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Lecture 1

Jan. 9 — The Derivative

1.1 Defining the Derivative

Definition 1.1. Let f be a real-valued function on an open interval U C R. Let 2y € U, we say f is

differentiable at xq if
lim f(z) = f(@o) — lim f(@o +h) = f(xo)
T—T0 r — X h—0 h
exists. If it does, then this limit, denoted by f’(z), is called the derivative of f at x.

Remark. By definition, for any € > 0, there exists § > 0 such that

f(x) — f(i[fo) _ f/(x()) <e
r — 2o
if |z — 29| < ¢ and = € U. Multiplying both sides by |z — x| yields

|f(x) = f(xo) — /(o) (@ — 20)| < €|w — mo].

In other words,

[f(z) = p(x)] < elz — x|
where p(z) = f(zo) + f'(z0)(z — xp). In other words, p(z) is a first-order approximation of f(z) near z.
Geometrically, this is approximating the graph of y = f(x) by the tangent line y = ¢(x).

1.2 Immediate Properties

Proposition 1.1. Let U C R be an open set and f : U — R. If f is differentiable at xq € U, then f is
continuous at xg.

Proof. Pick any ey > 0. Then there exists dp > 0 such that whenever |x — 2| < §p and z € U,

|f(z) = f(z0) — f'(w0) (2 — 20)| < €ola — 20l
By the triangle inequality,

f(z) — f(@o)| < €olz — zo| + [ (o)l |z — mo| = (€0 + | f'(20)])|z — 2o]-
Now for any € > 0, choose 6 = min{dy, ¢/(eo + |f'(x0)|)}. Then

[f () = f(zo)| < (e + |f"(wo) )& — wo| < (€0 + [f'(w0)])0 <€

whenever | — z9| < § and = € U. Thus f is continuous at z. O

4



LECTURE 1. JAN. 9 — THE DERIVATIVE 5

Example 1.1.1. Take the function

~ Jwsin(l/z) ifx#0
f(x)_{o if 7 = 0.

Note that f is continuous on R. For z # 0, continuity is clear since both = and sin(1/z) are continuous.
At x =0, we have

lim f(z) = lim 2 sin(1/x) = 0 = f(0)
since |zsin(1/z)| < |z| for all x € R, so f is also continuous at = 0. However, f is not differentiable at

z = 0. Consider the limit 0
lim J@) = 1) = lim sin(1/x),

z—0 x—0 z—0

which does not exist since sin(1/z) oscillates. So f is not differentiable at = = 0.

Example 1.1.2. Take the function f(z) = |z|, which is continuous everywhere on R. However, f is not
differentiable at x = 0, since

. flx) = f(0) .|
lim = lim —.
z—0 x—0 z—=0 X
Note that
lz|  J1 ifxz>0
r | -1 ifz< 0,

so the limit does not exist as z — 0. Thus f is not differentiable at x = 0.

Remark. For the previous example, we can however define the left (right) derivative by

P () = tim LTI g () = i LS @0)
T—Ty T — To m%zg T — T

If f is differentiable, then f’ (zo) = f) (x¢). In the previous example, f’ (0) = —1 and f) (0) = 1. For
the first example however, even f’ (0) does not exist.

Remark. In one dimension, the existence of the derivative implies that the function is differentiable
(the function is approximated by a linear function). However, in multiple dimensions, the existence of
partial derivatives does not imply differentiability.

1.3 Rules for Differentiation

Proposition 1.2. Let U C R be open and f,g : U — R be differentiable. Then
1. (f +9)'(xo) = ['(w0) + ¢'(20)
2. (f9)(xo) = f'(w0)g(zo) + f(x0)g (x0)
3. if g(wo) # 0, then (f/g)(xo) = (f'(x0)g(x0) — f(x0)g (x0))/(9(0)?).
Proof. Find in textbook (Rosenlicht). O

Proposition 1.3. We have L(c) =0, L(z) =1, and L (z") = na""! for alln € N.
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Proof. We prove the last claim (the power rule) for n > 1 by induction. The base case n = 1 is the first
claim which is true. Now suppose that the result holds for any n < k € N, and we show that it remains
true for n = k + 1. By the product rule, we have

d d d d
%(xk“) = %(:c ok = %(x) b4 %(:ck) = 2 4 oka® T = (k4 1)
Thus by induction this holds for all n > 1. We can do negative integers by the quotient rule. O]

Remark. The power rule actually holds for any n € R.

Proposition 1.4 (Chain rule). Let U and V be open sets of R and let f : U — V,g : V — R be
differentiable. Let xo € U be such that f'(x¢) and ¢'(f(xo)) exist. Then (go f) (xo) exists and

(g0 f) (o) = g'(f(x0))f (o).

Proof. For any fixed y, for which ¢'(yo) exists, set

W) —9wo))/(y —yo) ify eV andy#uyo
Al 20) = {g’(yo) if y = yo.

Then A is continuous at yo. To find (g o f)'(z0), observe that
@) o) _ AU, fo)) () — (o)

T—T0 r — X - Ilig?lo r — X9
= 1 AG(@), f(ao)) lim LTI i iy,
T—T0 T—XT0o 0

by the continuity of A at f(x¢) and the differentiability of f at x. ]
Remark. The rough idea of what we did here is

) — gl @) _ () — gl ) fa) — fla)

Tz T — X z=zo  f(x) — f(xo) T — X

— iy IV @) = g(f(w0)) . S(@) = (@) G (Fao)) f (o).

T—T0 f(l‘) — f(l'g) T—T0 T — o

But does not quite work as stated since it might be that f(x) = f(xq) even if z # x5. We can fix this by
introducing the function A as we did in the proof, though the overall idea is the same.

Remark. If f is monotone near g, then we can define the inverse function f=! so that (f~'o f)(z) ==
near xg. If f'(zg) exists, then by the chain rule applied to z = (f~' o f)(x) at z = zy we have

d d 1

—1 o -1 / d -1 —
= %(f o f)(zo) = %f (f(z0)) - fi(w0) = %f (f(x0)) =

1

1 d

— [N (f(w0)) = Flzo) — %111(6"”0) =

Letting e™ = h, we have % ln($)‘x = 1/h, which recovers the familiar formula.

=h



Lecture 2

Jan. 11 — The Mean Value Theorem

2.1 The Mean Value Theorem
Lemma 2.1. Let I C R be open, f : I — R is differentiable at xo € I and f'(zo) # 0. Suppose
f'(xg) > 0, then there exists 6 > 0 such that for any x € (xg — 0,9 + 0),

1. if ¥ > xg, then f(x) > f(xo),

2. if x < xo, then f(x) < f(x).

Proof. Take € = f'(x0)/2. By the definition of the derivative, there exists 6 > 0 such that for ay
|x — zo| < &, we have

T =0 )| <= 31w0)
By the triangle inequality,
F@) =o)Ly
T — X 2
This quotient being positive immediately implies the desired results. O

Theorem 2.1. If f(z) is differentiable in an open interval I and f obtains its local mazimum (or
minimum) at xo € I, then f'(xq) = 0.

Proof. Suppose otherwise that f/(zg) # 0. Assume without loss of generality that f’(z¢) > 0. Then by
the previous lemma, there exists § > 0 such that for x € (zg— 9,9+ 9), if © > z¢ then f(x) > f(x¢) and
if v < o then f(x) < f(xp). So xy cannot be a local maximum or minimum, which is a contradiction. [

Theorem 2.2 (Rolle’s middle value theorem). Let f(x) be continuous on [a,b] and differentiable in
(a,b). Suppose f(a) = f(b), then there exists xy € (a,b) such that f'(x¢) = 0.

Proof. Since f is continuous on a compact set, it obtains both a maximum and minimum on [a, b]. Let
M be the maximum and m be the minimum. If M = m, then f(z) = M and f'(x) = 0 everywhere. If
M > m, then at least one of the maximum or minimum must be obtained at an interior point xy € (a, b)
since f(a) = f(b). By the previous theorem, f’(zy) = 0 at this point and we are done. ]

Example 2.0.1. Show that the equation 4az® + 3bz? + 2cx = a + b + ¢ has at least one root in (0, 1).
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Proof. Consider the equation
4ax® + 3ba* +2cx — (a+b+c) = 0.
Notice that the left hand side is the derivative of the function
f(z) = ax* +b2® + cax* — (a + b+ c)z.

So we just need to show that f/(x) = 0 for some x. For this, we can check that f(0) = f(1) =0, and
thus by Rolle’s theorem there exists z¢ € (0, 1) such that f'(x¢) = 0. So zy is a root. O

Theorem 2.3 (Lagrange’s middle value theorem). Let f(x) be continuous on [a,b] and differentiable in
(a,b). Then there exists xy € (a,b) such that

£(b) — fta)

flwo) = b—a

Proof. Subtract the secant line through (a, f(a)) and (b, (b)) from f(x) to get

f(b) — fla
@) = fa) - 0T,
a
Note that g(a) = g(b) = f(a). So by Rolle’s theorem, there exists xy € (a,b) such that ¢'(x¢) = 0. But
b) — f(a
0= g'(ao) = f(ao) - LU =T
—a

which is the desired result. [

Corollary 2.3.1. Suppose f € C([a,b]), i.e. [ is continuous on [a,b], and that f is differentiable in
(a,b). Then the following statements are equivalent:

1. f'(z) >0 in (a,b),
2. f(z) is increasing, i.e. if x1 > xo, then f(x1) > f(x2).

In particular, if f'(x) >0 in (a,b), then f(x) is strictly increasing, i.e. if x1 > xo, then f(x1) > f(x9).

Proof. (2 = 1) For any z € (a,b),

>0

(o) = lim f(xo+h) — f(xo)

h—0 h
since f(xzo+ h) — f(zg) > 0 for h > 0 as f is increasing.
(1 = 2) Take x; > xo, then by Lagrange’s theorem there exists £ € (x9, 1) such that
fa2) = f(21) = f1(§)(x2 — 21) > 0.

So f(x1) > f(x2). The strict version follows from changing the above inequality to a strict one. O
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2.2 Applications

Example 2.0.2. Show that

In(14+1
2:1:+1< n(l+1/x)

for any x > 0.
Proof. Let f(x) =2/(2x + 1) —In(1 + 1/x). Taking the derivative yields

1

flw) = (2x +1)%2z(x + 1)

> 0,

so f is strictly increasing in (0, 00). Note that f — 0 as © — o0, so f(x) < 0 for all x > 0. ]
Example 2.0.3. Show that b/a > b*/a® when b > a > 1.

Proof. Take log on both sides to get Inb —Ina > alnb — blna. This gives

Ina Inbd

—1)1 —1)1 :
(b—1)Ina>(a—1)Inb <= e

Note that this is a monotonicity property. So let f(z) = (Inz)/(x — 1) for x > 1. Then

, r—1—xlnz
=TT g

when x > 1 because x — 1 — xInz < 0. To see the last claim, define g(z) = 2 — 1 — zIlnx and note that

g () =—Inz <0 for z > 1. But ¢g(0) =0, so g(z) <0 for z > 1. So f is strictly decreasing. O

Example 2.0.4. Show that

r _ sinz

lim & —1.
z—0 x — sinx

Proof. Let f(x) = e®. Then there exists £ between z and sin x such that

T sinx

e® — e = (z —sinx)et™,

where the choice of £ may vary for different . Then

T sin x
. e —e .
lim ——— = lim @),
z—0 r — SsInx z—0

Now note that &(x) is always between x and sin x, which both tend to 0 as z — 0. So by the squeeze
theorem we have £(x) — 0 as x — 0 and thus e® — 1 as 2 — 0. O
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2.3 Cauchy’s Mean Value Theorem

Theorem 2.4 (Cauchy’s middle value theorem). Let f,g € C([a,b]) and f, g be differentiable in (a,b).
Suppose ¢'(x) # 0 for any x € (a,b). Then there exists xo € (a,b) such that

Proof. Use a similar construction as before and let

i gy f(0) = f(a) _
Pl) = (a) = #(0) = LT 9(0) - st
Note that F(b) = F(a) = 0, so by Rolle’s theorem there exists zg € (a,b) such that F'(xy) = 0. Then
Rl _pl _f(b)_f(a)/
which implies the desired result. O

Remark. The ¢/(z) # 0 condition guarantees that g is monotone, even if ¢’ may fail to be continuous.

Remark. If g is a monotonically increasing function, we can view ¢ as a mapping g : [a, b] — [g(a), g(b)],
which we can view as a change of variables x — u. Since g is monotone, we have an inverse x = g~ !(u).
Then

fl@)=flg7 (W) = (fog ") (u) = f(u).

By Lagrange’s theorem,

for some wug € (g(a, g(b)). Now note that

Flg®) = (fog7)(g(b)) = (), [flg(a)) = [(a).

So the left-hand side is precisely

_f®) = fla)
LHS = 50 — 9l
By the chain rule, we have
RHS = ?(UO) = (fog ) (uo) = f"(g7 " (uo)) (g™ ") (uo) = f/(xo)m.

This recovers Cauchy’s mean value theorem. So they are equivalent even if Cauchy’s seems stronger.



Lecture 3

Jan. 16 — Taylor’s Theorem

3.1 Darboux’s Lemma

Lemma 3.1 (Darboux’s lemma). If f is differentiable in (a,b), continuous on [a,b] and f'(a) < f'(b),
then for any c € (f'(a), f'(b)), there exists xy € (a,b) such that f'(x¢) = c.

Proof. See homework. O

Remark. There exists an example of a differentiable function f(x) but f’(x) is not continuous, e.g.

_ Jatsin(l/z) ifx #0
f@)_{o if 7 = 0.

We can compute that
2xsin(l/x) —cos(1/x) ifx#0
f'(x) = .
0 if x =0,
and we can verify as an exercise that f’(x) is not continuous at x = 0.

Remark. Darboux’s lemma guarantees that ¢'(z) # 0 implies either ¢'(z) > 0 or ¢’(x) < 0 everywhere
in the conditions for Cauchy’s mean value theorem.

3.2 L’Hopital’s Rule

Theorem 3.1 (L’Hopital’s rule, 0/0). Let f, g be differentiable in (a,b), lim, .+ f(x) = lim, .+ g(z) =0,
and g'(x) # 0 for any x € (a,b). Then if lim, ..+ f'(z)/g'(x) exists, we have
fl) . f(=)

lim ——= =1 .
oot g(x) oot g'(x)

Proof. By Cauchy’s theorem, for any = € (a,b), there exists {(z) € (a, z) such that

€
f@) _ @)~ fa) _ fE@)
9@) ~ gle)—gla)  gle(@)’

If + = a™, then £(z) — a™, so

i 1) _ gy LE@) o F@)

r—at g(l’) z—at g/(g(l’)) _m—>a+ g,<l’)
as desired. 0

)

11
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Corollary 3.1.1. Let f, g be differentiable in (a,00), lim, o f(x) = lim, o g(x) = 0, and ¢'(z) # 0
for any z € (a,00). Then if lim, . f'(x)/g' (x) exists, we have

limM—li M

=00 g(1)  amoe g'(x)

Proof. Assume a > 0. Define f(y) = f(1/y) and g(y) = ¢g(1/y) with y € (0,1/a). By L’Hopital’s rule,

7 B ) B (V1) R G Vi B A C)
y=0+ g(y) w0t Gy)  wmee g'(1/y) - (=1/y2)  emoo g'(x)’

as desired. O

Theorem 3.2 (L'Hopital, co/o0). Let f, g be differentiable in (a,b), lim, o+ | f(2)] = lim,_,+ |g(x)| =
0o, and ¢'(x) # 0 for any x € (a,b). Then if im, ,,+ f'(x)/¢'(x) exists, we have

lim J@) lim J'x)

r—a™t g(ZE) a r—a™t g/(ZL‘) '

Proof. Left as an exercise. O

Remark. Saying that the absolute values of f and g go to infinity works, since the existence of the
limit rules out oscillatory behavior.

Remark. These cases of oo/oco and 0/0 are are called indefinite types. Other indefinite types include
0-00, 0 oo 1%°, 0o — 00, etc. But we can try to reduce them to the cases we know. For example, if
f(z) — 07 and g(z) — 0% when o — 2, then lim,_,,, f(z)9® is 0°. Letting y(z) = f(2)/®, we can
take the log to get

Inf(z) oo
ny(z) = g(z)In f(x) = =
1/g(x) oo
Example 3.0.1. We can see that (this is a co — 0o case)
.1  cotx . l+xcotx . —(cotz — wesc?x)
hm—2— :hm—thm —5
=0+t T x z—0+ x z—0+ 2zsin‘w

Note that x cotz = xcosx/sinz — 1 as x — 0. Now note that sinz/x — 1 as  — 0, so we continue

with

. —(cotx —zesc®x) . r—sinzcosx z*
lim — = lim 3 —
z—0+ 2rsin” x z—0+ 2z sin”

Since 22/sin®*z — 1 as z — 0, we can look at the remaining part to get

. T —sinxcosx . 1—-cos2x . 2sin2x 1
lim —3:11m —2:11m = —.
z—0t 2x z—0+ 6x z—0t 12x 3

So lim, o+ (1/2* — cotx/x) = 1/3.
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3.3 Taylor’s Theorem

Theorem 3.3 (Peano remainder term). Let f : [a,b] — R be differentiable at x = a up to nth order of
derivatives, i.e. f'(a), f"(a),..., f™(a) exist. Then as v — a*, we have

")
1) =3 T ) ol - ).

k=0

Call the polynomial part of the above P,(x), which is also known as the Taylor polynomial of order n.

Proof. To show that the error term is o((z — a)™), we have

lim LEOZP@) w _ L [ @) = e
et (.73 N a)n z—at n(a: - a)n ! n! z—at Tr—a

~ f"a)| =0

by L’Hopital’s rule, where we used the observation that f*)(a) = Pék)(a) for 1 <k < n. The final step
is a result of the existence of f™(a). O

Lemma 3.2 (Rolle’s theorem for higher order derivatives). Let f € C"([a,b]) and differentiable to (n+1)
order. If f'(a) = --- = f™(a) =0 and f(a) = f(b), then there exists vy € (a,b) such that f"*V(xq) = 0.

Proof. Since f(a) = f(b), by the usual Rolle’s theorem there exists x; € (a,b) such that f'(z;) = 0.
Then since f'(a) = f’(xl) = 0, by Rolle’s theorem again, there exists x5 € (a,x;) such that f”(z9) = 0.
Repeat this to get z,41 € (a,7,) C (a,b) such that f™+(x,,,) = 0. Take 2y = 7,1 to finish. O
Theorem 3.4 (Lagrange remainder term). Let f € C"([a,b]), in particular, f'(a),..., f™(a) exist.
Additionally, assume f is (n+ 1)-th differentiable in (a,b)[[| Then

FD(E)

(n n 1)! a)n+1

(z —

") (g
- Z / k'( )(x —a)* + R,(z) where R,(v)=

for some & € [a, z].

Proof. Define P(z) = P,(x) + Az — a)"™, where we choose A € R such that P(b) = f(b), i.e.

N0

(b _ a)n—i—l ’
Consider g(z) = f(x) — P(z), which satisfies g(a) = g(b) = 0 and ¢’(a) = --- = ¢™(a) = 0. Then by
Rolle’s theorem (higher order), there exists ¢ € (a, b) such that g+ (¢) = 0. In other words,

S (b) — )

O = P =0 = [T — (4 DI et = 0.
X
This implies that
1
b) = P,(b (n+1) h— n+1
FO) = Pu) + e = 0
and since we picked b arbitrarily (kind of), we can take b = x and we are done since & € [a, b]. O

!Note that the (n + 1)-th derivative need not be continuous here.
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Remark. The choice of £ in Lagrange’s remainder term may (and likely does) vary for different x.

Remark. The Taylor polynomial is unique in the sense that if f : [a,b] — R and f'(a),..., f™(a) exist,
then if

f(x) = p(x) + o((x —a)")

as * — a* for some polynomial p(z) with degp < n, then p(z) = P,(z) => 1, %(w — a)*. This is
because if Q(z) = p(z) — P,(x), then by Taylor’s formula (Peano form), we get

n *)(a
r—a™t (ZE — a)” r—a™t (I — (l)n

From here this implies that Q(z) = 0 since deg ) < n. Another way to see this is to plug in = a, which
deletes everything except the constant, and then ignore the constant and divide by (z — a) to repeat.



Lecture 4

Jan. 18 — Taylor Polynomials

4.1 Common Taylor Polynomials

We have
z_l 1'2 x” n
e = +x+§+-~~+m+o(x ),
) $3 ZL'5 (_1)n71x2n71 on
SIDZE:JJ—g—Fg—"'—Fwﬁ-O(ZE ),
x? ot (_1)n5172n 2n+1
cos=l-grt gt Ty e
-1 - 1. (a— 1
(1—|—x)a:1—|—oz:c—|—a<a2| )x2—|—~~-—|—a(a ) ‘(a n ):z:"—l—o(:c”);
! nl
2 ad "
1n(1+$)2$—?+§++(—1)n71;+0<£€n)

4.2 Combining Taylor Polynomials

Remark. If a =0 and f(z) is even in (—b, ), then
n/2

flz) = Z arx®® + o(z™).

Similarly if f(z) is odd in (—b,b), then
n/2

f(ZIJ) _ Zakx2k+1 + O($n+1).

k=0
Remark. To create new Taylor polynomials from known ones, we can observe that if f(x) = P,(z) +
o((r —a)") and g(z) = Qu() + o((z — a)"), then
f(@) +g(x) = (Fu(z) + Qn(@)) + o((z —a)") and  f(z)g(x) = (Pu(x)Qn(x)) +o((z — a)").
~—_—

take first n terms
If P(x) = > gar(x —a)* and Q.(z) = Y;_,bs(z — a)*, then f(z)g(x) has Taylor polynomial

> o ck(x — a)* where
k

Cr = E aibk,i.

1=0

15
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If h(z) = f(x)/g9(z) and g(z) # 0 near x = a, then f(z) = h(z)g(x). Let h(z) = Y }_,ck(z — a)* +
o((x — a)™), then )

ap = E Cibr—i

=0

for 0 < k < n, after which we can solve for the c.

Example 4.0.1. Find the Taylor polynomial for tanz up to n = 5.
Proof. Note that tanx is odd, so we can write
tanz = = + asx® + asx® + o(z”).

Now since tan z = sin x/ cos x, we have sinx = tan  cos z, so

2 5 3 5 x? ot
r——+—=+o0o)=(r+a3x” +as2°)(1 — — + —
We can solve to get
1 1
—= = —=4a3 1 2
6 2 as = ——, as = —
R X
as the coefficients for the Taylor polynomial. ]

Remark. If .
flla) = bile —a)f +o((x — a)"),
k=0
then the anti-derivative of f(z) has

f(z) = f(zo) + Zakﬂ(ﬂf —a)k+1+o((z —a)"™),

k=0

where a1 = bg/(k + 1) for 0 < k < n. This is because

(f)W(@) _ [ (a)

L and a1 =

f(k:—i-l)(a)_ 1 f(kﬂ)(a)_ bk
E+1  k+1 k' k41

Example 4.0.2. Find the Taylor polynomial for f(z) = arctan z.

Proof. Recall that

Fla) =ty = 3Dk,

1+22

Using the above we get
n 2k

f(z) = arctanz = Z(—l)ka 1

k=0

+ 0<$2n+2)

as the Taylor polynomial. O]
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4.3 Applications for Taylor Polynomials

4.3.1 Finding Limits
Remark. Let f(z) = ax™ + o(z™) as x — 0 and g(x) = bz™ + o(z") where b # 0. Then

lim /(@) _ 4

z—0 g(m) b

Remark. For the polynomial of f(g(z)), we can do
flu) = ap(u—g(a)* +o((u—g(a)"), where u=g(z) =2 bz —a)*+o((z—a)").
k=0

Then we can substitute in u = g(x) to find the overall polynomial.

Example 4.0.3. Find
V1+2tanz — e® + 22

lim - -
z—0 arcsinx — sin x
Proof. Note that
223
V1+2tanz — e* + 2 = 5 + o(z?),

{L‘S

arcsinz — sinz = 3 + o(z?).
So the desired limit is 2. O
Remark. If f(z) = az™ + o(z™) and g(z) = bx™ + o(2™) for a,b # 0, then

a/b if m =n,

f ()

lim ——= =<0 if m <n,
@=0 g(x) .
oo ifm >n.

Example 4.0.4. Assume f(z) =1+ az" + o(z") where a # 0 and

1 1
ie. —— =bz" 4 o(a").

TR e NS

for b # 0. Then

lim f(z)9@) = e/?,
z—0

Let y(z) = f(z)9®), then Iny(x) = g(z) In f(x). Note that
In f(z) =In(1 + az" + o(2")) = az" + o(x"),

so that
Inf(z) az™+o(z")
1/g(x)  ba™ + o(zm)

as  — 0. Thus Iny(z) — a/b and y(z) — ¥’ as . — 0.

L
b
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Example 4.0.5. Find

: T\ . . cot 23
iﬂ%[cos(xe) In(1 — ) — x] :

Proof. Here we have

f(z) =cos(ze®) —In(l —x) —x=1— §x3 +o(2*) and ﬁ = tanz® = 2 + o(2?).

Thus the limit is e=2/3. O

4.3.2 Estimation

Example 4.0.6. Let f(z) be twice differentiable in [0, 1] and f(0) = f(1). Further assume |f"(z)| < M
for 0 <z < 1. Prove that |f'(z)| < M/2 for 0 <z < 1.

Proof. Recall that Lagrange’s form of Taylor’s theorem says

1) = fla) + fa)e—a) + T — ap?

for some £ between a and x. Thus for any x € (0,1), we have

FO) = @)+ )12 + T a2

Similarly, we have
FO) = f(@) + Fx)(—a) + T2
Here 2 < & < 1and 0 < & < z. Since f(1) = f(2), we can solve for f'(x) to get
_ [M&)e — (&) @)
2

f(=)
Then taking absolute values yields

2?+ (1 - x)2>

) < o (250

as desired. O

Example 4.0.7. Let f(z) be twice differentiable in [0,1] and f’(a) = f’(b) = 0. Then there exists
¢ € (a,b) such that

Proof. Note that this is equivalent to

£ = F(@)] < £(€) (” - )

(1) = st L6 (220 gy ) (v

Then we have
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so that H H 2
1) — fla) =1 (fz);f (&) (b;a) |

From here we have 2
£(0) - f()] < TEN TG (b - )

-~

=" ()]

for some £ € (a,b) by Darboux’s lemma, as desired. ]



Lecture 5

Jan. 23 — The Riemann Integral

5.1 The Anti-Derivative

Recall the anti-derivative from calculus:

Definition 5.1. Let f : U — R where U is an interval in R. If there exists a differentiable function
F : U — R such that F'(z) = f(z) for all x € U, then F(x) is an anti-derivative of f, denoted

F@%z/f@ﬂm

This is also called the indefinite integral of f.
Remark. The anti-derivatives of a function can differ by a constant.

Example 5.1.1. Find an anti-derivative of f(z) = |z| for x € R.

Proof. If x > 0, we have f(x) = x and so F(x) = 22/2. If x <0, then f(z) = —z and so F(x) = —2%/2.
We can also write this as

2]
Flx)=2 - —.
(@=2-1
Clearly for x # 0, we have F'(x) = f(x). At x = 0, we have
F(x) — 1
lim 20 =TSO 0 L
x—0 X z—0 2
so F'(0) = f(0) and F is an anti-derivative of f. O

Remark. The eventual goal is to show that any continuous function f : [a,b] — R has an anti-derivative.

Example 5.1.2. Find an anti-derivative for

1 ifz>0
flx)=<0 ifz<0
—1 ifxz<O.

Proof. We can try to use F'(z) = |z|, but recall that F' is not differentiable at x = 0. More generally,
suppose that f(z) has some anti-derivative F'(z), i.e. f(z) = F'(x). By Darboux’s theorem, f(z) must
take all values in (—1,1), which is a contradiction with the definition of f. ]

Remark. If f(z) has a jump discontinuity, then it has no anti-derivative.

20
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5.2 The Riemann Integral

Recall from calculus that if f(z) is defined in [a,b] and F'(z) = f(z), then we havd]

b

!/ﬂ@m:Fm ~ F(b) - Fla).

a

We called this the definite integral of f in calculus, but we would like a more rigorous definition.

Definition 5.2. Let a,b € R and a < b. A partition of the interval [a, ] is a finite sequence of numbers
o, X1,..., Ty Such that a =g <21 <--- <z, =0

Definition 5.3. The width of a partition g, x1, ..., 2, is max{z; —z; 1 : 1 =1,2,... ,n}.

Definition 5.4. For any partition xg, x1, ..., z,, define the Riemann sum to be
S = Z f@) (@i — xim),

where 2, is any point between x;_; and x;, inclusiveE]

Definition 5.5. Let a,b € R with a < b and f : [a,b] = R. We say f is Riemann integrable on [a, b] if
there exists A € R such that for all € > 0, there exists 0 > 0 such that |S — A| < € whenever S is any
Riemann sum for a partition of [a, b] with width less than §. We call A the Riemann integral of f on
la,b] and denote it by

A:[U@Mﬂ

Remark. If f is Riemann integrable, then

A:L%@mx

is unique. This is because if A and A’ are two numbers for the Riemann integral, then for any ¢ > 0,
there exists 0 > 0 such that
|A— S| <e and |A'—S|<e¢

for any Riemann sum S associated with a partition of width less than §. Then
|[A—A| <|A=S|+|A =S| < 2,

so A = A" and thus the Riemann integral is unique.

Example 5.5.1. Let f(x) = c on [a, ], a constant function. Then for any partition xq, z1,. .., Z,,

n

n b
S:Zf(:pg)(mi—xi_l):Zc(xi—a:i_l):c(b—a) = / cdr = c(b—a).

=1

IThis is the fundamental theorem of calculus.
2The geometric intuition of the Riemann sum is an approximation for the area under the graph of f by rectangles.
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Example 5.5.2. Fix £ € [a,b] and let f : [a,b] — R be defined by

if
f@:{g ifiié

Check that )
A:/ f(z)dx =0.

Proof. For any partition a = ¢ < 21 < --- < x, = b with width 9, we have

|51 = < |ef20

Zf(xé)(%‘ — T 1)

since £ can be in at most two of the intervals of the partition. Then for any € > 0, choose 0 = €¢/(2|c|),
so that |S| < e for any partition of width less than §. From this we can conclude that A = 0. [

Example 5.5.3. Consider a step function. Let «, 5 € [a,b] with a < . Define f : [a,b] — R by

o) 1 ifze (o)
/(@) {0 if z ¢ (o, 8) and x € [a, b].

Note that f has no anti-derivative, but it is Riemann integrable. In fact,

/abf(x)dx:ﬁ—oz.

To see this, take any partition a = xg < 21 < - -+ < x,, = b with width less than §. Then

S = Z fla) (@i — 2i0) = > flai) (@i — @im1).

[zi—1,2:]N[a,Bl#2

Each partition is in two classes: Either (1) it only partially intersects [«, 5] or (2) it is contained in [« f].

So
S = 1(total length of intervals of class 2) + | f(x})|(total length of intervals of class 1).

J

-~ -~

11 12
We have |I; — (f — a)| < 20 and |I3| < 20 since there are at most two intervals of class 1. So
1S — (B — )| < ||+ |I2] < 46.
So f(x) is Riemann integrable and

b
/f(af)d:vzﬁ—a,

as desired.
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Example 5.5.4. Define f : [a,b] — R by

1 if z is rational
o=

0 if x is irrational.

Then f(x) is not Riemann integrable. For any partition a = zy < 1 < --- < x,, = b,

/

= b—a if 2} are all rational
= @) (wi—wia) = { )
i=1

0 if 2} are all irrational.

We can always choose 2 to be in either case since the rationals and irrationals are both dense in R. So
there is no A € R such that |A — S| < ¢, no matter how small we take ¢ to be.

Remark. The function f from the previous example is not Riemann integrable, but it is Lebesgue
integrable. In fact,

L:/abf(a:)dx:()

with respect to the Lebesgue measure. This is because the set of rational numbers Q has measure zero.

5.3 Properties of the Riemann Integral

Proposition 5.1. We have the following linearity properties of the Riemann integral:

1. If f,g : [a,b] — R are Riemann integrable, then f + g are also integrable and

[urpa= [ 1w [

2. For any ¢ € R, cf is integrable and

/abcfdx:c/abf(x)dx.

Proof. See textbook, fairly straightforward. O

Remark. Since we only discuss Riemann integration in this class, we will sometimes simply say
“integrable” instead of “Riemann integrable.”

Proposition 5.2. If f: [a,b] — R is integrable and f(x) > 0, then
b
/ f(z)dx > 0.

Proof. Let
b
A= / f(z) dux.
Then for any € > 0, there exists § > 0 such that for any partition of width < ¢, we have |[A — S| < e. But

S = Zf(fg)(%’ —xi-1) >0,

Then we have A > S — e > —¢, so taking € — 0 gives A > 0. O
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Corollary 5.0.1. If f,g : [a,b] = R are integrable and f(x) > g(x) for all x € |a,b], then
b b
/ f(x)dx > / g(x)dx.

/abf(-T) dx — /abg(x) dx = /ab(f(x) — (@) dz >0

since f(x) — g(x) > 0 by assumption. O

Proof. By linearity,

Corollary 5.0.2. If f : [a,b] — R is integrable and m < f(x) < M for all x € |a,b], then

b
m(b— a) S/ flx)de < M(b—a).



Lecture 6

Jan. 25 — Riemann Integrability

6.1 Conditions for Integrability

Lemma 6.1. A function f : [a,b] — R is integrable if and only if for any € > 0, there exists § > 0 such
that |S1 — Sa| < € whenever Sy and Sy are Riemann sums for partitions of width less than §.

Proof. (=) If f is integrable, then for any € > 0, there exists 0 > 0 such that

‘S—/abf(a:)dx

<€
2
for any Riemann sum S of a partition with width less than . Then

b b
|S1 — S| < 51—/ f(z)dz| + Sg—/ f(z)dx <§—i—§:.€7

as desired.

(<) Take the special partition into intervals of equal length, with width (a — b)/n. Pick the middle point
in each interval, and let

Sp = Z fl@i) (@ — 1)

be the corresponding Riemann sum. Now we check that {S,,}5°, is a Cauchy sequence. This is because
for any € > 0, if N is large enough, then for any n,m > N, we have |S,, — S,,| < ¢ if 1/N < 4. Then
{S,}22, converges, so let lim, o S, = A. Now for any € > 0, there exists 6 > 0 such that for any
Riemann sum S with width < ¢, if 1/n < ¢, then |S,, — S| < €/2. So

€

2

267

S — A< 180 =S| +8 — Al < < +

if n is large enough. Thus
b
A= / f(z)dx

exists and is the Riemann integral of f. [

Remark. Recall the step function f : [a,b] — R given by

N 1 ifz € (a,p) Cla,b]
/@) {0 if v ¢ (o, ).

25
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Last time we saw that f is integrable and that

/abf(w)dxzﬁ—a.

Now let us consider a more general step function. We call f a step function on [a, b] if there exists a
partition zg < z; < --- < z,, of [a, b] such that f(z) is constant on each subinterval (z;_y,z;).

Lemma 6.2. If f : [a,b] = R is a step function for a partition ro < x1 < --- < z, and f(x) = ¢; when
x € (xi_1,x;), then f is integrable and

/ab f(z)dx = g o5 — Ti1).

Proof. Define
1 ifxe (v, x;
pi(z) = { (i, )

0 otherwise.

Now let .
h=f- Z CiPi-
i=1

Then h(x) is nonzero only at {x;},. Each ¢; is integrable and h is integrable with

/abh(x)dazzo,

so f is also integrable and

/abf(w) dr = gci /ab oi(z) dr = ici(xi — i)

i=1

by linearity and the integral of a simple step function that we calculated before. O

Proposition 6.1. A function f : [a,b] — R is integrable if and only if for any e > 0, there exist step
functions f1, fa such that fi(x) < f(z) < fo(x) for all x € [a,b] and

b
/ (fg — fl)dl' < €.
Proof. (<) For any € > 0, choose step functions fi, fo such that

/ab(fz—fl)dx < §

Then there exists d > 0 such that for any partition with width < 4, the Riemann sums 51, .55 for fi, fo
satisfy

b b
|SI—/ fl(x)dx|<§ and |52—/ fg(:t)dx|<§.
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So for any partition width < §, the Riemann sum of f is

S Zf — Ti— 1))

and S; < § < 55 since

S1:Zf1($;)(xi_xi 1 and Sy = ZfZ xi71>-
i=1

So S is in the interval (Si,.S3), which has length < e by the triangle inequality on the previous results.
For any two Riemann sums of f with partitions of width < §, we have |S" — S”| < e. Thus f is integrable.

(=) First we show that f is bounded in [a,b]. This is because for any € > 0, there exists 6 > 0 such that
any two Riemann sums Si, Sy corresponding to partitions of width < . satisfy |S; — Sa| < e. Let

S = Z f@) (@i — i),

and replace xj, € (v4,-1,T;,) With 2} € (2j,—1,24,). Keep ] for i # i5. Define this new Riemann sum to
be S5. Then
|92 = S1] < [f(2,) = flai)l|wie — Tig—1] <€,

so that
€

|f (i) < | ()] +

i.e. fis bounded in (z4_1,%;,) since xj was arbitrary. Since we also picked iy arbitrarily, we can repeat
this for any interval to conclude that f is bounded in [a, b].

)
Tig — Tig—1

Now for any partition xg < z1 < -+ - < x,, with width < 9, define

m; =1inf{f(z) 1z € (x;_1,2;)} and M; =sup{f(z):z € (x;i_1,2;)}

Define the step function

{mz ifx e (Ii—la (L’z)

min{ms,...,m,} ifx=umx;fori=0,... n.

Similarly define

E

ifx € (.Tz;l,.ﬁﬂi)
max{Ml,.. My} ifx=ux;fori=0,... n.

Observe that fi(z) < < fo(z) for any z € [a, b] by construction. Now we verify that

/ab(fz—fl)dx<e

if & > 0 is small enough. This is because for any n > 0, there exists z}, ! € [z, 1, ;] such that
f(}) < mi+mnand f(a}) > M; —n. Then

n n

D () = Fla)) (i = wima) > Y (My = my — 20) (@i — 2,-1) = /(fz—fl)daﬁ—?n(b—a)-

i=1 i=1



LECTURE 6. JAN. 25 — RIEMANN INTEGRABILITY 28
If § > 0 is small enough, then
> (@) = fa) (@i — i) < e

since this a difference of two Riemann sums with partitions of width < . Thus

[ (= pyde <o —a)
But n was arbitrary, so taking n — 0 gives the desired result. O]
Corollary 6.0.1. If f : [a,b] — R is integrable, then it is bounded.
Proof. This was shown in the proof of the previous proposition. O
Theorem 6.1. If f : [a,b] — R is continuous, then f is integrable.
Proof. Since f is continuous on the compact set [a, b], it is uniformly continuous. So for any € > 0, there
exists & > 0 such that for any 2/, 2" € [a, b], we have |f(z') — f(2")| < € whenever |2’ — 2"| < §. Now let

S1, S be two Riemann sums with partitions of width < ¢. Assume without loss of generality that Sy, Sy
are defined over the same partition (we can always combine two partitions to give a finer partition, if

necessary). Let
51:Zf(a:;)(xi—azi 1) and Sy = Zf N(x; — xi1).
i=1

Then . .
1Sy — 8ol <D 1f(h) = F@)|(wi —wia) < €Y (w5 —wi1) = e(b—a).
i=1 i=1
Since € > 0 was arbitrary, we conclude that that f is integrable by Lemma [6.1} m

6.2 The Fundamental Theorem of Calculus

Theorem 6.2 (Fundamental theorem of calculus). If f : [a,b] — R has anti-derivative F : [a,b] — R

and f € R([a,b])[] then .
/ f(z)dx = F(b) — F(a).

:/abf(x)dx

For any € > 0, there exists 6 > 0 such that for any Riemann sum S with partition of width < §, we have
|S — Al <e Let xyg <z <--- <z, be a partition of width < §. Then by telescoping,

Proof. Since f is integrable, let

n

F(b) — F(a) = Z(F(xz) (i-1) Z f(z — Ti-1)

i=1

"Here R([a, b]) is the class of Riemann integrable functions on [a, b].
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by Lagrange’s mean value theorem, where x} € (z;_1, ;). Then
IF(b) — Fla)— A =S — A] < e,
so letting € — 0 gives F'(b) — F(a) = A. O

Remark. The fundamental theorem of calculus requires both being Riemann integrable and having an
anti-derivative, which do not always overlap. In fact, neither is a subset of the other.

Example 6.0.1. The step function

f(x):{—1 fo<z<l1

1 itl<ae<2

is integrable but has no anti-derivative.

0 ifx=0
Flz) = {x2 sin(1/z) if z # 0.

Example 6.0.2. Define

Then we have
0 ifz=0

(—2/x)(cos(1/x?*)) + 2z sin(1/x?) if z # 0.

We can check that F”(0) = 0 via the definition of the derivative. Note that f has an anti-derivative,
namely F'. However, f is not integrable since it is not bounded near x = 0.

F'(z) = f(z) = {



Lecture 7

Jan. 30 — Riemann Integrability, Part 2

7.1 Conditions for an Anti-Derivative

Lemma 7.1. Let ¢ € (a,b). Then f € R([a,b]) if and only if f € R([a,c]) and f € R([c,b]). Moreover,

/abf(x) dx:/acf(x) dx—ir/cbf(a:) dz. ()

Proof. (=) If f € R([a,b]), then for any € > 0, there exist two step functions fi, fo such that f; < f < fo
and

b
/(fz—fl)d:v<6-

Let fi, fo be the restrictions to [a,c]. Then still f; < f < f; on [a, ¢] and

[ < /:<f2—f1> <e

since fo — fi is a nonnegative step function. (Note that the desired result is easy to verify for step
functions.) So f € R([a,c]), and the same argument works to show that f € R([c,b]).

(<) If f € R([a,c]) and f € R([¢,b]), then for any € > 0, there exist step functions gy, g2, h1, he such
that g1 < f < gs on [a,c|, by < f < hy on [¢, b], and

c b
/(92—91)d90<6, /(hz—hl)dl‘<6.
Now define

1= g; ifxe€la,c)
" by ifazeled)

for : =1,2. Then f; < f < fy on [a,b], and

b c b
/(fz—fl)dﬂfz/(gz—gl)dx-l-/(hg—hl)dx<26,

so f € R([a,b]). Now to prove (x), note that f € R([a,c]), so for any € > 0 there exist Riemann sums
S on [a,c] and Sy on [, b] such that

c b
|Sl—/ () dz| <§, |52—/ f(z)dz| < §

30
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Now choose § > 0 such that if the Riemann sum S has partition with width < §, then

c b b
|S—lf@Mﬂ<§,|S—[f@ﬂﬂ<§,\8—[f@ﬂﬂ<§

Now combine Sp, S; on [a,b] to be a Riemann sum S = S; 4+ S, so that

b
|S—/f@Mﬂ<§

By the triangle inequality on the previous results,

Laﬂ@dx—(Liﬂ@dx+Zfﬂmd%>

Since € is arbitrarily small, we conclude that

b c b
/ f(z)dx :/ f(z) dx+/ f(z)dx
as desired. u

< €.

Remark. The formula (%) is true for any three numbers a, b, ¢, as long as f is integrable. This is because

by convention, if a > b, then
/bf(:r)d:v = —/baf(:z)dx.
Theorem 7.1. If f : [a,b] — R is continuous, therf]
Fla) = [ re)ds
is an anti-derivative of f.
Proof. For any xq € (a,b), we check that F'(zo) = f(xy). We can compute using Lemma [7.1] that

m%+2—F@@_(%) %(lwwmwm_Lwﬂ@M>—ﬂ%)
1 1

[t [ s gt = [ [ 0~ o ]

o zo

The last step is from observing

zo+h
f@@:%/ F(xo) da.

Since f is continuous, for any € > 0, there exists § such that if |zg — 2| < §, then |f(z) — f(z0)] < €.
This gives

1 [roth eh
<i [ Ve -l < T =

zo

/ @) — fla) da

zo

1
h
if |h| < 6. Thus,

lim — f(xo) = f(20),

so we indeed have F'(zq) = f(xo). O

!Note that this integral is well-defined since any continuous function is integrable, and a continuous function restricted
to a subset of its domain, i.e. [a,z] C [a, b], remains continuous.
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7.2 More Conditions for Integrability

Definition 7.1. Let f : [a,b] — R be bounded and zy < z; < --- < z,, be a partition of [a, b]. Define

w; =sup{|f(z) — f(y)| : 2,y € [wi—1, 2:)}
fori=1,2,...,n. We will call this the oscillation amplitude of f.

Theorem 7.2. A function f : [a,b] — R is integrable if and only if for any e > 0, there exists 6 > 0
such that for any partition with width < 9, we have

n
E w; Ax; < €,
i=1

where Ax; = x; — x;_1.

Proof. (<) For any € > 0, choose any two Riemann sums Sy, Ss over partitions with width < §. Assume
without loss of generality that S; and Sy are defined over the same (maybe refined) partition. Let

S =3 S (@i —ai), Sp= flaf)(es — i),

Then we have . .
|51 — 53 < Z |f(x) — fa))|Az; < Z%Aiﬂi < €.
i=1 =1
Then by Lemma [6.1] we conclude that f is integrable.

(=) Since f is integrable, by Lemma [6.1] we have that for any e > 0, there eixsts 6 > 0 such that for any
two Riemann sums S, Sy over partitions of with < §, we have |S; — S3| < e. In the interval [z;_1, x;], let

M;= sup |f(z)], m;= einf ]|f(x)\

$E[:l7i_1,:l7i] z [LL‘Z‘71,LL‘,L'

In particular note that w; = M; — m;. Now for any n > 0, there exist 2}, 2!/ € [x;_1, z;] such that

f@i) > M;—n,  f@f) <mi+n.
Let . .
Sy = Zf(x;)Aa:l, Sy = Zf(x;/)sz
i=1 i=1

Then we have

[S1 = So| < > (f(af) = f(a]) A

=1

Note that f(x}) — f(z) > M; — m; — 2n for n sufficiently small. Thus
|S1 — Sa| > ZwiAxi — ZT]ZA@-,
i=1 i=1

so that .
Z%‘A%‘ < |81 — Sal +2n(b—a) < e+ 2n(b—a).
i=1
From here letting n — 0 gives the desired result. O
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Theorem 7.3. A function f : [a,b] — R is integrable if and only if for any € > 0, there exists a partition
such that

iwi(f)Axi <€
i=1

Proof. (=) This is immediate from the previous theorem.

(<) We show that for any € > 0, there exists 6 > 0 such that for any partition with width < ¢, we have

i wl(f)Axl < €.
=1

This will imply that f is integrable by the previous theorem. Let yy < y; < --- < y,, be the partition
satisfying

m

> wi(f)Ay; <e,

j=1

and choose

For any partition zg < - -+ < z,, with width < §. We divide the intervals [x;_1, ;] into two classes. The
first case (1) is where [z;_1, ;] is contained in one of the [y;_1,y;], and the second case (2) is where
[z;—1, ;] contains an interior point y;. In the first case, we have

> wilHAz; <Y wi(f)Ay;.
(1) j=1

For the second case, since [z;_1, x;] contains an interior point y; but § < Ay;, Ay,+1, we must have
Yji—1 < Ti—1 < Y; < Ty < Yjy1,

so that )
wilF)Azi < 5 (w;(f)Ay; + @i () AYj4).

This implies
1 m
(52) Wi(f)Aﬂfi < 5 jEZl Wj(f)ij~

Thus
i=1 (1) 2) J=1

so that f is integrable. O



Lecture 8

Feb. 1 — Riemann Integrability, Part 3

8.1 Even More Conditions for Integrability
Example 8.0.1. If f(x) is monotone on [a, b], then f € R([a,b]).

Proof. Suppose f(x) is monotone increasing on [a,b] and f(x) is not constant (since the result is trivial
if f is constant). Then f(a) < f(z) < f(b). For any € > 0, for any partition xy < - -+ < x,, with width

f(b) = f(a)’

we have on [x; 1, z;] that M; = f(z;) and f(x;_1) = m; since f is monotone. Then

wi(f) = f(x:) = f(wica) = My —m,.

Thus
since the sum telescopes and comes out to f(b) — f(a). Thus f is integrable. O

Theorem 8.1 (Du Bois-Reymond). Let f be bounded on [a,b]. Then f € R([a,b]) if and only if for any
e,a > 0, there exists a partition such that the total length of subintervals with w;(f) > € is < a.

Proof. For any partition zy < --- < x,, split
D wil Az =) wil))Az + Y wil f)Az
i=1 (4) (B)

where (A) is over subintervals with width w;(f) < € and (B) is over subintervals with width w;(f) > e.

(=) Let
Q= sup |f(z)— fy)]
z,y€la,b]
For any € > 0, for
= ‘ nd a=—
T o—a) ° 20

34
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by assumption there exists a partition xy < --- < x,, such that

Zwi(f)A:ri — Zwi(f)mi + Zwi(f)mi

b_a ZAQ;Z+QZA@ )(b—a)—l—Qﬁ:

So we see that f € R([a,b]) as desired.

(=) If f € R([a,b]), then for any €,a > 0, there exists a partition zy < --- < z,, such that

Z wi(f)Ax; < ae.
i=1

Then we have

EZA@- < Zwi(f)Axi < ae = ZAmi < a,
(B) (B)

(B)
which shows the desired result. O

Corollary 8.1.1. If f : [a,b] — R is bounded and has only finitely many discontinuity points, then
f € R([a,b]).

Proof. Suppose f(x) has p discontinuity points on [a,b] and m < f(x) < M for all = € [a,b]. Then for
any € > 0, first (1) we construct p small open intervals on [a, b] containing the p discontinuity points with

€
total length < ——.
otal leng S0 —m)

Next (2) for any subintervals in [a,b] excluding the above p subintervals, f is continuous on them, so
there exists a partition such that
Zwl fAx; < —

Now combine (1) and (2) to get

Z:wz'(f)Azzlzwi( Az; + sz Az, < (M — m)m+§:€‘

Thus f € R([a,b]), as desired. O

Example 8.0.2. Consider

R P

for any constant A € R. Then by the previous corollary, f € R([0, 1]).
Theorem 8.2. If f,g € R([a,b]), then fg € R([a,b]).
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Proof. Since f, g are integrable, they are bounded. So assume |f|,|g| < M. Then for any ¢ > 0, there
exists 0 > 0 such that for any partition of width < §, we have

Notice
wi(fg) < M(wi(f) +wi(g))

because

[F(2)g(x) = F(W)g(y) < lg@)llf () = F)l + 1 FW)llg(x) = g(y)]
< M([f(x) = Fw)l + 19(x) = 9(w)])-

Taking suprememes over x,y € [x;_1, ;] from here gives w;(fg) < M(w;(f) + w;i(g)). Then

i=1

;m(fg)mi <M (; wi( f) Az + Zwi(g)mi> <M (ﬁ n ﬁ) _.
Thus fg € R([a,b]) as desired. .

Theorem 8.3. If f € R([a,b]), then |f| € R(|a,b]) and

/a ’ f(z) dx

Proof. Since f € R([a,b]), for any € > 0 there exists a partition zg < - -+ < z,, such that

< [ Vwia

zn:wi(f)Aati < €.
i=1

Since
1f (@) = 1f )| < 1f(x) = fy)l,

taking supremums over x,y € [z;_1, z;] gives w;(|f|) < w;(f). Then
sz(|f|)Aa:z < Zw,(f)sz < e
i=1 i=1
So we indeed have |f| € R([a,b]). Now observe that —|f| < f <|f|. After integrating, we get

b b b
- [ [ @< i@l
This immediately implies the desired result. [

Example 8.0.3 (Cauchy-Schwarz). If f,g € R([a,b]), then

1/2

< (/abf(x)2d:z:) v (/abg(x)2dx) | (+)

[ 1wty
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b b b
:/de:U, B:/ |fg|dx, C:/QQdZ'.

Note that it suffices to show that B? < AC, which will imply (*) by the previous theorem. Then

Proof. Let

b
og/(t|fy—\g\)2dx=At2—QBt+C

for any t € R. So the discriminant must satisfy (2B)? — 4AC < 0, which gives B?> < AC as desired. [

Example 8.0.4 (Riemann-Lebesgue lemma). If f € R([a,b]), then

b
)\h_)rgo/a f(z)sin(Az) dx = 0.

Proof. Since f € R([a,b]), for any € > 0 there exists a partition zq < --- < z,, of [a, b] such that

sz fAx; < -

Also assume |f| < M on [a,b] since f is integrable. Then we choose

4dnM
-

A >

We can estimate

)sin(Az) d f(x:) + f(x;)) sin(A\x) da
< T an)\x dr| + Ol sin(Ax)| dx
_;m ) / o) e + 3 [ )~ ) sin(a)
= <wi(f) <1
<2
= |rcos()\:ti) - cos()\:ci,l)T DL
gM; S +; u_lwi(f)dx
2n - €
<M i A i A 5
—I—;w 1 <5ty
So as A — 0o, the integral goes to 0. O

Remark. Recall that

0 if z is irrational
f(z) = {

1 if z is rational

is not Riemann integrable, but we might expect that this should integrate to 0. The Lebesgue integral
will fix this, which was discovered much later.



Lecture 9

Feb. 6 — Exchange of Limit Operations

9.1 Motivation

If we have a sequence of functions {f,} where f,, — f pointwise, then does

/abfndxa/abfdx

if each f,, is integrable? Does f, — f’if f,, is differentiable?
Example 9.0.1. Define

4n2x if z € [0,1/2n]
fo(z) =< 4n —4n’z if x € (1/2n,1/n)
0 if x € [1/n,1],

where the graph of f,, looks like a triangle with peak at = 1/2n and height 2n. When we let n — oo,
we see that for any x € [0, 1], we have f,(z) — 0. But

1 1 ]
/ fu(x) dr = area of triangle = =(2n) - — = 1.
0 2 n

So we see that in this case,

lim fn dzx # / hm fndz.

n—oo

9.2 Exchange of the Limit and Integral

Theorem 9.1. Let fi,..., fn,... be a uniformly convergent sequence of continuous functions on [a,b].
Then

b b
/ lim f,(z)de = lim [ f,(z)dx.

Proof. Suppose that f, — f uniformly. By definition of uniform convergence, for any € > 0 there exists

N such that if n > N, then
€

max |f,(z) — f(z)] <

z€a,b] b—a

Each f,, — f uniformly and each f,, is continuous, f is also continuous. In particular, f is integrable and

€ €

g < fal2) = fl2) <3

38
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]ij;(x)dx-—-/ﬁbf(x)dx

lim [ f,(z)de = /bf(a:) dz,

n—o0
a

as desired. O

so integrating on both sides gives

—e</abfn(x)da:—/abf(x)d:r<e =

Then this implies

< €.

Remark. The previous theorem still holds even if each f,, is only Riemann integrable. The only thing
we need to check is that the limit function f is also Riemann integrable. This is because for any € > 0, if

n is large enough,
€

Since f, € R([a,b]), there exist two step functions g, go satistying g1 < f,, < ga, and

b €
[ (o0 <5

91(2) = 55—y S0 < 0:0) + 55—,
o€ n 2

[ 1o+ 5555) = (o= g55) o] <55 =

This gives f € R([a, b]), so we can carry through the rest of the previous proof.

Now note that

SO we see

9.3 Exchange of the Limit and Derivative

Theorem 9.2. Let fi,..., fu,... be a sequence of functions on an open interval U in R and that each
fn has a continuous derivative. Suppose {f} converges uniformly on U and for some a € U, {f(a)}
converges. Then

Jim fu(2) = f(2)
exists and f(x) is differentiable. Furthermore, we have

f'= lim f].

n— o0
Proof. By the fundamental theorem of calculus, we have
| sttt = 1) - fula). (+

Let lim,,_,. f! = g, where g is continuous since f/ — g uniformly and each f] is continuous. Then take
n — oo in (x), where

LHs—ﬂ/ o(t) dt.
Let lim,, o fn(z) = f(x), which exists by (). Then RHS — f(z) — f(a), so we see that

f(2) — fla) = / Tyt dt.

Then f is an anti-derivative of g, or in other words, f’ = g as desired. O
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9.4 Infinite Series

Definition 9.1. Suppose we have a sequence of numbers aq, as, as,...,a,,.... Then
a1+a2+&3+...+an+...:Zan
n=1

is called an infinite series. We say the infinite series converges to A if the partial sums

m
S,y = E A
n=1

converge to A as m — oo.

Example 9.1.1 (Geometric series). For a fixed a, the series

o)

Za”:1+a+a2+---+a”+...

n=0
converges if and only if |a| < 1, and the limit is 1/(1 — a). This is because

1 — Clm+1

Sm=1+a+---+ad" =
1—a

If |a| < 1, then a™™ — 0 as m — o0, s0 S,,, — 1/(1—a). On the other hand, if |a| > 1, then |a™™!| — oo
as m — oo. If a =1, then
Sm:1+1+"‘+1:m,

so S, — o00. If a = —1, then

o0

(=) =1-1+1-1+...,

n=0

which diverges since its partial sums oscillate. So the condition is indeed necessary and sufficient.

Proposition 9.1. A series Y~ a, converges if and only if for every € > 0, there exists integer N such
that if n >m > N, then
|ama1 + Qmao + -+ ay| < e

Proof. Let S, = > a, be the partial sums. Then >, a, converges if and only if {S,,} is Cauchy.
This is equivalent to say that for all € > 0, there exists N such that if n > m > N, then

|Gmi1 + Qoo + -+ an| = |, — S| < e

This is precisely the desired result. O]
Corollary 9.2.1. If >  a, converges, then a, — 0 as n — oco.
Proof. Take m = n — 1 in the previous proposition, which gives |a,| < € for n > N + 1. O

Corollary 9.2.2. If > a, and Y .~ b, differs in only finitely many terms, then the two series have
the same convergence properties.
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Proof. Simply take N larger than the last spot where the two series differ. Then the difference of partial
sums in the previous proposition are the same for both series. O

Example 9.1.2 (Harmonic series). The series

i1—1+1+1+ Ly
n 2 3 n

n=1
diverges. Two see this, choose n = 2m in the previous proposition and

1 1 1 1 1
Clm+1+am+2+"‘+@2m:m+1+m+2+"‘+%2%mzi-

So the series must diverge.

Proposition 9.2. If a, > 0, then Y a, either converges or has arbitrarily large partial sums, i.e.
diverges to oo.

Proof. Let S, = 221:1 a,. Since a, > 0, we see that S, is an increasing nonnegative sequence. Then

by the monotone convergence theorem, {S,,} converges if and only if it is bounded above. O

Proposition 9.3 (Comparison test). If >  a, and Y -, b, are two infinite series such that |a,| < b,
and Y " b, converges, then Y~ a, converges and

o) 00
Z an| < Z by,.
n=1 n=1

Proof. If >°>° | b, converges, then for any ¢ > 0, there exists N such that if n > m > N, we have

bm+1+bm+2+"'+bn<€-
Then by the triangle inequality, we have
|@mi1 + Gmy2 + -+ anl <amgr] +amia| + 0+ lan] < bngr +bmge + -+ by < e

Thus ), a, also converges. The last part is left as an exercise. O

Example 9.1.3 (p-series). The series

o0

1

npkP
n=1

converges if and only if p > 1. We will show this with the integral test later.

Proposition 9.4 (Ratio test). If > 7 a, is a nonzero infinite series and there exists p < 1 such that

Ap+1
Qn,

<p

for all n sufficiently large, then Y > | a, converges. If

Ap+y1
G,

>1

for all n large enough, then the series diverges.
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Proof. First we show the second part. If |a,1| > |a,| for n > N, then
|an| > Jan—1] > -+ > [an].

Then {a,} does not converge to 0, so >~ a, diverges. Look up the first part, but it should just be a
comparison to the geometric series with common ratio p. L]



Lecture 10

Feb. 8 — Infinite Series

10.1 Lots of Convergence Tests

10.1.1 The Comparison Test
Theorem 10.1 (Comparison test, second version). Let Y >° a, and Y .~ b, be two infinite series
satisfying 0 < a, < b,. Then
1. If Y07 by converges, then Y | a, converges.
2. If > | a, diverges, then Y > | b, diverges.
Proof. (1) Let A, and B,, be the partial sums of >, a, and Y7, b,, respectively. Then B, is bounded

above since Zzozl b, converges. But A, < B,, since 0 < a,, < b,, so A, is also bounded above. Now note
that A, is increasing since a,, > 0, so by the monotone convergence theorem, A, must converge.

(2) Since A, is increasing, >~ | a, must diverge to oo, i.e. A, is unbounded. But A, < B,, so B, is

also unbounded and thus we see that >~ b, diverges. O
Remark. In the above theorem, (1) remains true if

e 0 <a, <b, when n > ng,

e 0 <a, <Mb, for some M > 0,

e or there exists 0 < d,, < M such that 0 < a,, < d,b,.

Corollary 10.1.1. Ifa,,b, > 0 and

An+1 < bn+1
an ~ by’

then Y7 | b, converges implies that " | a, converges.

Proof. Let d,, = a, /b, > 0. Then

which we can extended to d,, < --- < d;. Then {d,} is a bounded sequence, so a,, = b,d,, which implies
the desired conclusion by the above remark. O]

Remark. If n large, e > n® > (Inn)° for any a,b,c > 0. In particular, e /n® — oo when n — oo.

Example 10.0.1. Determine the convergence of

43
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1.i L for p > 0,

Inn)p

—

Proof. (1) We have
1 1

(Inn)r "

for n large, so the sum diverges by comparison to the harmonic series.

(2) Note that

nln2

In(n!) = Zlnk >
k=1

so we have
In(n!) In2 1

np - 2 npl

By comparing to the p-series, we see that the series diverges when p < 2. Also we have

In(n!) - nlnn  Inn

np ne ol
so when p > 2, we get convergence.
(3) Let a,, = n""%/(e"n!). Recall that (1 +1/n)" — e as n — oo and also (1 + 1/n)" is increasing. Then

an1 (N + 1)"temn! _ (1 + %)niz (1+ %)n ( 1)2 < ( : )2 (n+1)?

14+ =
+n n+1

a,  erti(n+41)lnn=2 e B e
<1

Let b, = 1/n?, then a,11/an < bny1/by, so by the previous corollary, we see that > >~ | a,, converges. [

Theorem 10.2 (Comparison test, third version). Let (A) ~ > > a, and (B) ~ Y | b, be two positive
series and suppose that

lim &% = ¢>0.

n—00 bn

Then (A) converges if and only if (B) converges.

Proof. Let € = (/2 > 0. Then there exists N such that when n > N, we have

l _ 3¢ Eb - 3¢ b
a 7 a aon Qn, 5 Yn:
250, C 2 D 9
Thus (A) converges if and only if (B) converges. O

Example 10.0.2. Determine the convergence of
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. Vnb —=3n2+ 1’

Proof. (1) Let
2n% +5n + 1 2n? 2

an: ~ = —.
vnb—3n24+1 V/nb n

Then a,/(2/n) — 1 as n — 00, s0 Y a, diverges since the harmonic series diverges.

(2) Let

1
and b, = —.

1+
n T n n

Ay —

Then a, /b, = 1/(n'/") = 1 as n — oo, so 3_ a, diverges since the harmonic series diverges.

(3) Write
3n—1_31—%_ 1_1 1/3 1+l -1/3
Vn+1l 1+%_ n n

— (1_ 3iﬂ+o(1/n)> (1— 3iﬂ+o(1/n)> =1- 3%+0(1/n),

where we made a Taylor expansion. Then we see that

2 p
()
so Y a, converges if and only if p > 1. m

10.1.2 The Root Test

Theorem 10.3 (Root test). Let >~ a, be a positive series and suppose that

limsup /a, = /.

n—00
Then

1. if ¢ <1, then Y 7 | a, converges,

2. and if £ > 1, then >~ a, diverges.
Proof. (1) When ¢ < 1, then there exists ¢ with £ < ¢ < 1 and N such that when n > N, {/a, < q.
Then a, < ¢", so Y_ a, converges by comparing to the geometric series.

(2) When ¢ > 1, there exists £ > ¢ > 1 and a subsequence {n;} such that (a,,)'/™ > ¢. This implies
that a,, > ¢", so a,, — oo as n, — oo. Thus ) a,, diverges since we do not have a,, — 0. O
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Example 10.0.3. Determine the convergence of

3/2

oo 1 —-n
1 {1 " —} |
n=1 \/ﬁ

Proof. (1) Let a, be the nth term in the sum and we see that

o]

Since \/n — o0 as n — oo, we may replace y/n with n to see that /a, — 1/e < 1, so Y a, converges.

(2) Let 3 < 2>n
W: n n —+ .

n+5\n+3

For the second term, we see that

n+2\" 14+2/n\" e 1
= _ — = -
n+3 1+3/n e3 e

as n — oo. Then /a, — 3/e > 1,50 Y a, diverges. O

Remark. In the above, we used the fact that

bn
lim (1 + ﬁ) = e,
n

n—oo



Lecture 11

Feb. 15 — Absolute Convergence

11.1 Example of the Root Test

Example 11.0.1. Determine the converge of the series

=, n!
D

n=1

Proof. By Stirling’s formula,
n! ~ (E> 2mn,

e
in the sense that their ratio tends to 1 as n — oo. Then

Sy ~ 2(27‘_)1/2nnl/2n71/\/ﬁ,
e

Note that (27)/?" — 1 as n — oo since 27 is a constant, and

1 1 Inn Inn Inn  1/n
ln n1/2n71/\/ﬁ — (_ — _> lnn — — ~J — — O
( ) 2n  \/n m 2n/4/1—2y/n 2n 2

by L’Hopital’s rule, so n'/?"~1/v? — 1 as n — co. Then {/a, ~ n/e > 1, so this series diverges. O

11.2 The Integral Test

Theorem 11.1 (Integral test). Let {a,} be a positive decreasing sequence. If there exists a continuous
decreasing f(x) on [1,00) such that a, = f(n), then

Zan converges if and only if / f(z)dx converges.
n=1 1

/1 " Fw) da

lim /1A f(z)dx

A—o00

Proof. (<) Suppose that

converges, i.e. the limit

47
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exists. Then i}

o= S0 = fR = (k=)< [ f@)de
since f is decreasing. So
n n k n
ap < flz)dx = f(z)dx.

Since the integral converges as n — oo, the partial sums of > | a,, are bounded, so > 7 a, converges
by the monotone convergence theorem since a,, > 0.

(=) Suppose
>
n=1

converges. Then

k41
ap, = f(k)[(k+1) — k] = f(z)dx
k

since f is decreasing. So

n n k+1 n+1

ag > Z flx)der = / f(x)dx.

k=1 k=1 "k 1

Since the sum converges as n — oo, the integral is bounded and thus converges as f(z) > 0. O]

Example 11.0.2. For p > 1, show that

converges if and only if p > 1.

Proof. Let a, = 1/n? and choose

where we can appeal to integration rules to see that this integral converges if and only if p > 1. [

Example 11.0.3. Show that

=~ 1
Z n(lnn)p

n=2

converges if and only if p > 1.

Proof. Look at

e 1
/ dx
o x(lnz)P

which converges if and only if p > 1.

1 T=00
= [ (Inx)~P*H! ,
-p + 1 r=2
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Example 11.0.4. Suppose a,, > 0 and let S,, = > ;_, a;. Then

an . e .
1. Z 1 diverges if Z a, diverges,

S, In S, —
Qp+1 . -
2. and E _— f E n .
an — Sn<ln Sn>2 converges 1 n:1a converges

Proof. (1) Notice a,, = S, — S,—1 > 0, so

(41 - Sn—i—l - Sn > /Sn+1 1
S,InS,  S,InS, g zlnz

dr =1In(ln S,41) — In(In S,,).

So we see that
k41

Sk In Sk

> In(InS,41) — In(lnay)

since the sum telescopes. But ln(ln Sn+1) — 00 as n — 00, so this sum diverges.

The proof for (2) is left as an exercise, but the idea is similar. O

Remark. If a, = 1, then S,, = n for all n, which implies that

o0

1 1
;nln diverges and Z SE converges,

which matches the previous example.

Example 11.0.5. Let f(x() be positive and decreasing on [0, 00). Then
= / f(z) dx converges if and only if (B) = / f(z)sin® x do converges.

Proof. (=) This direction is obvious since 0 < f(z)sin?z < f(x) at every point.

(<) Suppose otherwise that (A) diverges. Then

00 = /f dx—Z/Hn:H dwéwiof(a—l—mr)

since f is decreasing. This implies that Y, f(a + nm) diverges. But then
a+(n+1)w

/00 f(z)sin® x dw > Zf(a+ (n+ 1)7r)/ sin? z dr = ng(cH— (n+ 1)m),
a n=0 n=0

a+nm

/OO f(z)sin® z dz

diverges since > | f(a + nm) diverges. Contradiction. O

so we see that



LECTURE 11. FEB. 15— ABSOLUTE CONVERGENCE 50

11.3 Absolute and Conditional Convergence

Definition 11.1. For a series (A) = > >°  a,, if > 7 |a,| converges, then we say that (A) converges
absolutely. If (A) converges but Y > |a,| diverges, then we say that (A) converges conditionally.

Example 11.1.1. The series

o0

1 1 1 1
S D Lan e T
2. n 231"

n=1

converges conditionally. This is because the series itself converges by the alternating series test (which
we will see later), but taking absolute values gives the harmonic series, which diverges.

Example 11.1.2. For p > 1, the series

o0

Yo

n=1

converges absolutely. Unlike before, taking absolute values gives a p-series, which converges for p > 1.

Definition 11.2. For any a, € R, define the positive and negative parts of a, by

n a, ifa, >0, B —a, ifa, <0,
a, = . and a, = .
0 ifa, <0, 0 if a,, > 0.
Note that af,a > 0 and in particular, a, = a — a, and |a,| = af + a .

Theorem 11.2. Suppose > -, a, converges absolutely. Then
1.5 caf and Y27 a;, converge absolutely,

2. and |Zn:1 an| S Zn:l |a’”|
Proof. (1) Write
Z jan| = Z(ai{ +ay,).

Since a;}, a;; > 0, this implies that > >, a} and Zn | @, converge since they are bounded.

(2) Note that

n
<D lal
k=1

in the finite case. Then let n — oo to get

o0
< Z|ak|>
k=1

which is the desired result. O

(5 (5]

n=1

Example 11.2.1. Does the series

converge absolutely?
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Proof. Let

and Taylor expand to get

cosn (cos n

+ 0(1/n2)) = O(1/n?).

Since .7 1/n? converges, we see that > 7 a, converges absolutely. O

11.3.1 The Alternating Series Test
Definition 11.3. A series of the form

oo

Z(—l)”an:al—a2+a3—a4—|—...

n=1
where a,, > 0 is called an alternating series.

Theorem 11.3 (Leibniz test). Suppose {a,}2, is a decreasing sequence and lim,_,o a,, = 0. Then the
infinite series Y oo (—1)"ta, converges.

Proof. Let

S, =Y (—=1)"a.
k=1
Then we have
Son = (a1 — az) + (a3 — aq) + -+ + (a2p—1 — @20) > S22 >0

and also that
Son = a1 — (ay —ag) — (ag —as) — -+ — (a2p—2 — A2p—1) — A2, < @4

since {a,} is decreasing. In particular, Sy, is bounded and increasing, so
exists by the monotone convergence theorem. Now observe that

Sont1 = Son + A2pt1,

so taking n — oo gives So,11 — S since Sy, — S and ag, 1 — 0. Thus lim,_,,, .5, = 95. ]

Remark. This shows that the series

o0

S

n=1

from earlier indeed converges.
Remark. The proof also gives an error estimate for an alternating series. We have
|Sn - S| S a'n—i—l

since |S, — S| = apy1 — (Gpio2 — apys) + -+ < app1. We get this since the tail is still an alternating series,
and an alternating series is bounded by its first term, as shown in the proof.



Lecture 12

Feb. 20 — Series of Functions

12.1 Rearrangements of Series
Definition 12.1. Let 0 : N — N be a bijection, i.e. it is one-to-one and onto. Given an infinite series
> o2 | G, we define the rearranged series to be Y | ao(n).-

Theorem 12.1 (Dirichlet). If (A) = > a, converges absolutely and (B) = 3 | ag@m) 5 any
rearrangement of (A), then (B) also converges and

Z Qo(n) = Z Ap,.
n=1 n=1

Proof. First assume a, > 0 and let S =Y >° | a,, with partial sums S, = >_7_, ax. Let o, be the partial

sums of (B). Then
< Zan =5 (*)
n=1

since a,, > 0. Then o,, is bounded, so (B) converges by the monotone convergence theorem. Also by (%),
we can take m — oo to get

lim o0, <S5 = Za"” <8S.

m—00
n=1

We also get the reverse inequality by thinking of (A) as a rearrangement of (B), so the two are equal.

Now for the general case, suppose that ), a, is a series with differing signs Let ai, a,, > 0 be the

positive and negative parts of a,, respectively, so that |a,| = af +a,,. Now b, ,and |b,| = bF +0b;,

so bt = a* o(n)" By the previous part, > °° b converges and

n=1 n

o0 o0
+ _ +
E b, = E a, .
n=1 n=1
Then we have

Zb _Z —b;):Z(CL:—CL;)ZZan,

n=1 n=1

which is the desired conclus1on. O

Theorem 12.2 (Riemann). If (A) =Y ° | a, converges conditionally, then there exists a rearrangement
(B) =Y 02 | Gg(n) such that any one of the following occurs:

52
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1. (B) converges to any number o,
2. (B) diverges to oo,
3. (B) diverges to —oo,
4. (B) oscillates in an unbounded manner,
5. or (B) oscillates in a bounded manner.
Proof. Look this up. O

Remark. This shows that when a series only converges conditionally, then pretty much anything can
happen when rearranging, which is not the case for absolutely convergent series.

12.2 Series of Functions

Definition 12.2. A series of functions is a series of the form Y > | f,(x), where each f,(z) is defined
on an interval I. Define its partial sums to be S, (x) =3 ,_, fe(x). We say that

S fula) = S(a).

i.e. the series converges to S(x), if lim,,_,~ S,(z) = S(z), which can be pointwise or uniform.

Theorem 12.3 (Cauchy criterion for uniform convergence). A series Y -, fn(x) converges uniformly
on I if and only if for every e > 0, there exists N such that whenever n > N, for any x € I and integer

p we have
n-+p

> fil@)

k=n+1

< €.

Proof. This is because {5, (x)} is a Cauchy sequence, so for any € > 0, there exists N such that when
n>N,
sup | Spp(x) — Sp(z)| <,

zel

which is precisely the given condition. O]

Corollary 12.3.1. If Y >, f,.(z) converges uniformly on I, then f,(z) converges uniformly to 0 on I.

Corollary 12.3.2. Let f,(z) € C([a,b]). If >0 fulx) converges uniformly on (a,b), then it converges
uniformly on [a,b].

Proof. Since > 7 | fu(z) converges uniformly, for any e > 0 there exists N such that when n > N, we

have
n-+p

> ful@)

k=n+1

<e€




LECTURE 12. FEB. 20 — SERIES OF FUNCTIONS 54

for all z € (a,b). Let x — a® and z — b~ to get

n-+p n-+p
Z fr(a)| <€ and Z fr(d)] <e
k=n+1 k=n+1
So for all = € [a, b], we have
n+p
Z fk (l‘) < e
k=n+1
which gives uniform convergence on [a, b]. O
Example 12.2.1. The series
= 1
n=1 ne

does not converge uniformly on (1, 00).

Proof. Note that each 1/n” is continuous but at x = 1, the series becomes the harmonic series > >~ 1/n,
which diverges. So by the previous corollary, this series cannot converge uniformly on (1, 00). O]

Theorem 12.4 (Weierstrass M-test). If there exists a nonnegative and convergent series y | M, such
that for all x € I, we have

(@) < M,

then Y falx) converges uniformly on I.

Proof. Since Y | M, converges uniformly, for any ¢ > 0 there exists N such that

n—+p
Z M| < e.
k=n+1
This directly implies
n—+p n-+p
S @< S ) <e
k=n+1 k=n+1

since each M, is nonnegative. Then Y > f,(x) converges uniformly on I by the Cauchy criterion. [

Example 12.2.2. If "> | a,, converges absolutely, then

= a,z"
Z 14 a2

n=1
converges uniformly on (—oo, 00).
Proof. This is because
A
ap| ———— < |a
L+z2| = 7" L4 zf2e — 07
<1

so by the Weierstrass M-test, we get uniform convergence on (—o00, 00). O
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12.3 Exchange of the Limit and Infinite Series

Theorem 12.5. Let f, € R([a,b]) for each n =1,2,.... If Y2, fu(x) converges uniformly to S(z) on
la,b], then S(z) € R([a,b]) and

g/abfn(x)dl’—/abs(l‘)dx—/abgfn(x)dx.

Proof. Let S,(x) =3 ,_, fe(x). Then S,, — S uniformly on [a,b], so we can apply Theorem (9.1 to get
S(x) € R([a,b]) and

© b b b

Z fo(z)dx = lim Sn(z) dx :/ S(z)dx,

—Ja n—oo J, @
which is the desired conclusion[] O

Theorem 12.6. Let f,(x) be continuously differentiable on |a,b]. Suppose that

S fula) = S(a)

pointwise on [a,b], and Y ", fr(x) converges uniformly to G(z) on [a,b]. Then >~ f(x) converges
uniformly to S(z) and S’(x) = G(x). In other words, in this case we have

o0 / oo
(Sn0) - X s
n=1 n=1
Proof. Similarly apply Theorem 9.2 our previous theorem on exchanging the limit and the derivative. [J

Example 12.2.3. Show that

is continuously differentiable on (—oo, 00).

Proof. For each fixed n, we see that (sinnz)/n? is continuously differentiable, and we at least have
pointwise convergence since

sin nx < 1
nd | — n3
Now the series of derivatives
o o
Z T COSNIT Z CosSnx
n3 n?
n=1 n=1

converges uniformly on (—oo,00) by the Weierstrass M-test since

‘cosn:n‘ < 1
n? |~ n?

So we can apply the previous theorem to see that S is continuously differentiable on (—o0, 00). O

!This is just applying the previous theorem on exchanging the limit and the integral.
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Remark. Changing the n® to n? in the previous example will cause this argument to fail, since we get

cosSnT 1
==

n n
which does not converge. So we cannot use the Weierstrass M-test.

Example 12.2.4. Let

Study its differentiability on (—oo, 00).

Proof. Observe that
ol J2]
n?+ 2 — n?’

so the series converges pointwise on (—o0,00). Now let f,(x) = |z|/(n? 4+ 2?), and we see that
0  (n?+2?)|z]

= B . —2zfw| = —
;fn(x)_z (n2+x2)2 _;m

n=1

for any 0 < |z| < A. Now
2
n”|z| <n?4+ A2

— xfz]

so 2, fr(z) converges uniformly for any x away from 0. So S(z) is differentiable when = # 0. At
x = 0, we use the definition of the derivative to see that

. S(Az)—S(0) Az O 1
B R L pivap Db rvars
From this we get
1l &1
SLO)==) —#) — =350,
n=1 n=1

so S(x) is not differentiable at = = 0. O



Lecture 13

Feb. 22 — Power Series

13.1 Power Series

Definition 13.1. Given a point xg, a power series around x is a series of the form

Zan(x —20)" = ag + a1(z — x0) + ag(r — 20)* + .. ..

n=0

Remark. The question is: For what = does the series converge?

Example 13.1.1. Consider the serieq]|

[ee]
P
n!’
n=0

In fact this series converges for all z € R. Let a,, = 2 /n!. By the ratio test, for z # 0, we have

an+1 |CL’|

Qn

lim

n—0o0

= lim =

Y

so the series converges at x # 0. Of course, if x = 0, then every term past n = 0 is zero, so the series
also converges there. Thus the series converges everywhere on R.

Example 13.1.2. The series

[e.e]

g nlz"

n=0

converges only at x = 0. For z # 0, we can similarly apply the ratio test to find that

Ap+1
Qn

lim

n—oo

= lim |n + 1||z| = oo,
n—oo

so the series diverges for x # 0.

Example 13.1.3. Recall that the geometric series
> "
n=0

converges if and only if |z| < 1.

Later we will see that this is the Taylor series for the exponential function e®.

57
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13.2 Radius of Convergence

Lemma 13.1. We have the following:
1. If (A) = Y02y anx™ converges at © = x1 # 0, then it converges absolutely for all x with |z| < |z1].
2. If (A) diverges at x = x4 # 0, then it diverges for all x with |x| > |xs|.

Proof. (1) If Y~ a,a} converges, then a,x} — 0 as n — co. In particular, the terms are bounded, so
there exists M > 0 such that |a,z7| < M for every n € N. For any |z| < |x1], let

Then we have

la,z"| = < Mq".

T n
anxy | —
I

Comparing with the geometric series, we get that Y~ a,z™ converges absolutely when |z| < |z1].

(2) Suppose otherwise that there exists x3 such that |z3| > |z2| and > 7 a,z} converges. Then by (1),
we see that the power series converges at x = x,. Contradiction. O]

Corollary 13.0.1. If (A) = > a,x"™ converges at some x1 # 0 and diverges at x5 # 0, then there
exists R > 0 such that (A) converges for |x| < R and diverges for |z| > R.

Proof. Let E be the set of all convergence points of (A). By Lemma[13.1] we have E C {|z| < x5} since
(A) diverges for all |z| > |xq|. Let

R =sup{|z|: z € E},
which exists since £ is nonempty and bounded above by |zs|. Also R > 0 since z; € E and z; # 0. Now
if || < R, then there exists 7; € E such that |2| < |z;| < R and 2 = 2, is a convergence point[] By
Lemma [13.1] we get that (A) converges at z. If || > R, then there exists z» such that |z| > |z2] > R
and (A) diverges at = 5. Then by Lemma[13.1] (A) diverges at z. O

Remark. The R in Corollary [13.0.1}is called the radius of convergence of the power series. If (A) =

Yoo ganx™ converges for all z € R, then by convention we use R = co. If (A) converges only at x = 0,

we use R = 0. At x = £R, the convergence or divergence of (A) needs to be checked separately.

Theorem 13.1. For a power series y ., a,x”, let

limsup v/|a,| = p.
n—oo

Then
1. if p=0, then R = o0,
2. if p=o00, then R =0,
3. and if p € (0,00), then R =1/p.

2This is by definition of the supremum.
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Proof. We use the root test for Y >° |a,z"|. Let A,, = |a,z"|. Then

limsup {/ A, = limsup V/|a,| - |z| = p|z|.

n—oo n—oo
First suppose 0 < p < co. Then > 7 |a,z"| converges if |z|p < 1 and diverges if |z|p > 1. This gives

R =1/p. Now if p = 0, then
limsup /A, =0 < 1,

n—oo

s0 > > o la,x™| regardless of the choice of z, i.e. R = co. Finally if p = oo, then for zy # 0,

limsup /A, = o0 > 1.

n—o0

By the root test, this implies that >~ |a,z"| diverges for all = # 0, i.e. R =0. O

Corollary 13.1.1. For > 7  a,z" with a, # 0, if

Qp+1
G,

lim

n—oo

then the radius of convergence is R = 1/p.
Proof. Left as an exercise. O

Example 13.1.4. Find the convergence intervals for

1 Z Q”x—{—l

nln

Proof. (1) Let a, be the summand. Then

2n1n’*(n + 1) B
Cnooo (n+1)In?(n42)
so R =1/2. So we get convergence for |z + 1| < 1/2,i.e. © € (=3/2,—1/2). At z = —3/2,—1/2, we get

an+1
(079

lim

n—0o0

)

- 1

E : 2

“~nln“(n+1)

after taking absolute values, which converges by the integral test. So the interval is [-3/2, —1/2].

(2) Let the general term be
n" if k = n? for some n € N,
a =
* 0  otherwise.

Then we see that

lim sup /|ax| = hm V/n" = lim Un =1,
H

k—o0

so R =1. At x = %1, the series diverges since the general term n"z" does not go to 0 when |z| =1. So
we conclude that the interval of convergence is (—1,1). O
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Theorem 13.2. If (A) = > ° ja,z" has radius of convergence R > 0 (including R = oo), then for
any 0 < r < R, the power series (A) converges uniformly on [—r,r|. Moreover, if (A) converges at
r=R< o0 (orxz=—R), then (A) converges uniformly on [0, R] (or [—R,0]).

Proof. For x € [—r,r], we have |a,z"| < |a,|r", and >~ |a,|r" converges since r < R. So by the
Weierstrass M-test, we get uniform convergence on [—r,r|. Second part left as an exercise. n

o0

Corollary 13.2.1. For a power series (A) =Y >, a,x™, we have the following:
1. if (A) has radius of convergence R > 0, then f(x) =" a,x™ is continuous on (—R, R),
2. f(z) is differentiable on (—R, R),
3. and f(x) € C*°(—R, R), i.e. it is infinitely differentiable.

Proof. (1) We get

im f(x) xg{plo%a x nz%xirgcloa " = f(xg)

Tr—I0

since we have uniform convergence.

(2) One can verify that Y~ a,naz™! also has radius of convergence R. In particular, the derivative
series also converges uniformly, so by Theorem [9.2] we can differentiate term by term.

(3) We can repeat (2) as many times as we want. O

Theorem 13.3. Suppose f(x) = > ", a,x™ has radius of convergence R > 0. Then for any x € (—R, R),
we have f € R([0,z]) and

T r ©C© o T o an
f(t)dt:/ E ant”dt:§ an/ t"dtZE "

Proof. As Y 07 a,z™ converges uniformly in [—r, 7], by Theorem we can integrate term by term. [

Example 13.1.5. Show that

[e. 9]

:L,n
ZW =—In(1—12x)
n=1
for -1 <z <1.

Proof. By the previous theorem, we can write

= g r 2 1 1
— = t" dt:/ ——dt = —1In(1 — z),

as desired. Note that we used the geometric series in the second step. O]

Example 13.1.6. Find the sum

— (=1)"
Z 3n+1

n=0
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Proof. Let

— (=" 3n+1
S(@) :Z?En—l—)lx '

n=0

In particular, S(1) is the desired sum, so S converges at x = 1 by the alternating series test. Then

oo 1 1 ©° 1 1
5(1):2(-1)n/ x?’"dx:/ Z(—x3)ndt:/ T
n=0 0 0 n=0 0 X

1{1 1+z VI arct 2:5—1]“ 1(1 - w)
= — n——————— arctan — — = — n —
31 VI—z+a? V3 l.o 3 V3

since we have uniform convergence on [0, 1].
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Feb. 27 — Taylor Series

14.1 Taylor Series

Recall from Theorem that f(z) = > .~ a,2" is C*° on (=R, R), where R is its radius of
convergence. Here we can differentiate term by term, i.e. we have
f() = ap + a17 + agz® + azaz®- -+ |
f'(z) = ay + 2ap2 + 3azx® + -+ -,
f"(x) = 2ay + 6azx + - - - .

In particular, if we let x = 0, then

') "0

or o T

(lozf(()), alzf/(o), a2

Here we call

O f(n)
fy =3 0

n!
the Taylor series of f at 0.

Corollary 14.0.1. If f(x) has the power series expansion Y - c,(x — a)™ on an open interval I
containing a, then f € C*(I) and

then ¢, is unique.
Remark. Since Taylor series are unique, we may use any way we want to find its coefficients.

Example 14.0.1. Suppose we would like to find the Taylor series of In(1 — x). It is easier to observe
1
1—x

(In(1 —x))" =

and find the Taylor series of its derivative to be
1

=1l+a+22+ - +a2"+....
11—z

Then we can integrate term by term to find the Taylor series of In(1 — x).

62



LECTURE 14. FEB. 27 — TAYLOR SERIES 63

14.2 Convergence of Taylor Series

Given a function f € C*°(I), do we always have

n.

O f(n)
fy =3 0

in the interval 17

Example 14.0.2. Consider

6 4
= e = e [‘_ ! _} =R ),

xt b
So f is C* away from z = 0. In particular, f(x) — 0 as 2 — 0 for all n > 0 since

1
lim —e /%" =0
z—0 ™

for all m > 0. Now also ,
—-1/x
£(0) = lim “—— =,

z—0 €T

so f'is continuous on R. We can continue this to see that each f™ is continuous on R. So f € C*(R)
and f(™(0) = 0 for all n > 0. Thus its Taylor series is identically zero, but f(x) is not the zero function.

Remark. Recall Lagrange’s remainder term for the Taylor polynomial, which says

where 1
R, (x) = mf(nﬂ)(f)(ﬂﬂ — x0)"H!

and £ is between x and zy. We can use this to justify the convergence of Taylor series.

Theorem 14.1. Let R € (0,00) and f € C®(xg — R,x¢ + R). If there exists M > 0 such that for all
x € (vo— R, 20 + R), we have
|f® ()] < M™

for eachn =1,2,..., then

) (2,
fw) = 3 T (e

for all x € (xog — R,z + R).
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Proof. By Lagrange’s remainder term formula, we have

1
(n+1)!

1 MR n+1
|f(”+1)(§)||x _ $o|n+1 < ntl prtl _ ( )

R CESY CES

| R ()] =
as n — oo since M, R are fixed. Thus we get the desired equality, since the error term goes to zero. [

Example 14.0.3. For f(z) = ¢, we have f("(z) = ¢®. Then for z € (—R, R), we have | (2)| < .
So by the previous theorem, we get

for all x € R, since we can take R as large as we would like.

14.3 Metric Spaces

Definition 14.1. We call a pair (X, p) a metric space if X is nonempty and p: X x X — RT satisfies:
1. positive-definiteness: p(z,y) > 0 and p(z,y) = 0 if and only if z = y,
2. symmetry: p(z,y) = p(y,z),
3. and the triangle inequality: p(x,y) < p(zx, 2) + p(z,y) for all z,y, 2z € X.

We say p is a distance function if it satisfies the above properties.

Example 14.1.1. For X = R?, we may take p(Z,v) = |7 — ¥|.

Example 14.1.2. For X = C([a,b]), the set of all continuous functions on [a, b], we can define

p(r,y) = max |z(t) — y(t)|
tela,b]

for any two z(t),y(t) € C(Ja,b]). This is called the mazimum norm or the L> norm.

Definition 14.2 (Convergence). We say that z,, — xo in (X, p) if p(x,,x0) = 0 as n — co. We write

lim z, = zg.
n—o0

Example 14.2.1. If z,,(t) € C([a,b]), then z,, — xy means x,,(t) — xo(t) uniformly in [a, b][]

Definition 14.3. We say that {z,} is a Cauchy sequence in (X, p) if p(z,, z) — 0 when n,m — oo,
i.e. for any € > 0, there exists N such that if n,m > N, then p(x,,x,,) < €.

Definition 14.4. If every Cauchy sequence in (X, p) has a limit z,, — z*, then we say that (X, p) is a
complete metric space.

Example 14.4.1. The continuous functions C([a, b]) with the maximum norm is complete.

Definition 14.5. Let (X, p), (Y, r) be two metric spaces. Then we say T : X — Y is continuous if for
any {x,} and zo € X, we have p(zo, x,) — 0 implies r(T'(xo), T (z,)) — 0.

IThis is if we use the maximum norm from earlier.
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Theorem 14.2. A function T : (X, p) — (Y, r) is continuous if and only if for all e > 0 and xy € X,
there exists § = §(xo,€) > 0 such that p(z,x¢) < § implies r(T'(x), T (o)) < €.

Proof. Check this as an exercise m

14.4 Existence and Uniqueness Problem for ODEs

Consider the ordinary differential equation (ODE) problem
de _ p
@ =Ptz )
z(0) = ¢.

We would like to show that this ODE has a local solution ]| To do this, we can transform the ODE intdf]

x(t) =¢ —I—/O f(r,z(7)) dr.

Now we would like to find a fixed point of this map. Let A > 0 and consider X = C([—h, h]) with the
maximum norm. Define the mapping 7" : X — X by

(Ta)(t) = € + / f(r,2(r)) dr

for any # € X. Then solving (1) is equivalent to finding a point € X such that = Tz, i.e. z is a
fixed point of T'. We can do this via contraction mapping.

14.5 The Contraction Mapping Principle

Definition 14.6. We say T': (X, p) — (X, p) is a contraction mapping if there exists a € (0,1) such
that

p(Tz, Ty) < ap(z,y)
for any z,y € X.
Example 14.6.1. Let X = [0, 1] and 7'(z) be differentiable on [0, 1] with T'(x) € [0, 1] and |T"(x)| < a < 1.
Then T : X — X is a contraction mapping since
p(Tx,Ty) = |T(x) = T(y)| = |T"(€)(z — y)| < alz —y|
by the mean value theorem.

Theorem 14.3 (Contraction mapping principleED. Let (X, p) be a complete metric space and T : X — X
be a contraction mapping. Then T has a unique fixed point on X.

2The solution may not exist for longer time periods, e.g. it might blow up at some point.
3This process is called Picard iteration.
4This is also known as the Banach fized-point theorem.
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Proof. For any zy € X, define a sequence recursively by x,.1 = Tz, i.e. x, = T"x,. Now we show that
{z,} is a Cauchy sequence. To do this, observe that

P(Tni1, n) = p(T2n, Trn_1) < ap(wn, n_1) < @°p(Tpo1, Tuog) < - < a"play, 20)

for some 0 < a < 1 since p is a contraction mapping. So for any integer p > 0, by the triangle inequality
we have

—_

p—
. a™

a"”p(xo,xl) < ;a"“p(xmxl) =1 -

p
p(xn—i—paxn) S ZP($n+i»$n+i—1) S p(l'Oaxl)-

i=1 %

Il
=)

Since p(zo, z1) is fixed and 0 < a < 1, we see that {z,} is a Cauchy sequence. Since X is complete, we
have x,, — 2* € X. Now we show that z* is a fixed point of T". This is because x,,1 = T'x,, and letting
n — oo gives x* = T'x*, since T is continuous.ﬂ Next, we show that x* is the only fixed point. To do
this, suppose otherwise that z** is also a fixed point. Then

pla* ™) = p(Tx*, Tz™) < ap(x*, ™).

Since 0 < a < 1, we must have p(z*, ™) = 0, i.e. z* = z™. ]

50One can show that any contraction mapping is continuous.



Lecture 15

Feb. 29 — Contraction Mapping

15.1 Newton’s Method

Suppose we want to find a solution of f(z) = 0, for some differentiable function f. We can use Newton’s
method, which starts with some initial guess zy, and iteratively computes better guesses. More precisely,
we look at x;, find the tangent line to f at z;, and then take x;,1 to be the z-intercept of this line. The
tangent line is given by
y = [flzn) + f(@a)(@ — z0).

Setting y = 0 gives the recurrence

s = 1, f(xn)

f'(@n)

There are some nuances as to when Newton’s method converges, since the x; may end up oscillating or
have some other problem if xg is badly chosen (e.g. if it is far away from the actual zero ).

Example 15.0.1. Let f € C?*([a,b]) and & € (a,b) such that f(z) =0 and f’(Z) # 0. Then there exists
a neighborhood of z, denoted by U(z), such that for all xy € U(Z), the sequence

Tl = Ty — f(zn)
f(@n)
converges to T as n — o0.
Proof. Define the mapping
S ()
f'()

in an interval containing z, e.g. Is = [ — §,Z + J]. First we check that if § is small, then f : Is — I;.
For this, let x; = Tz. If |z — 2| < 0, then we have

|y — 2| =|Te —Tz| < alr — 2| <6,
for some 0 < a < 1. This is because for all zy, x5 € I, letting g(z) = Tz, we have
Ty — To| = [g(x1) — g(22)| = | () |J21 — 22

for some & € I5 by the mean value theorem. Now notice that

_ @) f@)f @) | ) ()
fiz)  f(z)? f'(x)?
if § is small enough, since f(z) is small in I5, and f”(x) is bounded and f’(x) is bounded away from
zero. Then by the contraction mapping principle, we get the unique fixed point z. O

<a<l1

9" () =1

67
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Remark. The rough idea is that f/(z) is bounded away from zero in some open neighborhood U of
% since f'(%) # 0, and f’ is continuous since f € C%. Now pick some compact interval I C U, and we
get that f’ must be bounded on I. This gives that f is Lipschitz, i.e. |f(z) — f(y)| < L|z — y| for all
x,y € I and some constant L € R. Then we just need to show that 0 < L < 1.

15.2 Existence and Uniqueness for ODEs

Recall the ODE

We rewrite this into the integral form

z(t) =&+ /0 F(r,x(7)) dr. (%)

Now let & > 0 be some fixed constant that we choose later. Define X = C([—h,h|) and T': X — X by

t
(Tz)(t) =¢ +/ F(r,x(7)) dr.
0
Then (x) is equivalent to finding a fixed point of T'. Assume F(¢,x) satisfies a local Lipschitz condition,
i.e. there exist § > 0 and L > 0 such that when |t| < h, |z, — ] < J, and |2y — &| < 6§, we have
‘F(t,l'l) — F(t, .Z'Q)‘ S L’Q?l — ZL'Q‘.
Define
B(€,0) = {a(t) € C([=h, h]) | max|a(t) — £ < o}
Think of this as the ball of radius ¢ around the constant function £ in C([—h, h]). We want to check
(i) if h, ¢ are small enough, then T': B(,d) — B(§,0),

(ii) and T is a contraction.

Once we do, then T" has a unique fixed point Z(¢) by the contraction mapping principle, which is the
solution of the ODE for ¢ € [—h, h|. For the first property, let

M = max{|F(t,z)| | t € [~h,h] x [ —6,&+ 6]},

which exists since F' is continuous and [—h, h| x [§ — §,£ + I] is compact. If h is small, then

max |(Tx)(t) —&| = max

| < Mh<9
te[—h,h] te[—h,h]

/OtF(T,x(T)) dr

since t < h. So T : B(&,0) — B(,9). Now we show that T is a contraction. For any z(¢),y(t) € B(¢, ),

< hmax |F(t,z(t)) — F(t,y(t))|

e <h

= Lhmax |z(t) — y(t)| = Lhp(x,y)

[t|<h

Tz, Ty) =
p(Tx,Ty) e

/0 F(r,2(r)) — F(r,y(r)) dr

by the Lipschitz condition. Now we can choose h such that Lh < 1, which ensures that T is a contraction.

Remark. This is called the Picard-Lindelof theorem, or the ezistence and uniqueness theorem for ODFEs.
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15.3 Implicit Function Theorem

Example 15.0.2 (Implicit function theorem). Let f: R x R — R and U x V C R x R a neighborhood
of (zo,y0). Assume f and 0f /0y are continuous on U x V| and f(zo,yo) = 0 and

of

o 0.

ay (330, yO) %
Then there exists a neighborhood Uy x V; C U x V and a unique continuous function ¢ : Uy — V;
satisfying

flz,o(x)) =0, ©(x0) = y0.

Proof. We want to solve f(z,y) = 0 in a neighborhood of (zg, o). Define the mapping ¢ — Ty, where
¢ € C([xg — r, 29 + r]) for some r > 0. We take the definition

(To)(x) = ola) (%(ﬂfo,%))_ P o(a)).

Observe that if ¢ is a fixed point of T, then f(z,¢(x)) = 0. Let X = C([xg — r, 29 + 7]), and we will
choose r later. For any ¢, € X, define the distance

ple, )= max |p(z)— ()|

x€lxo—r,z0+7]
Now we see that

o(Tp.T) =  max ¢<x>—w<m>—(g—§<x0,%>)‘ <f<x,so<x>>—f<x,w<x>>>’

x€[xo—r,x0+7]

= max
x€lzo—r,x0+7]

0 0 .
(1= F oS} (o0 — vt
for some 3 between () and ¢ (x) by the mean value theorem. Now define the ball

B(yo,0) = {p € C(xg — 1,20 + 1) | plp,y0) < 0}

If p,9 € B(yo,0) and r,d are small enough, then

‘ of . 0f

1
1— =% N < =
ay(x(]?yO) ay(xvy) < 27

which ensures a contraction. So it only remains to check that 7" : B(yo,d) — B(yo,d). For ¢ € B(y, ),

p(Te,y0) < p(Te, Tyo) + ©(Tyo, o)

1
< sp(w,%0) +  max

-2 x€[xo—r,x0+7]

%(%ﬂo)lf@?ayo)

if 7 is small enough since f(zo,yo) = 0. So T'¢ € B(yo,d). Thus T is a contraction mapping on B(yo, J),
so it has a unique fixed point by the contraction mapping principle. O

Remark. The idea is that if (0f/0y)(zo,y0) # 0, then the solution set to f(x,y) = 0 in a neighborhood
of (zg,yo) is given by the curve .



Lecture 16

Mar. 5 — The Derivative in R"

16.1 Partial Derivatives

Definition 16.1. Let f be a real-valued function defined on an open set U C R". For a fixed point

a=(a,...,a,) € U, the partial derivative of f at a with respect to x; is
af( ): llm f(CLl?"'7ai—17$iaa'i+l7"‘7a'n)_f(ab“'aan):limf(a+h€i)_f(a)
8in Ti—a; T; — Q; h—0 h ’

when this limit exists. Here €; is the ¢th standard basis vector in R™.

Remark. The following are equivalent notations for partial derivatives:

of
&L'l-

(CL), fz/(a)7 fxia sz

Definition 16.2. The gradient of f at a is a vector of the partial derivatives, i.e.

YV f(a) = (g—i(a),...,gi(@).

Remark. In one dimension, if f(x) is differentiable at xo, then f(x) is continuous at xy, because

o @) = flwo)

T—T0 T — X

=f /(xo),
which implies

f(@) = f(xo) = f'(2o)(w — m0) + o(x — x0).

As © — x, the RHS goes to zero, so f(z) — f(zo). However, this need not hold in higher dimensions.
For n > 2, even if 0f /0x;(a) exists for all i = 1,2,...,n, f(xy) might not be continuous at = = a.

Example 16.2.1. Consider the function

~Jwy/(@* ) i (2,y) # (0,0),
flew) = {o if (2,y) = (0,0)
At (0,0), we have
6)—f(o,o) i L0 70 070
or z—0 T =0 T

70
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Similarly, 0f/0y(0,0) = 0. But f(z,y) is not continuous at (0,0). For continuity, we need

lim z,y) =20
(2,9)—(0,0) f@y)

when (x,y) — (0,0) along any path I" from (z,y) to (0,0). So it suffices to find two paths I'; and Ty

with different limits to show that the limit does not exist. So choose I' : y = mx. Then

x(mx) m

(200 22 +m2z? 1+ m?
along I'

This limit clearly depends on m, so we can simply choose two different values of m to get differing limits.
Hence we see that f(z,y) is not continuous at (0,0).

16.2 Differentiability

Definition 16.3. Let f : U — R where U C R" and a = (aq,...,a,) € U. Then f is differentiable at a
if there exist constants ¢q,..., ¢, € R such that

flx) = (fla) + er(mr — ar) + - - - + cnl@n — an))

llzli% d(z,a) =0
Here the distance is
d(z,a) = /(x1 —a1)2+ - + (2, — an)?.
Remark. If we let &= (cy,...,¢,), then the definition of differentiability becomes

f(x) = f(a) + ¢ (x = a) + o(d(z, a)).
We will soon show that in fact ¢ = V f(a).
Remark. In the one-dimensional case, for f(z) where z € I C R, we defined the derivative as

i F@) = (@)

T—ra Tr— a

= /'(a).

This is equivalent to
pR— pR— / pR—
i J@) = 1(@) = Fla)z—a) _
r—a ‘3;‘ — (I‘

which is the same as our new definition for differentiability.

Proposition 16.1. If f(x) is differentiable at a, then Of/0x;(a) exists and ¢; = Of /0x;(a).

Proof. We can compute that

OF (o) _ i O RE) = (@) o F(@) 4 E-RE (b~ fla) o Ehé oAl _
8@ h—0 h h—0 h h—0 h
which is the desired result. O

Proposition 16.2. If f(x) is differentiable at a, then f(x) is continuous at a.
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Proof. From the definition, we have

f(@) = f(a) + ¢ (x —a) + o(d(z, a)).
As we take © — a, we get f(z) — f(a) just as before. O

Remark. If f(z) is differentiable, then f(z) has all partial derivatives 0f/0z; at © = a. But the converse
is not true in general. So differentiability is a strictly stronger condition in R™.

Lemma 16.1. Let f: U CR"” — R, where U is an open set. Then f is differentiable at x = a if and
only if there exist functions Ay, ..., A, on U, continuous at x = a, such that

f(x) = fla) = A(@)(z1 — ar) + As(@) (22 — az) + - -+ + An(2) (0 — an)
for all x € U. In this case, Of /0x;(a) = A;(a).
Proof. (=) Assume f(x) is differentiable at x = a. Then

) = (o) + A — )+ () — an)

=0.
z—a d(z,a)

Define the function e : U — R via

fle) = (fa) + fila)(z1 — ar) + -~ + fia)(zn — an))

|x1_a1|+"'+|xn_an|

e(zr) =

Observe that the denominator is a distance equivalent to d(z,a)[] Then lim,,, e(z) = 0, since the
distances are equivalent. Then we get

f@) = fla) + fila)(zr — ar) + - + fola) (@ — an) + e(@)(Je1r — ar| + -+ + |20 — anl)
= fla) + (@) (21 — ar) + - - 4 A(@) (20 — an),

where we define
' if 7 —a; >
A(z) fl(a) + e(x) ?f x;, —a; >0
fli(a) —e(zx) ifz; —a; <O.

Each A; is continuous and satisfies A;(a) = f/(a), as desired.

(<) Suppose Ay, ..., A, exist such that
f(x) = fla) = Ay(z)(x1 — a1) + - + Ap (@) (20 — ap).

We check that f is differentiable at x = a. Choose ¢; = A;(a). Then

fx) = (fa) = >0, cilzi — i) ‘ _ ‘Z?l(Ai(fC) — Ai(a))(xi — a;)
d(z,a) d(z, a)

< Z |Ai(z) — Ai(a)] = 0

as r — a, since each A; is continuous at a. Thus f is differentiable at = = a. O

ITwo metrics (distances) di,ds : X x X — R on a set X are equivalent if there exist constants ¢, C' € R such that
cdi(z,y) < da(z,y) < Cdy(z,y) for all z,y € X.
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Theorem 16.1. Let U be an open set in R™ and suppose that f : U — R has partial derivatives fi, . ..

on U which are continuous at x = a. Then f is differentiable at x = a.

Proof. We change z; to a; one by one to get

fl@) = fla) = (f(w1, ..., 20) = flar, 22, .., 2p))
+ (flay, o, .., xn) — flar, a2, 23, ..., 2,))

+ (f(ar, a9, 23, ..., 2,) — flay,as,as,z4,...,7,))

+ (flar, - s an—1,2,) — flag,...,ay)).

Each of these terms differ in only one variable, so we can apply the mean value theorem to get

f(ZE) - f(a) = f{(glaa% s 7an)(171 - al)
+ fé(al,fg,ag, c. ,(Zn)(l’g — CLQ)

+ frlL(ab s 7an—1;§n)(xn - an)'

So we can set

Ay(x) = fi(&, ag, -, an) (0 — an)
A2<37) = fé(alaééaa?n s 7an)($n - an)

An(x> = f;(a’lv cees Gn1, gn)<xn - an)-
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where §; is between a; and x; for each 1 <i < n. Each A; is continuous since each f/ is continuous, so

we get A;(x) = A;(a) when x — a. So f(z) is differentiable at z = a.

O

Remark. In functional analysis, there is an analogous theorem that relates the Gateaux derivative

(similar to a partial derivative) and the Fréchet derivative (similar to differentiability).

Remark. The existence of continuous partial derivatives at x = a is a sufficient condition for differentia-

bility at « = a, but it is not necessary.
Example 16.3.1. Consider the function
(2? +y*)sin(1/ (2 +y?)) if 22 +9y* # 0,
o) (L 41 i
0 if e +y*=0.
First we verify that f is differentiable at (z,y) = (0,0). We can compute

= O0((V22 +y2)*),

1
x? + y?

sin

‘f(xay) - f(0,0)‘ = ($2 + y2)

so f is differentiable at (0,0), with the zero linear approximation f(x,y) ~ Oz + Oy. This also gives

f1(0,0) = £5(0,0) = 0. However, if (z,y) # (0,0), then

2x 1
— COS
.’13'2 +y2 $2 +y2 x2 +y2

Jula,y) = 2usin
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by the product rule. Letting (x,y) — 0, we see that the second term on the RHS has no limit. For

example, along y = 0, we get
2x 1 2 1
cos = —cos —,
vty Pty T P

which has no limit as  — 0. So f,(z,y) is not continuous at (0,0). By symmetry, f,(z,y) is also not
continuous at (0,0). So a function f can be differentiable at # = a while its partial derivatives f/(z) are
not continuous at r = a.



Lecture 17

Mar. 7 — Vector-Valued Functions

17.1 The Derivative for Vector-Valued Functions

Definition 17.1. Let f : U C R" — R™, where U is an open set. We say f = (f1,..., fm) is differentiable
if each f; is differentiable. In other words, for x,a € U,

0f1/0wi(a) ... 0f1/Orn(a)
f(@) = f(a) = : : (z —a) + of|z — a]).
We may call the matrix of partial derivatives f’(a) or 0f/0x.

Theorem 17.1 (Chain rule). Let U,V be open sets in R™ and R™, respectively, and f : U — V,
g:V — R be functions. Let a € U such that f is differentiable at a and g is differentiable at f(a). Then
go f(x) =g(f(z)) is differentiable at a, and

(go f)jla) = Z gi(f(a))(f)j(a),

where (f;); denotes Of;/0x;.
Proof. See textbook (Rosenlicht). O

Remark. In matrix notation, we can write this via

Vigof)= Vg%,

where Vg is a vector in R™ and df/0x is an m X n matrix.

Remark. When f: U C R" — R", we get

g(a): 8f1/8:a:1(a) 8f1/8:xn(a)
o Of,/0x1(a) ... Ofn/0rn(a)

an n X n matrix. So we can take its determinant, and we call det(df/0z) the Jacobian of f.

5
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17.2 Implicit Function Theorem in R"

Remark. Recall Theorem (15.0.2] the implicit function theorem on R. Note that all solutions to
f(z,y) = 0 are in fact given by the continuous curve y = ¢(x) in a neighborhood of (xg, yo). To see this,
suppose f(z,y) — f(z,p(x)) = 0 for some y. Fixing x, by the mean value theorem we get

g—iw,gxy o) = 0.

Since Of /Oy(x, &) # 0, this implies y = ¢(x). So there are no solutions off of the curve.

Theorem 17.2. Let f : R" x R™ — R™ and U x V C R" x R™ be a neighborhood of (xo,yo). Suppose
f and 0f /0y are continuous on U X V', and f(x¢,yo) =0 and

det (g—‘;(xo,yo)) # 0.

Then there exists a neighborhood Uyx Vo C U XV of (zo,v0) and a unique continuous function ¢ : Uy — Vj
satisfying

Proof. Take T': ¢ +— Ty, where ¢ € C(B(xq,r),R™) an

plp, ) = max |p;(z) — (x|
z€B(zo,r)
1<i<m

is the metric. Define

(To)(x) = ola) (g—gm,y@) F o, o(2)).

Note that this is a matrix inverse. Define

X = {p € C(B(xo,7),R™) : p(p. y0) < 8}
Now it suffices to show that
1. p(Te,T) < 1p(p, ) for r,6 small enough,
2.and T: X = X

in order to apply the contraction mapping theorem and ﬁnishE] Check these two details as an exercise. [

Corollary 17.2.1 (Inverse function theorem). If f : U C R" — R" such that f,0f /0y are continuous
in a neighborhood of yo € U and det(0f/0y(yo)) # 0, then there exists g : V. — R"™, where V is a
neighborhood of f(yo), such that go f =1id, i.e. g(f(z)) = x.

Proof. Let F(x,y) = x — f(y), and we want to solve F(z,y) = 0 near the point (f(vo), o). Apply the
implicit function theorem to F' to finish. See textbook (Rosenlicht) for details. O

'Recall that A is the closure of a set A, i.e. the smallest closed set containing A.
2The continuity of ¢ is implied since it is a fixed point in a function space of continuous functions.
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17.3 Higher Order Derivatives

Definition 17.2. If f : U C R" — R and 0f/0x; is differentiable with respect to x;, then we can deﬁneﬂ

o (U P,
8@- 8$Z _amﬂxz Rk

These are the second order partial derivatives. Similarly, we can define higher order partial derivatives.
Remark. We want to know: When is f, ., = fo,r; (e (f]); = (f7)i)?

Theorem 17.3. Let f : U C R" — R and a € U. If (f]); and (f}); exist and are continuous in a
neighborhood of a, then

(f)j(a) = (f})i(a).
Proof. Take a point x = (x1,z3) # a in a small neighborhood of a = (a4, az). Define

fz1,2) = f(21,02) — flar, 22) + f(ah@z).

(z1 — a1)(z2 — ap)

Ax) =

Let o(x1,x9) = f(x1,22) — f(x1,a2), so that

_ plar, x2) — p(ar, z2)
A= (71 — ar)(zg — az)

by the mean value theorem,

P21, 22) — (a1, 12) = (v — a1)¢) (§1,72)
for some &; between z1 and a;. Then

Ar = 90/1<€17x2) _ f{(&,xg) —f{(£1’a2)

To — Q2 To — Q2

= (1261, &)

by the mean value theorem again, for some & between as and x5. In the same manner, we get

Az = (f2)1(61,6),

where (&1, &}) is in a neighborhood of a. Now let (x1,22) — (a1, az), then (&1,&1), (£1,&5) — (a1, a2). By
assumption, (£3)1(€], &) — (£2)1(a) and (F)4(€1,&) — (£)h(a) since (£3); and (f,)} are continuous, so

(fD)a(a) = (f2)1(a)
since (f3)1(€1,€2) = (f1)2(61, &) = A a

*Note the indices, we have fu ., = (f{)}-



Lecture 18

Mar. 12 — More on the Implicit Function
Theorem

18.1 Example of Unequal Mixed Partial Derivatives
Example 18.0.1. Consider the function.

fla,y) = {xy(IQ )/ (2t +y?) a4y £0

0 if 22 +9* = 0.
We find
(any) = y((@? = v?) (2% + y?) + 42?y® /(2 + y*)?) if 2® +y* #0
Y= 0 if 22 + 9% = 0.
and
, ~Ja((@® =)@+ y?) F Aty (2P + 7)) if 2ty £ 0
fy(%y) = e 2 2 _q °
0 it 2 4+y*=0.
Now f7(0,y) = —y and so ;’y(0,0) = —1, but f;(x,O) = 2 and so 1,1/9:(070) = 1. Thus ;’y(0,0) =+ éﬁv(0,0).

18.2 Revisiting the Implicit Function Theorem

Theorem 18.1 (Mean value theorem in R™). Suppose f: U C R"™ — R where U is open, and that f is
differentiable. Then for any a,b € U, there exists & on the line segment connecting a,b such that

fla) = f(b) =Vf(&)-(a—0b).
Proof. Define h(t) = f(ta+ (1 — t)b) for t € [0,1]. Then
fla) = f(b) = h(1) = h(0) = I'(c) = V f(ca+ (1 —c)b) - (a — b)
for some ¢ € (0,1) by the usual mean value theorem. So we can pick £ = ca + (1 — ¢)b. O

The following is a corollary of Theorem [17.2;

Corollary 18.1.1. If fi,..., fa are continuously differentiable in a neighborhood of (a,b), then U,V can
be chosen such that ¢ : U — V is continuously differentiable, i.e. p € C*(U, V)EI

Tn the notation of Theorem we had f = (f1,..., fn), (xo,y0) instead of (a,b), and Uy, Vj instead of U, V.
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Proof. Recall that
{fi(rcn p(z) =0
pla) = b
for all 1 < ¢ <n. Then we have

- e a4

ofi
oy

i ()t — )

oxm,
() or(o) = ) o4 52 (o)~ )

0= fi(z,o(x)) — fila,p(a))

_|_

where z; is between (x, ¢(z)) and (a,b). Now since det(df/dy,(2")) # 0, we can solve this linear system
to get
QOl(I) — bl = A21<I>($1 — al) —+ AZQ(QZ)(SCQ — CLQ) + -+ A1m<l’>($m — CLm),

where the coefficient functions A;q, ..., A;,, are continuous in a neighborhood of a by assumption. So
o(x) = (p1(x), ..., pn(z)) is continuously differentiable in a neighborhood of a, as desired. O

Remark. We can improve this if we know f is more smooth. In general, if f € C*, then ¢ € C* also.

Example 18.0.2 (Implicit differentiation). Suppose F(z,y) =0 and y = p(z). If F € C' and F # 0,

d F!
%F(:U,go(x)):o — F,+Fp,=0 = gpm:—Fé‘

We can justify this rigorously via the implicit function theorem.

18.3 Lagrange Multipliers

Recall from multivariable calculus that we can use the method of Lagrange multipliers to solve the
minimum (or maximum) of a function f(z,y) subject to a constraint g(x,y) = 0. The Lagrange multiplier
equation is

Vf=AVyg

9=70,

which is a system of three equations in (x,y, A). Here X\ is called the Lagrange multiplier.

Proposition 18.1. Assume that at a local minimum (or mazimum) point (xo,yo) of f, we have

VQ(an yO) 7£ 6)

i.e. ga(0,%0) + g5 (0, o) # 0. Then there exists X such that Vf = AVg at (2o, o).

Proof. Assume g, (z9,%0) # 0. Then by the implicit function theorem, there exists some y = ¢(r) in a
neighborhood of yy such that g(x, p(z)) = 0. Then h(z) = f(x, p(z)) obtains a minimum (or maximum)
at xg. Then h'(z¢) =0, so

fa(@o, yo) + £, (w0, o) @ (w0) = 0.
Also, by implicit differentiation,
9. (20, Yo)

/
Pu(@0) = — :
g;(wo, Yo)
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So we can set

\_ _f;(fo, Yo) N f2(xo, y0) + Mgy (w0, Yo) = 0
9(0, Yo) fy(@o, y0) + Agy (2o, y0) = 0.
Thus we have (Vf + AVg)(zo, yo) = 0, as desired. O

Remark. The condition Vg(zg,yo) # 0 is necessary to derive the Lagrange multiplier equation.

Example 18.0.3. Minimize f(x,y) = 2%+ y* subject to g = (x — 1)3 — y? = 0. The distance of g to the
origin is clearly minimized at (1,0), but we have

Vg(1.0) = (3(z — 1)%, ~29)] ;) = (0.0)

and Vf(1,0) = (2,0). So Vf # AVg in this case since Vg(1,0) = 0.
Remark. So in general, we should also check the points where Vg = 0 separately.

Theorem 18.2. Suppose f(x1,...,1,) obtains a local minimum (or mazimum) at p° = (xlo ey Ty
subject to

gi(z1,...,x,) =0

gm (1, ... x,) =0,

where m < n. Assume that f,g; € C* in a neighborhood of p° and the matriz

ag 891/8$1 e 891/8xn
5, ") = : - : ()
OGm/0x1 ... 0O¢m/0x,
has rank m. Then there exist \1, ..., \,, such that

(Vf+MVg +- 4+ X Vgn)(°) =0
gi<p0) = 0.

Proof. We prove this in the case of four unknowns and two constraints (the proof can be generalized).
Consider

(10(3;.7 y? Z? t) = 0

W(x,y,2,t) =0.

Suppose the minimum (or maximum) of f is obtained at p’ = (zg, ¥o, 20, to). Then by assumption, there
are two variables (say z,t) such that
9(p, )

det —— 0
8(e1) |y 7
Then by the implicit function theorem, we can find z = g(z,y) and t = h(z,y) such that the constraint
equations are satisfied. Then u(z,y) = f(x,y, z(z,y),t(x,y)) obtains a minimum (or maximum) at

(l“o, y0)> S0

minimize (or maximize) f(x,y,z,t) subject to {

fo+ fL(0z/0x) + fl(0t/0x) =0

fo 4 fL(02/0y) + f1(0t/y) = 0. (1,2)

Vu(l’o,yo) =0 = {
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Then
o+ ¢L(02/0x) + ¢1(0t/00) =0 [+ ¢L(02/dy) + ¢1(9t/0y) =0
W, + L (9z)dx) + Y9t )0x) = 0.

Since det(9(p,1)/d(z,t)) # 0 at p’, we can find A, u such that

fot Al =0
fi + g+ = 0,

Ul + UL (92/dy) + (0t dy) = 0.

81

which is always possible since the coefficient matrix is nonsingular. Let (A) and (B) be the two systems
in (x) and Ay, Ay and By, By be their first and second equations, respectively. Then look at the equation

A(A1) + p1(Ag) + (1), which gives

0z ot
Jo e A gl (f2 AL A ) o (fi A + ) 5 = 0.
=0 et

This implies that f; + Ay, + ptp, = 0, and we can similarly get that f, + A\, + pth; = 0. Thus we end

up with Vf + AV + uVi = 0 at p°, as desired.

]



Lecture 19

Mar. 14 — The Riemann Integral in R"

19.1 Defining the Riemann Integral in R”

Definition 19.1. A closed interval, or a rectangular domain, in R™ is a set of the form

{(z1,...,2,) rag <y < b fori=1,2,...,n}.

A partition of I is a partition of each [a;, b;] for i =1,2,...,n, i.e.
0.1 Ny 0 .1 Ny 0 .1 N,
(x],27,...,27),  (29,29,...,25%), ..y (%o, x,,...,2.").
. L. . ; i1 . . . .
The width of a partition [ is max{z] —x]  :i=1,...,n,j=1,...,n}. A Riemann sum is then
_ jl ----- ]n jl ----- jn jl ----- ] jl _ jl—l ] o j -1
S= D flylr eyl @ =T (@ — ).
J1=1,...N
j2=1,...,Na
Jn=1,...;,Nn

Definition 19.2. We say f: I C R" — R is Riemann integrable, where I is a rectangular domain, if
there exists A € R such that for any ¢ > 0, there exists § > 0 such that |S — A| < € for any Riemann
sum S with partition width < §. In this case, we write

A:/If(x)dxl...dmn:/Ifdx.

Remark. The Riemann integral in R™ is still uniquely defined, when it exists. If A, A’ both satisfy the
definition, then for every ¢ > 0, there exists a Riemann sum S such that |S — A] < e and |[S — A'| <e.
Then |A — A’| < 2¢ by the triangle inequality, which implies that A = A’ since € was arbitrary.

Example 19.2.1. If f(x) = ¢, then we have
/fda::c(bl—al)...(bn—an).
I

Example 19.2.2. Consider f(z) =0 if x1 # & for some & € R, i.e. zero except on a single hyperplane.

Then we have
/ fdx=0.
I

This remains true if x; # &; for any single fixed 1 <17 < n.
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Example 19.2.3 (Simple step functions). Let aq, ..., ap, 1, ..., By € R such that a; < o; < §; < b; for
each i =1,2,...,n. Then we can define f: [ — R by

1 1fxz€ Q. D fOI'?;:172,...,TL,
f(xl,...,xn):{ (o, B:) :

0 otherwise.

We call such a function a simple step function. In this case, we have

/Ifd:z:: (B — 1) ... (B — an).

Example 19.2.4. Of course not all functions are Riemann integrable in R™ either. Let I be a closed
interval in R™ and define f : I — R by

1 ifz=(xq,...,2,) € [ and 24,...,x, are rational,
f(x) = )
0 otherwise.

This function f is not Riemann integrable.

19.2 Properties of the Riemann Integral in R"

Proposition 19.1. We have the following:
1. If f,ge R(I), I CR", then f+ g€ R(I) and

/I(f+g)dm:/1fdx—|—/lgdx.

2. If f e R(I) and c € R, then cf € R(I) and

/Icfdx:c/lfdx.
/Ifd:cz().

/Ifdxg/lgdx.

3. If f>0o0nlI and f € R(I), then

4. If f<gonl and f,g € R(I), then

5. Ifm< f< M and f € R(I), then
m Vol(I) < /fdx < M Vol(I),
I
where Vol(I) = (by —aq) ... (by — ap).

Proof. Check these properties as an exercise. O
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19.3 Conditions for Riemann Integrability in R"

Lemma 19.1. Let I be a closed interval in R™. Then f € R(I) if and only if for all € > 0, there exists
d > 0 such that |Sy — Sa| < € whenever Sy, Sy are two Riemann sums with partitions of width < J.

Proof. Roughly the same idea as in R, see Rosenlicht for details. m
Example 19.2.5 (General step functions). Let (29,21, ..., 2M), ..., (2%, 2L,...,2)) be a partition of

1. A step function f: I — R is defined by

fz) =

e g1l Ji -
{Cﬁ 77777 g xl <ay<aforalli=1,2,...,n

0 otherwise

for some constants c;, ;. € R. Observe that f is a linear combination of simple step functions, so it is
integrable. To be more precise, notice that we can write

(2) = 1 ifxfifl <:cz-<a:gi foralli=1,2,...,n,
10 otherwise.

Then we get
j j1—1 'n 'n_
fde=>" ¢y (el =27 (@l — 2,

Proposition 19.2. Let I C R™ be a closed interval and f: I — R. Then f € R(I) if and only if for
any € > 0, there exist step functions fi, fo on I such that fi(x) < f(x) < fo(x) for all x € I and

/I(fg—fl)dx<e.

Proof. Similar to the proof in R, see Rosenlicht for details. O
Corollary 19.0.1. If I is a closed interval f € R(I), then f is bounded on I.
Proof. This follows from the proof of Proposition [19.2] like in the case of R. m

Corollary 19.0.2. Let I C J be closed intervals in R™ and f: J — R such that f(x) =0 ifx € J\ I.
Then f € R(J) if and only if f € R(I). Moreover, in this case we have

/Ifdx:/]fdm.

Proof. (<) Suppose f € R(I). Then for any € > 0, there exist two step functions fi, fo on I such that
filz) < f(x) < fo(x) for all z € I and

/I(fg—fl)dx<e.



LECTURE 19. MAR. 14 — THE RIEMANN INTEGRAL IN R" 85

Extend the step functions fi, fo to J by setting fi(z) = fo(x) =0 if z € J \ I. Note that fi, fo become
step functions on J if we extend them in this manner. Since f = 0 on J\ I, we have fi(z) < f(z) < fo(z)
for all x € J, and

= yde = [(h=yas<e

So f € R(J). To see that the two integrals are the same, observe that

/Iflé/lfﬁ/lfg and /Iflzfjflg/st[]fzz/lf2,
/If—/Jf S/I(fz—f1)<e=>/jf=/Jf

(=) Suppose f € R(J). Then for any € > 0, there exist step functions fi, f on J such that

so we get

since € was arbitrary.

fi(z) < f(x) < fo(x) for all z € J  and /(fg - fi)<e
J

Define ¢;, g2 on I by restricting fi, fo to I. Then ¢, go are step functions on [ and g < f < g, on [I.

Now we also have
/1(92—91):/I(f2—f1)§/J(f2—f1)<€

since f1 < fa, 80 fo — fi > 0 on J. This gives f € R(I). O

19.4 Extending the Integral

Definition 19.3. If f: R" — R and f = 0 outside a bounded set (bounded support) ]| then there exists
a closed interval I C R™ such that f(z) = 0 outside /. Then we say f is integrable on R" if f € R(I),

and we define
fdx = / fdx.
R I

Remark. The above definition is independent of the choice of 1. This is because if I, I’ both contain
the support of f, then there exists J D I U I’, so that

/fexists — /fexists — /fexists and /fdx—/fdm—/fdx.
I J r I r J

IThe support of f is the set on which its zero.
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Mar. 26 — Extending the Integral in R"

20.1 Extending the Riemann Integral in R"

Definition 20.1. If f is defined on an arbitrary set A C R”, define f : R* — R by zero extension, i.e.

) f(x) ifzxe A,
=10 itega

If the support of f is a bounded subset of R", then we define the integral of f over A as

o1

Remark. We note once again that there exist functions which are not Riemann integrable on R™. Let A
be the points in a closed interval of R™ with all rational coordinates. Then f = 1 is not integrable on A.

Remark. If A is bounded and f = 1, then

/Af:/Alz\/ol(A)

if 1 is integrable on A. This volume is also called the Jordan measure of A. The previous remark shows
that not every set is Jordan measurable.

Proposition 20.1. We have the following:
1. Let A CR"™ and f,g be two integrable functions on A. Then f + g is also integrable and

/A(f+g):/Af+/Ag-

2. If f is integrable on A and c € R, then cf is integrable on A and

[et=c] s

3. If f(x) >0 on A and f is integrable, then
[1=0
A
86
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4. If f(z) < g(x) on A and f,g are integrable, then

[

5. Ifm < f(x) < M on A and A has a volume, and f is integrable on A, then
m Vol(A) < / £ < MVol(A).
A

Proof. Left as an exercise. Note that the proof in the case where A is a box is already done. O

20.2 Sets of Measure Zero

Proposition 20.2. We have the following:

1. A set A CR"™ has zero volume if and only if for any € > 0, there exist a finite number of closed
intervals in R™ containing A with the sum of their volumes less than e.

2. Any subset of a subset of R"™ of zero volume is of zero volume.

3. If A CR"™ has zero volume and B C R™ has volume, then

Vol(AU B) = Vol(B) and Vol(B\ A) = Vol(B).

4. The union of a finite number of zero volume sets is of zero volume.

5. If A has zero volume and f : A — R is bounded, then f is integrable on A and

| 1=

6. If S C R is compact and f : S — R, then the graph of f in R™, i.e. the set
{(x1,...,2,) ER" : (z1,...,2y1) €S, 2y = f(x1,...,20n1)},

15 of zero volume.
Proof. See the textbook (Rosenlicht). O
Proposition 20.3. Let A, B be two subsets of R" such that VoOl(ANB) =0 and f : AUB — R s
integrable on both A and B. Then

| o= fse]s
AUB A B
Proof. Define f1, fo, f3 : R™ — R by
flz) ifze A, f(z) ifz e B, flz) ifze ANB,
= = d =
hiz) {0 frga 20 ad L= ¢ ans.
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/Rnflz/Af and /nf2=/Bf. 1)

Since f is integrable on A and B, it must be bounded on A and B. Then

/ A 2)
n ANB

since Vol(AN B) =0 and f is bounded on AN B. Now if z € AU B, then f(z) = fi + fo — f3, and if
x ¢ AU B, then f; + fo — f3 = 0. Then we get that

| i then=to= [ n+ [ e[ n=[re ]

from (1) and (2), as required. O

Then

Corollary 20.0.1. If A and B have volume and AN B has zero volume, then
Vol(A U B) = Vol(A) + Vol(B).
Proof. Choose f =1 in the previous proposition. n

Theorem 20.1 (Lebesgue’s criterion for Riemann integrability). Let A C R™ be a set with volume and
let f: A— R be a bounded function that is continuous except on a subset of A with zero volume. Then
f is integrable on A.

Proof. First we consider the case where A is a closed interval in R™ and f is continuous on A. Now f is
continuous on a compact set, so it is bounded, i.e. there exists M € R such that |f(z)] < M on A. Also
since A is compact, in fact f is uniformly continuous on A, so for any € > 0, there exists o > 0 such that
|f(z)— f(y)| < eif d(xz,y) < . Choose a partition of A = I into closed subintervals Iy, ..., Iy such that
I=LULU---Ulyand Vol(I; N [;) = OEIand d(z,y) < ¢ if z,y € I;. Define

min{f(y) :y € [;} ifxel;and x ¢ I} for k # j
fi(z) = .
-M otherwise.

Similarly define

max{f(y):y € I;} ifzeljand z ¢ I for k # j
folz) = :
M otherwise.

By construction we have f; < f < f,, and?

N N
/(fz ~ )= Z/ (fo = fi) <3 eVol(I;) = e Vol(I)
by uniform continuity. So f is integrable on A in this case. Rest of the proof for next class. O

!Cutting the box into little rectangles is sufficient to do this, for example.
*Here int I; denotes the interior of I;.



Lecture 21

Apr. 2 — Iterated Integrals

21.1 Double Integrals and Iterated Integrals

Theorem 21.1. Suppose f(x,y) is integrable on D = [a,b] X [c,d] and for each x € [a,b], f(x,y) is
integrable on [c,d]. Then

/abd:c [/cdf(:c,y)dy] ezists and /abdx [/cdf(x,y)dy} ://Df(x,y)dxdy

Proof. Divide [a,b] and [c,d] by a = 2g <21 < -+ <xzp=bandc=yo <y, < -+ <y, = d. Take
& € [wis1, ;) and n; € [y;—1,y;] for each 1 <i <nand 1 < j < m. Denote

A =max{Ax;, Ay;}, Az, =2, —xi1, Ay; =y — yj_1.

Then

S = ZZf(fi,nj)Axiij — //D f(z,y) dxdy

i=1 j=1
as A — 0 since f is integrable on D. Let A\; = max{Axz;} and Ay = max{Ay;}. Note that A — 0 if and
only if Ay, A\ — 0. Then we can write

n m n d
S = Z; [Zl f(&.nj)Ay; | Ax; — Zl {/C f&,y) dy] Ax;
=1 Lj= i=

as Ay — 0 since f(z,y) is integrable in y for any fixed . Now taking A\; — 0,

/abdx Ucdf(x,mdy} :gjgoi [/jf(@,y)dy] Axi:iigloS://Df(x,y)dxdy

from before. So the left-hand side integral exists and equals the double integral. O

Remark. Knowing that f(z,y) is integrable on D = [a, b] X [¢,d] does not in general imply that f(z,y)
is integrable on [c, d] for any fixed = € [a, b].

Example 21.0.1. Let D = [0,1] x [0,1] and

1/p if x =r/p for r,p coprime, y is irrational
flz,y) =< 1/q ify=s/q for s,q coprime, z is irrational
0 if x,y are both rational or irrational.
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Observe that f is integrable on D since for any € > 0, f(z,y) > € only on a finite number of straight
lines. So there exists a partition such that the finite number of lines are contained in a union of small
rectangular domains with area < e. Then the total oscillation amplitude of this partition for f(z,y) is

iwz(f)Aal = Z wl(f)Aal + Z wl(f)Aaz S €+ e=2¢
=1

oscillation < e contains lines

where Ao; = Ax;Ay;. So f(z,y) is integrable on D. Now for a fixed = r/p, we have

0 if y is rational

f(r/p,y) = {

1/p if y is irrational.
This function is not integrable for y € [0, 1].
Corollary 21.1.1. If f is integrable on D = [a,b] X [c,d] and for fixred y € [c,d], f(x,y) is integrable on

la,b]. Then o
/ /D f(z,y) dedy = / { / f(oay)dx] dy.

Proof. Repeat the same proof but start by integrating in z. O]

Theorem 21.2. Let @1, s : [a,b] — R be continuous and define the Type I region
D={(z,y) eR*:a<z<b pi(z) <y < o)}

Assume f(x,y) is integrable on D and for each x € [a, ],

w2(z)
I(JJ)Z/() fz,y)dy
w1\

fededy= [ |7 ry) g de
/l L.

Proof. Let ¢ = inf,<,<p 1(7) and d = sup,<,<;, p2(z), so that D C R = [a, b] x [c,d]. Define

flz,y) if (z,y) €D

0 if (z,y) € R\ D.
Then f* is integrable on R and

//Rf*(x,y)dwdyz//Df(x,y)dxdy
//Rf*(%y)dl’dy://Df*(a?,y)dycdy+/R\Df*(x,y)d:cdy://Df(x,y)dxdy.

since D is a measurable set. Now apply the previous theorem to f* on R to get

//Df(:v,y)dxdy//Rf*(x,y)dwdy:/ab Mdf*(x,y)dy} dx:/ab ijj)f(x,y)dy] dz,

which is the desired result. 0

exists. Then

[ (@,y) = {

since
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Corollary 21.2.1. Let ¢y, ¢ : [¢,d] — R be continuous and define the Type II region
D={(r,y) eR*:c <y <d di(y) <a < daly)).

Assume [ is integrable on D and for each y € [c,d], f(x,y) is integrable on [¢1(y), d2(y)]. Then

fagydedy = [ | [ fey)de| av
/] [,

Proof. Repeat the same proof.

21.2 Applications
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Example 21.0.2. Assume p(z) is integrable on [a,b] and p(z) > 0, and f(z), g(z) are increasing on

[a, b]. Show
b b b b
/ p(2)f(x) de / p(2)g(x) dr < / p(x) da / p(2)f(2)g() de.

a= [ [ [ s [ e .

Replace the integration variable from z to y in the two parts to get

Proof. Let

b b b b
A= / p(2) f(2)g(z) dz / p(y) dy — / pla)f () de / p(9)g(y) dy.

Let D = X [a,b], and by the previous theorem we get

/ / (@)p(y) — p(2) f(2)p(y)g(y)) drdy = / /D (@) () [9(z) — g(y)) dardy.

By symmetry,

_ / /D p(@)p(v) F() l9(y) — 9(x)) dady.

also. Add (1) and (2) and divide by 2 to get

/ / — fW)lg(z) — g(y)|dzdy > 0

since p(z) > 0, and f(z) — f(y) and g(z) — g(y) have the same sign since f, g are increasing.

.2
:/emdx,
R

Example 21.0.3. To compute

we can use a similar trick and write

00 2w 00
I? = / e dm/ eV’ dy = // e~ (@ +v?) dxdy = / / e r dodr = 27r/ e rdr = ,
R R R? o Jo 0

so we get that I = /7. Note that we get a factor for u-substitution after changing to polar coordinates.
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21.3 Triple Integrals and Iterated Integrals in 3D

Theorem 21.3. Let D be a measurable region in the xy-plane and p1,ps : D — R be continuous, and
define
V= {(l’,y, Z) S Rg : (:Evy) S Da @l(l‘ﬂy) S z S QDQ(xay)}

If f(z,y, 2) is integrable on 'V and for each (z,y) € D, f(x,y, 2) is integrable on [p1(x,y), p2(x,y)], then

fla,y, 2) dedydz = || dedy " ey, 2) dz |
V aaar| [

Proof. Similar idea, zero-extend f to a box in R? and integrate. m
Theorem 21.4. Suppose we have D : [c,d] — R? and a region of the form
V={(z,y,2) ER*:c < 2 <d, (v,y) € D(2)}.

If f(z,y, z) is integrable on V and for each z € [c,d], D(z) is measurable and f(z,y, z) is integrable on

D(z), then d
///v f(@,y.2) dwdydz:/c dz {//D(z)f(fﬁ,y, ) dxdy| .

Proof. Use a similar idea. m



Lecture 22

Apr. 4 — Change of Variables

22.1 Change of Variables for Double Integrals

Consider a region G in uv-coordinates, and define a transformation 7" on GG to xy-coordinates by

r.l%= x(u,v)

y = y(u,v).

Set Q = T(G). Assume that T is injective and T' € C2(G).
Definition 22.1. We define the Jacobian of T' to be

ox,y) dx/Ou Ox/dv
D0y et <8y/8u 8y/8v) '

J(u,v) =

Remark. The Jacobian J does not change sign in G.

The goal now is to show the change of variables formula

//Qf@’y) dmy://Gftv(u,v>,y(u,v))u(u,u)\dudv.

Notice the extra |J(u,v)| factor on the right-hand side.

Remark. Let I' be a closed curve in the counterclockwise orientation that encloses €. If I" is piecewise
continuous, then recall that by Green’s theorem we have

1
area(Q)) = B 7{ rdy — ydu.
r

Lemma 22.1. Let G = (ug,ug + h) X (vg,vg + h) be a square region for some h > 0. Assume T is

injective and T € C*(G). Therf]
m(TG) = // |J(u,v)| dudv.
G

'Recall that m(T'G) denotes the measure of TG. Also T'G is the image of G under 7.
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Proof. When J > 0, 0(T'G) is counterclockwise, so by the previous remark we can calculate

2 area(TG) = / o [x(u, BICT UO)M} du

wo ou U

voth 0 h, 0 h

+ / {x(uo + h, U)W —y(ug + h, v)%’v)} dv
uo 0y(u,vo + h) Ox(u, vy + h)

+ /u0+h {x(u, vy + h) 5 y(u,v9 + h) 5 du
vo 0y(ug, v 0z (ug, v

" /v0+h lx(uo, U)% B y(uo,v)%] w

=1+11+111+1V.

By the fundamental theorem of calculus, we get

uoth O(u,vo + h) 0y (u, vy)
I= / [x(u, vy + h)———= — z(u, vo)—7] du
o ou ou

uo+h vt O (u, v) Oy (u, v) 9%y( 9 0y oy
= /uo du {/yo v ou + 2 (u,v)— = 90 au } // {%% + Dodu } dudv.
Similarly apply this to the other three sides and combine to get (note that 7" is C? on G),
Oox ay 0y Or @y 32y
2area(TG) = // L‘%L 5 Buc%] dudv — // {81} o 8vau dudv
/ / [30 du y8v8 ] ducy / / {81@ v Y 5ud ] ducv
B Ordy Oxdy B
- 2//G (%% %@) = 2//GJ(U,U)dudv,

which is the desired result. The absolute value of .J is necessary when J < 0, since O(T'G) is clockwise. [

Theorem 22.1. Let T : G — Q, where G and Q are both measurable sets in R%. Suppose T is bijective
and T € C*(Q), (and that J(u, v) #0 in G)I If f(x,y) is integrable on S0, then

//Qf(f”’y) dxdy://Gf(w(uaU)7y(u,v))|J(u,v)|dudv.

Proof. Use parallel lines with distance h to cut G into small “rectangular” (except near the boundary)
sets Ao;. Let

A= {éal, Aoy, ..., AO‘,B,\AO'n_H, . Aan+8}.
Vv Vv
contained in int G intersects with 0G

Let (u;,v;) € Aoy with 1 < i <n. Then T : Ao; — T(Ao;), so that z; = x(u;,v;) and y; = y(u;, v;). By
the lemma,

m(T(Acy)) = / /A 1,0 dudv = | (@, 7)lm(Ao,) = h*1J(@, 7).

2This last condition is implied by the previous two.
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for some (u;,v;) € Ac; by the middle value theorem (also note that m(Ac;) = h?). So if f is continuous
on (&, then

/ [ raviy = femi@

where ¢ is some point in G. Now consider a limit of the Riemann sums. We have

hme x(ug, v;), y(u;, v;)) |J (W, v; |m (Aog;) = / f(z,y) dedy

h—50
m(T(Ad)
since for the sets near the boundary,
n+p n+p
lim i:nHm(T(Aai)) =0 = lim i;ﬁ Fxs, y)m(T(Acy)) = 0.

and f is integrable and thus bounded on Q. Now if J(u;, v;) — J(u;, v;), then
> (s, ) w) 00l () = [ [t ).y, 0) I .0) dudy
i=1

as h — 0. To see that J(u;,v;) — J(u;,v;), observe that for any e > 0, since |J(u,v)| is uniformly
continuous on G, there exists d > 0 such that

€

d((us, vi), (W, i) <6 = | (wi, v5)| = [J (@, 03)[| <

M-m(G)’
where |f| < M on G. So if h < §/+/2, then we have
Zf zi, yi)|J (s, v;) | m(Ao;) — Zf xiy yi) | (ug, v;)|m(Aoy) | < :n(G) M -m(G)=c¢
This finishes the desired result. O

Remark. The theorem actually also holds for T € C*(G). This is because if

//G flx(u,v), y(u,v))|J(u,v)| dudv = /Qf(ac,y) dxdy

for any 7' € C?, then we can choose T" € C? such that |T;, — T'|c1 — 0. Then we have

//G [z (u,v), yn(u, v))|Jy (u, v)| dudv = //H(G) f(x,y) dady.

As n — oo, we have T,,(G) — T(G) = £, so that

LHS — / /G Fa(u ), y(u, )| (. 0)| dudv and  RHS — / /Q f(@,y) dzdy

since we have uniform convergence.
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22.2 Change of Variables in 3D

Let G be a measurable set in R? with wvw-coordinates and

x = x(u,v,w)
Ty =yluv,w)
z = z(u,v,w)

Set D = T(G). Assume that T is a homeomorphism and 7" € C'(G). Then define
Ox/O0u Ox/0v Ox/ow
J(u,v,w) = g(%ﬂ =det | dy/Ou Oy/ov Jy/ow | .
(u, v, w) 02)0u 92/0v 92 /ow

If f is integrable on D, then

///DW’W) dxdydz—///Gf(ww,v,w),y(u,v,w),z(u,v,w))u(u,v,w)\dudvdw.

The proof is similar to the 2D case (get a formula for the cube and proceed similarly).



Lecture 23

Apr. 9 — Change of Variables, Part 2

23.1 Change of Variables Examples

I://D\/\/EJF\/gdxdy

where D is enclosed by C': \/z + /y = 1 and the coordinate axes.

Example 23.0.1. Compute

Proof. We would like C': z = cos*t,y = sin*¢ for 0 <t < /2. So let

T r=rcostt, 0<r<1
|y =rsin't, 0<t< /2.

This gives T': [0, 1] x [0, 7/2] — D which sends (r,t) — (z,y). Then

Ox/0r Ox/0t

_ _ 34 03
J(r,t) = det <8y/8r 3y/8t) = 4r cos” t sin” t.

Now making the change of variables in the integral gives
/2 ol 1 /2 2
I = / / 44y cos® tsin® t drdt = / 45/ dr / cos®tsin®tdt = —.
0 0 0 0 15

The latter integral can be calculated by writing sin? ¢t = 1 —cos? t and using the substitution v = cost. [

Example 23.0.2. Let h = y/a? + 24+ ~2 > 0 and f be continuous on [—h, h]. Show that

1
-1

JJ[ fteas sy re)doiyiz == [ (1= r00ac,
where V @ 2?2 + 92 + 22 < 1.

Proof. Setting ax + By + vz = 0 defines a plane passing through the origin in R2%. Choose the (-axis
to be normal to this plane, and let £, n be two orthogonal axes on the plane. Define the coordinate
transformation 7' : (§,n,() — (z,y, 2) be given by

E=arx+by+ciz
N = azx + by + Coz
(= (ax + By +vz)/h,
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where {(a1,b1,¢1)7, (az, by, co)T'} is an orthonormal basis for the plane. Note that (a, 3,7)7 is the normal
vector of the plane. Then

ap b1 C1
M = det (05} b2 (&) =1
(z,9,2) a/h B/h ~y/h

since this matrix is orthogonal and preserves orientation by construction. This gives

~0(x,y,2)  (0(&,1,0) o _
A n.C) (3(%% 2)) -

Now under the transformation 7!, we have

J(&,n,¢)

Vit 2 <1y 55 G {2+ P+ 2 < 1)

Substituting this into the integral, we get

JJ] stex s pusoeydnayaz= [ snc)dsamac
= /1 d¢ /2 . 2f(hC) d&dn = /1 F(hOm(1 =) dc,
-1 £24n?<1—¢ -1

which is the desired result. O

23.2 The Cylindrical and Spherical Coordinate Systems

The cylindrical coordinate system is the change of variables (z,y, z) — (r,6, z) given by

x =rcost
y=rsinf with J(r,0,2) =r.
z=2z

The spherical coordinate system is the change of variables (x,y, z) — (7, ¢, ) given by

x =rsinpcosf
y =rsingsing  with J(r, ¢,0) = r*sin .

2 =Tcosy

For spherical coordinates we have r >0, 0 < o <7, and 0 < 0 < 27.

/// (2° + y* + 2°) dwdyd=z
.

where V : 22 /a® + y?/0? 4+ 2% /c* < 1.

Example 23.0.3. Find

Proof. Define the transformation
x = arsin ¢ cos 6
T:qy=0brsinpsing

Z = Crcos .
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Then we have
d(x,y, 2)

— 2 &
D) aber® sin .

Making the substitution, this gives

/// (2% +y* + 2%) dodydz
1%
2 1
= / de / dp / (a?sin? p cos? O + b* sin? @ sin? O + ¢ cos?® p)aber? sin ¢ dr

4 2
1—5abc(a + b2+ A

as the desired result. O

23.3 More Change of Variables Examples

00 p—aw _ e—baz
- / i
0 x
Proof. First observe that for fixed x > 0, we can write

y=b b d e T b
= [ LSy = [ e
. / dy( —)dy /a e dy

by the fundamental theorem of calculus. This then gives

0 b T b
I—/ dx/ e dy = lim dx/ e dy
0 a T—o0 J a

For the latter integral, we can switch the order of integration to get

e~y =T ]_—6
/ d:r;/ “ydy—/ dy/ ’”ydx—/ dy{ ] :/ —dy
2=0 Yy

b e—Ty Ty’
= / —dy — / dy =In(b/a) — / < dy’,
a Y a Y Ta y

where y' = T'y. Letting T'— oo, we have

Example 23.0.4. Find

for a,b > 0.

e—aT _ e—bm e~ YT

X i

Ty —Tv'

T b
I = lim dx/ e dy=In(b/a) — lim dy' =In(b/a) (%)

T—00 0 T—00 Ta

since

00 oY A e Y
/ — dy converges and h(A) = / —— dy is Cauchy in A,
1Y o Y

so that the latter integral in (*) vanishes as T" — 0. O
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Remark. We might have been able to just switch orders at the very beginning with the improper
integral, but we need to argue uniform convergence so that the exchange is permissible.

Exercise 23.1. Let f be differentiable on (0, c0) and suppose that

< f(t
[0,
1 t
exists. Then for a,b > 0, show that

I /Oo M dz = £(0)In(b/a).

—

Remark. The previous example is a special case of this exercise, with f(z) = e



Lecture 24

Apr. 11 — Green’s Theorem

24.1 Midterm 2 Problems

The following was Problem 3 on Midterm 2:

Exercise 24.1. For a given function y(t) € C[0, 1] (i.e. continuous functions in [0, 1]) and a constant

A € R with |A] < 1, show that the integral equation

1
x(t) — )\/ e *x(s)ds = y(t)
0
has a unique solution x(t) € C0, 1].

Remark. A common idea was to define
1
T:x(t) — y(t) + )\/ e %z (s) ds.
0

and p(u,v) = supe(p 1 |u(t) — v(t)|. But we run into problems since

p(Tu,Tv) < || sup
te(0,1]

1
< |Alp(u,v) sup et/ e *ds
0

te[0,1]

/0 1 et =5 (u(s) — v(s)) ds

1

But sup,¢( ¢! = e and the integral evaluates to 1 — e~ !, so we have

p(Tu, Tv) < [Ne(1 = e ")p(u,v) < [A(e = 1p(u, v).
This does not work since (e — 1) > 1.

Proof. A better idea is to first transform (x) by multiplying by e~*:

e lx(t) — )\/O e x(s)ds = e "y(t)

since ¢ is independent of the integral. Then set z(t) = e *z(¢) and define

1
T:2(t) — e ty(t) + /\/ 2(s) ds.
0
Using this we can get

d(Tu, Tv) = X sup
tel0,1]

/ u(s) — o(s) ds

< Ap(u,v),

(%)

which is good enough. Then by the contraction mapping principle, T" has a unique fixed point, and

multiplying by e’ gives a unique solution to (x).

101
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24.2 Green’s Theorem

Theorem 24.1 (Green’s theorem). Let D be a region in R? enclosed by a finite number of measurable
curves, and P(x,y),Q(z,y) be continuous on D with continuous partial derivatives. Then

/8Dde+Qdy://D (g—g—i—g)dxdy. (%)

Here OD is oriented so that {fi, T} is a right-handed coordinate system, where 7i is the outward normal
to the region and T is the tangent vector of the curve D]

Proof. First we consider Type I domains, i.e. regions of the form

D={a<z<b ox)<y<i(x)}.

Let A, B, C, D be the four vertices of the region D, going counterclockwise and starting in the bottom-left,
i.e. we have

Then
/AAEde _ /abP(x,gp(x))dm, /@Pda; _ —/:P(x,i/}(x))dx,

/ de:/ Pdx =0
BC DA

since x 1s constant on EE’ and DA. Thus

and

b b b
| pas= [ Paplende= [ Plai)do = [P pta) - Pl vle)] de
D a a a
By the fundamental theorem of calculus, we have

@ op
x,y)dy,
| 8y< y) dy

¥(2) 9 P
/ Pdxr=— / / xy dydx——/ 0 dxdy.
aD 39

For Type Il domains, i.e. regions of the form

D={c<y<d oy <z <9yl

P(a. ¢(z)) — Plz, () = - / (

so that

Using an identical argument,
0
Qdy = / 9Q 1rdy,
aD p O

Now if D is of both Type I and Type II, then we have both identities

/ Pdr=— //—dxdy and / Qdy://@dxdy,
aD oD p Oz

n other words, the curve dD is oriented so that the region D is to its left.
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/ Pdm—l—Qdy:// (@—a—P>dxdy,
oD p \ O dy

which is precisely Green’s theorem for this special type of region.

and adding the two gives

Now let D be a simply connected (i.e. no holes@ domain enclosed by a measurable curve. Then D
can be domain enclosed by a measurable curve. Then we try to divide D by using parallel lines into

Dy, ..., D, such that each D;,..., D, is of both Type I and Type II. Each subdomain falls into the
previous case, SO

izi;/aDideﬂLQdy:g//Di (%—g—j) dxdy://D (%—%) dxdy.

Now notice that each inner part of the 0D; is traversed twice since it is part of the boundary of two D,
so these cancel and we get

. oQ 0P
Pdx+Qdy = / Pdx+Qd —// <———>dmd,
/8D / 121 aD; y p\dz 0Jy /

which is Green’s theorem for a simply connected domain.

In the most general case, divide D into a finite number of simply connected domains, and apply the
previous case to each one. We still get cancellation of the inner parts of the boundaries. O

2More formally, D is simply connected if it is path-connected and every loop can be contracted to a point.



Lecture 25

Apr. 16 — The Divergence Theorem

25.1 Green’s Theorem for Flux

Remark. For the orientation of the curve dD, we can also think of defining the tangent direction 7 by
rotating the outward normal 7 by 90° counterclockwise.

Remark. Another notation for line integrals is to set ¥ = (P, Q) and write

/de+Qdy:/17-ds:/z7-Fd£.
C C C

Here ¢ = (P, Q) is called a vector field.

Corollary 25.0.1 (Green’s theorem for flux). Assume the same hypotheses as in Green’s theorem. Then

// (a—P+a—Q) dxdy://aD<P,Q>-ﬁd€,

where 1 1s the outward normal vector to D.

Proof. Set P — —@Q and () — P in the original statement of Green’s theorem to get

// (a—P+@) drdy = aD—de+de=/aD<—Q,P>-dS:/8D<—Q,P>-7_"d€

Now observe that (—Q, P) is (P, @) rotated 90° clockwise, so that (—Q, P) - 7= (P, Q) - 7. ]

25.2 An Application of Green’s Theorem

Example 25.0.1. Let C be a measurable closed curve enclosing the origin. Show that

dy —yd
I [y,
c 4 y?

Proof. Set

Y Xz
P=——>"— and = Q.
x2+y2 Q $2_|_y2

Since P, Q have singularities at the origin, let C, = {2? + 3*> = €2} be a circle of radius € for ¢ small. Let

D.=D\ B,
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where D is the region enclosed by C' and B, = {z* + y* < €?}. Then by Green’s theorem, we have

rdy —ydz // (8@ 8P)
— — — | dxdy = 0.
/8D R Jdx Oy 4

/ a:dy—ydx_/mdy—ydm / rdy —ydx
op, >+ Y? c v+y c. T4y’
where C' and C, is oriented counterclockwise. This gives
/ rdy —ydx _/ rdy —ydx
c Tr+yr Jo 24y

Now parametrize C, by x = ecost and y = esint for 0 <t < 27. Then

dy —yd o t-ecost —esint - (—esint o
/ x ;Z y2x:/ €cost - €cos Zsm (—esin )dt:/ | dt = o,
c. Tty 0 € 0

Now observe

which is the desired result. O

25.3 The Divergence Theorem

Remark. The divergence theorem is also sometimes called Gauss’s formula.

Remark. Recall that for a surface S : z = f(z,y). This is called the graph of f and we have

B 1
n = W<—fx, —fy, ]_>

//SU‘ s = //517 (~For=Fyr 1) dady,

where dS = /1 + f2 + f2 dzdy.

Theorem 25.1 (Divergence theorem). Let D be a bounded region in R? enclosed by a finite number of
piecewise smooth orientable surfacesﬂ Suppose we have a vector field v = (P,Q, R) that is continuous
with continuous partial derivatives in D. Then

V - 7dzdydz = op aQ O wdyds = i-ids,
/], IG5+ % /1,7

where 1 1s the outward normal vector to D.

Then we get

Proof. First consider Type I solids of the form

D ={(z,y) € Q, p(z,y) <z <P(zx,y)}

LA surface is orientable if it has a consistent (and continuous) choice of normal vector everywhere on the surface. The
Mébius strip is an example of a non-orientable surface.
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and let ¥ = (0,0, R). In this case we wish to show that

/// dxdydz—// v-ndS,
oD

where we note that V- ¥ = 0R/dz. Now let 0D = S; U Sy U S5 where

= {Z = %Zf(ﬂ%y)a (xvy) € Q}’
Sy ={z=p(z,y), (x,y) € Q},
Sz = {(z,y) € 0Q, ¢(v,y) <z < P(z,y)}.

Note that 7 is upwards on S, downwards on S5, and outwards radially on S3. Then

// v-ndS =0
S3
since U L. 1 on S3. So we get that

//aDﬁ.ﬁdsz//Slg.ﬁd5+//326_ﬁds
:// R(%y,@b(z,y))dmdy—// R(x,y, o(z,y)) dedy
// /)y i dxdy—// —da;dydz
o(zy

by the fundamental theorem of calculus. This is the desired result in this case where D is a Type I solid.
Also note that similar results hold for Type II solids of the form (set v = (0, @, 0))

D ={(z,z) € Q, go(:cz)<y<wxz}:>/// dxdydz—// v-ndS
oD
and Type III solids of the form (set v = (P,0,0))

D={(y,2) €Q, o(y,2) <z <Y(y,2)} = ///Daa—];da:dydz://aDU-ﬁdS.

The proofs follow similarly as in the Type I solid case.

Now if a solid D is of all three types, then for any vector field ¥ = (P, @), R), we can write
U=1uv)+ v+ v3 = (0,0,R) + (0,Q,0) + (P,0,0).

Now since D is of all three types, we can apply the previous special cases to get

3 3
V - vdxdydz = ///V-ﬁidxdydz: // @-ndS:// v-ndS.

This verifies the divergence theorem in this case where D is of all three types.

Now check the case where D is a tetrahedron and v is arbitrary. For each component of @, project
into the corresponding plane to break D into pieces of a specific type of solid. Then apply the special
cases we had before. Note the cancellation on inner surface pieces. We can also get a similar result for
polyhedra in general by breaking them into tetrahedra and applying the tetrahedron case.

Now for a general solid, approximate it by polyhedra and apply the previous cases. O

Remark. This is a three-dimensional generalization of the flux version of Green’s theorem.



Lecture 26

Apr. 18 — Stokes’s Theorem

26.1 Stokes’s Theorem

Definition 26.1. The curl of a vector field ¥ = (P, @, R), denoted curlv or V X 7, is

1k
0y 0y 0.|=(0,R—0,Q,0,P—0,R,0,Q —0,P).
P Q@ R

Theorem 26.1. Let B be a smooth surface in R and OB consist of a finite number of continuous curves
such that the orientation of OB and i satisfy the right hand rule. Then for v = (P,Q, R) € C'(B),

/ U-ds:/ (V x 7) - 7dS.
OB B

Proof. First suppose B is a graph surface, i.e. z = f(z,y) for (z,y) € D. Assume that f € C*(D) and
U = (P,0,0). Then by Green’s theorem, we have

LHS = / Pla,y, 2) dr = / P(a,y, f(a.y)) de — — / / 9 Pla,y, f(r,y)) dady
OB oD D 8y
- oP OPOf
“//D (ay "o ay)d 4.
V x 7 = (0,0,P, —0,P),

/B(v X ¥) it dS = //D(v X T) (= fo.—fy, 1) dady = //D(—azpfy — 9,P) dxdy.

Comparing this with the LHS, we see that the two agree and thus the theorem holds in this case. Observe
that applying the same argument when ' = (0, @), 0) gives the similar result that

Now for the right hand side,

so that

Qdy—/ (V x ¥) -1 dS,
OB

where V x ¢ = (=0,0Q,0,0,Q). Now if B is a graph surface of the form x = f(y, z) for (y,2) € D, then
for 71 = (0,Q,0) and v, = (0,0, R), we have

Qdy:/ (V x @) -7dS and /Rdz://(Vxﬁg)-ﬁdS.
0B B 0B B
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Similarly if B is a graph surface of the form y = f(z,z) for (z,2) € D, then for 7, = (0,0, R) and
Uy = (P,0,0), we have

/Rdz://(Vxﬁl)-ﬁdS and /de://(VXﬁg)-ﬁdS.
0B B 0B B

The proofs for these special cases are identical to the first.

Now if B is a triangle in R?, then B is of all three of the previous types. So for 7 = (P, Q, R), we have

/ de+Qdy+Rdz://(V><17)-ﬁdS,
oB B

which follows by breaking ¢’ into its components and applying the previous cases on each component.

For a general surface B, use a union of polygons to approximate B, and furthermore each polygon can
be broken down into triangles. So we can approximate the surface by triangles. Then since Stokes’s
theorem holds for triangles, apply this to each triangle and note the internal edges cancel out. Now
taking the limit to approach B and 0B, we get Stokes’s theorem for general surfaces. [

Remark. Green’s theorem is a special case of Stokes’s theorem when the surface lies in the xy-plane.
Here 77 = k and v = (P, @, 0), so

—

V x 7 = (0,Q — 9,P)k,

which gives o
(V x)-il=(0,Q —0,P)k - k = 0,Q — 0, P,

which is precisely the integrand in the statement of Green’s theorem.

26.2 The Generalized Stokes’s Theorem

The generalized Stokes’s theorem is a generalization of Stokes’s theorem to differential forms on manifolds.
Letting w = Pdx + Q dy + Rdz be a 1-form on R?, we can write

/ w—/dw,
oB B

where dw is the exterior derivative of w, given by

dw = (a—de—Fa—de—i—a—sz) Adx + (a—de+a—Qdy+a—de) A dy

ox Ay 0z Ox dy 0z
OR R R
_I_(%dm-ya—ydy—kgdz)/\dz
B oP 0Q oP OR 0Q OR
= (_6y + é)%)dgs/\dy—l—<az — a$>dz/\dx+<az — ay)alz/\aly.

Note that the wedge product A is alternating and multilinear, so that dr Adx = 0 and dx ANdy = —dy N dz.
Here dw is a 2-form[l] and we can integrate 2-forms by writing

urdy Ndz +usdz Nde +ugde Ndy = U = (uy,ug,u3) =V XU

n general, if w is a k-form, then dw is a (k + 1)-form.
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where v = (P, @, R). Using this, we see that

/Bdw://B(Vxﬁ)-ﬁdS,

which recalls the familiar form of Stokes’s theorem.

Recall the divergence theorem, which says that

// V~17dV—// v-ndS.
D oD

w=uv1dy Ndz+vodz Ndx + vsdx N dy

Here we have the 2-form

on 0D. Taking the exterior derivative of w gives the 3-form

dw = %d:r%—%dy%—%dz ANdy Ndz. +
ox oy 0z

81}2 81}2 81}2
%d:v—l—a—ydy—l—gdz) ANdz A dx

+ (%dx—i—%dy—ir%dz) Adx N dy

ox dy 0z
:%dx/\dy/\dw%dy/\dz/\d:w%dz/\dx/\dy: %JF%JF% dz A dy Adz,
or oy Oz or Jy 0z

which recovers the divergence of . So the divergence theorem is a special case of the generalized Stokes’s
theorem.

In general, for a (kK — 1)-form w on a k-manifold B, the generalized Stokes’s theorem asserts that

/dw:/ w.
B 9B

All three of the vector calculus theorems are special cases of this.
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