € A.
Remark. If xy, ..., z, form a Z-basis for A, i.e. A =Zx; + --- + Zzx,, then
F={az1+ - +az,:0<z <1}

is a fundamental domain, and every fundamental domain arises in this way. In particular, this means
that if F, F" are fundamental domains, there exists 1" € GL,,(Z) such that F' = T'(F).

Definition 10.2. The covolume of a complete lattice A C R", denoted covol(A), is the volume of any
fundamental domain. The above discussion says that covol(A) is Well—deﬁnedEI

Theorem 10.1. Let i : K — R™ be defined as in (x). Then

1. i((Ok) is a complete lattice in R™, and
2. covol(i(Ok)) = 27" /|Akl].

Proof. One can show that i(Ok) is discrete, so it is a complete lattice in R™ (since Ok is of rank n and
i is an embedding). Let a4, ..., a, be an integral basis for O. Let

o1(aq) ... o)
B=| |

o (1) ... o (ay)

!Note that we can think of covol A as vol(R™/A), which motivates the name “covolume.”

33
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and note that |det B| = \/|Ak|. Now define the matrix

i 0'1(061) Ul(CYn) ]
or(aq) .. op(an)
. Rer(ay) ... Rem(ay)
| Im7m(eq) .. Imm(ay) |’
Re,(aq) ... Ret.,(an)
Im7, (1) ... Im7.,(ay)]
and one can compute that covol(i(Ok)) = |det A| = 27"2|det B| = 27"2/|Ak]|. O

Proposition 10.1. Let A" C A be a finite index sublattice. Then

covol(A') = [A : A'] - covol(A).
Proof. A fundamental domain for A’ contains [A : A’] copies of a fundamental domain for A. O

Corollary 10.1.1. For an ideal I C Ok, we have covol(i(I)) = N(I) - 27"/|Ak]|.

Remark. We have seen before that for every ideal I, there exists a € I such that |[N(a)| < M - N(I).
We will now try to improve this constant M using the above ideas. To do this, we will need to find a
norm function on R™ which is compatible with N on Og.

Definition 10.3. Define the norm N : R® — R by
N(a'17 sy Ar 15 Y15 - - 7$T27y7”2) =az.. 'aTl(x% +y%) s (sz +y32)7

for (ay,...,a,) € R™ and (21,41, .., %, Yr) € C2 = R*2. Note that N(a) = N (i(a)).

10.2 Minkowski’s Theory of the Geometry of Numbers

Definition 10.4. A set S C R" is (centrally) symmetric when x € S if and only if —x € S.

Lemma 10.1 (Geometric pigeonhole principle). Let S C R" is a bounded measurable set. If T': S — R"
is piecewise volume-preserving and vol(S) > vol(T'(S)), then T is not injective.

Proof. Since T is piecewise volume-preserving, we can write S = | |.S; (disjoint union) such that
vol(T'(S;)) = vol(S;) for every i.
If T is injective, then T'(S) = | |T(S;), which implies that
vol(T'(S)) = Y _vol(T(S;)) = Y _ vol(S;) = vol($S),
which contradicts the hypothesis that vol(.S) > vol(T'(5)). O

Example 10.4.1. Let A C R” be a lattice and F' be a fundamental domain for A. Let T : R" — F
send x € R"™ to the unique y € F such that x —y € A. Then T is piecewise volume-preserving.
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Theorem 10.2 (Minkowski’s convex body theorem). Let A C R™ be a complete lattice, and let S C R"
be a conver, symmetric, bounded set. If vol(S) > 2" covol(A), then S contains a nonzero element of AP

Proof. Consider the lattice A" = 2A C A, so covol(A’) = 2" covol(A). Let F” be a fundamental domain
for A’. Let T : R™ — F’ be as in Example [10.4.1} which is piecewise volume-preserving. Then

vol(S) > 2" covol(A) = covol(A') = vol(F") > vol(T'(S))

since T'(S) C F’. Thus by the geometric pigeonhole principle, T is not injective, i.e. there exist distinct
2y € Ssuch T(2') =T(y). Sop' =2 —y € . Write p’ = 2p with p € A\ {0}. Since S is symmetric,
—y' € S, and convexity implies
1, 1 ,
=7+ z(~y)eS.
p=52+5(=Y)
Thus p is a nonzero lattice point in S, which completes the proof. O

Remark. The vol(S) > 2™ covol(A) condition is sharp: Let A = Z™ and S = (—1,1)". Note that if S is
closed (so compact since S is bounded), then the same conclusion holds when vol(S) = 2" covol(A).

10.3 Applications to Class Group Computations

Remark. We will apply Minkowski’s convex body theorem to a compact, convex, symmetric
SC{x eR": N(x)] <1}

Note that {z € R™ : [N (z)| < 1} is not in general convex. For instance, consider the case where K/Q is
a real quadratic field and N (z,y) = zy. One can try to instead consider a subset S with a diamond
shape lying inside the hyperbola shape, and consider homogeneous scalings of S. In general, set

S:{xER”:|a1|+--~+|arl|+2(\/x%+y%+---+\/x§2+y32Sn)},

where & = (a1,...,Qr, 1, Y1, Try, Yry). One can check that S C {x € R™ : [N (z)| < 1} (via tools
like the AM-GM inequality, etc.), and that S is compact, convex, symmetric. One can also explicitly

compute via calculus that
nn

vol(S) = —2" (g)w .

n.

Corollary 10.2.1. Let Minkowski’s constant be
n! 4\
Mie=ia\z) Viae

Then every ideal class in Ok contains a nonzero ideal of norm < My . Equivalently, every ideal I in Ok
contains an element o € I with |[N(a)| < Mg - N(I).

Remark. This is a significant improvement over the old method. For Q(1/—5), the old bound gives
M = 10, whereas this method gives M, = 4v/5/m < 3.

2Note from measure theory that any convex set is (Lebesgue) measurable.
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11.1 Lagrange’s Four Square Theorem
Theorem 11.1 (Fermat). If p =1 (mod 4) is a prime, then there exist a,b € Z such that p = a* + b*.

Proof #1. Recall that by Kummer’s theorem, factoring (p) in Z[i] is reduced to considering z% + 1 mod
p. Since p =1 (mod 4), we see that —1 is a square mod p (e.g. this follows by Euler’s criterion for the
Legendre symbol). So pZ[i] = p1pa, where each p; has norm p. Since Z[i] is a UFD, we have p; = (a + bi)
and so p = N(p;) = N(a + bi) = a® + b*. This proves the theorem. O

Remark. There is a way to generalize this proof for sums of four squares, but it requires developing
unique factorization theory in the integer quaternions Z[i, j, k|. The proof below generalizes more readily.

Proof #2. As above, we know that 22 = —1 (mod p) has a solution, call it u € Z. Define A C Z? by
A ={(a,b) € Z* | b = au (mod p)}.

Then A is a rank 2 lattice, and |Z?/A| = p (e.g. one can write an explicit isomorphism Z2/A — Z/pZ by
mapping [(a,b)] € Z*/A to a € Z/pZ, noting that a completely determines b mod p). Let

S =D(0,7), where 71 = 4p.
Then vol(S) = 4p = 22 - vol(A), so by Minkowski’s theorem, there exists (a,b) # (0,0) in AN S. So
4
O<a*>+V°<r’==-p<2p
T

since ™ > 2. Since (a,b) € A, we have b = au (mod p), so b?> = —a? (mod p), which implies p|(a® + b?).
Then a? + b? is divisible by p but lies strictly between 0 and 2p, so we must have a? + b* = p. O

Theorem 11.2 (Lagrange’s four square theorem). Every positive integer n is a sum of four squares.

Lemma 11.1. [t suffices to prove Lagrange’s four square theorem when n = p is prime.
Proof. There is an identity that says the product of two numbers, which are each a sum of four squares,
is again a sum of four squares. The idea behind the identity is the following: In the ring Hy of integral

quaternions, we have N(a) = N(a)N(8), where N(a + bi + cj + dk) = a® + b* + ¢* + d>. O

Remark. The norm is also multiplicative in C, where (a + bi)(c + di) = (ac — bd) + (ad + bc)i implies
that (a? + b?) = (ac — bd)? + (ad + be)?. A similar identity happens in the quaternions.
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Lemma 11.2. If p is an odd prime, then there exist u,v € Z such that u* + v* = —1 (mod p).

Proof. The number of squares in I, = Z/pZ is (via the primitive element theorem and Euler’s criterion)
(p—1)/2+ 1= (p+1)/2. Now define the sets

A={1+2°:2€F,} and B={-y*:yeF,}

Each of these sets contains (p + 1)/2 elements, so |A| + |B| = p+ 1 > #F,. By the pigeonhole principle,
AN B # @, so there exist u,v € F, such that 1+ u? = —v? (mod p), which implies the result. O

Proof of Theorem[11.2. By the first lemma, it suffices to let n = p be prime. As 2 = 12+ 1% +0? + 02, we
can assume that p is an odd prime. By the second lemma, choose u, v such that u* + v? = —1 (mod p).
Define A C Z* by

A ={(a,b,c,d) € Z* : ¢ = ua + vb,d = ub — va (mod p)}.
Note that covol(A) = |Z*/A| = p? (similarly we find an isomorphism Z*/A — (Z/pZ)?* by (a,b,c,d)
(a,b)). Once we can find (a,b,c,d) # 0 in A with norm < 2p (claim), we have

a?+ b+ +d* = a® + b + (ua + vb)* + (ub — va)?
= a® + b* + u?a® + 0 + b’ + v?a®
=a’ + b + (u® 4+ v*)a* + (v + v?)b?
=a®+b*—a®—b?
=0 (mod p),

since u? +v* = —1 (mod p). Then as before, a® + b* + ¢* + d? is divisible by p but lands strictly between
0 and 2p, so we must have a? + b2 + ¢ + d* = p. Given the claim, this proves the result.

So it suffices to find such a point (a, b, ¢, d) # 0. Let B, be the 4-dimensional closed ball of radius r. If
vol(B,) = 2*p?, then by Minkowski we get a nonzero lattice point in B,. We want r* < 2p. We have

1

§7T27“4 = vol(B,) = 16p?,
so 12 = /32p? /72 = (4/2/7) - p. So we need 4v/2/7 < 2, which happens if and only if 7 > 21/2. This
is true, since m ~ 3.14 and 2v/2 ~ 2.83, which completes the proof of the theorem. n

11.2 Revisiting Minkowski’s Theorem

Remark. Recall that for a number field K, every ideal class is represented by an ideal of norm < Mk:

NG
MK:”—(—) V1A%

nvo\TmT

This implies that My > 1, since an ideal cannot have norm 0. In the above formula, this gives

n'" sw\n/2

which is > 1 when n > 2 and goes to oo as n — oo. This implies that if K # Q is any number field,
then some p ramifies in Og. This then means that Z has no unramified covers, which means that Z has
trivial “arithmetic fundamental group.” The subject discussing this is called étale cohomology.



LECTURE 11. FEB. 11 — LAGRANGE’S FOUR SQUARE THEOREM 38

Theorem 11.3 (Tate?). If E/Q is an elliptic curve, then there is some prime of bad reduction.

Remark. The above theorem from the theory of elliptic curves has a similar flavor to our discussion
above. Fontaine greatly generalizes this result to an abelian variety A/Q.

11.3 Introduction to Dirichlet’s Unit Theorem

Remark. Let K be a number, Ok its ring of integers, and Oj; the unit group.

Theorem 11.4 (Dirichlet, weak). The unit group O is finitely generated. In particular,
Ok = Z" x (finite abelian group),

where the finite abeliain group is the roots of unity in K.

Example 11.0.1. Suppose [K : Q] = 2. If K is imaginary, then K = Q(v/—d), where d > 0 is square
free. Then u € Ok is a unit if and only if N(u) = 1, Since u is either a 4+ byv/—d or a + by/—d/2, One
can use N(a + bv/—d) = a®> + db® =1 to easily find the units. The conclusion is

{1, +4}, ifd=1,
O = {+l, Fw+w?}, ifd=3,
{£1}, otherwise,

so Ok has rank 0. Now consider a real quadratic field K = Q(v/d). For Q(v/2), notice that
V2-1)(V2+1)=1.
In particular, this means that (v/2 — 1)* is a unit for each k € Z, yielding a rank 1 subgroup. In fact,
ZIV2A = {41} x Z = {£1} x (V2 - 1).

One can also view this from the perspective of Diophantine equations. Note that a + byv/2 € Z[ﬂ] is a
unit if and only if a® — 20 = 41. The set of solutions to this equation form a group under multiplication,
and that group is of rank 1. This is the generalized Pell equation, a®> — db*> = £1. It is known for certain
d modulo 4, this equation has infinitely many solutions, which are generated by a single fundamental
solution. This result follows as a special case of Dirichlet’s unit theorem.

Remark. The above Pell equations are difficult to solve, even for relatively small values of d. For
instance, the smallest solution to a? — 616> = 1 is a ~ 10°, b ~ 10%.

Example 11.0.2. Let K = Q((,), where m = p*. Then the unit group O} contains

1 — (o
{1_g::1§a§p—1}.

This generates a subgroup of rank ¢(m)/2 —1 =1y 4+ ry — 1 (here 7 is the number of real embeddings
and 7o is 1/2 the number of complex embeddings). Note that this is compatible with the quadratic case,
since 1 + 19 — 1 is 1 if K is real and 0 if K is complex.
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Feb. 13 — Dirichlet’s Unit Theorem

12.1 Dirichlet’s Unit Theorem and Proof

Theorem 12.1 (Dirichlet’s unit theorem). For a number field K of degree n, we have
O = Z" x (finite abelian group)

where the finite abelian group is the roots of unity in K and r =ri+re—1 (< n—1, with equality if and
only if K/Q is totally real), where ri,ry are the number of real and (pairs of ) complex embeddings of K.

Remark. The strategy is the following: Let L : K* — R™%"2 be the homomorphism given by

L(er) = (logou(@)], ..., log oy, ()], log [Tu(e)], . . ., log |7, (@),

where o1,...,0,, : K — R are the real embeddings and 74,...,7,, : K — C are half of the complex
embeddings. We will want to show that L(Ok) is a lattice.

Lemma 12.1. We have ker L|px = pux and L(Ok) € H = {3 x; = 0}.
Proof. We can write the kernel of LOIX( as

o % . absolute values of the conjugates) _
keI’L’OIx{—{CYEOK. aq,...,0, of aare all 1 }*MK

by Kronecker’s theorem. Now if v € O, then |[N§ ()] =1, so

ng‘(a) : HTj(a)2

which implies that Y log |o;(«)| + > log |7j(a)|* = 0, i.e. L(a) € H. O

=1,

Corollary 12.1.1. We have O} /ux C H = R+271
Lemma 12.2. For any closed ball B around 0 in R™*2 L(OF%) N B is finite, i.e. L(O) is discrete.

Proof. We can write the intersection via
L(O%)N B = {a € O : all conjugates of a have norm bounded by C'}.

For any element of the set, there are only finitely many possible minimal polynomials, each with only a
finite number of roots, so the set itself must be finite. O
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Lemma 12.3. Let A = (a;;) be an r X r real matriz such that:
1. the entries in each row sum to 0,
2. the diagonal entries a; > 0, and
3. the off-diagonal entries a;; < 0 fori # j.

Then rank A = r — 1.

Proof. Tt suffices to show that the first » — 1 columns vy, ...,v,_; are linearly independent. Suppose
otherwise that we can write .

—

Z civ; = 0,

i=1

where the ¢; are not all zero. Without loss of generality, assume ¢, = 1 and ¢; <1 for all j # k. Then
ar; < 0 implies that c;aj; > aj, and Z;;} agj > D5 ax; since k # 7. Then

r—1 r—1 r
0= chakj > Zakj > Zakj = O,
J=1 Jj=1 j=1
which is a contradiction. Since (1) imposes one linear condition, we have rank A = r — 1. O

Lemma 12.4. Fiz k with 1 < k <r. Then there is a constant C' (depending only on K ) such that given
a € Ok \ {0}, there exists § € Ok \ {0} with:

1 IN(B)| < C, and
2. if L(a) = (aq,...,a,) and L(B) = (b, ...,b,), then b; < a; for all i # k.

Proof. We claim that taking

o~ (2)"vim

™

works. For convenience, let

1 ifl1 <<,
€ = . .
2 ifr+1<i<r=ry+rs.

Choose dl, ..., al with a, < a; for each i. Define the region

E={zeR"xC": |z

“ S CZ}?
where C; = e% for i # k and [, Ci = C. It is clear that E is symmetric, compact, convex, and

vol(F) = 2" "™ H C; =2"71"C = 2" covol i(Ok)

So by Minkowski’s theorem, E Ni(Ok) # {0}. Thus taking p € ENi(Ok) and 8 =i !(p) works. [

Proof of Theorem [12.1. Choose oy € Ok arbitrarily and fix k. By Lemma [12.4] we can find a sequence
ay, g, a3, € Ok \ {0} such that if L(o;) = (a1(j),...,ar(j)), then |[N(ey)| < C for j > 1 and
a;(j) < a;(j — 1) for 7 > 1, for all i # k. There are only a finite number of ideals of norm < C| so there
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exists j; > j such that (ay,) = (ay,). So u® = ay, /ay, € OF. If L(u®) = (ay,...,a,), then a; < 0 for
i # k, since a; = a;(j1) — a;(j2) < 0. Then a; > 0 since L(u) € H.

Now applying Lemma m tou®, ... u® we see that O} /uy is full rank in H = R+72—1, ]

Remark. Next time, we will compute the class group and unit group of Q(+/11).

12.2 Real Quadratic Fields and Continued Fractions

Example 12.0.1. Let K = Q(\/c_i), where d > 0 is square-free. We know that the unit group O has
rank 1, and (if d = 2,3 (mod 4)) the units correspond to the integer solutions to x* — dy? = +1.

To solve this equation, one computes the continued fraction expansion for vd. A continued fraction is

1
a=a+
ag +
as + ...
for some positive integers a;, also denoted [ay, az, as, ...]. The nth convergent for [a, az, as,...] is
1 p
a1, a2, .. a0 = a1 + ———— ="
CLQ + —1 QTZ
e + JE—
G,

The reason for the name convergent is because p, /¢, — o as n — oco.
Theorem 12.2. Fvery o > 1 has a unique continued fraction expansion.
Theorem 12.3. We have the following:
1. The continued fraction expansion of « is finite if and only if a € Q.
2. The continued fraction expansion of « is pre-periodic if and only if [Q(«) : Q] < QEI

Theorem 12.4. Let d = 2,3 (mod 4) be square-free and positive. Let € > 1 be the fundamental unit
of Z[\/E], i.e. the unique unit which generates the unit group and is > 1. Let k be the period of the
continued fraction expansion of Vd. Then £ = py, + qu\V/d.

Example 12.0.2. Let K = Q(v/19). One can compute that
V19 =[4,2,1,3,1,2,8],

which has period 6. The 6th convergents are pg = 170 and gg = 39. This says that

170
V19~ —.
39

In fact, 170> — 19 - 392 = 1. This also means that 170 + 39+/19 is the fundamental unit in K.

Remark. For Q(1/94), the fundamental unit is 2143295 4 2210641/94. Furthermore, in Q(+/9199), the
first coefficient for the fundamental unit has 88 decimal digits.

LA continued fraction expansion is pre-periodic if it is periodic after some finite prefix.
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Feb. 18 — Computing Unit Groups

13.1 Computing Unit Groups

Exercise 13.1. Show that the sign of Ak is (—1)™.

Remark. If n = 3 and 7 = ry = 1, then by Dirichlet’s unit theorem we know that Oy has rank 1. The
fundamental unit is the unique generator ¢ € O with € > 1. This means that

Oy ={+F k€ Z}.
(Note that when K has a real embedding, the only roots of unity are +1.) We want a lower bound for e.

Lemma 13.1. Let K be a cubic number field with negative discriminant. Then

J|Ax| = 24
> _
VT

Proof. Let € = 1 and €9, €3 be its other two conjugates. Since K has a pair of complex embeddings, we
have e3 = 25. Write ¢ = u* with v > 1 in R. Then since N(g) = 1, we have

Equivalently, |Ax| < 4&3 + 24.

1
|52|2 = E = U_Q.

Thus e, = u e, with 0 < 0 < 7 (by exchanging the two conjugates, if necessary). Then

1 & &2

IAE)|V? = |A(L e, )2 =det |1 e 2| =2(u® +u> —2cosh)sinb.
1 e3 €2
Note that K = Q(e), so |Ax| < |A(e)|. Thus it suffices to bound |A(eg)|. We claim that
2(ud +u™3 — 2cos0) sinf < (4e + 24)Y? = (4u + 24)'/2,
which would prove the lemma. Set 2a = u3 + w3, so that

IA(e)|Y? = 4(a — cos 0) sin 6.

For fixed a, this is maximized when acosf = 2cos? — 1. Let x = cosf and g(x) = 22% — ax — 1, so
that cos @ is a root of g. Note that u > 1, so a > 1 and thus ¢g(1) =1 —a < 0. Clearly, g(z) > 0 for
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sufficiently large, so g has a root > 1. But this is not the root we want. We also have g(—1/2u?) < 0

and g(—1) > 0, where —1/2u® € (—1/2,0), so this gives a root xy € (=1, —1/2u?) C (0,1). Then
[A(e)]V? < 4(a — z0)(1 — 25) "2,

which gives the bound
|A(e)] < 16(a* +1 — a2 — x3) < 4u® + 24
since xg € (—1,—1/2u?). This proves the claim. O

Remark. The smallest value of |Ag| over all cubic number fields K is 23.
Example 13.0.1. We will find the unit group for K = Q(\‘"/ﬁ) Let a = /2, which satisfies

ad—1 1
1 2= = .
tata a—1 a—1

In particular, u = 1+ a + o? € O, and we claim that ¢ = u. Note that
A = A(x® —2) = —108.
So the lemma implies that £ > (108 — 24)/4 = 21, i.e. € > ¥/21. One can compute that
l<u<T7<(21)%3

which implies that 1 < u < 2. Since u = ™ for m > 1 (as u is positive), we must have m = 1.

Example 13.0.2. Let K = Q(v/11). We will find O} and Cl(Ok). Note that the calculus argument
(lower bound for ¢) will not work here: It only tells us that a certain unit u is either ¢ or €2. Note that

11*#1 (mod 9),

so Ok = Z[v/11]. Also note that Ax = —3 - 112, so Minkowski’s constant is

I /4
My s (—) V33112 < 17.

T3\ 7

Thus we want to factor 2,3,5,7,11,13 in Og. We can factor 2 — 11 (mod p) by:

p | 2*—11 (mod p)
2 [ (z—1)(@*+x+1)
3 (x+1)3

5 | (z—1)(x*+x+1)
7 3 —4

11 3

13 3 —2

Thus by Kummer’s theorem, we have (2) = pop), with N(py) = 2 and N(py) =4, (3) = p3, (5) = psp
with N(ps) =5, and (11) = p3, where p;; = (a) for a = V/11. Thus the class group is generated via

Cl(Ok) = ([p2], [p3], [ps])-

Now we want to find some elements of Og with small norm.



LECTURE 13. FEB. 18 — COMPUTING UNIT GROUPS 44

Note that o has minimal polynomial z* — 11, so & — ¢ has minimal polynomial (z — ) — 11 for ¢ € Z,
so N(a—t)=t>—11. Fort =1,
N(a—1)=-10,

so (o — 1) has norm 10. Thus (o — 1) = paps, which allows us to remove p; as a generator. For ¢ = 2,
N(a—2) = -3,

so (o —2) = p3 and we can remove p3 as a generator. So Cl(Of) = ([ps]), and it suffices to find the
order of py. Set t = —1, so
N(a+1) = —12.

Thus (a + 1) = p3p2 or psp,. But pr = (2, — 1) contains o + 1, so po divides (a + 1). Thus
(O[ + ]-) - pSP%a
so p3 is principal. So py has order dividing 2, and Cl(Of) = Z/27Z or {1}.

To see which one it is, we will need some information about the unit group. We begin by finding some
nontrivial unit. To do this, note that p3 = (a — 2) and p3p3 = (a+ 1). Then p3 = (3) for

1
B:OH— = o® 4 20 + 5.
a—2

Using ¢ = 3 from before, we have N (o —3) = 16, so (o — 3) = p3 or p2p), since o — 3 € po. But pap) = (2)
and 2 does not divide a — 3, so we must have (o — 3) = pi. Then pi = (5?), so

52

o —

u = 3%266.99>1

is a unit. The lower bound gives € > 9.34, so €3 > u. Thus either u = ¢ or 2.

The new idea from this point is the following: We will construct a homomorphism Z[a] — F, for suitable
p, such that the image of u is not a square (this will imply that w itself cannot be a square). Try

ps = (5,@—1)

with norm 5, so reduction mod ps gives a homomorphism Z[a| — F5 = Z[a]/ps which maps o — 1.
Using u = —f8%/(a — 3) = —(a® + 2a + 5)/(a — 3), we have u + 2, which is not a square. So ¢ = u.

Now we claim that p, is not principal. If it were, then p, = () and

(8) =3 = (7).

Then for v = u=! = —2a% + 4o + 1, we can write 0™ 3 = 42 for some m. Without loss of generality, we
can assume m = 0 or 1 (by absorbing powers of v into 7). So one of 3, —f, vf3, or —vf is a square in
Ok. As before, we can find homomorphisms Z[a] — I, for various p such that each of these elements
map to non-squares, which will give a contradiction. Note that 19 splits completely in K, so we get
three homomorphisms Z[a] — Fig, with a — {5, =3, —2}. Choose the one which maps « + 5. This one
sends f — 2 and v — —1, which are non-squares. Choosing the one with a +— —2, we find — 3 +— —5
and —vf — —1, which are non-squares mod 19. Thus p, is not principal, so p, has order 2.

This shows that Cl(Og) = Z /27 and Oy = {£(v)}.

1
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Feb. 20 — Localization

14.1 Motivation for Localization

Remark. So far we have been dealing with the following scenario of a number field K:

K —— Ok
Q A
We would now like to consider relative extensions, for a finite extension L/K:
L —— O
K —— Ok

For instance, that if prime ideals q1,...,q, € Oy lie over p C Ok, then [L: K] =Y"._, e;f;. One of our
goals will be to show that a Noetherian domain R is Dedekind if and only if R, is a PID for every prime
ideal p. The second goal will be to prove “Dirichlet’s S-unit theorem.”

14.2 Localization

Definition 14.1. Let R be a domain and K its field of fractions. Let S be a multiplicative subset of R,
ie. 0¢S5,1€ S, and a,b € S implies ab € S. Then the localization of R by S is the subring

S‘lR:{%:aeR,beS}gK.

Remark. The equivalence relation of a/b ~ ¢/d if ad = bc is included by default since ST'R C K.

Remark. Note that R C S™'R C K. The idea is that S~'R will have some of the nice properties of K
while still retaining enough of the information of R.

Example 14.1.1. For S = R\ {0}, we have S™'R = K, and for S = {1}, we have S™'R = R.

Example 14.1.2. If p C R is a prime ideal, then S = R\ p is a multiplicative subset. Thus we can
define R, = S™'R, which we will call the localization of R at p.

Remark. One can definition localization in a more general context, e.g. for a ring which is not a domain.
This is necessary for algebraic geometry, but we do not need this, so we will avoid it.
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Proposition 14.1. The prime ideals of ST'R are in (inclusion-preserving) bijection with the prime
ideals of R disjoint from S.

Proof. Denote by Spec R the set of prime ideals of R. We will show the following bijection:
{q € Spec(R) : qN S = &} +— Spec(S™'R) = Spec(R')
qHS‘lq:{%:aEq,beS}
gNR<«+—q

First we claim that S™!q is a prime ideal in R’. Note that qN S = @ is equivalent to 1 ¢ S~'q. Check as
an exercise that S7!q is in fact an ideal in R’. To see that it is prime, suppose that (a;/b1)(as/by) € S™!q,
where ai,as € R and by, by € S. Then we can see that

a1a9 a
= - cq,bes
ble b? a q7 Y

S0 ajasb = abiby € q. Asb€ S and ¢qNS = &, we have b ¢ q. Thus a; € q or ay € q, i.e. S™!q is prime.

The other direction is easier and is mostly left as an exercise. To see that (¢’ N R) NS = &, suppose that
seSNg. Then s-(1/s) =1 € q', where s € ¢’ and (1/s) € R, which is impossible since q' # R.

It only remains to show that these maps are inverses of each other, which is left as an exercise. O
Corollary 14.0.1. The prime ideals of R, are in bijection with the prime ideals of R contained in p.

Corollary 14.0.2. The localization R, is a local ring, i.e. it has a unique mazimal ideal.

Example 14.1.3. We can write the localization Z) as
a .
Z@):{ge(@:blsodd}.
The unique maximal ideal is 2Z) = {2a/b: b is odd}, and Z) \ 2Z2) = Zy). We also have
Loy /2L = 7] 2.

In general, we will see that O /p™ Ok = (Ok ), /" (Ok )y, so we can study the localization instead.

Lemma 14.1. Let R be a ring and m a mazimal ideal in R. If s ¢ m, then m™ + (s) = (1) for alln > 1.
Equivalently, 5 is a unit in R/m™ for every n > 1.

Proof. We induct on n. The case n = 1 is clear since m is maximal. Now suppose (1) = m"~! + (s), so
m=m"+smCm"+(s)
since s ¢ m. But m is a maximal ideal, so we must have m” + (s) = (1). O

Remark. We will denote m, = pR,, the unique maximal ideal in the localization R,.

Lemma 14.2. Let R be an integral domain and p a maximal ideal. Then for all n > 1, the natural map
¢: R/p" — Ry/my

is an isomorphism. (In particular, R/p = R,/m,.)
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Proof. The natural map is the map induced by the inclusion R < R, on the quotient R/p™.

First we show that ¢ is injective. Suppose r € RNmy, and we will show that = € p™. Write

Yy n
r=7, YEP s & p.

By the lemma, we have 5 € (R/p")*. But sx =y € p", which implies that 5-7Z = 0 in R/p™. Since § is
a unit, this means that * = 0, so x € p™. This shows that ¢ is injective.

Now we show that ¢ is surjective. Let r/s € R, with r € R and s ¢ p. By the lemma, there exists
" € R such that r = r’s (mod p") (e.g. take 7’ = s~ 'r € R/p"). Then r/s =’ (mod m}), so we have

o(r') = = +mj.

Since r/s € R, was arbitrary, this shows surjectivity. Thus ¢ is an isomorphism. O]

14.3 Dedekind Domains and Localization

Lemma 14.3. If R is a Noetherian domain, then so is S™'R.

Proof. The key observation is that every ideal of ST!R is of the form S~'I for some ideal I of R (check
this as an exercise). So if I is generated by 1, ..., z,, then S7'I is generated by z,/1,...,x,/1. ]

Lemma 14.4. If R is integrally closed, then S™'R is also integrally closed.

Proof. Suppose a = a/b € K satisfies a monic polynomial f € (S™'R)[z]. Then we need to show that
a € ST'R. Write .
fx)=2" +ap 12" '+ +ay, a= —Z € S7IR.

S;
Let s = 5081 ... S,—1 and multiply the equation f(a) =0 by s" to get
(sQ)" + ap_18(sa)" " + -+ + ays" ' (sa) + aps™ = 0.
The coefficients a,_1s, ..., a9s™ are in R, so s« is integral over R. But R is integrally closed, so sa € R.

Since s € S, we have a € S™'R, which proves that S™'R is integrally closed. O

Proposition 14.2. If R is a Dedekind domain and S is a multiplicative set, then ST'R is either a
Dedekind domain or a field.

Proof. From the above lemmas, it suffices to show dim(S™'R) < 1. There is an bijection from chains of
prime ideals in ST'R to chains of prime ideals in R disjoint from S, so dim(S™'R) < dim R = 1. O

Corollary 14.0.3. If R is Dedekind, then R, is a PID for every nonzero prime ideal p.

Proof. Note that R, is a local Dedekind ring with prime ideals (0) and m,. By unique factorization,
every nonzero ideal of R, is of the form m’;. So it suffices to show that m, is principal.

To do this, choose any 7 € p\ p?, and we claim that m, = 7R,. Since 7R, is an ideal, we have 7R, = m’p“

for some k > 1. If k > 2, then 7 € m N R = (m, N R)? = p°, a contradiction. So k = 1. O

Definition 14.2. A local PID is called a discrete valuation ring (DVR).



Lecture 15

Feb. 25 — Localization, Part 2

15.1 Valuations

Example 15.0.1. Recall that R, is a local PID, also known as a discrete valuation ring. Consider
a

There is a p-adic valuation v, : Z,) — N U {oo} given by v,(z) = k if 2 = p* - a/b where a,b € Z, p 1t a,
p 10, and v,(0) = co. Now v, extends to v, : Q = Z U {oo}, and we can recover Z, as

Ly ={x € Q: vp(z) > 0}.

This is known as the valuation ring associated to v,. This is discrete since Z U {oo} is discrete.
Definition 15.1. A (real) valuation on a field k is a function v : k — R U {oo} such that

e v(z) = oo if and only if x = 0;

e v(ab) =v(a)+ v(b);

e v(a+b) > min{v(a),v(b)}.
Given such a valuation v, there valuation ring associated to v is O, = {x € k : v(x) > 0}.
Lemma 15.1. For all x € k, either x € O, or 2= € O,.
Definition 15.2. A wvaluation ring is a subring O of a field k such that forallz € k, x € O or 27! € O.

15.2 Dedekind Domains and Localization, Continued

Lemma 15.2. If R is an integral domain, then

R= () Ry= () Bm
p

prime m mazximal

Proof. Since every maximal ideal is prime, we prove the statement for maximal ideals. We need to show
that (), Ry € R. Choose a/b € [, Ry. Define the ideal

I'={yeR:ayc bR}

We will show that [ = R, which implies that a € bR and thus a/b € R since 1 € I. Check as an exercise
that I is indeed an ideal. Now since a/b € R,, we can write a/b = z/y with z,y € R and y ¢ p. Then
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ay = bz, so y € I. Since y ¢ p, this means that I ¢ p. We can do this for every maximal ideal p. But
every I # R is contained in a maximal ideal, so we must have I = R. O

Theorem 15.1. If R is a Noetherian integral domain, then R is Dedekind if and only if R, is a PID for
every nonzero prime ideal p of R.

Proof. (=) This was Corollary [14.0.3]

(<) The tricky part to show is that R is integrally closed. This part follows from Lemma since the
intersection of integrally closed subrings is again integrally closed. O

15.3 S-Integers and S-Units

Definition 15.3. Let S be a finite set of nonzero prime ideals in a domain R and K = Frac R. Define

RS:{geK:x,yeR,y¢pforallp§éS}:T1R,
where T'={z € R: 2 ¢ [J,45p}-
Remark. If R is Dedekind, this means (y) is divisible only by primes in S.

Example 15.3.1. Let S = {(2),(3)} € SpecZ. Then
ZS:{EGQ:x,yGZ,y:j:QQI%b}.
)

In some sense, Z ) is close to Q while Z® is close to Z. Note that (Z*)* = £{2*}, which is of rank 1.
Remark. The following are some facts and definitions regarding R°:

e R is Dedekind.

e CI(R?) is finite.

e (R%)* is finitely generated of rank |S| +r; + 7y — 1.
Exercise 15.1. Let K be a number field, R = Ok, and S a finite set of nonzero prime ideals. Show that

1 s R* y (RS —— P

ves (KX /RY) —— Cl(R) —— CI(R®) —— 0

is an exact sequence, where K* /R = Z.
Remark. Note that the above shows that CI(R®) is in fact a quotient of CI(R), hence it must be finite.

Proposition 15.1. If K is a number field, then there exists a finite set S of nonzero prime ideals such
that O3- is a PID (equivalently, C1(O3) = {0}).

Proof. There is a map p : CI(R) — CI(R®) given by [I] — [I R®], which one can verify as an exercise is
surjective. Let I, ..., I; be ideals which generate CI(R). Define

S = all prime ideals of R dividing some Ij.

For p € S, we have pR® = (1). So p([I}]) = 0 for all k. Thus we must have CI(R®) = 0. O
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Remark. The above proposition says that we may get a PID O3 in place of Ok (which is often not a
PID), at the cost of increasing the rank of the unit group by |S].

15.4 Applications to Elliptic Curves

Theorem 15.2 (Siegel). Let K be a number field and S a finite set of nonzero primes in Of. Let
f(z) € Klx] be a separable polynomial of degree > 3. Then the Diophantine equation

Y= f(X)

has only finitely many solutions with X, Y € O%.. (As a special case, this holds when S = @, so that
O3 = Ok. In particular, if K = Q and S = @, then O3 = Z. The case deg f = 3 is an elliptic curve.)

Proof. We will use the following result without proof:

Theorem (Siegel, Mahler). Let K, S as before. Then the equation  +y = 1 has only finitely
many solutions with z,y € (0%)*[]

Without loss of generality, assume that f splits over K (by enlarging K if necessary), so
fX)=a(X—aq)...(X —a), aa;€K
for distinct aq,...,a, and n > 3. Let K¥ = (O%)*. By enlarging S if necessary, we can assume:
l.ae K% ay,...,a, € OF;
2. a; —a; € K9 for all i # j;
3. OF is a PID.
By Dirichlet’s S-unit theorem, K is finitely generated, and so K*/(K*)? is finite. So if
L = compositum of K (y/u) for all u € K°,
then L/K is finite. Now define the set

T = prime ideals of O, containing some element of S.

We will work with O, the T-integers in Q. Now suppose y? = f(x) with z,y € OF-, so that

v =alz—a1)...(x —ay).

Then any prime ideal p of OF- divides at most one of these terms (otherwise it divides o; — o for i # 7,
which we assumed lies in K°). Since p must divides 32, it must divide y? twice, and since

(x—a1)...(x— o) =a 9

we must have x — a; = u;a? for each i, where u; € K° and a; € O%. Then (z — ;) = a2, where a; = (a;).
Let u; = v? with v; € LT, then
T —a; =vial =wl, w; € Of.

IFor instance, x + y = 1 has finitely solutions with z,y € £{2?3%}. This is not obvious, e.g. 1 =32 -2 =3 -2 =
22 _3=....
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The trick is then the following: We can write

i — o =wl —w? = (w; — w;)(w; +w;).

@ J

Since o; — ; € K*, we must have w; — wj,w; +w; € LT. Because n > 3, we have Siegel’s identities:

w)p — Wy Wy — W3 wy +wy Wy + w3
+ =1 and — =1.
w1 — Ws w1 — Ws w1 — Ws w1 — Ws

All of the above quotients lie in L, so there are only finitely many choices for the quotients by the
theorem of Siegel and Mahler. One can show that there are then only finitely many choices for wq, hence
there can only be finitely many choices for z = oy + w?, since «; is fixed. n



Lecture 16

Feb. 27 — Factorization and Galois Theory

16.1 Factorization of Ideals in Relative Extensions
Remark. Let L/K be a finite extension of number fields with [L : K] = n. Note that we also have an
extension of number rings of the form Ok C Oy.
Exercise 16.1. Show the following:
e OrNK =0k;
e Oy is a finitely generated Ox-module, generated by n elements.

Remark. Let L/K be a finite separable extension of fields of degree n, and let B, A be Dedekind
domains such that A C K and A C B C L. We will assume that

e B is integral over A;

e B/q and A/p are finite fields for all nonzero prime ideals g, p.
Definition 16.1. A prime ideal q of B lies over p of A if q contains p (if and only if q|pB).
Lemma 16.1. In the above setting, q lies over p if and only if gN A = p.

Proof. The key point is that if g O p, then q N A is a prime ideal containing p. But A is Dedekind, so it
is 1-dimensional, so we must have g N A = p. O

Lemma 16.2. Ifp is a nonzero prime ideal of A, then pB # B, i.e. pB is a proper ideal of B.
Proof. Choose 7 € p \ p. Since 7 € p, we have mA = pa for some ideal a with p { a. Thus (p,a) =1, so
l=b+a, bep,aca

Suppose otherwise that pB = B. Then aB = apB C wB. This means that a = mx for some = € B, so
x=a/m € K. But thenz € BNK = A, s0oa € mA C p. This implies 1 = b+ a € p, a contradiction. [J

Theorem 16.1. Let p C A be a prime ideal. If pB =qf' ---q% C B, then

r

Z(f(CIz‘/P)f(Clz‘/P) =[L: K],

=1

where e(q;/p) = €; and f(q;/p) = [B/q; : A/p].
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Proof. Let S= A\ p C A C B. We claim that we can replace B by S™'B = B and A by S™1A = A’
without changing any of the above numerical invariants (e or f). This is because we have A/p = A'/p’
and B/q = B'/q., and if pB = qf* --- q%", then pB’ =g/t - - - q/".

T

Then A’ is a PID, so the same argument we used over Z will work. O]

Corollary 16.1.1. Let p C Ok be a prime ideal. If pOp, = qf* ---q> C Oy, then

r

Z e(qi/p)f(a:/p) = n,

i=1

where e(q;/p) = €; and f(q:/p) = [Or/aq: : O /p].

16.2 Connections to Galois Theory

Proposition 16.1. If L/K is Galois, then Gal(L/K) acts transitively on the set {q1,...,q,} of prime
wdeals of B lying over p.

Proof. Tt is clear to see that Gal(L/K) acts on {q1,...,q,}: f gN A =p and o € Gal(L/K), then

o@)NA=a(@nA)=alp)=p

To see that the action is transitive, let q,, q; be two distinct prime ideals of B lying over p, and assume
otherwise that g; # q; for every o € Gal(L/K). By the Chinese remainder theorem, we can solve

=0 (mod q;), z =1 (mod o(q;))
for all o € Gal(L/K), with x € B. Now we have

Nyk@)= ][] o@eBnK=A
o€Gal(L/K)

Thus Np/x(x) € q; N A =p. Note that = ¢ o(q;) for all o, so o(x) ¢ q; for all o. Since pB C g;,

I o@epBCU,

c€Gal(L/K)

which implies o(x) € q; for some ¢ € Gal(L/K) since g; is a prime ideal. Contradiction. O
Corollary 16.1.2. If L/K is Galois, then

e(qm/p) = =e(q/p)=c and flai/p)=---= f(a./p) =/,

so we have the equality efr = n.

Proof. Applying o to pB = q{* - - - q%", we have pB = o(q1)** - - - o(q,)¢". For any i, j, we can find o with
o(9;) = q;, so by unique factorization we have e; = e;. For f, note that we have an induced map

Since o is an automorphism, it is easy to see that ¢ is an isomorphism, so that f; = f;. O
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Remark. Let L/K be Galois, and B, A be Dedekind domains with A C K and A C B C L. Fix a
prime ideal p C A and let S = {qy,...,q.} be the set of prime ideals lying over p. Then G = Gal(L/K)
acts transitively on S, with |G| =n =efr and |S| =r.

So by the orbit-stabilizer theorem, the stabilizer of any q; has order ef. Fix some q € S, define the
decomposition group Dq = Dy, of q/p to be the stabilizer of g, i.e.

Dyjp ={o € G :0(q) = q}.
Let ¢ = B/q and k = A/p, so that |Gal(¢/k)| = f.
Theorem 16.2 (Frobenius). There is a natural surjective homomorphism

Dyjy —» Gal(C/k).

Proof. Let 0 € Dys,. We want to define & € Gal(¢/k). Take T € ¢ and lift it to some x € B. Define
o(T) = o(z) mod q.
To see that this is well-defined, note that if x1, x5 are two lifts, then x1 — x5 € ¢, so
o(z1) = o(r2) € o(q) =q.

Let @ be a primitive element for £/k (recalling that we are assuming ¢/k is finite separable). To prove
surjectivity, it suffices to show that every Galois conjugate of @ is of the form 7 (@) for some o € Dy ,.
Let a € B be a lift of @ such that a € ¢’ for all ¢’ € S, q’ # q. This follows by the Chinese remainder
theorem, which gives a solution to the following system of congruences:

a=a (mod q), a=0 (modq) for q # q.

Let f € Alx] be the minimal polynomial of & and g € k[z] be the minimal polynomial of @. We have

f(x) = 1] —o(a)

o€eH

for some subset H C G. Let H' = H N Dy. We claim that o(a) € q whenever o € G and o ¢ D,. This
is because o ¢ D, gives 0! ¢ Dy, so 07'(q) # q, hence a € 07'(q) and o(a) € q. Let f = f mod q, so

J@) =[] -0o(@) =] @-o) [] (z—o(@)) =™ ] (x —a(@).

oceH ocH’ o¢H' ocH’
So all nonzero roots of f(z) have the form (@) for some o € D,. Finally, note that
f@) = fla) =0,

so g|f. Note that 0 is not a root of § (since g is the minimal polynomial of a nonzero element), so

gl I (x = o(a)).

oceH’

This shows the result for any root of g, which completes the proof. O
Corollary 16.2.1. Let the inertia group Iy, be the kernel of the above map. Then |I/,| = e.

Proof. This is by the first isomorphism theorem, since |Dy/| = ef and |Gal(¢/k)| = f. O
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Mar. 4 — More (Galois Theory

17.1 Frobenius Elements

Remark. Recall that last class, we showed that |Dy| = e fy = ef, |I] = eq = e, and Dy/I, = Gal({/k).
This is useful because Gal(L/K) is in general a complicated group; in fact, any finite group can arise as
Gal(L/K) for some extension L/K. On the other hand, ¢, k are finite fields, and thus Gal(¢/k) is cyclic.
In particular, Gal(¢/k) = () where 7(z) = 2/*! is the Frobenius automorphism.

Corollary 17.0.1. If q/p is unramified (i.e. p{ A i, or eq = 1), then Dy is cyclic.

Definition 17.1. The generator of D, is called the Frobenius element and is denoted Froqu]
Remark. What is the dependence of Frob, on the choice of q/p?

Lemma 17.1. Suppose q,q’ are prime ideals of Oy, lying over p. Choose o € G such that oq = q' Then

Dy = O’DqO'_l and Iy = alqa_l.
If q/p is unramified, then so is q'/p and Froby = o Frobyo™!.
Proof. We will prove the statement only for Dy, the rest is left as an exercise. We can write

Dy={r€G:7d =q}={reG:10q=0q} ={r€G: (07 '70)q=q}

=c{o'ro: 7€ Glo = oDy
The proof of the other statements are similar. n

Remark. When L/K is Galois and p is unramified, the above lemma allows us to define the Frobenius
conjugacy class Frob, C Gal(L/K) (the set of all Frob, where q/p is unramified).

Example 17.1.1. Consider K/Q, let G = Gal(K/Q) and Frob, be the conjugacy class corresponding
to a prime p not dividing Ax. The Chebotarev density theorem then says that if we fix a conjugacy class
C C G, then the density of primes p with Frob, = C is |C|/|G].

Example 17.1.2. Consider K = Q((,), so G = (Z/nZ)* is abelian (so that the Frobenius conjugacy
classes are singletons and can therefore be identified with elements). If we fix 0, € G with (a,n) =1,
then we will show shortly that Frob, = o, for p{ n. So if we fix a conjugacy class (element) a € (Z/nZ)*,
then Frob, = a if and only if p = a (mod n). The Chebotarev density theorem then says that the density
of such p is 1/¢(n) (this is Dirichlet’s theorem on primes in arithmetic progressions).

!Note that Frob, depends on the choice of q and only makes sense when q is unramified.
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17.2 Fixed Fields

Remark. Let L/K be Galois and fix q/p. Let D = D/, and I = I;/,. Then for an intermediate field
K CK' CL (eg. K= L", the fixed field of some subgroup H C (), we have some p’ lying over p:

1‘3 q
L =K' p’:qﬂOK/
K p

Lemma 17.2. Let D' = Dy and I = Iy Then D=DNHandI' =1NH.

Proof. We only prove the statement for D', the other for I’ is similar. Note that
D = stabilizer of g in G and D’ = stabilizer of q in H,

from which it is clear that D' = DN H. O

Remark. The following is a fact from Galois theory that we will use:
If H, H' are subgroups of G = Gal(L/K), then LHM" = LHLH"
In the above, L¥ L¥" is compositum of L¥ and L¥ .
Proposition 17.1. Call L? the decomposition field and L’ the inertia field. Then
1. LP is the largest intermediate field K' such that e(p’/p) = f(p'/p) = 1;
2. L' is the largest intermediate field K' such that e(p’/p) = 1.

Proof. Again, we only prove the statement for LP. We first claim that if K’ = L, then we in fact have
e(p’/p) = f(p'/p) = 1. By the lemma, we have D’ = D, so we have

e(a/p’)f(a/p’) = e(a/p)f(a/p)-
But by a homework problem, e and f are multiplicative in towers, so e(p’/p) = f(p’'/p) = 1.

To see that it is the largest such extension, let K’ be any intermediate field with e(p’/p) = f(p'/p) = 1.
We want to show that K’ C LP. We can write K’ = L for some H < G. Then D' = DN H, so

LY = LPK’

by Galois theory. The hypothesis implies |D| = |D’|, which combined with D" C D implies D' = D.
Then we have LP = L' = LP K’ which implies that K’ C LP. This proves the result. O

Corollary 17.0.2. Let p C O C K C M, M' C L (not necessarily Galois). Then p splits completely
(resp. is unramified) in both M and M' if and only if p splits completely (resp. is unramified) in M M'.

Proof. Take a Galois closure L' of L/K. If p splits completely in L, then e = 1 in both K and L, so e = 1
in M, M' as well since e is multiplicative in towers. On the other hand, if p splits completely in both M
and M’, then (L')P contains both M and M’, so MM’ C (L')P and p splits completely in MM'. O
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Corollary 17.0.3. Suppose L/K is finite (but not necessarily Galois). Let M be the Galois closure of
L/K. Then p is unramified (resp. splits completely) in L if and only if p is unramified (resp. splits
completely) in M.

Proof. This is because M is the compositum of L7 over o € Gal(M/K). O

Remark. The above corollaries imply that we can reduce many questions to the Galois case (many
extensions of number fields, e.g. @(\3/5), are not Galois, but we can still work with them by embedding
them in a Galois closure).

17.3 A Non-Monogenic Number Ring

Remark. We will show that if K = Q(/7,/10), then O is not monogenic, i.e. there is no o € O such
that Ox = Z[a]. In fact, we will show that for all &« € O such that K = Q(«), we have 3 | [Ok : Z[a]].
In particular, this means that Kummer’s theorem will not help us factor (3) in Ok, even when trying
some change of variables.

We will actually do this more generally: Let K; = Q(v/d;) and K, = Q(y/dy) with d;,dy =1 (mod 3).
Kummer’s theorem says that 3 splits completely in K; (i = 1,2) if and only if

2* —d; = 2% — 1 (mod 3)
splits into linear factors (which it does). By our previous results, this implies that 3 splits completely in
the compositum K = K K.

Now suppose otherwise that Ox = Z[a] (or even 31 [Ok : Z|a]]). Then Kummer’s theorem applies to
K as well, so the minimal polynomial f, of a over Z factors into distinct linear factors mod 3. But
deg fo = 4 and there are only 3 linear polynomials in F3[z], so this cannot possibly happen.
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Mar. 6 — Factorization in Cyclotomic Fields

18.1 Factorization in Cyclotomic Fields
Remark. Let Z[(,,] € Q(() and p 1 m prime. We can factor

pZ’[Cm] =Pr...Pr

where p  m implies that the p; are distinct, i.e. e; = 1 for each i. Since Q((,)/Q is Galois, we have
fi=---=f. = f and thus fr = ¢(m).
Proposition 18.1. In the above situation, we have f = order of [p] in (Z/mZ)*.

Proof. Note that G = Gal(Q((,)/Q) = (Z/mZ)* by the isomorphism

(Z/mZ)* — Gal(Q(¢m)/Q)

ar— (0q: Gn— ().
We have f = [Z[(y]/p : F,], but this is hard to deal with. Instead, Kummer’s theorem says that
f = degree of any irreducible factor of ®,, mod p.

Let g(z) be an irreducible factor of ®,,(z), so that degg = f. Then F,[z]/(g(x)) is a finite field of order
p’, so its Galois group over F, is generated by = — xP. By the proof of Kummer’s theorem,

ZlGn] /b = Fypla]/(9(x)),

so the Galois group of F,[z]/(g(x)) is Gal(¢/k), where £ is Z[(,,]/p and k is F,. Then D, = Gal({/k) is
a subgroup of G, and the generator z — z? in Gal(¢/k) corresponds to p € (Z/mZ)*. Since ¢ has order
p/ (so & +— 2P has order f in Gal(¢/k)), we see that the order of [p] in (Z/mZ)* is f. O

Example 18.0.1. Let m = 15, so that ¢(15) = 8. Then

(2 = 1)(z — 1)
(x5 =1)(x3 = 1)

="+ -2+ -+ 1

(1315(1') =

Mod 2, we can factor
Pi5(z) = (2* +2° + 1)(z* + 2 +1) (mod 2),

and notice that 2* = 1 (mod 15). On the other hand, we have 31 = 1 (mod 15) and

Qi5(x) = (x + 3)(z+ 11)(x + 12)(z + 13)(x + 17)(z + 21)(x + 22)(z + 24) (mod 15).
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18.2 Law of Quadratic Reciprocity

Remark. Let p be an odd prime and let K, = Q((,). Note that since Gal(K,/Q) = (Z/pZ)* and p is
odd, Gal(K/Q) is cyclic of even order, hence there is a unique subgroup H of index 2. By Galois theory,
this subgroup corresponds to a unique quadratic subfield L = Kf C K,.

Lemma 18.1. The unique subgroup H of index 2 is the subgroup of squares mod p.
Proof. Half of the residues mod p are squares, so this is a subgroup of index 2, hence it is H. O]

Remark. One way to calculate L is to use Gaussian periods (Gauss sums). We will do this later, and
we proceed with a different method for now. Because the ramification index e is multiplicative in towers,
and because p is the only prime ramifying in K, it follows that p is the only prime ramifying in L.

We know that L = Q(\/c_l) where d is square-free. We have previously seen that

A _Jd ifd=1 (mod 4),
VD T N 44 ifd = 2,3 (mod 4).

Note that we have to be in the first case since 2 does not ramify in L, and so d = +p since d is square-free
and p is the only prime dividing it. We also have d = 1 (mod 4), so d = p*, where

. _ p if p=1 (mod 4),
P = (_1)(10 1)/2p — o ( )
—p if p=3 (mod 4).

Now suppose that p, ¢ are distinct odd primes (so ¢ is unramified in L). We will figure out how ¢ factors
in L, i.e. how qOp factors into prime ideals. We will do this in two different ways.

We first use Kummer’s criterion. We look at 2 — p* (mod ¢) (note that ¢ 1 [Of : Z[\/p*]] = 2 since q is

*

an odd prime), which splits into linear factors if and only if (%) =1.

On the other hand, let q be a prime ideal of Z[(,] lying over q. Let D = Dy, € (Z/pZ)*, where D
corresponds to (g). Then Kf is the largest subfield of K, in which ¢ splits completely (since K,/Q is
Galois). But L = Kf , so Galois theory implies that

q splits in L <= LQKI? <— DCH <= € H — (Q):

p

Corollary 18.0.1 (Law of quadratic reciprocity). Let p,q be distinct odd primes. Then

(g) = (—1)P=D/2(_1)la-D/2 (z%)

Proof. Recall Euler’s criterion that (¢) = a'“""/? (mod ¢). Then by the above calculation,

()-(5)- (25 0)-worme(e).

which is the desired formula. O
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Remark. The above argument can be generalized more readily than other more elementary proofs of
quadratic reciprocity. Let L/K be a finite abelian extension of number fields (i.e. Gal(L/K) is abelian).
One can embed L into some analogue M of K, (this is called a ray class field), so K C L C M.

One then analyzes how p factors directly in L/K and also using the L = M perspective. This results
in Artin’s reciprocity law, which is a result of class field theory. As a subject, class field theory tries to
understand the abelian extensions of a number field.

Theorem 18.1 (Hilbert). Let K be a number field. Then there exists a mazimal finite abelian extension
H of K which is unramified at all primes (and o). Moreover,

Gal(H/K) = Cl(Og).

18.3 Gauss Sums

Definition 18.1. Let ¢ = ¢, = ¢*™/?. Define the Gauss sum

SEICE

te(Z/pL)*
Lemma 18.2. We have g* = p*.

Proof. We sketch the proof. Define

te(Z/pL)*
Note that we have the identity g, = (%)g:
b\ ., at\ . a t\ at
= X (e 2 (G)e-() 2 (e
be(Z/pZ)* te(Z/pZL)* te(Z/pZ)*

since multiplication by a is a permutation on (Z/pZ)*. Now we calculate ) gog—, in two different ways:

() (2 ()

so that ) gog—a = (_71)(]7 —1)g*. On the other hand, we can also write

Y a(z—
Ga9—a = Z (_) Cp( y)’

T,y p
50 D g Gad—a = 20, () D2, 2" = p(p — 1). Comparing the two formulas gives g2 = p*. O
Proof of Corollary|[18.0.1 using Gauss sums. Let p,q be distinct primes. First we have
q
9' =94 = (E) g (mod ¢Z[G)),

so we have
2

~—

* _ _ q qay\
D (g (g—1)/2 292<92)(q 1)/2 :gq—i-l = (5) 2 _ <]_9>p (mod qZ[Cp])

Since (g?)la=1/2 = (%*), comparing the above expressions yields (%) = (), as desired. O
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Corollary 18.1.1. We have Q(y/p*) C Q(()-

Remark. Gauss actually computed the value of ¢, in addition to g?. Gauss found that

)P ifp=1(mod 4),
7= iy/p if p=3 (mod 4).

One can also formulate a similar question for cubes, but the answer is much more complicated.
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Lecture 19

Mar. 11 — The p-adic Numbers

19.1 The p-adic Absolute Value

Definition 19.1. Let p be a prime number. For z = a/b € Q with a,b € Z, define the p-adic valuation
ord,(x) = ord,(a) — ord,(b).
Recall that ord,(a) = k if and only if @ = p*m with pt m. This defines a valuation v, = ord, on Q:
1. v,(0) = oo and v,(x) € Z for = # 0;
2. vp(y) = vp(x) + vp(y);
3. vylo+y) = minfuy(e), vy()}.
Also define the p-adic absolute value | - |, : Q — Rsq by |z], = p~ %@ which satisfies
1. |0|, =0 and |z|, > 0 for = # 0;
2. zyly = |lplylps
3. | —yl, <max{|x|, yl,} (the ultrametric inequality or non-Archimedean triangle equality).
The above properties define an ultrametric, and a set with an ultrametric is called an ultrametric space.
Example 19.1.1. Let p = 3, then |1/54|3 = 27 and |54|3 = 1/27.
Exercise 19.1. Check the following properties:
11 [l Iyl then & — yl, = max{lal, lyl,}.
2. In any ultrametric space, all triangles are isosceles (in fact, the maximum occurs at least twice).

3. Any two closed discs in an ultrametric space are either disjoint or one contains the other.

19.2 Completion of a Metric Space

Remark. Recall that if (X, d) is a metric space, a Cauchy sequence is a sequence {x,} such that for
every € > 0, there exists N such that if n,m > N, then d(z,, x,,) < €.

Definition 19.2. A metric space X is complete if every Cauchy sequence converges.

Definition 19.3. Define two Cauchy sequences {z, } and {y,} to be equivalent if they become arbitrarily
close to each other, i.e. d(z,,y,) — 0 as n — occ.
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Definition 19.4. The completion ()A(, d) of a metric space (X, d) is the set of equivalence classes of
Cauchy sequences in X. There is a natural (continuous) embedding X — X by x — [(z,z,x,...)].

Proposition 19.1. If X = R is a ring and | - | is a norm on R inducing d, i.e. d(x,y) = |x —y| and
lzy| = |||y|, then X is naturally a ring R and R — R is a ring homomorphism.

Proposition 19.2 (University property of the completion). Let X be a metric space and i : X — X be
the natural embedding. If' Y is any complete metric space and f: X — Y is a continuous map, then
there exists a unique continuous map f : X — 'Y such that the following diagram commutes:

Y

L

~

19.3 The p-adic Numbers

Definition 19.5. Define Z, = (Z/,|\|p) to be the ring of p-adic integers and Q, = (Q/,|-\|p) to be the
field of p-adic numbers.

Theorem 19.1. Every p-adic integer x € Z, can be written uniquely as

r=0by+bip+bp*+..., b €{0,1,....,p—1}

Example 19.5.1. Consider
r=1+1-3+2-32+2-3"+0(3°) and y=1-3+2-32+1-3"4+0(3%).

Then we can compute
r+y=1+2-3+1-324+1-3"+0(3%).

Multiplication is similar:

zy=(1+1-342-33403")(1-3+2-3*+0(3")=1-3+2-3>+0(3").

Theorem 19.2. Fvery p-adic number x € Q, can be written uniquely as
T=boyp 4 bop b+ bip+tbp®+ ..., bie{0,1,...,p—1},

where k € Z and b_y # 0. In this form, we have v,(z) = —k and |z|, = pF.

Definition 19.6. Consider an inverse system of homomorphisms

)Rg f3>R2 f2>R1

Then the inverse limit (or projective limit, or limit) is the set of coherent sequences
= @Rn = {Zn}n>1 1@ € Ry, fiw;) = 21}

Remark. There is also a notion of direct limit (or inductive limit, or colimit), denoted hﬂ
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Remark. There is an obvious inverse system of homomorphisms (reduction mod p*)
- —— Z/p’L —— Z/p*Z —— Z/pZ
Then Z, (as previously defined) coincides with the inverse limit: Z, = @(Z /P"Z). We can also define
Q, = Frac(Z,) = Z, ®2 Q, but Q, is not an inverse limit.
Lemma 19.1. Z, = {x € Q, : |z|, <1} ={z € Q, : vy,(x) > 0}, i.e. Z, is the valuation ring of Q,.

Lemma 19.2. Z,, is a local ring with maximal ideal pZ, = {x € Z, : |z|, < 1} ={z € Z, : |z|, < 1/p}.
In particular, pZ, is both open and closed (clopen) in Z,.

Remark. One can think of Z, as a tree. For p = 2, we can think of Z, as an infinite binary tree, where
the edges on the ith level of the tree corresponds to residues mod 2¢. The 2-adic integers are then the
ends of this tree, i.e. an infinite rooted path. Viewed in this way, the 2-adic integers are homeomorphic
to the (middle-thirds) Cantor set, hence Z, is totally disconnected.



Lecture 20

Mar. 13 — Absolute Values on Q

20.1 Absolute Values

Definition 20.1. Let K be a field. An absolute value on K is a map |- | : K — R, such that
1. |z| = 0 if and only if x = 0;
2. |yl = |zlyl;
3. |z +yl <z + Jyl.

If we also have |z + y| < max{|z|, |y|}, then we call | - | non-Archimedean.

Example 20.1.1. We have the usual absolute value | - |, given by |z|,, = max{z, —x}. More generally,
we have absolute values | - |1 for 0 < ¢ < 1. When ¢ = 0, we have the trivial absolute value | - |o:

1 ifz#0,
\SU|0= .
0 ifz=0.

For 0 < ¢ <1, the |- |* are all equivalent, in the sense that they give the same topology on Q.

Definition 20.2. Two absolute values |- | and | -|" on Q are equivalent, denoted |- | ~ |- |, if they define
the same topology on Q.

Example 20.2.1. We have the p-adic absolute values | - |, for some prime p, and | - [} for 0 < ¢ < oo.
Each of the | - [} are equivalent to | - .

Remark. Note that we only have p-adic absolute values on Q for prime p, e.g. Z1g = @Z/ 10*Z is not
an integral domain, so we cannot take its field of fractions. In fact, Z,y = Zs X Zs, so it suffices to study
Zo and Zs. There is also no need to consider prime powers, since Zg = Zs, for instance.

20.2 Classification of Absolute Values

Definition 20.3. A place of K, is an equivalence class of non-trivial absolute values on K. The set of
places of K is denoted M.

Lemma 20.1. Let K be a field and |- |,| | be two non-trivial absolute values on K. Then the following
are equivalent:

L[~ -]
2. |z| < 1if and only if |x|" < 1;
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3. 1-|"=||® for some s > 0.

Proof. (3 = 1) This is clear.
(1 = 2) Note that |z| < 1 if and only if 2" — 0 with respect to | - |.

(2 = 3) Fix some y € K* such that |y| < 1 (we can do this since the |- | is multiplicative and non-trivial).
Note that for all z € K, we have |z| = |y|* for some a € R depending on z. Choose m;/n; — « from
above, with n; > 0. Then |z| = |y|* < |y|™/™ so by (2), we have

"

<1l = |z|' < (|y|’)m"/"i foralli = |z|" < (Jy|)*.

ng ng

<l =

i

ymi
Letting m;/n; — a from below, we get |z|" = (|y|")*. Then setting

_logly"  log|x|
logly|  loglz|’

we shows that |z|" = |z|® for all z. It is clear that s > 0 since |y|, |y < 1. O

Remark. Recall the Archimedean property of | - | (the completion with respect to which is R): If
x € Q*, then the sequence {|nz|},en is unbounded. In the p-adic norm, however, we have

‘mdp = ‘n‘p|x|p < ’x‘pv

so this is a bounded sequence for any x € Q*.

Definition 20.4. We say that an absolute value |-| on a field K is Archimedean if {|n|}nen is unbounded,
and we call | - | non-Archimedean otherwise.

Lemma 20.2. An absolute value | - | on K satisfies the ultrametric inequality |z + y| < max{|z|, |y|} if
and only if {|n|}nen is bounded.

Proof. (=) This is clear by induction, as |1 + 1| < max{|1],|1]} = |1].
(<) Suppose that |n| < N, and note that we always have |z + y| < |z| + |y| < 2max{|z|,|y|}. Then

ool = |50 () o] < N+ Dl
k=0
since () € N. Taking nth roots and letting n — oo, we get |z + y| < max{|z|, |y|}. O

Theorem 20.1 (Ostrowski). The set of places of Q are precisely | - | and | - |, for prime p, i.e.
Mo = {| - |on |1y for p prime} +—> {primes} U {oo}.

Proof. Let | -| be a non-trivial absolute value on Q.

First suppose that | - | is non-Archimedean. Then |n| <1 for all n > 1, and there exists a prime ¢ such
that |g| < 1 (if |¢| = 1 for all primes ¢, then |n| =1 for all n > 1 and | - | is trivial). Consider the set

I={neZ:|n| <1},
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which is an ideal in Z (it is obviously closed under multiplication and the ultrametric inequality implies
it is closed under addition). Note that 1 ¢ I and ¢ € Z, so I = pZ for some prime p. For n = mp”* with

ptm, we have [m| =1 since m ¢ I, so |n| = |p|*. This gives |n| = |n[} for s = —log, |p|, s0 | - | ~ | - |,.
Now let | - | be Archimedean. Then we can choose n,m > 1 such that |n|,|m| > 1. Write m in base n:
m=ag+an+...qn", a c{0,.. . ,n—1},

where k < log, m, and |a;| < a;|1| < n since a; < n. So |nf| < |n*| for 1 <i < k, and we have
k
’m‘ < Z ’aan‘k < (1 + ngn m) on- ’n’lOg"m'
i=1

Replacing m by m!, taking tth roots and letting t — oo, one finds |m| < |n[l°8»™. By switching m and
n, we get |m| = |n|'°=™, so |m|'/1°8™ = |p|t/1°8"  Thus we can define s = (log |n|)/(logn), which is
independent of n. If z € Q, write = m/n, where without loss of generality we can assume |m/|, |n| > 1
(by replacing m, n with mt, nt, if necessary). Then we have

logm log |m|
 sloge € e _m|
’x|<s>0 = e = eslogn — glog|n| |n| - \x|,

~ ] e O

which shows that | - | = |

5%
Theorem 20.2 (Ostrowski for number fields). Let K be a number field. Then every non-trivial absolute

value on K is equivalent to one of the following:

1. p-adic absolute value |- |, for some prime ideal p C O (defined by |al, = (Np)~ (@) );

2. the absolute value given by K 4 C LL R for some o.

In particular, we have a bijection

My <— {nonzero prime ideals of Ok} U {real or pairs of complex embeddings of K}

Theorem 20.3 (Product formula). For z € Q*, we have [],cpy, [2]o = 1. More generally, for a general
number field K and v € K*, we have [ ¢y, |2l = 1, where | - |, = | - |2 if v is complex.

Theorem 20.4 (Weak approximation). Let K be any field with pairwise inequivalent absolute values
| |1,y ] |n, and let ay, ... a, € K. Then for all ¢ > 0, there exists v € K such that

v —a;; <€, foralll <i<n.
Proof. We only sketch the proof. The idea is the following: We know that there exists & € K such that

lal; < 1 and |al, > 1 (since the absolute values are inequivalent). Similarly, there exists § € K such
that ||, < 1 and |B]; > 1. Let y = /a, so that |y|; > 1 and |y|, < 1.

Now we induct on n: The above argument is the base case, so assume there exists w € K such that
lwl1 > 1, and |w|; < 1for j =2,...,n—1. Then if |w|, <1, take z = w™y with m > 0, and if |wl|, > 1,
take z = w™y/(1 +w™) with m > 0. This z satisfies |z|; > 1 and |2]; <1 for j =2,...,n.

Taking m — oo, we get

2m 1 in|-|;-norm,
1 + 2™ m—oo

0 in|-|;norm, j =2,...,n,

Doing this and getting z; for each i, we can take x = ay2; + - -+ + a,2,. O



Lecture 21

Mar. 25 — Completions of Number Fields

21.1 Absolute Values on Number Fields

Remark. Let K be a number field and p a nonzero prime ideal of O. Then for a € K>, we can define
the p-adic valuation v,(a) = ordy(a), where ord,(a) = k if (o) = p*I with [ relatively prime to p, i.e.
I +p=(1). We can define the p-adic absolute value by |a|, = (Np)~**(®) which is non-Archimedean.

If o is a real embedding of K, then we can define |a|, = |o(«)|g, where | - |g is the usual absolute value
on R. Similarly, if {7, 7} is a pair of conjugate complex embeddings, we can define ||o|/;-7 = |7(a)|Z,
where | - |c is the usual absolute value on C.

Note that || - ||{-7 is not actually an absolute value because it does not satisfy the triangle inequality,
we call it the normalized absolute value (it is squared so that the product formula works). We will write
|| - || to denote the normalized absolute value corresponding to an absolute value | - |.

Recall the following theorems that we stated last time:

Theorem 21.1 (Ostrowski for number fields). There is a one-to-one correspondence

{places of K} <— {nonzero prime ideals} U{real embeddings} U {pairs of complex embeddings} .

Vv vV
Mg=M9UM;:? MY Mg

Theorem 21.2 (Product formula). For each v € Mg, let || - ||, be the corresponding normalized absolute
value. Then for each a € K*, we have [,y ol = 1.

Proof. We have
IT lledle = TT Nl TT llello = (N () [N ()] = 1.

vEME UEM?{ ’UEM?(O

Note that this is essentially the result that |[N((«))| = |N(a)]. O

21.2 Completions of Number Fields

Remark. We can complete K with respect to any non-Archimedean absolute value | - |,, and we obtain
a field K, (note that this is not a localization). We also have the valuation ring

@p = {r € K, : |z|, < 1} = p-adic completion of Ox = @(OK/p").
Note that @p is a local ring with unique maximal ideal m, = {z € K, : |z], < 1}.
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Theorem 21.3. Let p =pNZ. Then we have the following:

1. [K, : Q] < o0. In fact, [K, : Qp] =e(p/p)f(p/p). Moreover, if K/Q is Galois, then so is K,/Q,
and Gal(K,/Q,) = Dy, in this case.

2. @p/tﬁ'g >~ O /p* for all k > 1 (a particular case is Z,/pZ, = Z/pZ).

Remark. An “explicit” description of K, looks like the following: Take the coefficients S to be coset
representatives for Ok /p (e.g. {0,1,2,...,p —1}). Then for each x € K,, we have an expansion

where we choose a uniformizer m € p \ p%.

21.3 Hensel’s Lemma
Proposition 21.1. The element 2 is not a square in Qs.

Proof. If o = 2 for some a € Qs, then |a|2 = |2|5 = 1, so |a|s = 1 and thus we have a € Zs. Then
@ € Zs/5Zs = 7/5Z satisfies (@)? = 2 in Z/5Z, which is a contradiction. O

Proposition 21.2. The clement —1 is a square in Qs. More precisely, x*> + 1 has 2 distinct roots in Zs,
where one root in Zs 1s congruent to 2 mod 5 and the other is congruent to 3 mod 5.

Proof. Let a = ag+ay -5+ as-5>+... for a; € {0,1,...,4}, and suppose &> + 1 = 0. We must have
ap = 2 or 3 mod 5 (these are the only solutions to z? + 1 = 0 (mod 5)).

Suppose ag = 2 (check ay = 3 as an exercise). Then o + 1 = 0 (mod 5?) implies
(2+5a;)* +1=5+20a; =0 (mod 25),

so 14 4a; =0 (mod 5), which gives a; = 1. So a =2+1-5+ O(5%). Then o +1 =0 (mod 5%) implies
that (7 + 25a5)? + 1 = 0 (mod 5%), which means that

50+ 14250, = 0 (mod 125),
s0 2 —ay = 0 (mod 5), which gives a3 =2. Soa =2+ 1-5+2-5%+ O(5), and one can continue.
In general, let ¢, = ag + ay - 5* + - - - + a,, - 5. Assume ag, a1, . . ., a, have been computed. Then
(Cn 4 apy1 - 5")? +1 =0 (mod 5"2),
so we get a,11 = (14 ¢2)/5"™ (mod 5). This defines a solution to 22 + 1 = 0 in Zs inductively. O
Proposition 21.3 (Hensel’s lemma, version 2). Let K be a field which is complete with respect to a

non-Archimedean absolute value | - |. Suppose f € R|x], where R is the valuation ring of K, and that
there exists ag € R such that | f(ag)| < |f'(cw)|?. Define

flan)

an+1 = an - f/(O{ )
n

Then o, — a for some a € K with f(a) =0, and |a — ag| < |f(ao)/f'(c)?| < 1.
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Proof. The idea is to check that {«,} is a Cauchy sequence and use the Taylor approximation
f(an-‘rl) = f(a/n - en) = f(an> - f/(an)en + O(Ei) = 0(6721)7
where €, = f(a,)/f'(a,) (note that f'(a,)e, = flan)). O

Remark. In practice, we will often choose ag so that |f(ap)| < 1 and |f'(a)| = 1.

Example 21.0.1. Let f(z) = 2> + 1, ap = 2, and K = Q5. Note that

[f(ao)| =1/5 and | f'(a0)| = [4]s = 1,
so Hensel’s lemma gives a root with a = o (mod 5) (this holds if and only if |a — agl5 < 1).

Example 21.0.2. We can use Hensel’s lemma to show that Z, contains p — 1 different (p — 1)-th roots
of unity. We will solve the equation 2! =1 in Z,. Let f(x) = 2P~ — 1, so that

fle)=(x—-1)(z—=2)...(x—(p—1)) (mod p).
So by Hensel’s lemma, we have p — 1 distinct roots of f(z) in Z,, one for each element of (Z/pZ)*.

Theorem 21.4 (Baker). The world’s most complicated group (Z/pZ)* is cyclic.

Proof. Let i, be the root of unity in Z, corresponding to a € (Z/pZ)*. There is a homomorphism

(Z/pZ)* — Qp
a+— fg.
Let the image of this map be u C Q). Recall from Algebra I that any two splitting fields for f(x) over

Q are isomorphic, so Q(¢) € Q, and Q((,—1) C C are isomorphic. Thus p is isomorphic to the p — 1
roots of unity 1, 1 € C. But i, = (1) = (e>™/®=1)) C C is cyclic, so u = (Z/pZ)* is also. O



Lecture 22

Mar. 27 — Introductory p-adic Analysis

22.1 p-adic Analysis

Lemma 22.1. If K is a complete non-Archimedean field, then a series - | a, with a, € K converges
in K if and only if a,, — 0.

Proof. We want |a,, + apy1 + - + ap| < € for n,m > 0, but

| + @pypr + -+ | < max{|ay[}

by the ultrametric inequality, so this happens if and only if a,, — 0. O]

Remark. The whole idea of analytic continuation breaks in p-adic analysis because the space is not
even connected. In fact, discs of the same radius are either disjoint or equal.

Definition 22.1. For a power series f(z) =Y~ a,z", define its radius of convergence to be

1

- lim sup,, ., |a,|'/™

Lemma 22.2. Let f(z) = > 7 a,z" be a power series and R its radius of convergence. Then f

converges on {z € K : |z| < R} and diverges on {z € K : |z| > R}. On{z € K : |z| = R}, f either
converges everywhere or nowhere.

Lemma 22.3. Let b;; € K. If for all e > 0, there exists M such that |b; ;| < € when max{i,j} > M,
then the series » ;> bij and 325> ;b j both converge and

DD b= b
% 7 J %

Theorem 22.1 (Strassmann’s theorem). Let f(z) =3 a,z" # 0 and suppose that |a,| — 0 (i.e. f
converges on D = {|x| < 1}). Define N = N(f) by |ay| = max, |a,| and |a,| < |ax| forn > N. Then
f(x) has at most N zeroes in D.

Proof. The proof is by induction on N. First consider the case N = 0, and suppose otherwise that
f(a) = 0 for some o € D. Then we have

oo = ‘—zanan

< max |a,||a|” < max |a, < |agl,
n>1 n>1
n>1
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which is a contradiction. Now let N > 1. Suppose f(a) = 0 for some o € D. Then for any g € D,

FB) = F(B) — f(0) = S an(f" — o) = (- ) 3 3 aflant

n>1 n>1 j=0

gz,g)
Then g(x) = 3 72, bja’, where b; = 3% a1, Then N(g) = N(f) — 1, so by induction g has at
most N — 1 zeroes in D, which implies that f has at most /N zeroes in D. O]

Remark. We will often be interested in the case K = Q, and D = Z,. Note that Z C Z, and Z, is
bounded in the p-adic topology.

Remark. Strassmann’s theorem is a special case of Newton polygons.
Definition 22.2. For an integer n > 0 and ¢ € Q,, define the binomial coefficients by (é) =1 and

<t> :t(t—l)---(t—n+1)

, n>0.
n n!

Lemma 22.4. Ift € Z,, then (;) € Zy.

Proof. We have (') € Z for all t € Z and (') is continuous in ¢. Since Z is dense in Z,, |(!)[, < 1 for
all t € Z implies that |(})|, < 1 for all ¢ € Z,,. O

Theorem 22.2 (p-adic binomial theorem). Consider (1 + x)*.

1. Ift €N, then (1+a2) =" _(O)a" Ift € Z, then (1 + )t = 322 (Y)a" for x € pZ, (i.c.
||, <1).

2. If |z|, < 1, then there exists O, (t) = > 0~ yt" € Qp[t] converging for all t € Z, such that
D,.(t) = (1 + )" for allt € Z.

Proof. (2) Suppose first that t € N. Then we have

(1+x)t:Zt(t—l)---(t—nJrl)%

n=0

Since |z|, < 1/p, we have |z"/nl|, — 0 as n — 00, so we can rearrange the series to get

=2 "
n=0
where v, = ,.(z) € Q, is independent of ¢ and |v,|, — 0. See the notes for the case n < 0. O

Exercise 22.1. Prove the following:
L. log,(1+z) = Z( 1)"Jrl converges if and only if |z|, < 1.
n
n=1

o0 Tl

2. exp,(v Z —y converges if and only if x|, < p~/®7V (ie. v,(x) > 1/(p—1)).
n=0

Remark. Note that exp : C — C* is entire, while exp, is not.
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22.2 Applications to Diophantine Equations

Example 22.2.1. We show that the only integer solution to ® — 11y = 1 is (1,0).

First note that if 2 — 11y = 1, then  — yv/11 is a unit of norm 1 in Z[v/11]. Let a = v/11. The
fundamental unit in Z[a] is © = 1802 + 40 + 89, and v = 1/u = —2a* 4+ 4a + 1. Since every unit of
Z|a] with norm 1 is a power of v, we can write x — yv/11 = v" for some n € Z. We will show n = 0.

Note that 19 splits completely in K = Q(«), so equivalently, 2 — 11 has 3 distinct roots modulo 19. So
by Hensel’s lemma, we get ay, ao, a3 € Zig satisfying o = 11. One can compute that

ap = —3+5-19+0(19?),
ay = —2+8-19 +0(19?),
as =5+6-19 4+ O(19?).

The «; give 3 embeddings 1; : K — Qq9. Let v; = 1;(v), which one can compute to be

v =9+2-19 4+ 0(19%),
vy =4+0-19+ 0(19%),
v3=9+6-19+ 0O(19?).

Since x — yv/11 = v, we have x — yo; = v} for i = 1,2, 3, so

2
av] + agvy + azvy = g (xa; —ya;) =0,

%

where we get a; + as + a3 = a2 + a3 + a2 = 0 by looking at the coefficients of 23 — 117. We continue
the rest of the argument next class.
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Apr. 3 — Applications of p-adic Analysis

23.1 Applications to Diophantine Equations, Continued

Example 23.0.1. Consider the Diophantine equation z* — 11y = 1. Let K = Q(a) for o = ¥/11 and
v=-2a"+ra+1¢e0y,

where Ok = Z[v/11]. Note that v is the reciprocal of the fundamental unit in O.

Proposition 23.1. If x — y/11 = v" for some n € Z, then n = 0.

Proof. We have previously found that there exists aq,..., a3 € Q9 and vy, ..., v3 € Q19 such that
0] + vy + agvy = 0. (%)

(We did this by consider the three embeddings o; : K < Qy, and setting v; = 0;(v), a; = 0;(«).) Note
for z,t € Z,, we can expand (1 + px)' via a power series in ¢:

(1+ pa)’ Z%, Yn € Qp.

Multiply both sides of () by v5v§ to get (note that vivv3 = N /g(v) = 1 since v € O)
ar +asfly +asfy =0,

where S = 11 (mod 19) and 3 = 1 (mod 19). Taking the above equation mod 19, we obtain

a; + a3l1™ + a3 = 0 (mod 19)
Recall that oy = —3 (mod 19), as = —2 (mod 19), and a3 =5 (mod 19), so

2—-2-11" =0 (mod 19),

which gives 11" = 1 (mod 19). This implies that 3|n. Then we have

ar +as(B3)™ + as(83)™ = 0. (%)
One can calculate that 85 =1+ 7-19+ O(19?) and 85 =1+ 1119+ O(19?), so

ar + (8™ + as(B3)™ Z%m = (—2-745-11)-19m =3-19m (mod 19%).

This yields N = 1 in Strassmann’s theorem, so it implies that there is at most one zero in Z9. We know
that m = 0 is a root, so it must be the only one. So m = 0 is the only solution of (xx). O

74
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Example 23.0.2. Consider the equation 222 + 1 = 3™. We can observe the solutions

(z,m) = (£2,2), (+1,1),(0,0), (£11,5).

Theorem 23.1. The above pairs (x,m) are the only integer solutions to 2x* + 1 = 3™.

Proof. Let K = Q(+v/—2) and a = 1 4+ 2v/—2, so the equation becomes N(a) = 3™. Note that Z[v/—2]
is a PID, and (3) = (1 ++v/—2)(1 — v/—2) = (f1)(B2), where 1 £ \/—2 are irreducible. Then

o =By
since acx = N(a) € (3). Note that we have Trg/g(a) = o + @ =2, so
BBy + B = 2.
So by symmetry, we can assume without loss of generality that m; < msy. Factoring out ;" 55" = 3™,
37 (B ) = 22 € ZIV

This implies m; = 0, so we have the equation 7" + 85" = £2 with m = my. Now we want to embed K
into a suitable Q,. Note that (31, 82 are roots of the polynomial

fly) =vy* =2y +3,

which splits mod p for p = 11. We have ; =9 (mod 11) and ; = 4 (mod 11), each of which satisfy
B2 =1 (mod 11). Let m = 5t + k for k € {0,1,2,3,4}, and we get

BB + B5(53)" = +2.
Looking at the equation mod 11, only k& = 0, 1,2 give solutions. Let \; = 3 — 1 € 11Z;. For k = 0,
1+ M)+ (1+ X)) —2=0,

so expanding this as a power series in t, we find

t t
0=1+X)+1+X)-2= (1+A1+A§(2)+---)+(1+A2+/\§<2>+---)

t
= (A1+A2)t+(A§+A§)<2> + -
which converges for |t|;; < 1. Computing the power series explicitly, we get
t t
0=(7-117+10-11° +10- 11%) (2) + (8- 117 (4) + O(11%) = yit + Yot® + 5t + -+,

where |v1|11 = [72]11 = 1172 and |y,]11 < 1174 for n > 3. The Strassmann bound is N = 2, so there are
at most 2 solutions for k£ = 0. This implies 5|m, which corresponds to the solutions (0,0) and (£11,5).

One can compute that the Strassmann bounds for £ = 1 and k = 2 are both N = 1, so there are at most
4 solutions in total. We already have solutions with 4 distinct m, so they must be all of them. O]
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23.2 Applications to Linear Recurrences
Remark. Note that 7 + 37 = 42 for 31, By roots of x? — 2z + 3 is equivalent to solving the linear
recurrence a, = +2 with ag = a; = 2 and a,,,2 = 2a,,.1 — 3a, for n > 2.

In general, suppose a,, is a linear recurrence over a field K. Choose some ¢ € K, and we want to solve
a, = c. Assume that char K = 0. Then we have the following result:

Theorem 23.2 (Skolem-Mahler-Lech). In the above setting, either a,, = ¢ has finitely many solutions,
or a, = c for all n in some arithmetic progression.

Proof. We sketch the main idea of the proof. We embed K into a suitable Q, using the following result:

Theorem (Cassels-Lech embedding theorem). Let K/Q be a finitely generated field extension
and C be a finite set of elements of K*. Then there are infinitely many primes p such that
(1) there is an embedding o : K < Q,, and (2) |o(c)|, = 1 for all ¢ € C]

A similar argument as before works in this setting due to the above two properties. O]

Remark. In fact, a stronger result is true: The solutions to a, = ¢ form a finite union of arithmetic
progressions. However, the result does not hold for char K # 0: Consider K =IF,(t) and

a, = (t+1)" —t",
then a,, = 1 if and only if n = p* for some k.
Theorem 23.3 (Baker-Demarco). Fiz any a,b € C with a # £b. Then the set

{c € C:a and b both have finite orbit under z — 2* + c}.

s finite.
Theorem 23.4 (Monsky). There is no odd equi-area dissection of a square.

Remark. The proof of the two above theorems have similar flavors using p-adic analysis.

1See Cassels’s Local Fields for a proof of this theorem.



Lecture 24

Apr. 10 — Guest Lecture: Gauss Sums

24.1 Quadratic Gauss Sums

Definition 24.1. Let p be a prime. A quadratic Gauss sum is a sum of the form

p 2
G, = Z (n_) . e(r) =" x cR.

n=1 p

Exercise 24.1. Show that |G,|* = p.

Remark. Gauss famously determined that G, only takes two values:

G VP ifp=1(4),
"o liyp ifp=3(4).

Note that G, are really p-adic analogues of the Gaussian integral:

/ e<3u2+bu>du, acZ\{0}, beZ.
0 2

The Gaussian integral is at the infinite place, whereas GG}, are at the p-adic places. Dirichlet used Poisson
summation (from Fourier analysis) to evaluate GG, using the Gaussian integral.

24.2 Cubic Gauss Sums

Definition 24.2. Let p =1 (mod 3) be a prime. A cubic Gauss sum is a sum of the form

5, = (_>
' n:le p

We work in the Eisenstein fields Z[w] € Q(w), where w = *™/3 satisfies w? +w + 1 = 0. Note that

p=7m, = aprimein Qw).

Remark. One can see that

2 B 90, B QG e




LECTURE 24. APR. 10 — GUEST LECTURE: GAUSS SUMS 78

Kummer in 1846 observed that for p < 500, the values of g3(7) are distributed in a ratio of 1:2: 3 for
the left quarter of the unit circle, the top and bottom quarters, and the right quarter. After Kummer,
however, the problem remained untouched for around 100 years.

Later on, the ENIAC (a 1700-vacuum tube computer) at the TAS changed the game. In 1953, von
Neumann, Goldstine, and Selberg computed the ratio to be 2 : 3 : 4. Lehmer in 1956 changed this to
3:4:5, and Cassels in 1969 led mathematicians to believe that the values were equidistributed.

Conjecture 24.0.1 (Folklore). The cubic Gauss sums gs3(m) are equidistributed on the unit circle as
N(7) = oo, for m =1 (mod 3) prime.

Conjecture 24.0.2 (Patterson, 1978). One has

- 2(2m)%/3  2°/6
Z ga(m) ~ 5T(2/3) logx’
TEL[W]

7=1(3),N(m)<z

Remark. In the same paper, Patterson established the 2%/%-bias over all Eisenstein integers.

24.3 Automorphic Forms

Remark. One can see a connection between Gauss sums and automorphic forms. Kubota (1969,
1971) considered automorphic forms on the 3-fold cover of SLy(Ag()), i.e. functions F' : H* — C with

AF = \F and
P((2 o) = (0, (2 0) stz

such that F is an eigenfunction of the Hecke operator: TpsF' = A3 F. Also let w = (z,v) € H3.

Example 24.2.1. Consider cubic Eisenstein series E3(w, s), which have a pole at s = 4/3, and define
O3(w) = Resg—q/3 B3(w, 5)

to be the cubic theta function. One can expand this function via

35/2

O3(w) = 5 023 4 Z T3 (1) v K 3 (4| plv)é(pz)

HEZ[w]

Patterson (1977) determined that 73(u) = g3(p) via a Hecke converse argument. Note that this gives
access to a functional equation. The 5/6-bias is a consequence of the translation 4/3 —1/2 = 5/6.

Theorem 24.1 (Heath-Brown-Patterson, 1979). The Folklore conjecture is true.
Theorem 24.2 (Heath-Brown, 2000). For any € > 0, we have

Z gs(m) < 257 as x — oo.

TELw]
7m=1(3),N(7m)<z

Remark. Note that the Heath-Brown result falls short of the Patterson conjecture by x°.

Theorem 24.3 (Dunn-Radziwitt, 2021/2024). Patterson’s conjecture is true under GRH for Hecke
L-functions over Q(w).
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24.4 Detecting Primes
Remark. Vaughan’s identity says that

¢

C:F—gFG—C’GJr(———F) (1-¢@),

where

F(s)=> Am)m™, G(s)=> p(d)d

m<u d<v

where A is the von-Mangoldt function. One can use this to write
AN=Acy —u<y * Ay % 1+ iy ¥ 10g + 1oy * Ay x 1.

This means that we can convert sums over primes to multilinear sums, i.e. sums of the form

> uBugslab), au By €C, |aal |8 < 1.
(a)~A
N(b)~B

Note that g3 is not multiplicative, but we have

a

Gs(ab) = §3<a>53<b>@3.

By absorbing g3(a), g3(b), we can convert the sums to be of the form

> wn(l),

N(a)~A
N(b)~B

Applying Cauchy-Schwarz, one ends up with a sum of the form

2
* *

SERSRICIE ”

N(a)~A |N(b)~B

One can approach this with a cubic large sieve, and Heath-Brown showed that

2

*

S a(5),| < ABY(A+B+(AB)5]3

N(a)~A |N(b)~B

where the A in the middle term comes from square-root cancellation and B comes from orthogonality.
The (AB)%? term was the reason that Heath-Brown was stuck at 5/6 + . For a long time, people
believed that (AB)?/3 could be improved, but it turns out that it is actually sharp. Instead, to achieve
5/6, one must remove a main term in the inner sum of (x).



Lecture 25

Apr. 15 — Class Field Theory

25.1 Introduction to Class Field Theory

Remark. The following are goals of class field theory:
1. Classify all (finite) abelian extensions of a number field K.
2. Describe Gal(K®"/K), where K® is the maximal abelian extension of K (in some fixed K).

Lemma 25.1. If L1 /K, Ly/K are both abelian, then LiLy/K is also abelian.

Proof. By Galois theory, Gal(L;Ly/K) < Gal(Ly/K) x Gal(Ls/K), which is abelian. O
Theorem 25.1 (Kronecker-Weber). Q* = Q((w) = U,, Q(Cn), i.e. every finite abelian extension of Q
is contained in a cyclotomic extension Q((,,) for some m.

Remark. Part of the motivation for class field theory is to generalize this result to other K.

What is Gal(Q*/Q) (this is an infinite extension)? The answer is that it is the inverse limit

lim Gal(Q(Gn)/Q) = lim(z/mz)* =2* = [] 2.

p prime

Note that Zx = Z/(p — 1)Z x Z, for p odd and Z5 = Z/27 X Zs.

Example 25.0.1. Hilbert studied unramified abelian extensions of number fields. For K = Q, the
maximal unramified (abelian) extension is just Q itself. For K = Q(v/—1),Q(v/—2),Q(v/—3), the
maximal unramified abelian extensions are also just K itself. For K = Q(y/—5), however, the extension

Q=5 v-1)/Q(V-5)

is abelian (it is quadratic) and also unramified everywhere. For K = Q(1/—31), one can show K has
class number 3. Letting o be a root of 2% + x + 1 (which has discriminant —31), the extension K (a)/K
is abelian of degree 3 and unramified everywhere.

Hilbert conjectured that this is part of a more general phenomenon. However, K = Q(\/g) has trivial

class group, but the extension
Q(V3,V-1)/Q(V3)

is abelian and unramified at p for all primes p. This seeming contradiction is resolved by noting that the
extension is “ramified at 0o” (each real embedding of K extends to only a single complex embedding of
L =Q(v/3,v/—1)). We want to consider this scenario to have ramification index e = 2.

80
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Definition 25.1. An extension L/K is ramified at an infinite place v of K if there exists a complex
place w of L lying over v.

Theorem 25.2 (Hilbert?). If K is a number field, then the mazimal abelian extension H of K which is
unramified at all places (including the infinite ones) is finite and Gal(H/K) = CI(K).

Definition 25.2. The field H in the above theorem is called the Hilbert class field.

25.2 Applications of the Hilbert Class Field

Theorem 25.3. A prime ideal p of Ok splits completely in H if and only if p is principal (if and only
if the Frobenius element in Gal(H/K) is trivial, i.e. Frob, = {1}).

Proof. The map (let I be the set of fractional ideals of Of)

Ix — Gal(H/K)
p — Frob,

is surjective with kernel Py (the set of principal ideals of O), so I /Px = Gal(H/K). O

Example 25.2.1. The rational primes that split completely in L = Q(v/—5,v/—1) are p = 1,9 (mod 20).
Let K = Q(v/—5), and note that p also has to split in K. Then for a prime p; of O lying over p, we
have N(p;) = p, and if p; must be principal since it splits completely in L. Writing p; = (z 4+ yv/5), we
find that 2% 4 5y = p for some x,y € Z. This proves the following statement:

Let p be a prime. Then p = 1,9 (mod 20) if and only if p = 22 + 5y for some z,y € Z.
See D. Cox’s Primes of the form xz* 4+ ny? for more details.

Remark. Kummer considered K = Q((,), and the subfield fixed by complex conjugation is
QG) T =QG+¢ ).

This can be shown using Gaussian periods. The extension Q((,)"/Q((,) is ramified only at co.

Theorem 25.4 (Kummer). hy+|hg, where hx denotes the class number of K and K is the subfield of
K fized by complex conjugation.

25.3 Galois Theory for Infinite Extensions

Definition 25.3. Let L/K be normal, separable, and algebraic (but not necessarily finite), i.e. for every
a € L* its minimal polynomial f, € K[z| splits into distinct linear factors. We say L/K is Galois, and
define its Galois group as

G =Aut(L/K) = Gal(L/K).

Remark. If L/K is finite, then there is a bijection between intermediate extensions L/K and subgroups
of G. If [L : K] = o0, given an intermediate field L C M C K, we can still have H = Gal(L/M) < G
and L = M. But not every subgroup H occurs in this manner.

The solution is to put a topology on GG, and then we get a bijection between intermediate fields and
closed subgroups of G (the topology is essentially defined to make this true).
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Definition 25.4. A basis of open subsets of G consists of cosets gH, where H is a normal subgroup of
the form Gal(L/M) for some finite Galois extension M /K. This defines the Krull topology on G.

Remark. In the finite setting, the Krull topology is discrete, which recovers finite Galois theory.

Remark. One can show that (in this case, = denotes homeomorphism)

Gal(L/K) = lim Gal(M/K)

M/K finite Galois,d, el
KCMCL iscrete topological space

The Krull topology is the smallest one such that the maps Gal(L/K) — Gal(M/K) are continuous.
Proposition 25.1. G = Gal(L/K) is a compact Hausdorff topological group.

Remark. The Galois group Gal(L/K) is a profinite group, i.e. an inverse limit of finite groups. One
gets a bijection between intermediate extensions L C M C K and closed subgroups of GG, as well as a
bijection between finite extensions M/K and open subgroups of G (which also happen to be precisely
the closed subgroups of finite index in G).

Note that if H < G is open, then {gH} is an (disjoint) open cover of G. By compactness, we must have
|G : H] < oo. Since H€ is the union of non-trivial cosets of H (which are open since H is), we get that
H¢ is open, hence H is a closed subgroup of finite index.

Example 25.4.1. Let K =F, and L = F,. Then Gal(L/K) = Z = l&n(Z/nZ) =~1] Z,. There is

a canonical generator 1 € Z, which corresponds to Frob, under the isomorphism. Note that

F, = |J Py,
n=1

and open subgroups of / (of finite index) are of the form nZ for n > 1.

p prime

Remark. Next time, we will generalize this idea to K a finite extension of Q, (a local field). We will
define the Artin homomorphism

0: K* — Gal(K™/K)

which is “almost” an isomorphism. This will give bijections between open subgroups of K* of finite
index, open subgroups of Gal(K?"/K) of finite index, and finite abelian extensions K C L C K2,



Lecture 26

Apr. 17 — Class Field Theory, Part 2

26.1 Local Class Field Theory

Definition 26.1. Let GG be a topological group. Its profinite completion is
G =limG/U,
U

where U ranges over the open normal subgroups of G of finite index, and G/U is given the discrete
topology. The universal property of the profinite completion is that any map from G to a profinite group
H factors uniquely through the profinite completion G.

Remark. The finite-index open normal subgroups of G are in bijection with the finite-index open normal
subgroups of its profinite completion G.

Example 26.1.1. We have Z = @n(Z/nZ)

Theorem 26.1. Let K be a local field (i.e. a finite extension K/Q, or K/R, or equivalently, k, for a
number field k and a place v of k). Then there exists an injective homomorphism

0: K* — Gal(K*/K)
which induces an isomorphism K* —» Gal(K**/K).

Remark. What doesp look like? If K is Archimedean, then either K = C or K = R. If K = C, then
the left-hand side is C* = lim C* /C* = {1} (since C* has no non-trivial finite-index open subgroups)
and the right-hand side is also {1} (since C is algebraically closed). For K = R, the left-hand side is
Z/27 (there is a non-trivial open subgroup R-), and the right-hand side is Gal(C/R) = Z/27Z.

If K is non-Archimedean, then K* = Z x Oj since there is a split exact sequence

Up

0 —— Og s KX > 7 > 0

where v, : K* — Z is the p-adic valuation. So we get that (note that Oj is already profinite)
ﬁ%ZXOIX(%HprOf{.
p
We also have the following:

Up

0 » Of > K~ » L > 0

| s [

0 —— Gal(K**/K"") —— Gal(K**/K) —— Gal(K"™/K) — 0

83
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where Gal(K"™/K) = Gal(k/k) = Z. For 7 € Ok with v(m) =1, i.e. 7w is a uniformizer, O(r) is the
Frobenius automorphism. Also, ©(0F) = Gal(K*"/K"), which is the inertia subgroup of G.

Theorem 26.2. Let L/K be a finite abelian extension, and Ok be the composite map
K* —— Gal(K**/K) —— Gal(L/K)

Then O,k 1is surjective, and ker O, = Np/x(L*) < K*. In particular, K* /Np k(L*) = Gal(L/K).

Theorem 26.3 (Local class field theory). There is an inclusion-reversing correspondence between the
finite abelian extensions of a local field K and finite-index open subgroups of K* given by

L/K abelian <—— Ny /x(L*)

26.2 Adeles and Ideles

Definition 26.2. Let K be a number field. For a place v of K, note that the completion K, is a
local field, and let O, be the valuation ring in K, (in the non-Archimedean case, or K, itself in the
Archimedean case). Define the adele ring of K to be ([] denotes the restricted product)

/
Ag = H(Kv, 0,) = {(av) € HK” :a, € O, for all but finitely many v} )

v v

Consider the basis of open neighborhoods of 0 given by [[, U,, where U, is open in K, and U, = O, for
almost all v. This turns Ag into a topological Ting.

Theorem 26.4. The adele ring Ak is locally compact.

Remark. Note that it is important for Ag to be locally compact, e.g. for harmonic analysis. Also,
there is an embedding K — A given by v — [], a,, where i,(a) = a, for the inclusion i, : K — K,

Theorem 26.5. K is discrete in Ax, and Ak /K is compact.
Example 26.2.1. Consider the case Z < R, where Z is discrete and R/Z is compact.

Definition 26.3. The group of ideles of K is Jx = A} = [[,(KX,0X). We take a basis of open
neighborhoods of 1 to be [[, U, for open U, C K¢, such that U, = O for almost all v. Note that this
is not the subspace topology from Ay C Ag.

Theorem 26.6. Jx s a locally compact abelian topological group.

Definition 26.4. There is a norm || - || : Jx — Ry given by ||| =[], llaw s, where || - ||, : K, — Rso.
The product formula says that K* C JL (the ideles of norm 1). Define the quotient Jx /K> = C to be
the idele class group of K, and J,/K* = C}; < Ck.

Theorem 26.7. C}; is compact.

Proof. This follows from the finiteness of C1(Of) and Dirichlet’s unit theorem. O

26.3 Global Class Field Theory

Remark. Chevalley realized that adeles and ideles give a natural way to state global class field theory.
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Remark. In global class field theory, C'x will play that role that K played in local class field theory.

Theorem 26.8 (Artin). There exists a homomorphism
0 : Cx — Gal(K*/K)
inducing an isomorphism Cx —» Gal(K*/K).
Remark. How do we define the global Artin map ©7 Pick L/K finite abelian. Define a map
Ok : Jk — Gal(L/K)
(@) — [ Oular).

where O, is the local Artin map. Note that if v is unramified in L and a, € O}, then ©,(a,) = 1, so the
above product is indeed well-defined. Then take the inverse limit over all such L, and we get a map

0 :Jx — Gal(K*/K).

Theorem 26.9 (Artin’s reciprocity law). K* Cker©, i.e. for all « € K*, we have [[, ©,(a) = 1.
Example 26.4.1. Let p, ¢ be distinct odd primes, and K = Q, L = Q(y/p*) for p* = p(—=1)P=1/2, Then

q p*

which recovers the law of quadratic reciprocity.

Theorem 26.10 (Global class field theory). There is a bijection between the open finite-index subgroups
of Cx and the finite abelian extensions of K given by the inclusion-reversing correspondence

NL/K<OL) «—— L.
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Apr. 22 — Class Field Theory, Part 3

27.1 Ray Class Fields
Definition 27.1. Let K be a number field. A modulus is a formal product

m= H v, ey € Lxo,

veEMK

where e, = 0 for almost all v, e, = 0 for v complex, and e, € {0, 1} for v real. So m corresponds to a
pair (1,5), where [ = Hp p and S is a subset of the real places.

Remark. Fix a modulus m, and we will define a subgroup U,, < Ji. This will give a subgroup
Up < Cg = Jx/K*,

which will be an open subgroup of finite index. Thus U;, corresponds to a finite abelian extension Ry, /K,
which is called the Ray class field of modulus m. By construction, R, /K will ramify only at places of K
in supp(m), and Gal(R,/K) = Ck/U},, which is some kind of generalized ideal class group. For m = 1,
the Ray class field R; is just the Hilbert class field, and Ck /U] = Cl(Ok).

Definition 27.2. Let m be a modulus. Define Uy, , as follows:
1. if e, = 0, then set Uy, = O.;
2. if e, > 0 and v is non-Archimedean, then set Uy, = 1 + p¢*, where p, is the maximal ideal in O,;
3. if e, > 0 and v is Archimedean (so v is real), then set Uy, = Ryo C K = R*.

Define Uy =[], Un,o-

Lemma 27.1. Every open subgroup of finite index in Ck contains some Ul,.

Corollary 27.0.1. Every finite abelian extension of K is contained in some Ray class field.

Proof. Any finite abelian extension L/K corresponds to a subgroup H < Ck. Then H contains U, so
L/K lies in the corresponding Ray class field Ry, /K. O

Corollary 27.0.2 (Kronecker-Weber). Every finite abelian extension of Q lies in a cyclotomic field.
Proof. If m =m > 1, then Ry, = Q((,,), and if m = m - 0o, then Ry, = Q((n) ™, ]

Definition 27.3. Define I, to be the fractional ideals coprime to m and P, = {(a) : a = 1 (mod™ m)},
where a = 1 (mod™ m) means that a € Uy, for all v € supp(m). Define Cly(Ok) = I/ Pa.
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Proposition 27.1. Cl,(Ok) = Ck/U;..

27.2 Artin Reciprocity

Definition 27.4. Let K be a number field and L/K a finite abelian extension. Let S be the set of
ramified places, and let Is be the set of fractional ideals coprime to S. Define the Artin map by

@L/K : [S — Gal(L/K)
p — Frob,

Proposition 27.2 (Artin reciprocity). There exists a modulus m = m(L/K) with supp(m) = S such
that Pm g ker@L/K.

Remark. The primes of Ok that split completely in Ry, (i.e. Frob, is trivial) are exactly those in P

Proposition 27.3 (Existence theorem). Given a modulus m and Py C H C Iy, then there exists an
abelian extension LK which is unramified outside of supp(m), such that ker Op,x = H.

Example 27.4.1. Let K be a number field and L/K an abelian extension. Then K C L C Ry, for some
Ray class field Ry, and how a prime p in K splits in L and R, can be related to produce a reciprocity
law. Note that this is similar to how we proved quadratic reciprocity, where we compared how a prime
splits in a quadratic extension and a cyclotomic extension.

Definition 27.5. Let p be a prime or co, and a,b € Q) (where Qo = R). Define the Hilbert symbol
(0, ) 1 if 22 = az? + by? has a nontrivial solution in Q,,
a? = .
b —1 otherwise.

This defines a map (a,b), : Qx/(Q))* x Q) /(Q))* — {£1}. See Serre’s A Course in Arithmetic.

Theorem 27.1. The pairing (a,b), is bi-multiplicative (i.e. (a,bi1bs), = (a,b1),(a,bs),), symmetric, and
non-degenerate (i.e. if (a,b), =1 for every b, then a € (Q))?).

Corollary 27.1.1. b € Q) is a norm from all quadratic extensions of Q, if and only if b € (@;)2.

Proof. Suppose b is a norm from Q,[/a] for all a € Q,,s00b= z? — ax? has a solution in Q,. Then

22 =ax? + by2

has a nonzero solution, which means (a,b), =1 for all a € Q, . By non-degeneracy, b € (Q;)Z. n

Remark. Using quadratic reciprocity, Serre shows that Hpgoo(a, b), =1 for all a,b € Q*. In fact, this
statement is equivalent to quadratic reciprocity: Suppose p # ¢ are distinct odd primes. Then

(. q)p = <%) and  (p,q)q = (g) :

Furthermore, (p,q)¢ = 1if £ # 2,p, ¢, 00, (p, @) = 1, and (p, q)o = (—=1)@~Da=D/L,

Theorem 27.2. Let K be a local field containing ju,. If b € K* is contained in Nz x(L*) for every
cyclic extension L/K of degree dividing n, then b € (K*)™.
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Remark. The modern interpretation of the above theorem is that if L/K is cyclic, then

K> /Np(L*) = H*(Gal(L/K), L).

Definition 27.6. Let K be a local field and a,b € K*. Then define the local Hilbert symbol

D) ¢,

(a,b) g =

where O (b) € Gal(K*"/K).
Theorem 27.3. The Hilbert symbol (a,b) i satisfies the following properties:

1. (bya)g = (a,b);

2. (a,b)k is bi-multiplicative;

3. (a,b)k is non-degenerate.
Definition 27.7. Let K be a number field. The global Hilbert symbol is given by

(a.0)x = [[(a.0)k, € pin, a,b € KX /()"

Theorem 27.4 (Hilbert reciprocity). (a,b)x =1 for all a,b € K*, i.e. [, (a,b)k, = 1.
Proposition 27.4. Let p be an odd prime, n =2, and a,b € Q). Then the following are equivalent:

1. (a,b), =1 in Serre’s sense;

2. X2 —aY? — bZ? represents 0 in Q,;

3. bis a norm from Q,(v/a);

4- Og,(vaye,(b) =1;

5. X% —aY? —bZ*+ abW? represents 0 in Q,;

6. the quaternion algebra A_;(a,b) is split, i.e. A_1(a,b) = M>(Q,).

27.3 Brauer Groups

Definition 27.8. Given a,b € K and a fixed ¢ € p,, define a central simple algebra A¢(a,b) over K,
with generators 7, 7 and relations i" = a, j” = b, and ij = (ji.

Example 27.8.1. The algebra A_;(—1,—1) is the usual Hamilton quaternion algebra Hg.
Definition 27.9. Define the Brauer group as Br(K,) = {central simple algebras over K,}/~, and

(a,b), = (A<,

Remark. One has Br(K,) & H?*(Gal(K®™/K,), (K?)*).

Remark. There is a cohomological interpretation of the statement [], (a,b), = 1 via Brauer groups.
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27.4 Applications to Fermat’s Last Theorem

Remark. Let p be an odd prime and ¢ = (,. Factor the equation a? + y? = 2P (let z,y, z be coprime
and p 1 xyz; recall that this is the first case of Fermat’s last theorem) as

p—1

[[@+¢y) =)

=0

Then the ideal («) is a pth power, where

x+Cy Yy
o= =1

— , m=1—-¢.
T+y r+y

Theorem 27.5. If g|lzyz is prime, then ¢~ =1 (mod p?).

Proof. Let K = Q((,), 8 =¢" ', and « = 1 — yr/(x + y). Then the power reciprocity law says

(BN (o mgem . B—1 a—1
=(2),(5), —em =t

where both symbols are 1 in this case. One can compute that

¢ -1 —y
Tr ~L T p-1 :
K/0(n) p (p—1_— )
so p must divide (¢?~ — 1)/p, which implies p?|(¢?~! — 1). ]

Remark. For ¢ = 2, this is Wieferich’s criterion, and for ¢ = 3, this is Mirimanoff’s condition.

Remark. Only two primes (1093 and 3511) below 3 x 10% satisfy 2°~! = 1 (mod p?). Neither of these
two primes also satisfy the congruence 3~! =1 (mod p?).

Remark. Class field theory can also be considered as studying 1-dimensional representations of the
Galois group Gk = Gal(K/K). The Langlands program studies n-dimensional representations of G.
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