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Lecture 1

Jan. 9 — The Derivative

1.1 Defining the Derivative

Definition 1.1. Let f be a real-valued function on an open interval U ⊆ R. Let x0 ∈ U , we say f is
differentiable at x0 if

lim
x→x0

f(x)− f(x0)

x− x0
= lim

h→0

f(x0 + h)− f(x0)

h

exists. If it does, then this limit, denoted by f ′(x0), is called the derivative of f at x0.

Remark. By definition, for any ϵ > 0, there exists δ > 0 such that∣∣∣∣f(x)− f(x0)

x− x0
− f ′(x0)

∣∣∣∣ ≤ ϵ

if |x− x0| < δ and x ∈ U . Multiplying both sides by |x− x0| yields

|f(x)− f(x0)− f ′(x0)(x− x0)| ≤ ϵ|x− x0|.

In other words,
|f(x)− φ(x)| ≤ ϵ|x− x0|

where φ(x) = f(x0) + f ′(x0)(x− x0). In other words, φ(x) is a first-order approximation of f(x) near x0.
Geometrically, this is approximating the graph of y = f(x) by the tangent line y = φ(x).

1.2 Immediate Properties

Proposition 1.1. Let U ⊆ R be an open set and f : U → R. If f is differentiable at x0 ∈ U , then f is
continuous at x0.

Proof. Pick any ϵ0 > 0. Then there exists δ0 > 0 such that whenever |x− x0| < δ0 and x ∈ U ,

|f(x)− f(x0)− f ′(x0)(x− x0)| ≤ ϵ0|x− x0|.

By the triangle inequality,

|f(x)− f(x0)| ≤ ϵ0|x− x0|+ |f ′(x0)||x− x0| = (ϵ0 + |f ′(x0)|)|x− x0|.

Now for any ϵ > 0, choose δ = min{δ0, ϵ/(ϵ0 + |f ′(x0)|)}. Then

|f(x)− f(x0)| ≤ (ϵ0 + |f ′(x0)|)|x− x0| < (ϵ0 + |f ′(x0)|)δ ≤ ϵ

whenever |x− x0| < δ and x ∈ U . Thus f is continuous at x0.

4



LECTURE 1. JAN. 9 — THE DERIVATIVE 5

Example 1.1.1. Take the function

f(x) =

{
x sin(1/x) if x ̸= 0

0 if x = 0.

Note that f is continuous on R. For x ̸= 0, continuity is clear since both x and sin(1/x) are continuous.
At x = 0, we have

lim
x→0

f(x) = lim
x→0

x sin(1/x) = 0 = f(0)

since |x sin(1/x)| ≤ |x| for all x ∈ R, so f is also continuous at x = 0. However, f is not differentiable at
x = 0. Consider the limit

lim
x→0

f(x)− f(0)

x− 0
= lim

x→0
sin(1/x),

which does not exist since sin(1/x) oscillates. So f is not differentiable at x = 0.

Example 1.1.2. Take the function f(x) = |x|, which is continuous everywhere on R. However, f is not
differentiable at x = 0, since

lim
x→0

f(x)− f(0)

x− 0
= lim

x→0

|x|
x
.

Note that
|x|
x

=

{
1 if x > 0

−1 if x < 0,

so the limit does not exist as x→ 0. Thus f is not differentiable at x = 0.

Remark. For the previous example, we can however define the left (right) derivative by

f ′
−(x0) = lim

x→x−0

f(x)− f(x0)

x− x0
and f ′

+(x0) = lim
x→x+0

f(x)− f(x0)

x− x0
.

If f is differentiable, then f ′
−(x0) = f ′

+(x0). In the previous example, f ′
−(0) = −1 and f ′

+(0) = 1. For
the first example however, even f ′

±(0) does not exist.

Remark. In one dimension, the existence of the derivative implies that the function is differentiable
(the function is approximated by a linear function). However, in multiple dimensions, the existence of
partial derivatives does not imply differentiability.

1.3 Rules for Differentiation

Proposition 1.2. Let U ⊆ R be open and f, g : U → R be differentiable. Then

1. (f + g)′(x0) = f ′(x0) + g′(x0)

2. (fg)′(x0) = f ′(x0)g(x0) + f(x0)g
′(x0)

3. if g(x0) ̸= 0, then (f/g)′(x0) = (f ′(x0)g(x0)− f(x0)g
′(x0))/(g(x0)

2).

Proof. Find in textbook (Rosenlicht).

Proposition 1.3. We have d
dx
(c) = 0, d

dx
(x) = 1, and d

dx
(xn) = nxn−1 for all n ∈ N.
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Proof. We prove the last claim (the power rule) for n ≥ 1 by induction. The base case n = 1 is the first
claim which is true. Now suppose that the result holds for any n ≤ k ∈ N, and we show that it remains
true for n = k + 1. By the product rule, we have

d

dx
(xk+1) =

d

dx
(x · xk) = d

dx
(x) · xk + x · d

dx
(xk) = xk + xkxk−1 = (k + 1)xk.

Thus by induction this holds for all n ≥ 1. We can do negative integers by the quotient rule.

Remark. The power rule actually holds for any n ∈ R.

Proposition 1.4 (Chain rule). Let U and V be open sets of R and let f : U → V, g : V → R be
differentiable. Let x0 ∈ U be such that f ′(x0) and g

′(f(x0)) exist. Then (g ◦ f)′(x0) exists and

(g ◦ f)′(x0) = g′(f(x0))f
′(x0).

Proof. For any fixed y0 for which g′(y0) exists, set

A(y, y0) =

{
(g(y)− g(y0))/(y − y0) if y ∈ V and y ̸= y0

g′(y0) if y = y0.

Then A is continuous at y0. To find (g ◦ f)′(x0), observe that

lim
x→x0

g(f(x))− g(f(x0))

x− x0
= lim

x→x0

A(f(x), f(x0))(f(x)− f(x0))

x− x0

= lim
x→x0

A(f(x), f(x0)) lim
x→x0

f(x)− f(x0)

x− x0
= g′(f(x0))f

′(x0),

by the continuity of A at f(x0) and the differentiability of f at x0.

Remark. The rough idea of what we did here is

lim
x→x0

g(f(x))− g(f(x0))

x− x0
= lim

x→x0

g(f(x))− g(f(x0))

f(x)− f(x0)

f(x)− f(x0)

x− x0

= lim
x→x0

g(f(x))− g(f(x0))

f(x)− f(x0)
lim
x→x0

f(x)− f(x0)

x− x0
= g′(f(x0))f

′(x0).

But does not quite work as stated since it might be that f(x) = f(x0) even if x ̸= x0. We can fix this by
introducing the function A as we did in the proof, though the overall idea is the same.

Remark. If f is monotone near x0, then we can define the inverse function f−1 so that (f−1 ◦ f)(x) = x
near x0. If f

′(x0) exists, then by the chain rule applied to x = (f−1 ◦ f)(x) at x = x0 we have

1 =
d

dx
(f−1 ◦ f)(x0) =

d

dx
f−1(f(x0)) · f ′(x0) =⇒ d

dx
f−1(f(x0)) =

1

f ′(x0)
.

Example 1.1.3. Let f(x) = ex with f−1(x) = ln(x). Since f ′(x) = f(x) = ex, we have

d

dx
f−1(f(x0)) =

1

f ′(x0)
=⇒ d

dx
ln(ex0) =

1

ex0
.

Letting ex0 = h, we have d
dx

ln(x)
∣∣
x=h

= 1/h, which recovers the familiar formula.



Lecture 2

Jan. 11 — The Mean Value Theorem

2.1 The Mean Value Theorem

Lemma 2.1. Let I ⊆ R be open, f : I → R is differentiable at x0 ∈ I and f ′(x0) ̸= 0. Suppose
f ′(x0) > 0, then there exists δ > 0 such that for any x ∈ (x0 − δ, x0 + δ),

1. if x > x0, then f(x) > f(x0),

2. if x < x0, then f(x) < f(x0).

Proof. Take ϵ = f ′(x0)/2. By the definition of the derivative, there exists δ > 0 such that for ay
|x− x0| < δ, we have ∣∣∣∣f(x)− f(x0)

x− x0
− f ′(x0)

∣∣∣∣ < ϵ =
1

2
f ′(x0).

By the triangle inequality,
f(x)− f(x0)

x− x0
>

1

2
f ′(x0) > 0.

This quotient being positive immediately implies the desired results.

Theorem 2.1. If f(x) is differentiable in an open interval I and f obtains its local maximum (or
minimum) at x0 ∈ I, then f ′(x0) = 0.

Proof. Suppose otherwise that f ′(x0) ̸= 0. Assume without loss of generality that f ′(x0) > 0. Then by
the previous lemma, there exists δ > 0 such that for x ∈ (x0− δ, x0+ δ), if x > x0 then f(x) > f(x0) and
if x < x0 then f(x) < f(x0). So x0 cannot be a local maximum or minimum, which is a contradiction.

Theorem 2.2 (Rolle’s middle value theorem). Let f(x) be continuous on [a, b] and differentiable in
(a, b). Suppose f(a) = f(b), then there exists x0 ∈ (a, b) such that f ′(x0) = 0.

Proof. Since f is continuous on a compact set, it obtains both a maximum and minimum on [a, b]. Let
M be the maximum and m be the minimum. If M = m, then f(x) ≡M and f ′(x) = 0 everywhere. If
M > m, then at least one of the maximum or minimum must be obtained at an interior point x0 ∈ (a, b)
since f(a) = f(b). By the previous theorem, f ′(x0) = 0 at this point and we are done.

Example 2.0.1. Show that the equation 4ax3 + 3bx2 + 2cx = a+ b+ c has at least one root in (0, 1).

7
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Proof. Consider the equation

4ax3 + 3bx2 + 2cx− (a+ b+ c) = 0.

Notice that the left hand side is the derivative of the function

f(x) = ax4 + bx3 + cx2 − (a+ b+ c)x.

So we just need to show that f ′(x) = 0 for some x. For this, we can check that f(0) = f(1) = 0, and
thus by Rolle’s theorem there exists x0 ∈ (0, 1) such that f ′(x0) = 0. So x0 is a root.

Theorem 2.3 (Lagrange’s middle value theorem). Let f(x) be continuous on [a, b] and differentiable in
(a, b). Then there exists x0 ∈ (a, b) such that

f ′(x0) =
f(b)− f(a)

b− a
.

Proof. Subtract the secant line through (a, f(a)) and (b, f(b)) from f(x) to get

g(x) = f(x)− f(b)− f(a)

b− a
(x− a).

Note that g(a) = g(b) = f(a). So by Rolle’s theorem, there exists x0 ∈ (a, b) such that g′(x0) = 0. But

0 = g′(x0) = f ′(x0)−
f(b)− f(a)

b− a
,

which is the desired result.

Corollary 2.3.1. Suppose f ∈ C([a, b]), i.e. f is continuous on [a, b], and that f is differentiable in
(a, b). Then the following statements are equivalent:

1. f ′(x) ≥ 0 in (a, b),

2. f(x) is increasing, i.e. if x1 > x2, then f(x1) ≥ f(x2).

In particular, if f ′(x) > 0 in (a, b), then f(x) is strictly increasing, i.e. if x1 > x2, then f(x1) > f(x2).

Proof. (2 ⇒ 1) For any x0 ∈ (a, b),

f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h
≥ 0

since f(x0 + h)− f(x0) ≥ 0 for h > 0 as f is increasing.

(1 ⇒ 2) Take x1 > x2, then by Lagrange’s theorem there exists ξ ∈ (x2, x1) such that

f(x2)− f(x1) = f ′(ξ)(x2 − x1) ≥ 0.

So f(x1) ≥ f(x2). The strict version follows from changing the above inequality to a strict one.
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2.2 Applications

Example 2.0.2. Show that
2

2x+ 1
< ln(1 + 1/x)

for any x > 0.

Proof. Let f(x) = 2/(2x+ 1)− ln(1 + 1/x). Taking the derivative yields

f ′(x) =
1

(2x+ 1)2x(x+ 1)
> 0,

so f is strictly increasing in (0,∞). Note that f → 0 as x→ ∞, so f(x) < 0 for all x > 0.

Example 2.0.3. Show that b/a > ba/ab when b > a > 1.

Proof. Take log on both sides to get ln b− ln a > a ln b− b ln a. This gives

(b− 1) ln a > (a− 1) ln b ⇐⇒ ln a

a− 1
>

ln b

b− 1
.

Note that this is a monotonicity property. So let f(x) = (ln x)/(x− 1) for x > 1. Then

f ′(x) =
x− 1− x lnx

x(x− 1)2
< 0

when x > 1 because x− 1− x lnx < 0. To see the last claim, define g(x) = x− 1− x lnx and note that
g′(x) = − lnx < 0 for x > 1. But g(0) = 0, so g(x) < 0 for x > 1. So f is strictly decreasing.

Example 2.0.4. Show that

lim
x→0

ex − esinx

x− sinx
= 1.

Proof. Let f(x) = ex. Then there exists ξ between x and sinx such that

ex − esinx = (x− sinx)eξ(x),

where the choice of ξ may vary for different x. Then

lim
x→0

ex − esinx

x− sinx
= lim

x→0
eξ(x).

Now note that ξ(x) is always between x and sinx, which both tend to 0 as x→ 0. So by the squeeze
theorem we have ξ(x) → 0 as x→ 0 and thus eξ(x) → 1 as x→ 0.
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2.3 Cauchy’s Mean Value Theorem

Theorem 2.4 (Cauchy’s middle value theorem). Let f, g ∈ C([a, b]) and f, g be differentiable in (a, b).
Suppose g′(x) ̸= 0 for any x ∈ (a, b). Then there exists x0 ∈ (a, b) such that

f ′(x0)

g′(x0)
=
f(b)− f(a)

g(b)− g(a)
.

Proof. Use a similar construction as before and let

F (x) = f(x)− f(a)− f(b)− f(a)

g(b)− g(a)
(g(x)− g(a)).

Note that F (b) = F (a) = 0, so by Rolle’s theorem there exists x0 ∈ (a, b) such that F ′(x0) = 0. Then

0 = F ′(x0) = f ′(x0)−
f(b)− f(a)

g(b)− g(a)
g′(x0),

which implies the desired result.

Remark. The g′(x) ̸= 0 condition guarantees that g is monotone, even if g′ may fail to be continuous.

Remark. If g is a monotonically increasing function, we can view g as a mapping g : [a, b] → [g(a), g(b)],
which we can view as a change of variables x 7→ u. Since g is monotone, we have an inverse x = g−1(u).
Then

f(x) = f(g−1(u)) = (f ◦ g−1)(u) = f̃(u).

By Lagrange’s theorem,

f̃(g(b))− f̃(g(a))

g(b)− g(a)
= f̃ ′(u0)

for some u0 ∈ (g(a, g(b)). Now note that

f̃(g(b)) = (f ◦ g−1)(g(b)) = f(b), f̃(g(a)) = f(a).

So the left-hand side is precisely

LHS =
f(b)− f(a)

g(b)− g(a)
.

By the chain rule, we have

RHS = f̃ ′(u0) = (f ◦ g−1)′(u0) = f ′(g−1(u0))(g
−1)′(u0) = f ′(x0)

1

g′(x0)
.

This recovers Cauchy’s mean value theorem. So they are equivalent even if Cauchy’s seems stronger.



Lecture 3

Jan. 16 — Taylor’s Theorem

3.1 Darboux’s Lemma

Lemma 3.1 (Darboux’s lemma). If f is differentiable in (a, b), continuous on [a, b] and f ′(a) < f ′(b),
then for any c ∈ (f ′(a), f ′(b)), there exists x0 ∈ (a, b) such that f ′(x0) = c.

Proof. See homework.

Remark. There exists an example of a differentiable function f(x) but f ′(x) is not continuous, e.g.

f(x) =

{
x2 sin(1/x) if x ̸= 0

0 if x = 0.

We can compute that

f ′(x) =

{
2x sin(1/x)− cos(1/x) if x ̸= 0

0 if x = 0,

and we can verify as an exercise that f ′(x) is not continuous at x = 0.

Remark. Darboux’s lemma guarantees that g′(x) ̸= 0 implies either g′(x) > 0 or g′(x) < 0 everywhere
in the conditions for Cauchy’s mean value theorem.

3.2 L’Hôpital’s Rule

Theorem 3.1 (L’Hôpital’s rule, 0/0). Let f, g be differentiable in (a, b), limx→a+ f(x) = limx→a+ g(x) = 0,
and g′(x) ̸= 0 for any x ∈ (a, b). Then if limx→a+ f

′(x)/g′(x) exists, we have

lim
x→a+

f(x)

g(x)
= lim

x→a+

f ′(x)

g′(x)
.

Proof. By Cauchy’s theorem, for any x ∈ (a, b), there exists ξ(x) ∈ (a, x) such that

f(x)

g(x)
=
f(x)− f(a)

g(x)− g(a)
=
f ′(ξ(x))

g′(ξ(x))
.

If x→ a+, then ξ(x) → a+, so

lim
x→a+

f(x)

g(x)
= lim

x→a+

f ′(ξ(x))

g′(ξ(x))
= lim

x→a+

f ′(x)

g′(x)
,

as desired.

11
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Corollary 3.1.1. Let f, g be differentiable in (a,∞), limx→∞ f(x) = limx→∞ g(x) = 0, and g′(x) ̸= 0
for any x ∈ (a,∞). Then if limx→∞ f ′(x)/g′(x) exists, we have

lim
x→∞

f(x)

g(x)
= lim

x→∞

f ′(x)

g′(x)
.

Proof. Assume a > 0. Define f̃(y) = f(1/y) and g̃(y) = g(1/y) with y ∈ (0, 1/a). By L’Hôpital’s rule,

lim
y→0+

f̃(y)

g̃(y)
= lim

y→0+

f̃ ′(y)

g̃′(y)
= lim

y→∞

f ′(1/y) · (−1/y2)

g′(1/y) · (−1/y2)
= lim

x→∞

f ′(x)

g′(x)
,

as desired.

Theorem 3.2 (L’Hôpital, ∞/∞). Let f, g be differentiable in (a, b), limx→a+ |f(x)| = limx→a+ |g(x)| =
∞, and g′(x) ̸= 0 for any x ∈ (a, b). Then if limx→a+ f

′(x)/g′(x) exists, we have

lim
x→a+

f(x)

g(x)
= lim

x→a+

f ′(x)

g′(x)
.

Proof. Left as an exercise.

Remark. Saying that the absolute values of f and g go to infinity works, since the existence of the
limit rules out oscillatory behavior.

Remark. These cases of ∞/∞ and 0/0 are are called indefinite types. Other indefinite types include
0 · ∞, 00, ∞0 1∞, ∞−∞, etc. But we can try to reduce them to the cases we know. For example, if
f(x) → 0+ and g(x) → 0+ when x → x0, then limx→x0 f(x)

g(x) is 00. Letting y(x) = f(x)g(x), we can
take the log to get

ln y(x) = g(x) ln f(x) =
ln f(x)

1/g(x)
=

∞
∞
.

Example 3.0.1. We can see that (this is a ∞−∞ case)

lim
x→0+

1

x2
− cotx

x
= lim

x→0+

1 + x cotx

x2
= lim

x→0+

−(cotx− x csc2 x)

2x sin2 x
.

Note that x cotx = x cosx/ sinx → 1 as x → 0. Now note that sinx/x → 1 as x → 0, so we continue
with

lim
x→0+

−(cotx− x csc2 x)

2x sin2 x
= lim

x→0+

x− sinx cosx

2x3
x2

sin2 x

Since x2/ sin2 x→ 1 as x→ 0, we can look at the remaining part to get

lim
x→0+

x− sinx cosx

2x3
= lim

x→0+

1− cos 2x

6x2
= lim

x→0+

2 sin 2x

12x
=

1

3
.

So limx→0+(1/x
2 − cotx/x) = 1/3.
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3.3 Taylor’s Theorem

Theorem 3.3 (Peano remainder term). Let f : [a, b] → R be differentiable at x = a up to nth order of
derivatives, i.e. f ′(a), f ′′(a), . . . , f (n)(a) exist. Then as x→ a+, we have

f(x) =
n∑
k=0

f (k)(a)

k!
(x− a)k + o((x− a)n).

Call the polynomial part of the above Pn(x), which is also known as the Taylor polynomial of order n.

Proof. To show that the error term is o((x− a)n), we have

lim
x→a+

f(x)− Pn(x)

(x− a)n
= lim

x→a+

f ′(x)− P ′
n(x)

n(x− a)n−1
=

1

n!
lim
x→a+

[
fn−1(x)− fn−1(a)

x− a
− f (n)(a)

]
= 0

by L’Hôpital’s rule, where we used the observation that f (k)(a) = P
(k)
n (a) for 1 ≤ k ≤ n. The final step

is a result of the existence of f (n)(a).

Lemma 3.2 (Rolle’s theorem for higher order derivatives). Let f ∈ Cn([a, b]) and differentiable to (n+1)
order. If f ′(a) = · · · = f (n)(a) = 0 and f(a) = f(b), then there exists x0 ∈ (a, b) such that f (n+1)(x0) = 0.

Proof. Since f(a) = f(b), by the usual Rolle’s theorem there exists x1 ∈ (a, b) such that f ′(x1) = 0.
Then since f ′(a) = f ′(x1) = 0, by Rolle’s theorem again, there exists x2 ∈ (a, x1) such that f ′′(x2) = 0.
Repeat this to get xn+1 ∈ (a, xn) ⊆ (a, b) such that f (n+1)(xn+1) = 0. Take x0 = xn+1 to finish.

Theorem 3.4 (Lagrange remainder term). Let f ∈ Cn([a, b]), in particular, f ′(a), . . . , f (n)(a) exist.
Additionally, assume f is (n+ 1)-th differentiable in (a, b).1 Then

f(x) =
n∑
k=0

f (k)(a)

k!
(x− a)k +Rn(x) where Rn(x) =

f (n+1)(ξ)

(n+ 1)!
(x− a)n+1

for some ξ ∈ [a, x].

Proof. Define P (x) = Pn(x) + λ(x− a)n+1, where we choose λ ∈ R such that P (b) = f(b), i.e.

λ =
f(b)− Pn(b)

(b− a)n+1
.

Consider g(x) = f(x)− P (x), which satisfies g(a) = g(b) = 0 and g′(a) = · · · = g(n)(a) = 0. Then by
Rolle’s theorem (higher order), there exists ξ ∈ (a, b) such that g(n+1)(ξ) = 0. In other words,

f (n+1)(ξ)− P (n+1)(ξ) = 0 =⇒ f (n+1)(ξ)− (n+ 1)!
f(b)− Pn(b)

(b− a)n+1︸ ︷︷ ︸
λ

= 0.

This implies that

f(b) = Pn(b) +
1

(n+ 1)!
f (n+1)(ξ)(b− a)n+1,

and since we picked b arbitrarily (kind of), we can take b = x and we are done since ξ ∈ [a, b].
1Note that the (n+ 1)-th derivative need not be continuous here.
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Remark. The choice of ξ in Lagrange’s remainder term may (and likely does) vary for different x.

Remark. The Taylor polynomial is unique in the sense that if f : [a, b] → R and f ′(a), . . . , f (n)(a) exist,
then if

f(x) = p(x) + o((x− a)n)

as x→ a+ for some polynomial p(x) with deg p ≤ n, then p(x) = Pn(x) =
∑n

k=0
f (k)(a)
k!

(x− a)k. This is
because if Q(x) = p(x)− Pn(x), then by Taylor’s formula (Peano form), we get

lim
x→a+

Q(x)

(x− a)n
= lim

x→a+

p(x)−
∑n

k=0
f (k)(a)
k!

(x− a)k

(x− a)n
= 0.

From here this implies that Q(x) = 0 since degQ ≤ n. Another way to see this is to plug in x = a, which
deletes everything except the constant, and then ignore the constant and divide by (x− a) to repeat.



Lecture 4

Jan. 18 — Taylor Polynomials

4.1 Common Taylor Polynomials

We have

ex = 1 + x+
x2

2!
+ · · ·+ xn

n!
+ o(xn),

sinx = x− x3

3!
+
x5

5!
− · · ·+ (−1)n−1x2n−1

(2n− 1)!
+ o(x2n),

cos = 1− x2

2!
+
x4

4!
− · · ·+ (−1)nx2n

(2n)!
+ o(x2n+1),

(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + · · ·+ α(α− 1) . . . (α− n+ 1)

n!
xn + o(xn),

ln(1 + x) = x− x2

2
+
x3

3
+ · · ·+ (−1)n−1x

n

n
+ o(xn).

4.2 Combining Taylor Polynomials

Remark. If a = 0 and f(x) is even in (−b, b), then

f(x) =

n/2∑
k=0

akx
2k + o(xn).

Similarly if f(x) is odd in (−b, b), then

f(x) =

n/2∑
k=0

akx
2k+1 + o(xn+1).

Remark. To create new Taylor polynomials from known ones, we can observe that if f(x) = Pn(x) +
o((x− a)n) and g(x) = Qn(x) + o((x− a)n), then

f(x) + g(x) = (Pn(x) +Qn(x)) + o((x− a)n) and f(x)g(x) = (Pn(x)Qn(x))︸ ︷︷ ︸
take first n terms

+o((x− a)n).

If Pn(x) =
∑n

k=0 ak(x − a)k and Qn(x) =
∑n

k=0 bk(x − a)k, then f(x)g(x) has Taylor polynomial∑n
k=0 ck(x− a)k where

ck =
k∑
i=0

aibk−i.

15
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If h(x) = f(x)/g(x) and g(x) ̸= 0 near x = a, then f(x) = h(x)g(x). Let h(x) =
∑n

k=0 ck(x − a)k +
o((x− a)n), then

ak =
k∑
i=0

cibk−i

for 0 ≤ k ≤ n, after which we can solve for the ck.

Example 4.0.1. Find the Taylor polynomial for tanx up to n = 5.

Proof. Note that tanx is odd, so we can write

tanx = x+ a3x
3 + a5x

5 + o(x5).

Now since tan x = sinx/ cosx, we have sin x = tanx cosx, so

x− x3

6
+
x5

5!
+ o(x5) = (x+ a3x

3 + a5x
5)(1− x2

2!
+
x4

4!
)

We can solve to get {
−1

6
= −1

2
+ a3

1
5!
= 1

4!
− a3

2!
+ a5

=⇒ a3 = −1

3
, a5 =

2

15

as the coefficients for the Taylor polynomial.

Remark. If

f ′(x) =
n∑
k=0

bk(x− a)k + o((x− a)n),

then the anti-derivative of f(x) has

f(x) = f(x0) +
n∑
k=0

ak+1(x− a)k + 1 + o((x− a)n+1),

where ak+1 = bk/(k + 1) for 0 ≤ k ≤ n. This is because

bk =
(f ′)(k)(a)

k!
=
f (k+1)(a)

k!
and ak+1 =

f (k+1)(a)

k + 1
=

1

k + 1

f (k+1)(a)

k!
=

bk
k + 1

.

Example 4.0.2. Find the Taylor polynomial for f(x) = arctan x.

Proof. Recall that

f ′(x) =
1

1 + x2
=

n∑
k=0

(−1)kx2k.

Using the above we get

f(x) = arctan x =
n∑
k=0

(−1)k
x2k+1

2k + 1
+ o(x2n+2)

as the Taylor polynomial.
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4.3 Applications for Taylor Polynomials

4.3.1 Finding Limits

Remark. Let f(x) = axn + o(xn) as x→ 0 and g(x) = bxn + o(xn) where b ̸= 0. Then

lim
x→0

f(x)

g(x)
=
a

b
.

Remark. For the polynomial of f(g(x)), we can do

f(u) =
n∑
k=0

ak(u− g(a))k + o((u− g(a))n), where u = g(x) =
n∑
k=0

bk(x− a)k + o((x− a)n).

Then we can substitute in u = g(x) to find the overall polynomial.

Example 4.0.3. Find

lim
x→0

√
1 + 2 tanx− ex + x2

arcsinx− sinx
.

Proof. Note that

√
1 + 2 tanx− ex + x2 =

2x3

3
+ o(x3),

arcsinx− sinx =
x3

3
+ o(x3).

So the desired limit is 2.

Remark. If f(x) = axn + o(xn) and g(x) = bxm + o(xm) for a, b ̸= 0, then

lim
x→0

f(x)

g(x)
=


a/b if m = n,

0 if m < n,

∞ if m > n.

Example 4.0.4. Assume f(x) = 1 + axn + o(xn) where a ̸= 0 and

g(x) =
1

bxn + o(xn)
, i.e.

1

g(x)
= bxn + o(xn).

for b ̸= 0. Then
lim
x→0

f(x)g(x) = ea/b.

Let y(x) = f(x)g(x), then ln y(x) = g(x) ln f(x). Note that

ln f(x) = ln(1 + axn + o(xn)) = axn + o(xn),

so that
ln f(x)

1/g(x)
=
axn + o(xn)

bxn + o(xn)
→ a

b

as x→ 0. Thus ln y(x) → a/b and y(x) → ea/b as x→ 0.
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Example 4.0.5. Find

lim
x→0

[cos(xex)− ln(1− x)− x]cotx
3

.

Proof. Here we have

f(x) = cos(xex)− ln(1− x)− x = 1− 2

3
x3 + o(x3) and

1

g(x)
= tanx3 = x3 + o(x3).

Thus the limit is e−2/3.

4.3.2 Estimation

Example 4.0.6. Let f(x) be twice differentiable in [0, 1] and f(0) = f(1). Further assume |f ′′(x)| ≤M
for 0 ≤ x ≤ 1. Prove that |f ′(x)| ≤M/2 for 0 ≤ x ≤ 1.

Proof. Recall that Lagrange’s form of Taylor’s theorem says

f(x) = f(a) + f ′(a)(x− a) +
f ′′(ξ)

2!
(x− a)2

for some ξ between a and x. Thus for any x ∈ (0, 1), we have

f(1) = f(x) + f ′(x)(1− x) +
f ′′(ξ1)

2
(1− x)2.

Similarly, we have

f(0) = f(x) + f ′(x)(−x) + f ′′(ξ2)

2
x2.

Here x ≤ ξ1 ≤ 1 and 0 ≤ ξ2 ≤ x. Since f(1) = f(2), we can solve for f ′(x) to get

f ′(x) =
f ′′(ξ2)x

2 − f ′′(ξ1)(1− x)2

2
.

Then taking absolute values yields

|f ′(x)| ≤M

(
x2 + (1− x)2

2

)
≤ M

2
max
0≤x≤1

[
x2 + (1− x)2

]
=
M

2
,

as desired.

Example 4.0.7. Let f(x) be twice differentiable in [0, 1] and f ′(a) = f ′(b) = 0. Then there exists
ξ ∈ (a, b) such that

|f ′′(ξ)| ≥ 4
|f(a)− f(b)|

(b− a)2
.

Proof. Note that this is equivalent to

|f(b)− f(a)| ≤ f ′′(ξ)

(
b− a

2

)2

.

Then we have

f

(
b+ a

2

)
= f(a) +

f ′′(ξ1)

2

(
b− a

2

)2

= f(b)− f ′′(ξ2)

2

(
b− a

2

)2

,
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so that

f(b)− f(a) =
f ′′(ξ2) + f ′′(ξ1)

2

(
b− a

2

)2

.

From here we have

|f(b)− f(a)| ≤ |f ′′(ξ1)|+ |f ′′(ξ2)|
2︸ ︷︷ ︸

=|f ′′(ξ)|

(
b− a

2

)2

for some ξ ∈ (a, b) by Darboux’s lemma, as desired.



Lecture 5

Jan. 23 — The Riemann Integral

5.1 The Anti-Derivative

Recall the anti-derivative from calculus:

Definition 5.1. Let f : U → R where U is an interval in R. If there exists a differentiable function
F : U → R such that F ′(x) = f(x) for all x ∈ U , then F (x) is an anti-derivative of f , denoted

F (x) =

∫
f(x) dx.

This is also called the indefinite integral of f .

Remark. The anti-derivatives of a function can differ by a constant.

Example 5.1.1. Find an anti-derivative of f(x) = |x| for x ∈ R.

Proof. If x > 0, we have f(x) = x and so F (x) = x2/2. If x < 0, then f(x) = −x and so F (x) = −x2/2.
We can also write this as

F (x) = x · |x|
2
.

Clearly for x ̸= 0, we have F ′(x) = f(x). At x = 0, we have

lim
x→0

F (x)− f(0)

x
= lim

x→0

1

2
|x| = 0,

so F ′(0) = f(0) and F is an anti-derivative of f .

Remark. The eventual goal is to show that any continuous function f : [a, b] → R has an anti-derivative.

Example 5.1.2. Find an anti-derivative for

f(x) =


1 if x > 0

0 if x ≤ 0

−1 if x < 0.

Proof. We can try to use F (x) = |x|, but recall that F is not differentiable at x = 0. More generally,
suppose that f(x) has some anti-derivative F (x), i.e. f(x) = F ′(x). By Darboux’s theorem, f(x) must
take all values in (−1, 1), which is a contradiction with the definition of f .

Remark. If f(x) has a jump discontinuity, then it has no anti-derivative.

20
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5.2 The Riemann Integral

Recall from calculus that if f(x) is defined in [a, b] and F ′(x) = f(x), then we have1∫ b

a

f(x) dx = F (x)
∣∣∣b
a
= F (b)− F (a).

We called this the definite integral of f in calculus, but we would like a more rigorous definition.

Definition 5.2. Let a, b ∈ R and a < b. A partition of the interval [a, b] is a finite sequence of numbers
x0, x1, . . . , xn such that a = x0 < x1 < · · · < xn = b.

Definition 5.3. The width of a partition x0, x1, . . . , xn is max{xi − xi−1 : i = 1, 2, . . . , n}.

Definition 5.4. For any partition x0, x1, . . . , xn, define the Riemann sum to be

S =
n∑
i=1

f(x′i)(xi − xi−1),

where x′i is any point between xi−1 and xi, inclusive.
2

Definition 5.5. Let a, b ∈ R with a < b and f : [a, b] → R. We say f is Riemann integrable on [a, b] if
there exists A ∈ R such that for all ϵ > 0, there exists δ > 0 such that |S − A| < ϵ whenever S is any
Riemann sum for a partition of [a, b] with width less than δ. We call A the Riemann integral of f on
[a, b] and denote it by

A =

∫ b

a

f(x) dx.

Remark. If f is Riemann integrable, then

A =

∫ b

a

f(x) dx

is unique. This is because if A and A′ are two numbers for the Riemann integral, then for any ϵ > 0,
there exists δ > 0 such that

|A− S| < ϵ and |A′ − S| < ϵ

for any Riemann sum S associated with a partition of width less than δ. Then

|A− A′| ≤ |A− S|+ |A′ − S| < 2ϵ,

so A = A′ and thus the Riemann integral is unique.

Example 5.5.1. Let f(x) = c on [a, b], a constant function. Then for any partition x0, x1, . . . , xn,

S =
n∑
i=1

f(x′i)(xi − xi−1) =
n∑
i=1

c(xi − xi−1) = c(b− a) =⇒
∫ b

a

c dx = c(b− a).

1This is the fundamental theorem of calculus.
2The geometric intuition of the Riemann sum is an approximation for the area under the graph of f by rectangles.
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Example 5.5.2. Fix ξ ∈ [a, b] and let f : [a, b] → R be defined by

f(x) =

{
0 if x ̸= ξ

c if x = ξ.

Check that

A =

∫ b

a

f(x) dx = 0.

Proof. For any partition a = x0 < x1 < · · · < xn = b with width δ, we have

|S| =

∣∣∣∣∣
n∑
i=1

f(x′i)(xi − xi−1)

∣∣∣∣∣ ≤ |c|2δ

since ξ can be in at most two of the intervals of the partition. Then for any ϵ > 0, choose δ = ϵ/(2|c|),
so that |S| < ϵ for any partition of width less than δ. From this we can conclude that A = 0.

Example 5.5.3. Consider a step function. Let α, β ∈ [a, b] with α < β. Define f : [a, b] → R by

f(x) =

{
1 if x ∈ (α, β)

0 if x /∈ (α, β) and x ∈ [a, b].

Note that f has no anti-derivative, but it is Riemann integrable. In fact,∫ b

a

f(x) dx = β − α.

To see this, take any partition a = x0 < x1 < · · · < xn = b with width less than δ. Then

S =
n∑
i=1

f(x′i)(xi − xi−1) =
∑

[xi−1,xi]∩[α,β] ̸=∅

f(x′i)(xi − xi−1).

Each partition is in two classes: Either (1) it only partially intersects [α, β] or (2) it is contained in [α, β].
So

S = 1(total length of intervals of class 2)︸ ︷︷ ︸
I1

+ |f(x′i)|(total length of intervals of class 1)︸ ︷︷ ︸
I2

.

We have |I1 − (β − α)| < 2δ and |I2| < 2δ since there are at most two intervals of class 1. So

|S − (β − α)| ≤ |I1|+ |I2| < 4δ.

So f(x) is Riemann integrable and ∫ b

a

f(x) dx = β − α,

as desired.
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Example 5.5.4. Define f : [a, b] → R by

f(x) =

{
1 if x is rational

0 if x is irrational.

Then f(x) is not Riemann integrable. For any partition a = x0 < x1 < · · · < xn = b,

S =
n∑
i=1

f(x′i)(xi − xi−1) =

{
b− a if x′i are all rational

0 if x′i are all irrational.

We can always choose x′i to be in either case since the rationals and irrationals are both dense in R. So
there is no A ∈ R such that |A− S| < ϵ, no matter how small we take δ to be.

Remark. The function f from the previous example is not Riemann integrable, but it is Lebesgue
integrable. In fact,

L =

∫ b

a

f(x) dx = 0

with respect to the Lebesgue measure. This is because the set of rational numbers Q has measure zero.

5.3 Properties of the Riemann Integral

Proposition 5.1. We have the following linearity properties of the Riemann integral:

1. If f, g : [a, b] → R are Riemann integrable, then f ± g are also integrable and∫ b

a

(f ± g) dx =

∫ b

a

f(x) dx±
∫ b

a

g(x) dx

2. For any c ∈ R, cf is integrable and ∫ b

a

cf dx = c

∫ b

a

f(x) dx.

Proof. See textbook, fairly straightforward.

Remark. Since we only discuss Riemann integration in this class, we will sometimes simply say
“integrable” instead of “Riemann integrable.”

Proposition 5.2. If f : [a, b] → R is integrable and f(x) ≥ 0, then∫ b

a

f(x) dx ≥ 0.

Proof. Let

A =

∫ b

a

f(x) dx.

Then for any ϵ > 0, there exists δ > 0 such that for any partition of width < δ, we have |A−S| < ϵ. But

S =
n∑
i=1

f(x′i)(xi − xi−1) ≥ 0,

Then we have A > S − ϵ ≥ −ϵ, so taking ϵ→ 0 gives A ≥ 0.
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Corollary 5.0.1. If f, g : [a, b] → R are integrable and f(x) ≥ g(x) for all x ∈ [a, b], then∫ b

a

f(x) dx ≥
∫ b

a

g(x) dx.

Proof. By linearity, ∫ b

a

f(x) dx−
∫ b

a

g(x) dx =

∫ b

a

(f(x)− g(x)) dx ≥ 0

since f(x)− g(x) ≥ 0 by assumption.

Corollary 5.0.2. If f : [a, b] → R is integrable and m ≤ f(x) ≤M for all x ∈ [a, b], then

m(b− a) ≤
∫ b

a

f(x) dx ≤M(b− a).



Lecture 6

Jan. 25 — Riemann Integrability

6.1 Conditions for Integrability

Lemma 6.1. A function f : [a, b] → R is integrable if and only if for any ϵ > 0, there exists δ > 0 such
that |S1 − S2| < ϵ whenever S1 and S2 are Riemann sums for partitions of width less than δ.

Proof. (⇒) If f is integrable, then for any ϵ > 0, there exists δ > 0 such that∣∣∣∣S −
∫ b

a

f(x) dx

∣∣∣∣ < ϵ

2

for any Riemann sum S of a partition with width less than δ. Then

|S1 − S2| ≤
∣∣∣∣S1 −

∫ b

a

f(x) dx

∣∣∣∣+ ∣∣∣∣S2 −
∫ b

a

f(x) dx

∣∣∣∣ < ϵ

2
+
ϵ

2
= ϵ,

as desired.

(⇐) Take the special partition into intervals of equal length, with width (a− b)/n. Pick the middle point
in each interval, and let

Sn =
n∑
i=1

f(x′i)(xi − xi−1)

be the corresponding Riemann sum. Now we check that {Sn}∞n=1 is a Cauchy sequence. This is because
for any ϵ > 0, if N is large enough, then for any n,m ≥ N , we have |Sn − Sm| < ϵ if 1/N < δ. Then
{Sn}∞n=1 converges, so let limn→∞ Sn = A. Now for any ϵ > 0, there exists δ > 0 such that for any
Riemann sum S with width < δ, if 1/n < δ, then |Sn − S| < ϵ/2. So

|S − A| ≤ |Sn − S|+ |Sn − A| < ϵ

2
+
ϵ

2
= ϵ,

if n is large enough. Thus

A =

∫ b

a

f(x) dx

exists and is the Riemann integral of f .

Remark. Recall the step function f : [a, b] → R given by

f(x) =

{
1 if x ∈ (α, β) ⊆ [a, b]

0 if x /∈ (α, β).

25
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Last time we saw that f is integrable and that∫ b

a

f(x) dx = β − α.

Now let us consider a more general step function. We call f a step function on [a, b] if there exists a
partition x0 < x1 < · · · < xn of [a, b] such that f(x) is constant on each subinterval (xi−1, xi).

Lemma 6.2. If f : [a, b] → R is a step function for a partition x0 < x1 < · · · < xn and f(x) = ci when
x ∈ (xi−1, xi), then f is integrable and∫ b

a

f(x) dx =
n∑
i=1

ci(xi − xi−1).

Proof. Define

φi(x) =

{
1 if x ∈ (xi−1, xi)

0 otherwise.

Now let

h = f −
n∑
i=1

ciφi.

Then h(x) is nonzero only at {xi}ni=0. Each φi is integrable and h is integrable with∫ b

a

h(x) dx = 0,

so f is also integrable and∫ b

a

f(x) dx =
n∑
i=1

ci

∫ b

a

φi(x) dx =
n∑
i=1

ci(xi − xi−1)

by linearity and the integral of a simple step function that we calculated before.

Proposition 6.1. A function f : [a, b] → R is integrable if and only if for any ϵ > 0, there exist step
functions f1, f2 such that f1(x) ≤ f(x) ≤ f2(x) for all x ∈ [a, b] and∫ b

a

(f2 − f1) dx < ϵ.

Proof. (⇐) For any ϵ > 0, choose step functions f1, f2 such that∫ b

a

(f2 − f1) dx <
ϵ

3
.

Then there exists δ > 0 such that for any partition with width < δ, the Riemann sums S1, S2 for f1, f2
satisfy

|S1 −
∫ b

a

f1(x) dx| <
ϵ

3
and |S2 −

∫ b

a

f2(x) dx| <
ϵ

3
.
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So for any partition width < δ, the Riemann sum of f is

S =
n∑
i=1

f(x′i)(xi − xi−1),

and S1 ≤ S ≤ S2 since

S1 =
n∑
i=1

f1(x
′
i)(xi − xi−1) and S2 =

n∑
i=1

f2(x
′
i)(xi − xi−1).

So S is in the interval (S1, S2), which has length < ϵ by the triangle inequality on the previous results.
For any two Riemann sums of f with partitions of width < δ, we have |S ′−S ′′| < ϵ. Thus f is integrable.

(⇒) First we show that f is bounded in [a, b]. This is because for any ϵ > 0, there exists δ > 0 such that
any two Riemann sums S1, S2 corresponding to partitions of width < δ. satisfy |S1 − S2| < ϵ. Let

S1 =
n∑
i=1

f(x′i)(xi − xi−1),

and replace x′i0 ∈ (xi0−1, xi0) with x
′′
i0
∈ (xi0−1, xi0). Keep x′i for i ̸= i0. Define this new Riemann sum to

be S2. Then
|S2 − S1| ≤ |f(x′′i0)− f(x′i0)||xi0 − xi0−1| < ϵ,

so that
|f(x′′i0)| ≤ |f(x′i0)|+

ϵ

xi0 − xi0−1

,

i.e. f is bounded in (xi0−1, xi0) since x
′′
i0
was arbitrary. Since we also picked i0 arbitrarily, we can repeat

this for any interval to conclude that f is bounded in [a, b].

Now for any partition x0 < x1 < · · · < xn with width < δ, define

mi = inf{f(x) : x ∈ (xi−1, xi)} and Mi = sup{f(x) : x ∈ (xi−1, xi)}.

Define the step function

f1(x) =

{
mi if x ∈ (xi−1, xi)

min{m1, . . . ,mn} if x = xi for i = 0, . . . , n.

Similarly define

f2(x) =

{
Mi if x ∈ (xi−1, xi)

max{M1, . . . ,Mn} if x = xi for i = 0, . . . , n.

Observe that f1(x) ≤ f(x) ≤ f2(x) for any x ∈ [a, b] by construction. Now we verify that∫ b

a

(f2 − f1) dx < ϵ

if δ > 0 is small enough. This is because for any η > 0, there exists x′i, x
′′
i ∈ [xi−1, xi] such that

f(x′i) < mi + η and f(x′′i ) > Mi − η. Then

n∑
i=1

(f(x′′i )− f(x′i))(xi − xi−1) >
n∑
i=1

(Mi −mi − 2η)(xi − xi−1) =

∫ b

a

(f2 − f1) dx− 2η(b− a).
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If δ > 0 is small enough, then
n∑
i=1

(f(x′′i )− f(x′i))(xi − xi−1) < ϵ

since this a difference of two Riemann sums with partitions of width < δ. Thus∫ b

a

(f2 − f1) dx < ϵ+ 2η(b− a).

But η was arbitrary, so taking η → 0 gives the desired result.

Corollary 6.0.1. If f : [a, b] → R is integrable, then it is bounded.

Proof. This was shown in the proof of the previous proposition.

Theorem 6.1. If f : [a, b] → R is continuous, then f is integrable.

Proof. Since f is continuous on the compact set [a, b], it is uniformly continuous. So for any ϵ > 0, there
exists δ > 0 such that for any x′, x′′ ∈ [a, b], we have |f(x′)− f(x′′)| < ϵ whenever |x′ − x′′| < δ. Now let
S1, S2 be two Riemann sums with partitions of width < δ. Assume without loss of generality that S1, S2

are defined over the same partition (we can always combine two partitions to give a finer partition, if
necessary). Let

S1 =
n∑
i=1

f(x′i)(xi − xi−1) and S2 =
n∑
i=1

f(x′′i )(xi − xi−1).

Then

|S1 − S2| ≤
n∑
i=1

|f(x′i)− f(x′′i )|(xi − xi−1) < ϵ
n∑
i=1

(xi − xi−1) = ϵ(b− a).

Since ϵ > 0 was arbitrary, we conclude that that f is integrable by Lemma 6.1.

6.2 The Fundamental Theorem of Calculus

Theorem 6.2 (Fundamental theorem of calculus). If f : [a, b] → R has anti-derivative F : [a, b] → R
and f ∈ R([a, b]),1 then ∫ b

a

f(x) dx = F (b)− F (a).

Proof. Since f is integrable, let

A =

∫ b

a

f(x) dx.

For any ϵ > 0, there exists δ > 0 such that for any Riemann sum S with partition of width < δ, we have
|S − A| < ϵ. Let x0 < x1 < · · · < xn be a partition of width < δ. Then by telescoping,

F (b)− F (a) =
n∑
i=1

(F (xi)− F (xi−1)) =
n∑
i=1

f(x′i)(xi − xi−1)

1Here R([a, b]) is the class of Riemann integrable functions on [a, b].
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by Lagrange’s mean value theorem, where x′i ∈ (xi−1, xi). Then

|F (b)− F (a)− A| = |S − A| < ϵ,

so letting ϵ→ 0 gives F (b)− F (a) = A.

Remark. The fundamental theorem of calculus requires both being Riemann integrable and having an
anti-derivative, which do not always overlap. In fact, neither is a subset of the other.

Example 6.0.1. The step function

f(x) =

{
−1 if 0 ≤ x ≤ 1

1 if 1 < x ≤ 2

is integrable but has no anti-derivative.

Example 6.0.2. Define

F (x) =

{
0 if x = 0

x2 sin(1/x) if x ̸= 0.

Then we have

F ′(x) = f(x) =

{
0 if x = 0

(−2/x)(cos(1/x2)) + 2x sin(1/x2) if x ̸= 0.

We can check that F ′(0) = 0 via the definition of the derivative. Note that f has an anti-derivative,
namely F . However, f is not integrable since it is not bounded near x = 0.



Lecture 7

Jan. 30 — Riemann Integrability, Part 2

7.1 Conditions for an Anti-Derivative

Lemma 7.1. Let c ∈ (a, b). Then f ∈ R([a, b]) if and only if f ∈ R([a, c]) and f ∈ R([c, b]). Moreover,∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx. (∗)

Proof. (⇒) If f ∈ R([a, b]), then for any ϵ > 0, there exist two step functions f1, f2 such that f1 ≤ f ≤ f2
and ∫ b

a

(f2 − f1) dx < ϵ.

Let f1, f2 be the restrictions to [a, c]. Then still f1 ≤ f ≤ f2 on [a, c] and∫ c

a

(f2 − f1) ≤
∫ b

a

(f2 − f1) < ϵ

since f2 − f1 is a nonnegative step function. (Note that the desired result is easy to verify for step
functions.) So f ∈ R([a, c]), and the same argument works to show that f ∈ R([c, b]).

(⇐) If f ∈ R([a, c]) and f ∈ R([c, b]), then for any ϵ > 0, there exist step functions g1, g2, h1, h2 such
that g1 ≤ f ≤ g2 on [a, c], h1 ≤ f ≤ h2 on [c, b], and∫ c

a

(g2 − g1) dx < ϵ,

∫ b

c

(h2 − h1) dx < ϵ.

Now define

fi =

{
gi if x ∈ [a, c)

hi if x ∈ [c, b]

for i = 1, 2. Then f1 ≤ f ≤ f2 on [a, b], and∫ b

a

(f2 − f1) dx =

∫ c

a

(g2 − g1) dx+

∫ b

c

(h2 − h1) dx < 2ϵ,

so f ∈ R([a, b]). Now to prove (∗), note that f ∈ R([a, c]), so for any ϵ > 0 there exist Riemann sums
S1 on [a, c] and S2 on [c, b] such that

|S1 −
∫ c

a

f(x) dx| < ϵ

3
, |S2 −

∫ b

c

f(x) dx| < ϵ

3
.
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Now choose δ > 0 such that if the Riemann sum S has partition with width < δ, then

|S −
∫ c

a

f(x) dx| < ϵ

3
, |S −

∫ b

c

f(x) dx| < ϵ

3
, |S −

∫ b

a

f(x) dx| < ϵ

3
.

Now combine S1, S2 on [a, b] to be a Riemann sum S = S1 + S2, so that

|S −
∫ b

a

f(x) dx| < ϵ

3
.

By the triangle inequality on the previous results,∣∣∣∣∫ b

a

f(x) dx−
(∫ c

a

f(x) dx+

∫ b

c

f(x) dx

)∣∣∣∣ < ϵ.

Since ϵ is arbitrarily small, we conclude that∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx

as desired.

Remark. The formula (∗) is true for any three numbers a, b, c, as long as f is integrable. This is because
by convention, if a > b, then ∫ b

a

f(x) dx = −
∫ a

b

f(x) dx.

Theorem 7.1. If f : [a, b] → R is continuous, then1

F (x) =

∫ x

a

f(ξ) dξ

is an anti-derivative of f .

Proof. For any x0 ∈ (a, b), we check that F ′(x0) = f(x0). We can compute using Lemma 7.1 that∣∣∣∣F (x0 + h)− F (x0)

h
− f(x0)

∣∣∣∣ = ∣∣∣∣1h
(∫ x0+h

a

f(x) dx−
∫ x0

a

f(x) dx

)
− f(x0)

∣∣∣∣
=

∣∣∣∣1h
∫ x0+h

x0

f(x) dx− f(x0)

∣∣∣∣ = ∣∣∣∣1h
∫ x0+h

x0

(f(x)− f(x0)) dx

∣∣∣∣ .
The last step is from observing

f(x0) =
1

h

∫ x0+h

x0

f(x0) dx.

Since f is continuous, for any ϵ > 0, there exists δ such that if |x0 − x| < δ, then |f(x) − f(x0)| < ϵ.
This gives ∣∣∣∣1h

∫ x0+h

x0

(f(x)− f(x0)) dx

∣∣∣∣ ≤ 1

h

∫ x0+h

x0

|f(x)− f(x0)| dx ≤ ϵh

h
= ϵ

if |h| < δ. Thus,

lim
h→0

F (x0 + h)− F (x0)

h
− f(x0) = f(x0),

so we indeed have F ′(x0) = f(x0).
1Note that this integral is well-defined since any continuous function is integrable, and a continuous function restricted

to a subset of its domain, i.e. [a, x] ⊆ [a, b], remains continuous.
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7.2 More Conditions for Integrability

Definition 7.1. Let f : [a, b] → R be bounded and x0 < x1 < · · · < xn be a partition of [a, b]. Define

ωi = sup{|f(x)− f(y)| : x, y ∈ [xi−1, xi)}

for i = 1, 2, . . . , n. We will call this the oscillation amplitude of f .

Theorem 7.2. A function f : [a, b] → R is integrable if and only if for any ϵ > 0, there exists δ > 0
such that for any partition with width < δ, we have

n∑
i=1

ωi∆xi < ϵ,

where ∆xi = xi − xi−1.

Proof. (⇐) For any ϵ > 0, choose any two Riemann sums S1, S2 over partitions with width < δ. Assume
without loss of generality that S1 and S2 are defined over the same (maybe refined) partition. Let

S1 =
n∑
i=1

f(x′i)(xi − xi−1), S2 =
n∑
i=1

f(x′′i )(xi − xi−1).

Then we have

|S1 − S2| ≤
n∑
i=1

|f(x′i)− f(x′′i )|∆xi ≤
n∑
i=1

ωi∆xi < ϵ.

Then by Lemma 6.1, we conclude that f is integrable.

(⇒) Since f is integrable, by Lemma 6.1 we have that for any ϵ > 0, there eixsts δ > 0 such that for any
two Riemann sums S1, S2 over partitions of with < δ, we have |S1 − S2| < ϵ. In the interval [xi−1, xi], let

Mi = sup
x∈[xi−1,xi]

|f(x)|, mi = inf
x∈[xi−1,xi]

|f(x)|.

In particular note that ωi =Mi −mi. Now for any η > 0, there exist x′i, x
′′
i ∈ [xi−1, xi] such that

f(x′i) > Mi − η, f(x′′i ) < mi + η.

Let

S1 =
n∑
i=1

f(x′i)∆xi, S2 =
n∑
i=1

f(x′′i )∆xi.

Then we have

|S1 − S2| ≤

∣∣∣∣∣
n∑
i=1

(f(x′i)− f(x′′i ))∆xi

∣∣∣∣∣
Note that f(x′i)− f(x′′i ) ≥Mi −mi − 2η for η sufficiently small. Thus

|S1 − S2| ≥
n∑
i=1

ωi∆xi − 2η
n∑
i=1

∆xi,

so that
n∑
i=1

ωi∆xi ≤ |S1 − S2|+ 2η(b− a) < ϵ+ 2η(b− a).

From here letting η → 0 gives the desired result.
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Theorem 7.3. A function f : [a, b] → R is integrable if and only if for any ϵ > 0, there exists a partition
such that

n∑
i=1

ωi(f)∆xi < ϵ.

Proof. (⇒) This is immediate from the previous theorem.

(⇐) We show that for any ϵ > 0, there exists δ > 0 such that for any partition with width < δ, we have

n∑
i=1

ωi(f)∆xi < ϵ.

This will imply that f is integrable by the previous theorem. Let y0 < y1 < · · · < ym be the partition
satisfying

m∑
j=1

ωj(f)∆yj < ϵ,

and choose

δ <
1

4
min

j=1,...,m
∆yj.

For any partition x0 < · · · < xn with width < δ. We divide the intervals [xi−1, xi] into two classes. The
first case (1) is where [xi−1, xi] is contained in one of the [yj−1, yj], and the second case (2) is where
[xi−1, xi] contains an interior point yj. In the first case, we have

∑
(1)

ωi(f)∆xi ≤
m∑
j=1

ωj(f)∆yj.

For the second case, since [xi−1, xi] contains an interior point yj but δ < ∆yj,∆yj+1, we must have

yj−1 < xi−1 < yj < xi < yj+1,

so that

ωi(f)∆xi ≤
1

2
(ωj(f)∆yj + ωj+1(f)∆yj+1).

This implies ∑
(2)

ωi(f)∆xi ≤
1

2

m∑
j=1

ωj(f)∆yj.

Thus
n∑
i=1

ωi(f)∆xi =
∑
(1)

ωi(f)∆xi +
∑
(2)

ωi(f)∆xi ≤ 2
m∑
j=1

ωj(f)∆yj < 2ϵ,

so that f is integrable.
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Feb. 1 — Riemann Integrability, Part 3

8.1 Even More Conditions for Integrability

Example 8.0.1. If f(x) is monotone on [a, b], then f ∈ R([a, b]).

Proof. Suppose f(x) is monotone increasing on [a, b] and f(x) is not constant (since the result is trivial
if f is constant). Then f(a) ≤ f(x) ≤ f(b). For any ϵ > 0, for any partition x0 < · · · < xn with width

δ <
ϵ

f(b)− f(a)
,

we have on [xi−1, xi] that Mi = f(xi) and f(xi−1) = mi since f is monotone. Then

ωi(f) = f(xi)− f(xi−1) =Mi −mi.

Thus
n∑
i=1

ωi(f)∆xi =
n∑
i=1

(f(xi)− f(xi−1))∆xi <
ϵ

f(b)− f(a)

n∑
i=1

(f(xi)− f(xi−1)) = ϵ

since the sum telescopes and comes out to f(b)− f(a). Thus f is integrable.

Theorem 8.1 (Du Bois-Reymond). Let f be bounded on [a, b]. Then f ∈ R([a, b]) if and only if for any
ϵ, a > 0, there exists a partition such that the total length of subintervals with ωi(f) ≥ ϵ is < a.

Proof. For any partition x0 < · · · < xn, split

n∑
i=1

ωi(f)∆xi =
∑
(A)

ωi(f)∆xi +
∑
(B)

ωi(f)∆xi

where (A) is over subintervals with width ωi(f) < ϵ and (B) is over subintervals with width ωi(f) ≥ ϵ.

(⇒) Let
Ω = sup

x,y∈[a,b]
|f(x)− f(y)|.

For any ϵ > 0, for

ϵ1 =
ϵ

2(b− a)
and a =

ϵ

2Ω
,

34



LECTURE 8. FEB. 1 — RIEMANN INTEGRABILITY, PART 3 35

by assumption there exists a partition x0 < · · · < xn such that

n∑
i=1

ωi(f)∆xi =
∑
(A)

ωi(f)∆xi +
∑
(B)

ωi(f)∆xi

<
ϵ

2(b− a)

∑
(a)

∆xi + Ω
∑
(B)

∆xi <
ϵ

2(b− a)
(b− a) + Ω

ϵ

2Ω
= ϵ.

So we see that f ∈ R([a, b]) as desired.

(⇒) If f ∈ R([a, b]), then for any ϵ, a > 0, there exists a partition x0 < · · · < xn such that

n∑
i=1

ωi(f)∆xi < aϵ.

Then we have
ϵ
∑
(B)

∆xi ≤
∑
(B)

ωi(f)∆xi < aϵ =⇒
∑
(B)

∆xi < a,

which shows the desired result.

Corollary 8.1.1. If f : [a, b] → R is bounded and has only finitely many discontinuity points, then
f ∈ R([a, b]).

Proof. Suppose f(x) has p discontinuity points on [a, b] and m ≤ f(x) ≤M for all x ∈ [a, b]. Then for
any ϵ > 0, first (1) we construct p small open intervals on [a, b] containing the p discontinuity points with

total length <
ϵ

2(M −m)
.

Next (2) for any subintervals in [a, b] excluding the above p subintervals, f is continuous on them, so
there exists a partition such that ∑

(2)

ωi(f)∆xi <
ϵ

2
.

Now combine (1) and (2) to get

n∑
i=1

ωi(f)∆ =
∑
(1)

ωi(f)∆xi +
∑
(2)

ωi(f)∆xi < (M −m)
ϵ

2(M −m)
+
ϵ

2
= ϵ.

Thus f ∈ R([a, b]), as desired.

Example 8.0.2. Consider

f(x) =

{
sin(1/x) if x ̸= 0

A if x = 0

for any constant A ∈ R. Then by the previous corollary, f ∈ R([0, 1]).

Theorem 8.2. If f, g ∈ R([a, b]), then fg ∈ R([a, b]).
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Proof. Since f, g are integrable, they are bounded. So assume |f |, |g| ≤M . Then for any ϵ > 0, there
exists δ > 0 such that for any partition of width < δ, we have

n∑
i=1

ωi(f)∆xi <
ϵ

2M
,

n∑
i=1

ωi(g)∆xi <
ϵ

2M
.

Notice
ωi(fg) ≤M(ωi(f) + ωi(g))

because

|f(x)g(x)− f(y)g(y) ≤ |g(x)||f(x)− f(y)|+ |f(y)||g(x)− g(y)|
≤M(|f(x)− f(y)|+ |g(x)− g(y)|).

Taking suprememes over x, y ∈ [xi−1, xi] from here gives ωi(fg) ≤M(ωi(f) + ωi(g)). Then

n∑
i=1

ωi(fg)∆xi ≤M

(
n∑
i=1

ωi(f)∆xi +
n∑
i=1

ωi(g)∆xi

)
< M

( ϵ

2M
+

ϵ

2M

)
= ϵ.

Thus fg ∈ R([a, b]) as desired.

Theorem 8.3. If f ∈ R([a, b]), then |f | ∈ R([a, b]) and∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ ≤ ∫ b

a

|f(x)| dx.

Proof. Since f ∈ R([a, b]), for any ϵ > 0 there exists a partition x0 < · · · < xn such that

n∑
i=1

ωi(f)∆xi < ϵ.

Since ∣∣|f(x)| − |f(y)|
∣∣ ≤ |f(x)− f(y)|,

taking supremums over x, y ∈ [xi−1, xi] gives ωi(|f |) ≤ ωi(f). Then

n∑
i=1

ωi(|f |)∆xi ≤
n∑
i=1

ωi(f)∆xi < ϵ.

So we indeed have |f | ∈ R([a, b]). Now observe that −|f | ≤ f ≤ |f |. After integrating, we get

−
∫ b

a

|f(x)| dx ≤
∫ b

a

f(x) dx ≤
∫ b

a

|f(x)| dx.

This immediately implies the desired result.

Example 8.0.3 (Cauchy-Schwarz). If f, g ∈ R([a, b]), then∣∣∣∣∫ b

a

f(x)g(x) dx

∣∣∣∣ ≤ (∫ b

a

f(x)2 dx

)1/2(∫ b

a

g(x)2 dx

)1/2

. (∗)
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Proof. Let

A =

∫ b

a

f 2 dx, B =

∫ b

a

|fg| dx, C =

∫ b

a

g2 dx.

Note that it suffices to show that B2 ≤ AC, which will imply (∗) by the previous theorem. Then

0 ≤
∫ b

a

(t|f | − |g|)2 dx = At2 − 2Bt+ C

for any t ∈ R. So the discriminant must satisfy (2B)2 − 4AC ≤ 0, which gives B2 ≤ AC as desired.

Example 8.0.4 (Riemann-Lebesgue lemma). If f ∈ R([a, b]), then

lim
λ→∞

∫ b

a

f(x) sin(λx) dx = 0.

Proof. Since f ∈ R([a, b]), for any ϵ > 0 there exists a partition x0 < · · · < xn of [a, b] such that

n∑
i=1

ωi(f)∆xi <
ϵ

2
.

Also assume |f | ≤M on [a, b] since f is integrable. Then we choose

λ >
4nM

ϵ
.

We can estimate∣∣∣∣∫ b

a

f(x) sin(λx) dx

∣∣∣∣ =
∣∣∣∣∣
n∑
i=1

∫ xi

xi−1

(f(x)− f(xi) + f(xi)) sin(λx) dx

∣∣∣∣∣
≤

n∑
i=1

|f(xi)|
∣∣∣∣∫ xi

xi−1

sin(λx) dx

∣∣∣∣+ n∑
i=1

∫ xi

xi−1

|f(x)− f(xi)|︸ ︷︷ ︸
≤ωi(f)

| sin(λx)|︸ ︷︷ ︸
≤1

dx

≤M
n∑
i=1

≤2︷ ︸︸ ︷
| cos(λxi)− cos(λxi−1)|

λ
+

n∑
i=1

∫ xi

xi−1

ωi(f) dx

≤M
2n

λ
+

n∑
i=1

ωi(f)∆xi <
ϵ

2
+
ϵ

2
= ϵ.

So as λ→ ∞, the integral goes to 0.

Remark. Recall that

f(x) =

{
0 if x is irrational

1 if x is rational

is not Riemann integrable, but we might expect that this should integrate to 0. The Lebesgue integral
will fix this, which was discovered much later.



Lecture 9

Feb. 6 — Exchange of Limit Operations

9.1 Motivation

If we have a sequence of functions {fn} where fn → f pointwise, then does∫ b

a

fn dx→
∫ b

a

f dx

if each fn is integrable? Does f ′
n → f ′ if fn is differentiable?

Example 9.0.1. Define

fn(x) =


4n2x if x ∈ [0, 1/2n]

4n− 4n2x if x ∈ (1/2n, 1/n)

0 if x ∈ [1/n, 1],

where the graph of fn looks like a triangle with peak at x = 1/2n and height 2n. When we let n→ ∞,
we see that for any x ∈ [0, 1], we have fn(x) → 0. But∫ 1

0

fn(x) dx = area of triangle =
1

2
(2n) · 1

n
= 1.

So we see that in this case,

lim
n→∞

∫ 1

0

fn dx ̸=
∫ 1

0

lim
n→∞

fn dx.

9.2 Exchange of the Limit and Integral

Theorem 9.1. Let f1, . . . , fn, . . . be a uniformly convergent sequence of continuous functions on [a, b].
Then ∫ b

a

lim
n→∞

fn(x) dx = lim
n→∞

∫ b

a

fn(x) dx.

Proof. Suppose that fn → f uniformly. By definition of uniform convergence, for any ϵ > 0 there exists
N such that if n ≥ N , then

max
x∈[a,b]

|fn(x)− f(x)| < ϵ

b− a

Each fn → f uniformly and each fn is continuous, f is also continuous. In particular, f is integrable and

− ϵ

b− a
< fn(x)− f(x) <

ϵ

b− a
,

38
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so integrating on both sides gives

−ϵ <
∫ b

a

fn(x) dx−
∫ b

a

f(x) dx < ϵ =⇒
∣∣∣∣∫ b

a

fn(x) dx−
∫ b

a

f(x) dx

∣∣∣∣ < ϵ.

Then this implies

lim
n→∞

∫ b

a

fn(x) dx =

∫ b

a

f(x) dx,

as desired.

Remark. The previous theorem still holds even if each fn is only Riemann integrable. The only thing
we need to check is that the limit function f is also Riemann integrable. This is because for any ϵ > 0, if
n is large enough,

− ϵ

3(b− a)
+ fn(x) ≤ f(n) ≤ fn(x) +

ϵ

3(b− a)
.

Since fn ∈ R([a, b]), there exist two step functions g1, g2 satisfying g1 ≤ fn ≤ g2, and∫ b

a

(g2 − g1) <
ϵ

3
.

Now note that
g1(x)−

ϵ

3(b− a)
≤ f(x) ≤ g2(x) +

ϵ

3(b− a)
,

so we see ∣∣∣∣∫ b

a

[(
g2(x) +

ϵ

3(b− a)

)
−
(
g1(x)−

ϵ

3(b− a)

)]
dx

∣∣∣∣ < ϵ

3
+

2ϵ

3
= ϵ.

This gives f ∈ R([a, b]), so we can carry through the rest of the previous proof.

9.3 Exchange of the Limit and Derivative

Theorem 9.2. Let f1, . . . , fn, . . . be a sequence of functions on an open interval U in R and that each
fn has a continuous derivative. Suppose {f ′

n} converges uniformly on U and for some a ∈ U , {f ′
n(a)}

converges. Then
lim
n→∞

fn(x) = f(x)

exists and f(x) is differentiable. Furthermore, we have

f ′ = lim
n→∞

f ′
n.

Proof. By the fundamental theorem of calculus, we have∫ x

a

f ′
n(t) dt = fn(x)− fn(a). (∗)

Let limn→∞ f ′
n = g, where g is continuous since f ′

n → g uniformly and each f ′
n is continuous. Then take

n→ ∞ in (∗), where

LHS →
∫ x

a

g(t) dt.

Let limn→∞ fn(x) = f(x), which exists by (∗). Then RHS → f(x)− f(a), so we see that

f(x)− f(a) =

∫ x

a

g(t) dt.

Then f is an anti-derivative of g, or in other words, f ′ = g as desired.
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9.4 Infinite Series

Definition 9.1. Suppose we have a sequence of numbers a1, a2, a3, . . . , an, . . . . Then

a1 + a2 + a3 + · · ·+ an + · · · =
∞∑
n=1

an

is called an infinite series. We say the infinite series converges to A if the partial sums

Sm =
m∑
n=1

am

converge to A as m→ ∞.

Example 9.1.1 (Geometric series). For a fixed a, the series

∞∑
n=0

an = 1 + a+ a2 + · · ·+ an + . . .

converges if and only if |a| < 1, and the limit is 1/(1− a). This is because

Sm = 1 + a+ · · ·+ am =
1− am+1

1− a
.

If |a| < 1, then am+1 → 0 as m→ ∞, so Sm → 1/(1−a). On the other hand, if |a| > 1, then |am+1| → ∞
as m→ ∞. If a = 1, then

Sm = 1 + 1 + · · ·+ 1 = m,

so Sm → ∞. If a = −1, then
∞∑
n=0

(−1)n = 1− 1 + 1− 1 + . . . ,

which diverges since its partial sums oscillate. So the condition is indeed necessary and sufficient.

Proposition 9.1. A series
∑∞

n=1 an converges if and only if for every ϵ > 0, there exists integer N such
that if n > m ≥ N , then

|am+1 + am+2 + · · ·+ an| < ϵ.

Proof. Let Sm =
∑m

n=1 an be the partial sums. Then
∑∞

n=1 an converges if and only if {Sm} is Cauchy.
This is equivalent to say that for all ϵ > 0, there exists N such that if n > m ≥ N , then

|am+1 + am+2 + · · ·+ an| = |Sn − Sm| < ϵ.

This is precisely the desired result.

Corollary 9.2.1. If
∑∞

n=1 an converges, then an → 0 as n→ ∞.

Proof. Take m = n− 1 in the previous proposition, which gives |an| < ϵ for n ≥ N + 1.

Corollary 9.2.2. If
∑∞

n=1 an and
∑∞

n=1 bn differs in only finitely many terms, then the two series have
the same convergence properties.
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Proof. Simply take N larger than the last spot where the two series differ. Then the difference of partial
sums in the previous proposition are the same for both series.

Example 9.1.2 (Harmonic series). The series

∞∑
n=1

1

n
= 1 +

1

2
+

1

3
+ · · ·+ 1

n
+ . . . .

diverges. Two see this, choose n = 2m in the previous proposition and

am+1 + am+2 + · · ·+ a2m =
1

m+ 1
+

1

m+ 2
+ · · ·+ 1

2m
≥ 1

2m
m =

1

2
.

So the series must diverge.

Proposition 9.2. If an ≥ 0, then
∑∞

n=1 an either converges or has arbitrarily large partial sums, i.e.
diverges to ∞.

Proof. Let Sm =
∑m

n=1 an. Since an ≥ 0, we see that Sm is an increasing nonnegative sequence. Then
by the monotone convergence theorem, {Sm} converges if and only if it is bounded above.

Proposition 9.3 (Comparison test). If
∑∞

n=1 an and
∑∞

n=1 bn are two infinite series such that |an| ≤ bn
and

∑∞
n=1 bn converges, then

∑∞
n=1 an converges and∣∣∣∣∣

∞∑
n=1

an

∣∣∣∣∣ ≤
∞∑
n=1

bn.

Proof. If
∑∞

n=1 bn converges, then for any ϵ > 0, there exists N such that if n > m ≥ N , we have

bm+1 + bm+2 + · · ·+ bn < ϵ.

Then by the triangle inequality, we have

|am+1 + am+2 + · · ·+ an| ≤ |am+1|+ |am+2|+ · · ·+ |an| ≤ bm+1 + bm+2 + · · ·+ bn < ϵ.

Thus
∑∞

n=1 an also converges. The last part is left as an exercise.

Example 9.1.3 (p-series). The series
∞∑
n=1

1

np

converges if and only if p > 1. We will show this with the integral test later.

Proposition 9.4 (Ratio test). If
∑∞

n=1 an is a nonzero infinite series and there exists ρ < 1 such that∣∣∣∣an+1

an

∣∣∣∣ ≤ ρ

for all n sufficiently large, then
∑∞

n=1 an converges. If∣∣∣∣an+1

an

∣∣∣∣ ≥ 1

for all n large enough, then the series diverges.
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Proof. First we show the second part. If |an+1| ≥ |an| for n ≥ N , then

|an| ≥ |an−1| ≥ · · · ≥ |aN |.

Then {an} does not converge to 0, so
∑∞

n=1 an diverges. Look up the first part, but it should just be a
comparison to the geometric series with common ratio ρ.



Lecture 10

Feb. 8 — Infinite Series

10.1 Lots of Convergence Tests

10.1.1 The Comparison Test

Theorem 10.1 (Comparison test, second version). Let
∑∞

n=1 an and
∑∞

n=1 bn be two infinite series
satisfying 0 ≤ an ≤ bn. Then

1. If
∑∞

n=1 bn converges, then
∑∞

n=1 an converges.

2. If
∑∞

n=1 an diverges, then
∑∞

n=1 bn diverges.

Proof. (1) Let An and Bn be the partial sums of
∑∞

n=1 an and
∑∞

n=1 bn, respectively. Then Bn is bounded
above since

∑∞
n=1 bn converges. But An ≤ Bn since 0 ≤ an ≤ bn, so An is also bounded above. Now note

that An is increasing since an ≥ 0, so by the monotone convergence theorem, An must converge.

(2) Since An is increasing,
∑∞

n=1 an must diverge to ∞, i.e. An is unbounded. But An ≤ Bn, so Bn is
also unbounded and thus we see that

∑∞
n=1 bn diverges.

Remark. In the above theorem, (1) remains true if

• 0 ≤ an ≤ bn when n ≥ n0,

• 0 ≤ an ≤Mbn for some M > 0,

• or there exists 0 < dn < M such that 0 ≤ an ≤ dnbn.

Corollary 10.1.1. If an, bn > 0 and
an+1

an
≤ bn+1

bn
,

then
∑∞

n=1 bn converges implies that
∑∞

n=1 an converges.

Proof. Let dn = an/bn > 0. Then

dn+1 =
an+1

bn+1

≤ an
bn

= dn,

which we can extended to dn ≤ · · · ≤ d1. Then {dn} is a bounded sequence, so an = bndn, which implies
the desired conclusion by the above remark.

Remark. If n large, ean ≫ nb ≫ (lnn)c for any a, b, c > 0. In particular, ean/nb → ∞ when n→ ∞.

Example 10.0.1. Determine the convergence of

43



LECTURE 10. FEB. 8 — INFINITE SERIES 44

1.
∞∑
n=2

1

(lnn)p
for p > 0,

2.
∞∑
n=2

ln(n!)

np
for p > 0,

3. and
∞∑
n=1

nn−2

enn!
.

Proof. (1) We have
1

(lnn)p
>

1

n

for n large, so the sum diverges by comparison to the harmonic series.

(2) Note that

ln(n!) =
n∑
k=1

ln k >
n ln 2

2
,

so we have
ln(n!)

np
>

ln 2

2

1

np−1
.

By comparing to the p-series, we see that the series diverges when p ≤ 2. Also we have

ln(n!)

np
<
n lnn

np
=

lnn

np−1
,

so when p > 2, we get convergence.

(3) Let an = nn−2/(enn!). Recall that (1 + 1/n)n → e as n→ ∞ and also (1 + 1/n)n is increasing. Then

an+1

an
=

(n+ 1)n−1enn!

en+1(n+ 1)!nn−2
=

(
1 + 1

n

)n−2

e
=

(
1 + 1

n

)n
e︸ ︷︷ ︸
<1

(
1 +

1

n

)−2

<

(
n

n+ 1

)2

=

1
(n+1)2

1
n2

.

Let bn = 1/n2, then an+1/an ≤ bn+1/bn, so by the previous corollary, we see that
∑∞

n=1 an converges.

Theorem 10.2 (Comparison test, third version). Let (A) ∼
∑∞

n=1 an and (B) ∼
∑∞

n=1 bn be two positive
series and suppose that

lim
n→∞

an
bn

= ℓ > 0.

Then (A) converges if and only if (B) converges.

Proof. Let ϵ = ℓ/2 > 0. Then there exists N such that when n ≥ N , we have

ℓ

2
<
an
bn

<
3ℓ

2
=⇒ ℓ

2
bn < an <

3ℓ

2
bn.

Thus (A) converges if and only if (B) converges.

Example 10.0.2. Determine the convergence of
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1.
∞∑
n=1

2n2 + 5n+ 1√
n6 − 3n2 + 1

,

2.
∞∑
n=1

1

n1+ 1
n

,

3. and
∞∑
n=1

[
1− 3

√
n− 1

n+ 1

]p
for p > 0.

Proof. (1) Let

an =
2n2 + 5n+ 1√
n6 − 3n2 + 1

∼ 2n2

√
n6

=
2

n
.

Then an/(2/n) → 1 as n→ ∞, so
∑
an diverges since the harmonic series diverges.

(2) Let

an =
1

n1+ 1
n

and bn =
1

n
.

Then an/bn = 1/(n1/n) → 1 as n→ ∞, so
∑
an diverges since the harmonic series diverges.

(3) Write

3

√
n− 1

n+ 1
= 3

√
1− 1

n

1 + 1
n

=

(
1− 1

n

)1/3(
1 +

1

n

)−1/3

=

(
1− 1

3n
+ o(1/n)

)(
1− 1

3n
+ o(1/n)

)
= 1− 2

3n
+ o(1/n),

where we made a Taylor expansion. Then we see that

an ∼
(

2

3n

)p
,

so
∑
an converges if and only if p > 1.

10.1.2 The Root Test

Theorem 10.3 (Root test). Let
∑∞

n=1 an be a positive series and suppose that

lim sup
n→∞

n
√
an = ℓ.

Then

1. if ℓ < 1, then
∑∞

n=1 an converges,

2. and if ℓ > 1, then
∑∞

n=1 an diverges.

Proof. (1) When ℓ < 1, then there exists q with ℓ < q < 1 and N such that when n ≥ N , n
√
an < q.

Then an < qn, so
∑
an converges by comparing to the geometric series.

(2) When ℓ > 1, there exists ℓ > q > 1 and a subsequence {nk} such that (ank
)1/nk > q. This implies

that ank
> qnk , so ank

→ ∞ as nk → ∞. Thus
∑
an diverges since we do not have an → 0.
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Example 10.0.3. Determine the convergence of

1.
∞∑
n=1

[
1 +

1√
n

]−n3/2

,

2. and
∞∑
n=1

(
3n

n+ 5

)n(
n+ 2

n+ 3

)n2

.

Proof. (1) Let an be the nth term in the sum and we see that

n
√
an =

[
1 +

1√
n

]−√
n

.

Since
√
n→ ∞ as n→ ∞, we may replace

√
n with n to see that n

√
an → 1/e < 1, so

∑
an converges.

(2) Let

n
√
an =

3n

n+ 5

(
n+ 2

n+ 3

)n
.

For the second term, we see that(
n+ 2

n+ 3

)n
=

(
1 + 2/n

1 + 3/n

)n
−→ e2

e3
=

1

e

as n→ ∞. Then n
√
an → 3/e > 1, so

∑
an diverges.

Remark. In the above, we used the fact that

lim
n→∞

(
1 +

a

n

)bn
= eab.



Lecture 11

Feb. 15 — Absolute Convergence

11.1 Example of the Root Test

Example 11.0.1. Determine the converge of the series

∞∑
n=1

n!

n
√
n
.

Proof. By Stirling’s formula,

n! ∼
(n
e

)n√
2πn,

in the sense that their ratio tends to 1 as n→ ∞. Then

n
√
an ∼ n

e
(2π)1/2nn1/2n−1/

√
n,

Note that (2π)1/2n → 1 as n→ ∞ since 2π is a constant, and

ln(n1/2n−1/
√
n) =

(
1

2n
− 1√

n

)
lnn =

lnn
1

1/2n−1/
√
n

=
lnn

2n/
√

1− 2
√
n
∼ lnn

2n
=

1/n

2
→ 0

by L’Hôpital’s rule, so n1/2n−1/
√
n → 1 as n→ ∞. Then n

√
an ∼ n/e≫ 1, so this series diverges.

11.2 The Integral Test

Theorem 11.1 (Integral test). Let {an} be a positive decreasing sequence. If there exists a continuous
decreasing f(x) on [1,∞) such that an = f(n), then

∞∑
n=1

an converges if and only if

∫ ∞

1

f(x) dx converges.

Proof. (⇐) Suppose that ∫ ∞

1

f(x) dx.

converges, i.e. the limit

lim
A→∞

∫ A

1

f(x) dx

47
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exists. Then

ak = f(k) = f(k)[k − (k − 1)] ≤
∫ k

k−1

f(x) dx

since f is decreasing. So
n∑
k=2

ak ≤
n∑
k=2

∫ k

k−1

f(x) dx =

∫ n

1

f(x) dx.

Since the integral converges as n→ ∞, the partial sums of
∑∞

n=1 an are bounded, so
∑∞

n=1 an converges
by the monotone convergence theorem since an ≥ 0.

(⇒) Suppose
∞∑
n=1

an

converges. Then

ak = f(k)[(k + 1)− k] ≥
∫ k+1

k

f(x) dx

since f is decreasing. So
n∑
k=1

ak ≥
n∑
k=1

∫ k+1

k

f(x) dx =

∫ n+1

1

f(x) dx.

Since the sum converges as n→ ∞, the integral is bounded and thus converges as f(x) ≥ 0.

Example 11.0.2. For p > 1, show that
∞∑
n=1

1

np

converges if and only if p > 1.

Proof. Let an = 1/np and choose

f(x) =
1

xp

for x > 0 and note that f(n) = an. Then look at the integral∫ ∞

1

1

xp
dx,

where we can appeal to integration rules to see that this integral converges if and only if p > 1.

Example 11.0.3. Show that
∞∑
n=2

1

n(lnn)p

converges if and only if p > 1.

Proof. Look at ∫ ∞

2

1

x(lnx)p
dx =

[
1

−p+ 1
(lnx)−p+1

]x=∞

x=2

,

which converges if and only if p > 1.
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Example 11.0.4. Suppose an > 0 and let Sn =
∑n

k=1 ak. Then

1.
∞∑
n=1

an+1

Sn lnSn
diverges if

∞∑
n=1

an diverges,

2. and
∞∑
n=1

an+1

Sn(lnSn)2
converges if

∞∑
n=1

an converges.

Proof. (1) Notice an = Sn − Sn−1 > 0, so

an+1

Sn lnSn
=
Sn+1 − Sn
Sn lnSn

≥
∫ Sn+1

Sn

1

x lnx
dx = ln(lnSn+1)− ln(lnSn).

So we see that
n∑
k=1

ak+1

Sk lnSk
≥ ln(lnSn+1)− ln(ln a1)

since the sum telescopes. But ln(lnSn+1) → ∞ as n→ ∞, so this sum diverges.

The proof for (2) is left as an exercise, but the idea is similar.

Remark. If an = 1, then Sn = n for all n, which implies that

∞∑
n=1

1

n lnn
diverges and

∞∑
n=1

1

n(lnn)2
converges,

which matches the previous example.

Example 11.0.5. Let f(x0) be positive and decreasing on [0,∞). Then

(A) =

∫ ∞

a

f(x) dx converges if and only if (B) =

∫ ∞

a

f(x) sin2 x dx converges.

Proof. (⇒) This direction is obvious since 0 ≤ f(x) sin2 x ≤ f(x) at every point.

(⇐) Suppose otherwise that (A) diverges. Then

∞ =

∫ ∞

a

f(x) dx =
∞∑
n=0

∫ a+(n+1)π

a+nπ

f(x) dx ≤ π
∞∑
n=0

f(a+ nπ)

since f is decreasing. This implies that
∑∞

n=0 f(a+ nπ) diverges. But then∫ ∞

a

f(x) sin2 x dx ≥
∞∑
n=0

f(a+ (n+ 1)π)

∫ a+(n+1)π

a+nπ

sin2 x dx =
π

2

∞∑
n=0

f(a+ (n+ 1)π),

so we see that ∫ ∞

a

f(x) sin2 x dx

diverges since
∑∞

n=1 f(a+ nπ) diverges. Contradiction.
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11.3 Absolute and Conditional Convergence

Definition 11.1. For a series (A) =
∑∞

n=1 an, if
∑∞

n=1 |an| converges, then we say that (A) converges
absolutely. If (A) converges but

∑∞
n=1 |an| diverges, then we say that (A) converges conditionally.

Example 11.1.1. The series
∞∑
n=1

(−1)n+1 1

n
= 1− 1

2
+

1

3
− 1

4
+ . . .

converges conditionally. This is because the series itself converges by the alternating series test (which
we will see later), but taking absolute values gives the harmonic series, which diverges.

Example 11.1.2. For p > 1, the series
∞∑
n=1

(−1)n+1 1

np

converges absolutely. Unlike before, taking absolute values gives a p-series, which converges for p > 1.

Definition 11.2. For any an ∈ R, define the positive and negative parts of an by

a+n =

{
an if an ≥ 0,

0 if an < 0,
and a−n =

{
−an if an ≤ 0,

0 if an > 0.

Note that a+n , a
−
n ≥ 0 and in particular, an = a+n − a−n and |an| = a+n + a−n .

Theorem 11.2. Suppose
∑∞

n=1 an converges absolutely. Then

1.
∑∞

n=1 a
+
n and

∑∞
n=1 a

−
n converge absolutely,

2. and |
∑∞

n=1 an| ≤
∑∞

n=1 |an|.

Proof. (1) Write
∞∑
n=1

|an| =
∞∑
n=1

(a+n + a−n ).

Since a+n , a
−
n ≥ 0, this implies that

∑∞
n=1 a

+
n and

∑∞
n=1 a

−
n converge since they are bounded.

(2) Note that ∣∣∣∣∣
n∑
k=1

ak

∣∣∣∣∣ ≤
n∑
k=1

|ak|

in the finite case. Then let n→ ∞ to get ∣∣∣∣∣
∞∑
k=1

ak

∣∣∣∣∣ ≤
∞∑
k=1

|ak|,

which is the desired result.

Example 11.2.1. Does the series
∞∑
n=1

[
cosn
3
√
n2

− sin

(
cosn
3
√
n2

)]
converge absolutely?
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Proof. Let

an =
cosn
3
√
n2

− sin

(
cosn
3
√
n2

)
and Taylor expand to get

an =
cosn
3
√
n2

−
(
cosn
3
√
n2

+O(1/n2)

)
= O(1/n2).

Since
∑∞

n=1 1/n
2 converges, we see that

∑∞
n=1 an converges absolutely.

11.3.1 The Alternating Series Test

Definition 11.3. A series of the form
∞∑
n=1

(−1)nan = a1 − a2 + a3 − a4 + . . .

where an > 0 is called an alternating series.

Theorem 11.3 (Leibniz test). Suppose {an}∞n=1 is a decreasing sequence and limn→∞ an = 0. Then the
infinite series

∑∞
n=1(−1)n+1an converges.

Proof. Let

Sn =
n∑
k=1

(−1)k+1ak.

Then we have
S2n = (a1 − a2) + (a3 − a4) + · · ·+ (a2n−1 − a2n) ≥ S2n−2 ≥ 0

and also that
S2n = a1 − (a2 − a3)− (a4 − a5)− · · · − (a2n−2 − a2n−1)− a2n ≤ a1

since {an} is decreasing. In particular, S2n is bounded and increasing, so

S = lim
n→∞

S2n

exists by the monotone convergence theorem. Now observe that

S2n+1 = S2n + a2n+1,

so taking n→ ∞ gives S2n+1 → S since S2n → S and a2n+1 → 0. Thus limn→∞ Sn = S.

Remark. This shows that the series
∞∑
n=1

(−1)n+1 1

n

from earlier indeed converges.

Remark. The proof also gives an error estimate for an alternating series. We have

|Sn − S| ≤ an+1

since |Sn−S| = an+1 − (an+2 − an+3) + · · · ≤ an+1. We get this since the tail is still an alternating series,
and an alternating series is bounded by its first term, as shown in the proof.



Lecture 12

Feb. 20 — Series of Functions

12.1 Rearrangements of Series

Definition 12.1. Let σ : N → N be a bijection, i.e. it is one-to-one and onto. Given an infinite series∑∞
n=1 an, we define the rearranged series to be

∑∞
n=1 aσ(n).

Theorem 12.1 (Dirichlet). If (A) =
∑∞

n=1 an converges absolutely and (B) =
∑∞

n=1 aσ(n) is any
rearrangement of (A), then (B) also converges and

∞∑
n=1

aσ(n) =
∞∑
n=1

an.

Proof. First assume an ≥ 0 and let S =
∑∞

n=1 an with partial sums Sn =
∑n

k=1 ak. Let σn be the partial
sums of (B). Then

σm ≤
∞∑
n=1

an = S (∗)

since an ≥ 0. Then σm is bounded, so (B) converges by the monotone convergence theorem. Also by (∗),
we can take m→ ∞ to get

lim
m→∞

σm ≤ S =⇒
∞∑
n=1

aσ(n) ≤ S.

We also get the reverse inequality by thinking of (A) as a rearrangement of (B), so the two are equal.

Now for the general case, suppose that
∑∞

n=1 an is a series with differing signs. Let a+n , a
−
n ≥ 0 be the

positive and negative parts of an, respectively, so that |an| = a+n +a
−
n . Now bn = a+σ(n), and |bn| = b+n + b

−
n ,

so b±n = a±σ(n). By the previous part,
∑∞

n=1 b
±
n converges and

∞∑
n=1

b±n =
∞∑
n=1

a±n .

Then we have
∞∑
n=1

bn =
∞∑
n=1

(b+n − b−n ) =
∞∑
n=1

(a+n − a−n ) =
∞∑
n=1

an,

which is the desired conclusion.

Theorem 12.2 (Riemann). If (A) =
∑∞

n=1 an converges conditionally, then there exists a rearrangement
(B) =

∑∞
n=1 aσ(n) such that any one of the following occurs:

52
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1. (B) converges to any number σ,

2. (B) diverges to ∞,

3. (B) diverges to −∞,

4. (B) oscillates in an unbounded manner,

5. or (B) oscillates in a bounded manner.

Proof. Look this up.

Remark. This shows that when a series only converges conditionally, then pretty much anything can
happen when rearranging, which is not the case for absolutely convergent series.

12.2 Series of Functions

Definition 12.2. A series of functions is a series of the form
∑∞

n=1 fn(x), where each fn(x) is defined
on an interval I. Define its partial sums to be Sn(x) =

∑n
k=1 fk(x). We say that

∞∑
n=1

fn(x) = S(x),

i.e. the series converges to S(x), if limn→∞ Sn(x) = S(x), which can be pointwise or uniform.

Theorem 12.3 (Cauchy criterion for uniform convergence). A series
∑∞

n=1 fn(x) converges uniformly
on I if and only if for every ϵ > 0, there exists N such that whenever n ≥ N , for any x ∈ I and integer
p we have ∣∣∣∣∣

n+p∑
k=n+1

fk(x)

∣∣∣∣∣ < ϵ.

Proof. This is because {Sn(x)} is a Cauchy sequence, so for any ϵ > 0, there exists N such that when
n ≥ N ,

sup
x∈I

|Sn+p(x)− Sn(x)| < ϵ,

which is precisely the given condition.

Corollary 12.3.1. If
∑∞

n=1 fn(x) converges uniformly on I, then fn(x) converges uniformly to 0 on I.

Corollary 12.3.2. Let fn(x) ∈ C([a, b]). If
∑∞

n=1 fn(x) converges uniformly on (a, b), then it converges
uniformly on [a, b].

Proof. Since
∑∞

n=1 fn(x) converges uniformly, for any ϵ > 0 there exists N such that when n ≥ N , we
have ∣∣∣∣∣

n+p∑
k=n+1

fk(x)

∣∣∣∣∣ < ϵ
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for all x ∈ (a, b). Let x→ a+ and x→ b− to get∣∣∣∣∣
n+p∑

k=n+1

fk(a)

∣∣∣∣∣ ≤ ϵ and

∣∣∣∣∣
n+p∑

k=n+1

fk(b)

∣∣∣∣∣ ≤ ϵ.

So for all x ∈ [a, b], we have ∣∣∣∣∣
n+p∑

k=n+1

fk(x)

∣∣∣∣∣ ≤ ϵ,

which gives uniform convergence on [a, b].

Example 12.2.1. The series
∞∑
n=1

1

nx

does not converge uniformly on (1,∞).

Proof. Note that each 1/nx is continuous but at x = 1, the series becomes the harmonic series
∑∞

n=1 1/n,
which diverges. So by the previous corollary, this series cannot converge uniformly on (1,∞).

Theorem 12.4 (Weierstrass M -test). If there exists a nonnegative and convergent series
∑∞

n=1Mn such
that for all x ∈ I, we have

|fn(x)| ≤Mn,

then
∑∞

n=1 fn(x) converges uniformly on I.

Proof. Since
∑∞

n=1Mn converges uniformly, for any ϵ > 0 there exists N such that∣∣∣∣∣
n+p∑

k=n+1

Mk

∣∣∣∣∣ < ϵ.

This directly implies ∣∣∣∣∣
n+p∑

k=n+1

fk(x)

∣∣∣∣∣ ≤
n+p∑

k=n+1

|fk(x)| < ϵ

since each Mk is nonnegative. Then
∑∞

n=1 fn(x) converges uniformly on I by the Cauchy criterion.

Example 12.2.2. If
∑∞

n=1 an converges absolutely, then

∞∑
n=1

anx
n

1 + x2n

converges uniformly on (−∞,∞).

Proof. This is because ∣∣∣∣ anxn1 + x2n

∣∣∣∣ ≤ |an|
|x|n

1 + |x|2n︸ ︷︷ ︸
≤1

≤ |an|,

so by the Weierstrass M -test, we get uniform convergence on (−∞,∞).
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12.3 Exchange of the Limit and Infinite Series

Theorem 12.5. Let fn ∈ R([a, b]) for each n = 1, 2, . . . . If
∑∞

n=1 fn(x) converges uniformly to S(x) on
[a, b], then S(x) ∈ R([a, b]) and

∞∑
n=1

∫ b

a

fn(x) dx =

∫ b

a

S(x) dx =

∫ b

a

∞∑
n=1

fn(x) dx.

Proof. Let Sn(x) =
∑n

k=1 fk(x). Then Sn → S uniformly on [a, b], so we can apply Theorem 9.1 to get
S(x) ∈ R([a, b]) and

∞∑
n=1

∫ b

a

fn(x) dx = lim
n→∞

∫ b

a

Sn(x) dx =

∫ b

a

S(x) dx,

which is the desired conclusion.1

Theorem 12.6. Let fn(x) be continuously differentiable on [a, b]. Suppose that

∞∑
n=1

fn(x) = S(x)

pointwise on [a, b], and
∑∞

n=1 f
′
n(x) converges uniformly to G(x) on [a, b]. Then

∑∞
n=1 fn(x) converges

uniformly to S(x) and S ′(x) = G(x). In other words, in this case we have(
∞∑
n=1

fn(x)

)′

=
∞∑
n=1

f ′
n(x).

Proof. Similarly apply Theorem 9.2, our previous theorem on exchanging the limit and the derivative.

Example 12.2.3. Show that

S(x) =
∞∑
n=1

sinnx

n3

is continuously differentiable on (−∞,∞).

Proof. For each fixed n, we see that (sinnx)/n3 is continuously differentiable, and we at least have
pointwise convergence since ∣∣∣∣sinnxn3

∣∣∣∣ ≤ 1

n3
.

Now the series of derivatives
∞∑
n=1

n cosnx

n3
=

∞∑
n=1

cosnx

n2

converges uniformly on (−∞,∞) by the Weierstrass M -test since∣∣∣cosnx
n2

∣∣∣ ≤ 1

n2
.

So we can apply the previous theorem to see that S is continuously differentiable on (−∞,∞).

1This is just applying the previous theorem on exchanging the limit and the integral.
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Remark. Changing the n3 to n2 in the previous example will cause this argument to fail, since we get∣∣∣cosnx
n

∣∣∣ ≤ 1

n
,

which does not converge. So we cannot use the Weierstrass M -test.

Example 12.2.4. Let

S(x) =
∞∑
n=1

|x|
n2 + x2

.

Study its differentiability on (−∞,∞).

Proof. Observe that
|x|

n2 + x2
≤ |x|
n2
,

so the series converges pointwise on (−∞,∞). Now let fn(x) = |x|/(n2 + x2), and we see that

∞∑
n=1

f ′
n(x) =

∞∑
n=1

(n2+x2)|x|
x

− 2x|x|
(n2 + x2)2

=
∞∑
n=1

n2|x|
x

− x|x|
(n2 + x2)2

for any 0 < |x| < A. Now ∣∣∣∣n2|x|
x

− x|x|
∣∣∣∣ ≤ n2 + A2,

so
∑∞

n=1 f
′
n(x) converges uniformly for any x away from 0. So S(x) is differentiable when x ̸= 0. At

x = 0, we use the definition of the derivative to see that

lim
∆x→0

S(∆x)− S(0)

∆x
= lim

∆x→0

|∆x|
∆x

∞∑
n=1

1

n2 + (∆x)2
.

From this we get

S ′
−(0) = −

∞∑
n=1

1

n2
̸=

∞∑
n=1

1

n2
= S ′

+(0),

so S(x) is not differentiable at x = 0.



Lecture 13

Feb. 22 — Power Series

13.1 Power Series

Definition 13.1. Given a point x0, a power series around x0 is a series of the form

∞∑
n=0

an(x− x0)
n = a0 + a1(x− x0) + a2(x− x0)

2 + . . . .

Remark. The question is: For what x does the series converge?

Example 13.1.1. Consider the series1
∞∑
n=0

xn

n!
.

In fact this series converges for all x ∈ R. Let an = xn/n!. By the ratio test, for x ̸= 0, we have

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

|x|
n+ 1

= 0,

so the series converges at x ≠ 0. Of course, if x = 0, then every term past n = 0 is zero, so the series
also converges there. Thus the series converges everywhere on R.

Example 13.1.2. The series
∞∑
n=0

n!xn

converges only at x = 0. For x ̸= 0, we can similarly apply the ratio test to find that

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

|n+ 1||x| = ∞,

so the series diverges for x ̸= 0.

Example 13.1.3. Recall that the geometric series

∞∑
n=0

xn

converges if and only if |x| < 1.

1Later we will see that this is the Taylor series for the exponential function ex.
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13.2 Radius of Convergence

Lemma 13.1. We have the following:

1. If (A) =
∑∞

n=0 anx
n converges at x = x1 ≠ 0, then it converges absolutely for all x with |x| < |x1|.

2. If (A) diverges at x = x2 ̸= 0, then it diverges for all x with |x| > |x2|.

Proof. (1) If
∑∞

n=0 anx
n
1 converges, then anx

n
1 → 0 as n→ ∞. In particular, the terms are bounded, so

there exists M > 0 such that |anxn1 | ≤M for every n ∈ N. For any |x| < |x1|, let

q =

∣∣∣∣ xx1
∣∣∣∣ < 1.

Then we have

|anxn| =
∣∣∣∣anxn1 ( x

x1

)n∣∣∣∣ ≤Mqn.

Comparing with the geometric series, we get that
∑∞

n=0 anx
n converges absolutely when |x| < |x1|.

(2) Suppose otherwise that there exists x3 such that |x3| > |x2| and
∑∞

n=0 anx
n
3 converges. Then by (1),

we see that the power series converges at x = x2. Contradiction.

Corollary 13.0.1. If (A) =
∑∞

n=0 anx
n converges at some x1 ̸= 0 and diverges at x2 ̸= 0, then there

exists R > 0 such that (A) converges for |x| < R and diverges for |x| > R.

Proof. Let E be the set of all convergence points of (A). By Lemma 13.1, we have E ⊆ {|x| ≤ x2} since
(A) diverges for all |x| > |x2|. Let

R = sup{|x| : x ∈ E},

which exists since E is nonempty and bounded above by |x2|. Also R > 0 since x1 ∈ E and x1 ̸= 0. Now
if |x| < R, then there exists x1 ∈ E such that |x| < |x1| < R and x = x1 is a convergence point.2 By
Lemma 13.1, we get that (A) converges at x. If |x| > R, then there exists x2 such that |x| > |x2| > R
and (A) diverges at x = x2. Then by Lemma 13.1, (A) diverges at x.

Remark. The R in Corollary 13.0.1 is called the radius of convergence of the power series. If (A) =∑∞
n=0 anx

n converges for all x ∈ R, then by convention we use R = ∞. If (A) converges only at x = 0,
we use R = 0. At x = ±R, the convergence or divergence of (A) needs to be checked separately.

Theorem 13.1. For a power series
∑∞

n=0 anx
n, let

lim sup
n→∞

n
√

|an| = ρ.

Then

1. if ρ = 0, then R = ∞,

2. if ρ = ∞, then R = 0,

3. and if ρ ∈ (0,∞), then R = 1/ρ.

2This is by definition of the supremum.



LECTURE 13. FEB. 22 — POWER SERIES 59

Proof. We use the root test for
∑∞

n=0 |anxn|. Let An = |anxn|. Then

lim sup
n→∞

n
√
An = lim sup

n→∞

n
√

|an| · |x| = ρ|x|.

First suppose 0 < ρ <∞. Then
∑∞

n=0 |anxn| converges if |x|ρ < 1 and diverges if |x|ρ > 1. This gives
R = 1/ρ. Now if ρ = 0, then

lim sup
n→∞

n
√
An = 0 < 1,

so
∑∞

n=0 |anxn| regardless of the choice of x, i.e. R = ∞. Finally if ρ = ∞, then for x0 ̸= 0,

lim sup
n→∞

n
√
An = ∞ > 1.

By the root test, this implies that
∑∞

n=0 |anxn| diverges for all x ̸= 0, i.e. R = 0.

Corollary 13.1.1. For
∑∞

n=0 anx
n with an ̸= 0, if

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = ρ,

then the radius of convergence is R = 1/ρ.

Proof. Left as an exercise.

Example 13.1.4. Find the convergence intervals for

1.
∞∑
n=1

2n(x+ 1)n

n ln2(n+ 1)
,

2. and
∞∑
n=1

nnxn
2

.

Proof. (1) Let an be the summand. Then

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

2n ln2(n+ 1)

(n+ 1) ln2(n+ 2)
= 2,

so R = 1/2. So we get convergence for |x+ 1| < 1/2, i.e. x ∈ (−3/2,−1/2). At x = −3/2,−1/2, we get

∞∑
n=1

1

n ln2(n+ 1)

after taking absolute values, which converges by the integral test. So the interval is [−3/2,−1/2].

(2) Let the general term be

ak =

{
nn if k = n2 for some n ∈ N,
0 otherwise.

Then we see that
lim sup
k→∞

k
√
|ak| = lim

n→∞
n2√
nn = lim

n→∞
n
√
n = 1,

so R = 1. At x = ±1, the series diverges since the general term nnxn
2
does not go to 0 when |x| = 1. So

we conclude that the interval of convergence is (−1, 1).
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Theorem 13.2. If (A) =
∑∞

n=0 anx
n has radius of convergence R > 0 (including R = ∞), then for

any 0 < r < R, the power series (A) converges uniformly on [−r, r]. Moreover, if (A) converges at
x = R <∞ (or x = −R), then (A) converges uniformly on [0, R] (or [−R, 0]).

Proof. For x ∈ [−r, r], we have |anxn| ≤ |an|rn, and
∑∞

n=0 |an|rn converges since r < R. So by the
Weierstrass M -test, we get uniform convergence on [−r, r]. Second part left as an exercise.

Corollary 13.2.1. For a power series (A) =
∑∞

n=0 anx
n, we have the following:

1. if (A) has radius of convergence R > 0, then f(x) =
∑∞

n=0 anx
n is continuous on (−R,R),

2. f(x) is differentiable on (−R,R),

3. and f(x) ∈ C∞(−R,R), i.e. it is infinitely differentiable.

Proof. (1) We get

lim
x→x0

f(x) = lim
x→x0

∞∑
n=0

anx
n =

∞∑
n=0

lim
x→x0

anx
n = f(x0)

since we have uniform convergence.

(2) One can verify that
∑∞

n=0 annx
n−1 also has radius of convergence R. In particular, the derivative

series also converges uniformly, so by Theorem 9.2, we can differentiate term by term.

(3) We can repeat (2) as many times as we want.

Theorem 13.3. Suppose f(x) =
∑∞

n=0 anx
n has radius of convergence R > 0. Then for any x ∈ (−R,R),

we have f ∈ R([0, x]) and∫ x

0

f(t) dt =

∫ x

0

∞∑
n=0

ant
n dt =

∞∑
n=0

an

∫ x

0

tn dt =
∞∑
n=0

an
n+ 1

xn+1.

Proof. As
∑∞

n=0 anx
n converges uniformly in [−r, r], by Theorem 9.1 we can integrate term by term.

Example 13.1.5. Show that
∞∑
n=1

xn

n
= − ln(1− x)

for −1 < x < 1.

Proof. By the previous theorem, we can write

∞∑
n=1

xn

n
=

∫ x

0

∞∑
n=1

tn−1 dt =

∫ x

0

1

1− t
dt = − ln(1− x),

as desired. Note that we used the geometric series in the second step.

Example 13.1.6. Find the sum
∞∑
n=0

(−1)n

3n+ 1
.
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Proof. Let

S(x) =
∞∑
n=0

(−1)n

3n+ 1
x3n+1.

In particular, S(1) is the desired sum, so S converges at x = 1 by the alternating series test. Then

S(1) =
∞∑
n=0

(−1)n
∫ 1

0

x3n dx =

∫ 1

0

∞∑
n=0

(−x3)n dt =
∫ 1

0

1

1 + x3
dx

=
1

3

[
ln

1 + x√
1− x+ x2

+
√
3 arctan

2x− 1√
3

]x=1

x=0

=
1

3

(
ln 2 +

π√
3

)
since we have uniform convergence on [0, 1].



Lecture 14

Feb. 27 — Taylor Series

14.1 Taylor Series

Recall from Theorem 13.2.1 that f(x) =
∑∞

n=0 anx
n is C∞ on (−R,R), where R is its radius of

convergence. Here we can differentiate term by term, i.e. we have

f(x) = a0 + a1x+ a2x
2 + a3x

3 · · · ,
f ′(x) = a1 + 2a2x+ 3a3x

2 + · · · ,
f ′′(x) = 2a2 + 6a3x+ · · · .

In particular, if we let x = 0, then

a0 = f(0), a1 = f ′(0), a2 =
f ′′(0)

2!
, . . . , an =

f (n)(0)

n!
.

Here we call

f(x) =
∞∑
n=0

f (n)(0)

n!
xn

the Taylor series of f at 0.

Corollary 14.0.1. If f(x) has the power series expansion
∑∞

n=0 cn(x − a)n on an open interval I
containing a, then f ∈ C∞(I) and

cn =
f (n)(a)

n!
.

for all n ≥ 0. In particular, if f has a power series expansion

f =
∞∑
n=0

cn(x− a)n,

then cn is unique.

Remark. Since Taylor series are unique, we may use any way we want to find its coefficients.

Example 14.0.1. Suppose we would like to find the Taylor series of ln(1− x). It is easier to observe

(ln(1− x))′ =
1

1− x

and find the Taylor series of its derivative to be

1

1− x
= 1 + x+ x2 + · · ·+ xn + . . . .

Then we can integrate term by term to find the Taylor series of ln(1− x).
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14.2 Convergence of Taylor Series

Given a function f ∈ C∞(I), do we always have

f(x) =
∞∑
n=0

f (n)(0)

n!
xn

in the interval I?

Example 14.0.2. Consider

f(x) =

{
e−1/x2 if x ̸= 0,

0 if x = 0.

Away from x = 0, we have

f ′ =
2

x3
e−1/x2 , f ′′ = e−1/x2

[
− 6

x4
+

4

x6

]
, f ′′′ = e−1/x2P7(1/x), . . . .

So f is C∞ away from x = 0. In particular, f (n)(x) → 0 as x→ 0 for all n ≥ 0 since

lim
x→0

1

xm
e−1/x2 = 0

for all m ≥ 0. Now also

f ′(0) = lim
x→0

e−1/x2

x
= 0,

so f ′ is continuous on R. We can continue this to see that each f (n) is continuous on R. So f ∈ C∞(R)
and f (n)(0) = 0 for all n ≥ 0. Thus its Taylor series is identically zero, but f(x) is not the zero function.

Remark. Recall Lagrange’s remainder term for the Taylor polynomial, which says

f(x)−
n∑
k=0

f (k)(x0)

k!
(x− x0)

k = Rn(x),

where

Rn(x) =
1

(n+ 1)!
f (n+1)(ξ)(x− x0)

n+1

and ξ is between x and x0. We can use this to justify the convergence of Taylor series.

Theorem 14.1. Let R ∈ (0,∞) and f ∈ C∞(x0 − R, x0 + R). If there exists M > 0 such that for all
x ∈ (x0 −R, x0 +R), we have

|f (n)(x)| ≤Mn

for each n = 1, 2, . . . , then

f(x) =
∞∑
n=0

f (n)(x0)

n!
(x− x0)

n

for all x ∈ (x0 −R, x0 +R).
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Proof. By Lagrange’s remainder term formula, we have

|Rn(x)| =
1

(n+ 1)!
|f (n+1)(ξ)||x− x0|n+1 ≤ 1

(n+ 1)
Mn+1Rn+1 =

(MR)n+1

(n+ 1)!
→ 0

as n→ ∞ since M,R are fixed. Thus we get the desired equality, since the error term goes to zero.

Example 14.0.3. For f(x) = ex, we have f (n)(x) = ex. Then for x ∈ (−R,R), we have |f (n)(x)| ≤ eR.
So by the previous theorem, we get

ex =
∞∑
n=0

1

n!
xn

for all x ∈ R, since we can take R as large as we would like.

14.3 Metric Spaces

Definition 14.1. We call a pair (X, ρ) a metric space if X is nonempty and ρ : X ×X → R+ satisfies:

1. positive-definiteness: ρ(x, y) ≥ 0 and ρ(x, y) = 0 if and only if x = y,

2. symmetry: ρ(x, y) = ρ(y, x),

3. and the triangle inequality: ρ(x, y) ≤ ρ(x, z) + ρ(z, y) for all x, y, z ∈ X.

We say ρ is a distance function if it satisfies the above properties.

Example 14.1.1. For X = R3, we may take ρ(x⃗, y⃗) = ∥x⃗− y⃗∥.

Example 14.1.2. For X = C([a, b]), the set of all continuous functions on [a, b], we can define

ρ(x, y) = max
t∈[a,b]

|x(t)− y(t)|

for any two x(t), y(t) ∈ C([a, b]). This is called the maximum norm or the L∞ norm.

Definition 14.2 (Convergence). We say that xn → x0 in (X, ρ) if ρ(xn, x0) → 0 as n→ ∞. We write

lim
n→∞

xn = x0.

Example 14.2.1. If xn(t) ∈ C([a, b]), then xn → x0 means xn(t) → x0(t) uniformly in [a, b].1

Definition 14.3. We say that {xn} is a Cauchy sequence in (X, ρ) if φ(xn, xm) → 0 when n,m→ ∞,
i.e. for any ϵ > 0, there exists N such that if n,m ≥ N , then ρ(xn, xm) < ϵ.

Definition 14.4. If every Cauchy sequence in (X, ρ) has a limit xn → x∗, then we say that (X, ρ) is a
complete metric space.

Example 14.4.1. The continuous functions C([a, b]) with the maximum norm is complete.

Definition 14.5. Let (X, ρ), (Y, r) be two metric spaces. Then we say T : X → Y is continuous if for
any {xn} and x0 ∈ X, we have ρ(x0, xn) → 0 implies r(T (x0), T (xn)) → 0.

1This is if we use the maximum norm from earlier.
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Theorem 14.2. A function T : (X, ρ) → (Y, r) is continuous if and only if for all ϵ > 0 and x0 ∈ X,
there exists δ = δ(x0, ϵ) > 0 such that ρ(x, x0) < δ implies r(T (x), T (x0)) < ϵ.

Proof. Check this as an exercise

14.4 Existence and Uniqueness Problem for ODEs

Consider the ordinary differential equation (ODE) problem{
dx
dt

= F (t, x),

x(0) = ξ.
(1)

We would like to show that this ODE has a local solution.2 To do this, we can transform the ODE into3

x(t) = ξ +

∫ t

0

f(τ, x(τ)) dτ.

Now we would like to find a fixed point of this map. Let h > 0 and consider X = C([−h, h]) with the
maximum norm. Define the mapping T : X → X by

(Tx)(t) = ξ +

∫ t

0

f(τ, x(τ)) dτ

for any x ∈ X. Then solving (1) is equivalent to finding a point x ∈ X such that x = Tx, i.e. x is a
fixed point of T . We can do this via contraction mapping.

14.5 The Contraction Mapping Principle

Definition 14.6. We say T : (X, ρ) → (X, ρ) is a contraction mapping if there exists a ∈ (0, 1) such
that

ρ(Tx, Ty) ≤ aρ(x, y)

for any x, y ∈ X.

Example 14.6.1. LetX = [0, 1] and T (x) be differentiable on [0, 1] with T (x) ∈ [0, 1] and |T ′(x)| ≤ a < 1.
Then T : X → X is a contraction mapping since

ρ(Tx, Ty) = |T (x)− T (y)| = |T ′(ξ)(x− y)| ≤ a|x− y|

by the mean value theorem.

Theorem 14.3 (Contraction mapping principle4). Let (X, ρ) be a complete metric space and T : X → X
be a contraction mapping. Then T has a unique fixed point on X.

2The solution may not exist for longer time periods, e.g. it might blow up at some point.
3This process is called Picard iteration.
4This is also known as the Banach fixed-point theorem.
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Proof. For any x0 ∈ X, define a sequence recursively by xn+1 = Txn, i.e. xn = T nx0. Now we show that
{xn} is a Cauchy sequence. To do this, observe that

ρ(xn+1, xn) = ρ(Txn, Txn−1) ≤ aρ(xn, xn−1) ≤ a2ρ(xn−1, xn−2) ≤ · · · ≤ anρ(x1, x0)

for some 0 < a < 1 since ρ is a contraction mapping. So for any integer p > 0, by the triangle inequality
we have

ρ(xn+p, xn) ≤
p∑
i=1

ρ(xn+i, xn+i−1) ≤
p−1∑
i=0

an+iρ(x0, x1) ≤
∞∑
i=0

an+iρ(x0, x1) =
an

1− a
ρ(x0, x1).

Since ρ(x0, x1) is fixed and 0 < a < 1, we see that {xn} is a Cauchy sequence. Since X is complete, we
have xn → x∗ ∈ X. Now we show that x∗ is a fixed point of T . This is because xn+1 = Txn, and letting
n → ∞ gives x∗ = Tx∗, since T is continuous.5 Next, we show that x∗ is the only fixed point. To do
this, suppose otherwise that x∗∗ is also a fixed point. Then

ρ(x∗, x∗∗) = ρ(Tx∗, Tx∗∗) ≤ aρ(x∗, x∗∗).

Since 0 < a < 1, we must have ρ(x∗, x∗∗) = 0, i.e. x∗ = x∗∗.

5One can show that any contraction mapping is continuous.



Lecture 15

Feb. 29 — Contraction Mapping

15.1 Newton’s Method

Suppose we want to find a solution of f(x) = 0, for some differentiable function f . We can use Newton’s
method, which starts with some initial guess x0, and iteratively computes better guesses. More precisely,
we look at xi, find the tangent line to f at xi, and then take xi+1 to be the x-intercept of this line. The
tangent line is given by

y = f(xn) + f ′(xn)(x− xn).

Setting y = 0 gives the recurrence

xn+1 = xn −
f(xn)

f ′(xn)
.

There are some nuances as to when Newton’s method converges, since the xi may end up oscillating or
have some other problem if x0 is badly chosen (e.g. if it is far away from the actual zero x̂).

Example 15.0.1. Let f ∈ C2([a, b]) and x̂ ∈ (a, b) such that f(x̂) = 0 and f ′(x̂) ̸= 0. Then there exists
a neighborhood of x̂, denoted by U(x̂), such that for all x0 ∈ U(x̂), the sequence

xn+1 = xn −
f(xn)

f ′(xn)

converges to x̂ as n→ ∞.

Proof. Define the mapping

Tx = x− f(x)

f ′(x)

in an interval containing x̂, e.g. Iδ = [x̂− δ, x̂+ δ]. First we check that if δ is small, then f : Iδ → Iδ.
For this, let x1 = Tx. If |x− x̂| < δ, then we have

|x1 − x̂| = |Tx− T x̂| ≤ a|x− x̂| < δ,

for some 0 < a < 1. This is because for all x1, x2 ∈ Iδ, letting g(x) = Tx, we have

|Tx1 − Tx2| = |g(x1)− g(x2)| = |g′(ξ)||x1 − x2|

for some ξ ∈ Iδ by the mean value theorem. Now notice that

|g′(ξ)| =
∣∣∣∣1− f ′(x)

f ′(x)
+
f(x)f ′′(x)

f ′(x)2

∣∣∣∣ = ∣∣∣∣f(x)f ′′(x)

f ′(x)2

∣∣∣∣ < a < 1

if δ is small enough, since f(x) is small in Iδ, and f
′′(x) is bounded and f ′(x) is bounded away from

zero. Then by the contraction mapping principle, we get the unique fixed point x̂.
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Remark. The rough idea is that f ′(x) is bounded away from zero in some open neighborhood U of
x̂ since f ′(x̂) ̸= 0, and f ′ is continuous since f ∈ C2. Now pick some compact interval I ⊆ U , and we
get that f ′ must be bounded on I. This gives that f is Lipschitz, i.e. |f(x)− f(y)| ≤ L|x− y| for all
x, y ∈ I and some constant L ∈ R. Then we just need to show that 0 < L < 1.

15.2 Existence and Uniqueness for ODEs

Recall the ODE {
dx
dt

= F (t, x).

x(0) = ξ.

We rewrite this into the integral form

x(t) = ξ +

∫ t

0

F (τ, x(τ)) dτ. (∗)

Now let h > 0 be some fixed constant that we choose later. Define X = C([−h, h]) and T : X → X by

(Tx)(t) = ξ +

∫ t

0

F (τ, x(τ)) dτ.

Then (∗) is equivalent to finding a fixed point of T . Assume F (t, x) satisfies a local Lipschitz condition,
i.e. there exist δ > 0 and L > 0 such that when |t| ≤ h, |x1 − ξ| ≤ δ, and |x2 − ξ| ≤ δ, we have

|F (t, x1)− F (t, x2)| ≤ L|x1 − x2|.

Define
B(ξ, δ) := {x(t) ∈ C([−h, h]) | max

|t|≤h
|x(t)− ξ| ≤ δ}.

Think of this as the ball of radius δ around the constant function ξ in C([−h, h]). We want to check

(i) if h, δ are small enough, then T : B(ξ, δ) → B(ξ, δ),

(ii) and T is a contraction.

Once we do, then T has a unique fixed point x̂(t) by the contraction mapping principle, which is the
solution of the ODE for t ∈ [−h, h]. For the first property, let

M = max{|F (t, x)| | t ∈ [−h, h]× [ξ − δ, ξ + δ]},

which exists since F is continuous and [−h, h]× [ξ − δ, ξ + δ] is compact. If h is small, then

max
t∈[−h,h]

|(Tx)(t)− ξ| = max
t∈[−h,h]

∣∣∣∣∫ t

0

F (τ, x(τ)) dτ

∣∣∣∣ ≤Mh ≤ δ

since t ≤ h. So T : B(ξ, δ) → B(ξ, δ). Now we show that T is a contraction. For any x(t), y(t) ∈ B(ξ, δ),

ρ(Tx, Ty) = max
t∈[−h,h]

∣∣∣∣∫ t

0

F (τ, x(τ))− F (τ, y(τ)) dτ

∣∣∣∣ ≤ hmax
|t|≤h

|F (t, x(t))− F (t, y(t))|

= Lhmax
|t|≤h

|x(t)− y(t)| = Lhρ(x, y)

by the Lipschitz condition. Now we can choose h such that Lh < 1, which ensures that T is a contraction.

Remark. This is called the Picard-Lindelöf theorem, or the existence and uniqueness theorem for ODEs.
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15.3 Implicit Function Theorem

Example 15.0.2 (Implicit function theorem). Let f : R× R → R and U × V ⊆ R× R a neighborhood
of (x0, y0). Assume f and ∂f/∂y are continuous on U × V , and f(x0, y0) = 0 and

∂f

∂y
(x0, y0) ̸= 0.

Then there exists a neighborhood U0 × V0 ⊆ U × V and a unique continuous function φ : U0 → V0
satisfying

f(x, φ(x)) = 0, φ(x0) = y0.

Proof. We want to solve f(x, y) = 0 in a neighborhood of (x0, y0). Define the mapping φ 7→ Tφ, where
φ ∈ C([x0 − r, x0 + r]) for some r > 0. We take the definition

(Tφ)(x) = φ(x)−
(
∂f

∂y
(x0, y0)

)−1

f(x, φ(x)).

Observe that if φ is a fixed point of T , then f(x, φ(x)) = 0. Let X = C([x0 − r, x0 + r]), and we will
choose r later. For any φ, ψ ∈ X, define the distance

ρ(φ, ψ) = max
x∈[x0−r,x0+r]

|φ(x)− ψ(x)|.

Now we see that

ρ(Tφ, Tψ) = max
x∈[x0−r,x0+r]

∣∣∣∣∣φ(x)− ψ(x)−
(
∂f

∂y
(x0, y0)

)−1

(f(x, φ(x))− f(x, ψ(x)))

∣∣∣∣∣
= max

x∈[x0−r,x0+r]

∣∣∣∣(1− ∂f

∂y
(x0, y0)

−1∂f

∂y
(x, ŷ)

)
(φ(x)− ψ(x))

∣∣∣∣
for some ŷ between φ(x) and ψ(x) by the mean value theorem. Now define the ball

B(y0, δ) = {φ ∈ C(x0 − r, x0 + r) | ρ(φ, y0) ≤ δ}.

If φ, ψ ∈ B(y0, δ) and r, δ are small enough, then∣∣∣∣1− ∂f

∂y
(x0, y0)

−1∂f

∂y
(x, ŷ)

∣∣∣∣ < 1

2
,

which ensures a contraction. So it only remains to check that T : B(y0, δ) → B(y0, δ). For φ ∈ B(y0, δ),

ρ(Tφ, y0) ≤ ρ(Tφ, Ty0) + φ(Ty0, y0)

≤ 1

2
ρ(φ, y0) + max

x∈[x0−r,x0+r]

∣∣∣∣∂f∂y (x0, y0)−1f(x, y0)

∣∣∣∣ ≤ 1

2
δ +

1

2
δ = δ

if r is small enough since f(x0, y0) = 0. So Tφ ∈ B(y0, δ). Thus T is a contraction mapping on B(y0, δ),
so it has a unique fixed point by the contraction mapping principle.

Remark. The idea is that if (∂f/∂y)(x0, y0) ̸= 0, then the solution set to f(x, y) = 0 in a neighborhood
of (x0, y0) is given by the curve φ.



Lecture 16

Mar. 5 — The Derivative in Rn

16.1 Partial Derivatives

Definition 16.1. Let f be a real-valued function defined on an open set U ⊆ Rn. For a fixed point
a = (a1, . . . , an) ∈ U , the partial derivative of f at a with respect to xi is

∂f

∂xi
(a) = lim

xi→ai

f(a1, . . . , ai−1, xi, ai+1, . . . , an)− f(a1, . . . , an)

xi − ai
= lim

h→0

f(a+ he⃗i)− f(a)

h
,

when this limit exists. Here e⃗i is the ith standard basis vector in Rn.

Remark. The following are equivalent notations for partial derivatives:

∂f

∂xi
(a), f ′

i(a), fxi , Dif.

Definition 16.2. The gradient of f at a is a vector of the partial derivatives, i.e.

∇f(a) =
(
∂f

∂x1
(a), . . . ,

∂f

∂xn
(a)

)
.

Remark. In one dimension, if f(x) is differentiable at x0, then f(x) is continuous at x0, because

lim
x→x0

f(x)− f(x0)

x− x0
= f ′(x0),

which implies
f(x)− f(x0) = f ′(x0)(x− x0) + o(x− x0).

As x→ x0, the RHS goes to zero, so f(x) → f(x0). However, this need not hold in higher dimensions.
For n ≥ 2, even if ∂f/∂xi(a) exists for all i = 1, 2, . . . , n, f(x0) might not be continuous at x = a.

Example 16.2.1. Consider the function

f(x, y) =

{
xy/(x2 + y2) if (x, y) ̸= (0, 0),

0 if (x, y) = (0, 0).

At (0, 0), we have
∂f

∂x
(0, 0) = lim

x→0

f(x, 0)− 0

x
= lim

x→0

0− 0

x
= 0.

70
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Similarly, ∂f/∂y(0, 0) = 0. But f(x, y) is not continuous at (0, 0). For continuity, we need

lim
(x,y)→(0,0)

f(x, y) = 0

when (x, y) → (0, 0) along any path Γ from (x, y) to (0, 0). So it suffices to find two paths Γ1 and Γ2

with different limits to show that the limit does not exist. So choose Γ : y = mx. Then

lim
(x,y)→(0,0)

along Γ

x(mx)

x2 +m2x2
=

m

1 +m2
.

This limit clearly depends on m, so we can simply choose two different values of m to get differing limits.
Hence we see that f(x, y) is not continuous at (0, 0).

16.2 Differentiability

Definition 16.3. Let f : U → R where U ⊆ Rn and a = (a1, . . . , an) ∈ U . Then f is differentiable at a
if there exist constants c1, . . . , cn ∈ R such that

lim
h→0

f(x)− (f(a) + c1(x1 − a1) + · · ·+ cn(xn − an))

d(x, a)
= 0.

Here the distance is
d(x, a) =

√
(x1 − a1)2 + · · ·+ (xn − an)2.

Remark. If we let c⃗ = (c1, . . . , cn), then the definition of differentiability becomes

f(x) = f(a) + c⃗ · (x− a) + o(d(x, a)).

We will soon show that in fact c⃗ = ∇f(a).

Remark. In the one-dimensional case, for f(x) where x ∈ I ⊆ R, we defined the derivative as

lim
x→a

f(x)− f(a)

x− a
= f ′(a).

This is equivalent to

lim
x→a

f(x)− f(a)− f ′(a)(x− a)

|x− a|
= 0,

which is the same as our new definition for differentiability.

Proposition 16.1. If f(x) is differentiable at a, then ∂f/∂xi(a) exists and ci = ∂f/∂xi(a).

Proof. We can compute that

∂f

∂xi
(a) = lim

h→0

f(a+ he⃗i)− f(a)

h
= lim

h→0

f(a) + c⃗ · he⃗i + o(|h|)− f(a)

h
= lim

h→0

c⃗ · he⃗i + o(|h|)
h

= ci,

which is the desired result.

Proposition 16.2. If f(x) is differentiable at a, then f(x) is continuous at a.
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Proof. From the definition, we have

f(x) = f(a) + c⃗ · (x− a) + o(d(x, a)).

As we take x→ a, we get f(x) → f(a) just as before.

Remark. If f(x) is differentiable, then f(x) has all partial derivatives ∂f/∂xi at x = a. But the converse
is not true in general. So differentiability is a strictly stronger condition in Rn.

Lemma 16.1. Let f : U ⊆ Rn → R, where U is an open set. Then f is differentiable at x = a if and
only if there exist functions A1, . . . , An on U , continuous at x = a, such that

f(x)− f(a) = A1(x)(x1 − a1) + A2(x)(x2 − a2) + · · ·+ An(x)(xn − an)

for all x ∈ U . In this case, ∂f/∂xi(a) = Ai(a).

Proof. (⇒) Assume f(x) is differentiable at x = a. Then

lim
x→a

f(x)− (f(a) + f ′
1(a)(x1 − a1) + · · ·+ f ′

n(a)(xn − an))

d(x, a)
= 0.

Define the function e : U → R via

e(x) =
f(x)− (f(a) + f ′

1(a)(x1 − a1) + · · ·+ f ′
n(a)(xn − an))

|x1 − a1|+ · · ·+ |xn − an|
.

Observe that the denominator is a distance equivalent to d(x, a).1 Then limx→a e(x) = 0, since the
distances are equivalent. Then we get

f(x) = f(a) + f ′
1(a)(x1 − a1) + · · ·+ f ′

n(a)(xn − an) + e(x)(|x1 − a1|+ · · ·+ |xn − an|)
= f(a) + A1(x)(x1 − a1) + · · ·+ An(x)(xn − an),

where we define

Ai(x) =

{
f ′
i(a) + e(x) if xi − ai ≥ 0

f ′
i(a)− e(x) if xi − ai < 0.

Each Ai is continuous and satisfies Ai(a) = f ′
i(a), as desired.

(⇐) Suppose A1, . . . , An exist such that

f(x)− f(a) = A1(x)(x1 − a1) + · · ·+ An(x)(xn − an).

We check that f is differentiable at x = a. Choose ci = Ai(a). Then∣∣∣∣f(x)− (f(a)−
∑n

i=1 ci(xi − ai))

d(x, a)

∣∣∣∣ = ∣∣∣∣∑n
i=1(Ai(x)− Ai(a))(xi − ai)

d(x, a)

∣∣∣∣ ≤ n∑
i=1

|Ai(x)− Ai(a)| → 0

as x→ a, since each Ai is continuous at a. Thus f is differentiable at x = a.

1Two metrics (distances) d1, d2 : X ×X → R on a set X are equivalent if there exist constants c, C ∈ R such that
cd1(x, y) ≤ d2(x, y) ≤ Cd1(x, y) for all x, y ∈ X.
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Theorem 16.1. Let U be an open set in Rn and suppose that f : U → R has partial derivatives f ′
1, . . . , f

′
n

on U which are continuous at x = a. Then f is differentiable at x = a.

Proof. We change xi to ai one by one to get

f(x)− f(a) = (f(x1, . . . , xn)− f(a1, x2, . . . , xn))

+ (f(a1, x2, . . . , xn)− f(a1, a2, x3, . . . , xn))

+ (f(a1, a2, x3, . . . , xn)− f(a1, a2, a3, x4, . . . , xn))

...

+ (f(a1, . . . , an−1, xn)− f(a1, . . . , an)).

Each of these terms differ in only one variable, so we can apply the mean value theorem to get

f(x)− f(a) = f ′
1(ξ1, a2, . . . , an)(x1 − a1)

+ f ′
2(a1, ξ2, a3, . . . , an)(x2 − a2)

...

+ f ′
n(a1, . . . , an−1, ξn)(xn − an).

So we can set

A1(x) = f ′
1(ξ1, a2, . . . , an)(xn − an)

A2(x) = f ′
2(a1, ξ2, a3, . . . , an)(xn − an)

...

An(x) = f ′
n(a1, . . . , an−1, ξn)(xn − an).

where ξi is between ai and xi for each 1 ≤ i ≤ n. Each Ai is continuous since each f ′
i is continuous, so

we get Ai(x) → Ai(a) when x→ a. So f(x) is differentiable at x = a.

Remark. In functional analysis, there is an analogous theorem that relates the Gâteaux derivative
(similar to a partial derivative) and the Fréchet derivative (similar to differentiability).

Remark. The existence of continuous partial derivatives at x = a is a sufficient condition for differentia-
bility at x = a, but it is not necessary.

Example 16.3.1. Consider the function

f(x, y) =

{
(x2 + y2) sin(1/(x2 + y2)) if x2 + y2 ̸= 0,

0 if x2 + y2 = 0.

First we verify that f is differentiable at (x, y) = (0, 0). We can compute

|f(x, y)− f(0, 0)| = (x2 + y2)

∣∣∣∣sin 1

x2 + y2

∣∣∣∣ = O((
√
x2 + y2)2),

so f is differentiable at (0, 0), with the zero linear approximation f(x, y) ≈ 0x + 0y. This also gives
f ′
1(0, 0) = f ′

2(0, 0) = 0. However, if (x, y) ̸= (0, 0), then

fx(x, y) = 2x sin
1

x2 + y2
− 2x

x2 + y2
cos

1

x2 + y2
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by the product rule. Letting (x, y) → 0, we see that the second term on the RHS has no limit. For
example, along y = 0, we get

2x

x2 + y2
cos

1

x2 + y2

∣∣∣∣
y=0

=
2

x
cos

1

x2
,

which has no limit as x→ 0. So fx(x, y) is not continuous at (0, 0). By symmetry, fy(x, y) is also not
continuous at (0, 0). So a function f can be differentiable at x = a while its partial derivatives f ′

i(x) are
not continuous at x = a.



Lecture 17

Mar. 7 — Vector-Valued Functions

17.1 The Derivative for Vector-Valued Functions

Definition 17.1. Let f : U ⊆ Rn → Rm, where U is an open set. We say f = (f1, . . . , fm) is differentiable
if each fi is differentiable. In other words, for x, a ∈ U ,

f(x)− f(a) =

∂f1/∂x1(a) . . . ∂f1/∂xn(a)
...

. . .
...

∂fm/∂x1(a) . . . ∂fm/∂xn(a)

 (x− a) + o(|x− a|).

We may call the matrix of partial derivatives f ′(a) or ∂f/∂x.

Theorem 17.1 (Chain rule). Let U, V be open sets in Rn and Rm, respectively, and f : U → V ,
g : V → R be functions. Let a ∈ U such that f is differentiable at a and g is differentiable at f(a). Then
g ◦ f(x) = g(f(x)) is differentiable at a, and

(g ◦ f)′j(a) =
m∑
i=1

g′i(f(a))(fi)
′
j(a),

where (fi)
′
j denotes ∂fi/∂xj.

Proof. See textbook (Rosenlicht).

Remark. In matrix notation, we can write this via

∇(g ◦ f) = ∇g∂f
∂x
,

where ∇g is a vector in Rm and ∂f/∂x is an m× n matrix.

Remark. When f : U ⊆ Rn → Rn, we get

∂f

∂x
(a) =

∂f1/∂x1(a) . . . ∂f1/∂xn(a)
...

. . .
...

∂fn/∂x1(a) . . . ∂fn/∂xn(a)

 ,

an n× n matrix. So we can take its determinant, and we call det(∂f/∂x) the Jacobian of f .
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17.2 Implicit Function Theorem in Rn

Remark. Recall Theorem 15.0.2, the implicit function theorem on R. Note that all solutions to
f(x, y) = 0 are in fact given by the continuous curve y = φ(x) in a neighborhood of (x0, y0). To see this,
suppose f(x, y)− f(x, φ(x)) = 0 for some y. Fixing x, by the mean value theorem we get

∂f

∂y
(x, ξ)(y − φ(x)) = 0.

Since ∂f/∂y(x, ξ) ̸= 0, this implies y = φ(x). So there are no solutions off of the curve.

Theorem 17.2. Let f : Rn × Rm → Rm and U × V ⊆ Rn × Rm be a neighborhood of (x0, y0). Suppose
f and ∂f/∂y are continuous on U × V , and f(x0, y0) = 0 and

det

(
∂f

∂y
(x0, y0)

)
̸= 0.

Then there exists a neighborhood U0×V0 ⊆ U×V of (x0, y0) and a unique continuous function φ : U0 → V0
satisfying {

f(x, φ(x)) = 0,

φ(x0) = y0.

Proof. Take T : φ 7→ Tφ, where φ ∈ C(B(x0, r),Rm) and1

ρ(φ, ψ) = max
x∈B(x0,r)
1≤i≤m

|φi(x)− ψi(x)|

is the metric. Define

(Tφ)(x) = φ(x)−
(
∂f

∂y
(x0, y0)

)−1

f(x, φ(x)).

Note that this is a matrix inverse. Define

X = {φ ∈ C(B(x0, r),Rm) : ρ(φ, y0) ≤ δ}

Now it suffices to show that

1. ρ(Tφ, Tψ) ≤ 1
2
ρ(φ, ψ) for r, δ small enough,

2. and T : X → X

in order to apply the contraction mapping theorem and finish.2 Check these two details as an exercise.

Corollary 17.2.1 (Inverse function theorem). If f : U ⊆ Rn → Rn such that f, ∂f/∂y are continuous
in a neighborhood of y0 ∈ U and det(∂f/∂y(y0)) ̸= 0, then there exists g : V → Rn, where V is a
neighborhood of f(y0), such that g ◦ f = id, i.e. g(f(x)) = x.

Proof. Let F (x, y) = x− f(y), and we want to solve F (x, y) = 0 near the point (f(y0), y0). Apply the
implicit function theorem to F to finish. See textbook (Rosenlicht) for details.

1Recall that A is the closure of a set A, i.e. the smallest closed set containing A.
2The continuity of φ is implied since it is a fixed point in a function space of continuous functions.
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17.3 Higher Order Derivatives

Definition 17.2. If f : U ⊆ Rn → R and ∂f/∂xi is differentiable with respect to xj , then we can define3

∂

∂xj

(
∂f

∂xi

)
=

∂2f

∂xj∂xi
= fxjxi .

These are the second order partial derivatives. Similarly, we can define higher order partial derivatives.

Remark. We want to know: When is fxjxi = fxixj (i.e. (f ′
i)

′
j = (f ′

j)
′
i)?

Theorem 17.3. Let f : U ⊆ Rn → R and a ∈ U . If (f ′
i)

′
j and (f ′

j)
′
i exist and are continuous in a

neighborhood of a, then
(f ′
i)

′
j(a) = (f ′

j)
′
i(a).

Proof. Take a point x = (x1, x2) ̸= a in a small neighborhood of a = (a1, a2). Define

∆(x) =
f(x1, x2)− f(x1, a2)− f(a1, x2) + f(a1, a2)

(x1 − a1)(x2 − a2)
.

Let φ(x1, x2) = f(x1, x2)− f(x1, a2), so that

∆x =
φ(x1, x2)− φ(a1, x2)

(x1 − a1)(x2 − a2)
.

by the mean value theorem,

φ(x1, x2)− φ(a1, x2) = (x− a1)φ
′
1(ξ1, x2)

for some ξ1 between x1 and a1. Then

∆x =
φ′
1(ξ1, x2)

x2 − a2
=
f ′
1(ξ1, x2)− f ′

1(ξ1, a2)

x2 − a2
= (f ′

1)
′
2(ξ1, ξ2)

by the mean value theorem again, for some ξ2 between a2 and x2. In the same manner, we get

∆x = (f ′
2)

′
1(ξ

′
1, ξ

′
2),

where (ξ′1, ξ
′
2) is in a neighborhood of a. Now let (x1, x2) → (a1, a2), then (ξ1, ξ1), (ξ

′
1, ξ

′
2) → (a1, a2). By

assumption, (f ′
2)

′
1(ξ

′
1, ξ

′
2) → (f ′

2)
′
1(a) and (f ′

1)
′
2(ξ1, ξ2) → (f ′

1)
′
2(a) since (f ′

2)
′
1 and (f ′

1)
′
2 are continuous, so

(f ′
1)

′
2(a) = (f ′

2)
′
1(a)

since (f ′
2)

′
1(ξ

′
1, ξ

′
2) = (f ′

1)
′
2(ξ1, ξ2) = ∆x.

3Note the indices, we have fxjxi
= (f ′

i)
′
j .



Lecture 18

Mar. 12 — More on the Implicit Function
Theorem

18.1 Example of Unequal Mixed Partial Derivatives

Example 18.0.1. Consider the function.

f(x, y) =

{
xy(x2 − y2)/(x2 + y2) if x2 + y2 ̸= 0

0 if x2 + y2 = 0.

We find

f ′
x(x, y) =

{
y((x2 − y2)(x2 + y2) + 4x2y2/(x2 + y2)2) if x2 + y2 ̸= 0

0 if x2 + y2 = 0.

and

f ′
y(x, y) =

{
x((x2 − y2)(x2 + y2) + 4x2y2/(x2 + y2)2) if x2 + y2 ̸= 0

0 if x2 + y2 = 0.
.

Now f ′
x(0, y) = −y and so f ′′

xy(0, 0) = −1, but f ′
y(x, 0) = x and so f ′′

yx(0, 0) = 1. Thus f ′′
xy(0, 0) ̸= f ′′

yx(0, 0).

18.2 Revisiting the Implicit Function Theorem

Theorem 18.1 (Mean value theorem in Rn). Suppose f : U ⊆ Rn → R where U is open, and that f is
differentiable. Then for any a, b ∈ U , there exists ξ on the line segment connecting a, b such that

f(a)− f(b) = ∇f(ξ) · (a− b).

Proof. Define h(t) = f(ta+ (1− t)b) for t ∈ [0, 1]. Then

f(a)− f(b) = h(1)− h(0) = h′(c) = ∇f(ca+ (1− c)b) · (a− b)

for some c ∈ (0, 1) by the usual mean value theorem. So we can pick ξ = ca+ (1− c)b.

The following is a corollary of Theorem 17.2:

Corollary 18.1.1. If f1, . . . , fn are continuously differentiable in a neighborhood of (a, b), then U, V can
be chosen such that φ : U → V is continuously differentiable, i.e. φ ∈ C1(U, V ).1

1In the notation of Theorem 17.2, we had f = (f1, . . . , fn), (x0, y0) instead of (a, b), and U0, V0 instead of U, V .
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Proof. Recall that {
fi(x, φ(x)) = 0

φ(a) = b

for all 1 ≤ i ≤ n. Then we have

0 = fi(x, φ(x))− fi(a, φ(a)) =
∂fi
∂x1

(zi)(x1 − a1) + · · ·+ ∂fi
∂xm

(zi)(xm − am)

+
∂fi
∂y1

(zi)(φ1(x)− b1) + · · ·+ ∂fi
∂yn

(zi)(φn(x)− bn)

where zi is between (x, φ(x)) and (a, b). Now since det(∂f/∂yj(z
i)) ̸= 0, we can solve this linear system

to get
φi(x)− bi = Ai1(x)(x1 − a1) + Ai2(x)(x2 − a2) + · · ·+ Aim(x)(xm − am),

where the coefficient functions Ai1, . . . , Aim are continuous in a neighborhood of a by assumption. So
φ(x) = (φ1(x), . . . , φn(x)) is continuously differentiable in a neighborhood of a, as desired.

Remark. We can improve this if we know f is more smooth. In general, if f ∈ Ck, then φ ∈ Ck also.

Example 18.0.2 (Implicit differentiation). Suppose F (x, y) = 0 and y = φ(x). If F ∈ C1 and F ′
y ̸= 0,

d

dx
F (x, φ(x)) = 0 =⇒ F ′

x + F ′
yφx = 0 =⇒ φx = −F

′
x

F ′
y

.

We can justify this rigorously via the implicit function theorem.

18.3 Lagrange Multipliers

Recall from multivariable calculus that we can use the method of Lagrange multipliers to solve the
minimum (or maximum) of a function f(x, y) subject to a constraint g(x, y) = 0. The Lagrange multiplier
equation is {

∇f = λ∇g
g = 0,

which is a system of three equations in (x, y, λ). Here λ is called the Lagrange multiplier.

Proposition 18.1. Assume that at a local minimum (or maximum) point (x0, y0) of f , we have

∇g(x0, y0) ̸= 0⃗,

i.e. g2x(x0, y0) + g2y(x0, y0) ̸= 0. Then there exists λ such that ∇f = λ∇g at (x0, y0).

Proof. Assume g′y(x0, y0) ̸= 0. Then by the implicit function theorem, there exists some y = φ(x) in a
neighborhood of y0 such that g(x, φ(x)) = 0. Then h(x) = f(x, φ(x)) obtains a minimum (or maximum)
at x0. Then h

′(x0) = 0, so
f ′
x(x0, y0) + f ′

y(x0, y0)φ
′
x(x0) = 0.

Also, by implicit differentiation,

φ′
x(x0) = −g

′
x(x0, y0)

g′y(x0, y0)
.
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So we can set

λ = −
f ′
y(x0, y0)

g′y(x0, y0)
=⇒

{
f ′
x(x0, y0) + λg′x(x0, y0) = 0

f ′
y(x0, y0) + λg′y(x0, y0) = 0.

Thus we have (∇f + λ∇g)(x0, y0) = 0, as desired.

Remark. The condition ∇g(x0, y0) ̸= 0⃗ is necessary to derive the Lagrange multiplier equation.

Example 18.0.3. Minimize f(x, y) = x2 + y2 subject to g = (x− 1)3 − y2 = 0. The distance of g to the
origin is clearly minimized at (1, 0), but we have

∇g(1, 0) = (3(x− 1)2,−2y)
∣∣
(1,0)

= (0, 0)

and ∇f(1, 0) = (2, 0). So ∇f ̸= λ∇g in this case since ∇g(1, 0) = 0⃗.

Remark. So in general, we should also check the points where ∇g = 0⃗ separately.

Theorem 18.2. Suppose f(x1, . . . , xn) obtains a local minimum (or maximum) at p0 = (x
(0)
1 , . . . , x

(0)
n )

subject to 
g1(x1, . . . , xn) = 0

...

gm(x1, . . . , xn) = 0,

where m < n. Assume that f, gi ∈ C1 in a neighborhood of p0 and the matrix

∂g

∂x
(p0) =

∂g1/∂x1 . . . ∂g1/∂xn
...

. . .
...

∂gm/∂x1 . . . ∂gm/∂xn

 (p0)

has rank m. Then there exist λ1, . . . , λm such that{
(∇f + λ1∇g1 + · · ·+ λm∇gm)(p0) = 0

gi(p
0) = 0.

Proof. We prove this in the case of four unknowns and two constraints (the proof can be generalized).
Consider

minimize (or maximize) f(x, y, z, t) subject to

{
φ(x, y, z, t) = 0

ψ(x, y, z, t) = 0.

Suppose the minimum (or maximum) of f is obtained at p0 = (x0, y0, z0, t0). Then by assumption, there
are two variables (say z, t) such that

det
∂(φ, ψ)

∂(z, t)

∣∣∣∣
p0

̸= 0.

Then by the implicit function theorem, we can find z = g(x, y) and t = h(x, y) such that the constraint
equations are satisfied. Then u(x, y) = f(x, y, z(x, y), t(x, y)) obtains a minimum (or maximum) at
(x0, y0), so

∇u(x0, y0) = 0 =⇒

{
f ′
x + f ′

z(∂z/∂x) + f ′
t(∂t/∂x) = 0

f ′
y + f ′

z(∂z/∂y) + f ′
t(∂t/∂y) = 0.

(1, 2)



LECTURE 18. MAR. 12 — MORE ON THE IMPLICIT FUNCTION THEOREM 81

Then {
φ′
x + φ′

z(∂z/∂x) + φ′
t(∂t/∂x) = 0

ψ′
x + ψ′

z(∂z/∂x) + ψ′
t(∂t/∂x) = 0.

and

{
φ′
y + φ′

z(∂z/∂y) + φ′
t(∂t/∂y) = 0

ψ′
y + ψ′

z(∂z/∂y) + ψ′
t(∂t/∂y) = 0.

(⋆)

Since det(∂(φ, ψ)/∂(z, t)) ̸= 0 at p0, we can find λ, µ such that{
f ′
z + λφ′

z + µψ′
z = 0

f ′
t + λφ′

t + µψ′
t = 0,

which is always possible since the coefficient matrix is nonsingular. Let (A) and (B) be the two systems
in (⋆) and A1, A2 and B1, B2 be their first and second equations, respectively. Then look at the equation
λ(A1) + µ(A2) + (1), which gives

f ′
x + λφ′

x + µψ′
x + (f ′

z + λφ′
z + µψ′

z)︸ ︷︷ ︸
=0

∂z

∂x
+ (f ′

t + λφ′
t + µψ′

t)︸ ︷︷ ︸
=0

∂t

∂x
= 0.

This implies that f ′
x + λφ′

x + µψ′
x = 0, and we can similarly get that f ′

y + λφ′
y + µψ′

y = 0. Thus we end
up with ∇f + λ∇φ+ µ∇ψ = 0 at p0, as desired.



Lecture 19

Mar. 14 — The Riemann Integral in Rn

19.1 Defining the Riemann Integral in Rn

Definition 19.1. A closed interval, or a rectangular domain, in Rn is a set of the form

{(x1, . . . , xn) : a1 ≤ xi ≤ bi for i = 1, 2, . . . , n}.

A partition of I is a partition of each [ai, bi] for i = 1, 2, . . . , n, i.e.

(x01, x
1
1, . . . , x

N1
1 ), (x02, x

1
2, . . . , x

N2
2 ), . . . , (x0n, x

1
n, . . . , x

Nn
n ).

The width of a partition I is max{xji − xj−1
i : i = 1, . . . , n, j = 1, . . . , n}. A Riemann sum is then

S =
∑

j1=1,...,N1
j2=1,...,N2

...
jn=1,...,Nn

f(yj1,...,jn1 , yj1,...,jn2 , . . . , yj1,...,jnn )(xj11 − xj1−1
1 ) . . . (xjnn − xjn−1

n )..

Definition 19.2. We say f : I ⊆ Rn → R is Riemann integrable, where I is a rectangular domain, if
there exists A ∈ R such that for any ϵ > 0, there exists δ > 0 such that |S − A| < ϵ for any Riemann
sum S with partition width < δ. In this case, we write

A =

∫
I

f(x) dx1 . . . dxn =

∫
I

f dx.

Remark. The Riemann integral in Rn is still uniquely defined, when it exists. If A,A′ both satisfy the
definition, then for every ϵ > 0, there exists a Riemann sum S such that |S − A| < ϵ and |S − A′| < ϵ.
Then |A− A′| < 2ϵ by the triangle inequality, which implies that A = A′ since ϵ was arbitrary.

Example 19.2.1. If f(x) ≡ c, then we have∫
I

f dx = c(b1 − a1) . . . (bn − an).

Example 19.2.2. Consider f(x) = 0 if x1 ̸= ξ1 for some ξ1 ∈ R, i.e. zero except on a single hyperplane.
Then we have ∫

I

f dx = 0.

This remains true if xi ̸= ξi for any single fixed 1 ≤ i ≤ n.

82
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Example 19.2.3 (Simple step functions). Let α1, . . . , αn, β1, . . . , βn ∈ R such that ai ≤ αi ≤ βi ≤ bi for
each i = 1, 2, . . . , n. Then we can define f : I → R by

f(x1, . . . , xn) =

{
1 if xi ∈ (αi, βi) for i = 1, 2, . . . , n,

0 otherwise.
.

We call such a function a simple step function. In this case, we have∫
I

f dx = (β1 − α1) . . . (βn − αn).

Example 19.2.4. Of course not all functions are Riemann integrable in Rn either. Let I be a closed
interval in Rn and define f : I → R by

f(x) =

{
1 if x = (x1, . . . , xn) ∈ I and x1, . . . , xn are rational,

0 otherwise.

This function f is not Riemann integrable.

19.2 Properties of the Riemann Integral in Rn

Proposition 19.1. We have the following:

1. If f, g ∈ R(I), I ⊆ Rn, then f + g ∈ R(I) and∫
I

(f + g) dx =

∫
I

f dx+

∫
I

g dx.

2. If f ∈ R(I) and c ∈ R, then cf ∈ R(I) and∫
I

cf dx = c

∫
I

f dx.

3. If f ≥ 0 on I and f ∈ R(I), then ∫
I

f dx ≥ 0.

4. If f ≤ g on I and f, g ∈ R(I), then ∫
I

f dx ≤
∫
I

g dx.

5. If m ≤ f ≤M and f ∈ R(I), then

mVol(I) ≤
∫
I

f dx ≤M Vol(I),

where Vol(I) = (b1 − a1) . . . (bn − an).

Proof. Check these properties as an exercise.
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19.3 Conditions for Riemann Integrability in Rn

Lemma 19.1. Let I be a closed interval in Rn. Then f ∈ R(I) if and only if for all ϵ > 0, there exists
δ > 0 such that |S1 − S2| < ϵ whenever S1, S2 are two Riemann sums with partitions of width < δ.

Proof. Roughly the same idea as in R, see Rosenlicht for details.

Example 19.2.5 (General step functions). Let (x01, x
1
1, . . . , x

N1
1 ), . . . , (x0n, x

1
n, . . . , x

Nn
n ) be a partition of

I. A step function f : I → R is defined by

f(x) =

{
cj1,...,jn if xj1−1

i < xi < xjii for all i = 1, 2, . . . , n

0 otherwise

for some constants cj1,...,jn ∈ R. Observe that f is a linear combination of simple step functions, so it is
integrable. To be more precise, notice that we can write

f =
∑

cj1,...,jnfj1,...,jn , where fj1,...,jn(x) =

{
1 if xji−1

i < xi < xjii for all i = 1, 2, . . . , n,

0 otherwise.

Then we get ∫
I

f dx =
∑

1≤ji≤Ni
1≤i≤n

cj1,...,jn(x
j1
1 − xj1−1

1 ) . . . (xjnn − xjn−1
n ).

Proposition 19.2. Let I ⊆ Rn be a closed interval and f : I → R. Then f ∈ R(I) if and only if for
any ϵ > 0, there exist step functions f1, f2 on I such that f1(x) ≤ f(x) ≤ f2(x) for all x ∈ I and∫

I

(f2 − f1) dx < ϵ.

Proof. Similar to the proof in R, see Rosenlicht for details.

Corollary 19.0.1. If I is a closed interval f ∈ R(I), then f is bounded on I.

Proof. This follows from the proof of Proposition 19.2, like in the case of R.

Corollary 19.0.2. Let I ⊆ J be closed intervals in Rn and f : J → R such that f(x) = 0 if x ∈ J \ I.
Then f ∈ R(J) if and only if f ∈ R(I). Moreover, in this case we have∫

I

f dx =

∫
J

f dx.

Proof. (⇐) Suppose f ∈ R(I). Then for any ϵ > 0, there exist two step functions f1, f2 on I such that
f1(x) ≤ f(x) ≤ f2(x) for all x ∈ I and ∫

I

(f2 − f1) dx < ϵ.
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Extend the step functions f1, f2 to J by setting f1(x) = f2(x) = 0 if x ∈ J \ I. Note that f1, f2 become
step functions on J if we extend them in this manner. Since f ≡ 0 on J \I, we have f1(x) ≤ f(x) ≤ f2(x)
for all x ∈ J , and ∫

J

(f2 − f1) dx =

∫
I

(f2 − f1) dx < ϵ.

So f ∈ R(J). To see that the two integrals are the same, observe that∫
I

f1 ≤
∫
I

f ≤
∫
I

f2 and

∫
I

f1 =

∫
J

f1 ≤
∫
J

f ≤
∫
J

f2 =

∫
I

f2,

so we get ∣∣∣∣∫
I

f −
∫
J

f

∣∣∣∣ ≤ ∫
I

(f2 − f1) < ϵ =⇒
∫
I

f =

∫
J

f

since ϵ was arbitrary.

(⇒) Suppose f ∈ R(J). Then for any ϵ > 0, there exist step functions f1, f2 on J such that

f1(x) ≤ f(x) ≤ f2(x) for all x ∈ J and

∫
J

(f2 − f1) < ϵ.

Define g1, g2 on I by restricting f1, f2 to I. Then g1, g2 are step functions on I and g1 ≤ f ≤ g2 on I.
Now we also have ∫

I

(g2 − g1) =

∫
I

(f2 − f1) ≤
∫
J

(f2 − f1) < ϵ

since f1 ≤ f2, so f2 − f1 ≥ 0 on J . This gives f ∈ R(I).

19.4 Extending the Integral

Definition 19.3. If f : Rn → R and f ≡ 0 outside a bounded set (bounded support),1 then there exists
a closed interval I ⊆ Rn such that f(x) = 0 outside I. Then we say f is integrable on Rn if f ∈ R(I),
and we define ∫

Rn

f dx =

∫
I

f dx.

Remark. The above definition is independent of the choice of I. This is because if I, I ′ both contain
the support of f , then there exists J ⊃ I ∪ I ′, so that∫

I

f exists ⇐⇒
∫
J

f exists ⇐⇒
∫
I′
f exists and

∫
I

f dx =

∫
I′
f dx =

∫
J

f dx.

1The support of f is the set on which its zero.
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Mar. 26 — Extending the Integral in Rn

20.1 Extending the Riemann Integral in Rn

Definition 20.1. If f is defined on an arbitrary set A ⊆ Rn, define f : Rn → R by zero extension, i.e.

f(x) =

{
f(x) if x ∈ A,

0 if x /∈ A.

If the support of f is a bounded subset of Rn, then we define the integral of f over A as∫
A

f =

∫
Rn

f.

Remark. We note once again that there exist functions which are not Riemann integrable on Rn. Let A
be the points in a closed interval of Rn with all rational coordinates. Then f = 1 is not integrable on A.

Remark. If A is bounded and f = 1, then∫
A

f =

∫
A

1 = Vol(A)

if 1 is integrable on A. This volume is also called the Jordan measure of A. The previous remark shows
that not every set is Jordan measurable.

Proposition 20.1. We have the following:

1. Let A ⊆ Rn and f, g be two integrable functions on A. Then f + g is also integrable and∫
A

(f + g) =

∫
A

f +

∫
A

g.

2. If f is integrable on A and c ∈ R, then cf is integrable on A and∫
A

cf = c

∫
A

f.

3. If f(x) ≥ 0 on A and f is integrable, then ∫
A

f ≥ 0.
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4. If f(x) ≤ g(x) on A and f, g are integrable, then∫
A

f ≤
∫
A

g.

5. If m ≤ f(x) ≤M on A and A has a volume, and f is integrable on A, then

mVol(A) ≤
∫
A

f ≤M Vol(A).

Proof. Left as an exercise. Note that the proof in the case where A is a box is already done.

20.2 Sets of Measure Zero

Proposition 20.2. We have the following:

1. A set A ⊆ Rn has zero volume if and only if for any ϵ > 0, there exist a finite number of closed
intervals in Rn containing A with the sum of their volumes less than ϵ.

2. Any subset of a subset of Rn of zero volume is of zero volume.

3. If A ⊆ Rn has zero volume and B ⊆ Rn has volume, then

Vol(A ∪B) = Vol(B) and Vol(B \ A) = Vol(B).

4. The union of a finite number of zero volume sets is of zero volume.

5. If A has zero volume and f : A→ R is bounded, then f is integrable on A and∫
A

f = 0.

6. If S ⊆ Rn−1 is compact and f : S → R, then the graph of f in Rn, i.e. the set

{(x1, . . . , xn) ∈ Rn : (x1, . . . , xn−1) ∈ S, xn = f(x1, . . . , xn−1)},

is of zero volume.

Proof. See the textbook (Rosenlicht).

Proposition 20.3. Let A,B be two subsets of Rn such that Vol(A ∩ B) = 0 and f : A ∪ B → R is
integrable on both A and B. Then ∫

A∪B
f =

∫
A

f +

∫
B

f.

Proof. Define f1, f2, f3 : Rn → R by

f1(x) =

{
f(x) if x ∈ A,

0 if x /∈ A,
f2(x) =

{
f(x) if x ∈ B,

0 if x /∈ B,
and f3(x) =

{
f(x) if x ∈ A ∩B,
0 if x /∈ A ∩B.
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Then ∫
Rn

f1 =

∫
A

f and

∫
Rn

f2 =

∫
B

f. (1)

Since f is integrable on A and B, it must be bounded on A and B. Then∫
Rn

f3 =

∫
A∩B

f = 0 (2)

since Vol(A ∩B) = 0 and f is bounded on A ∩B. Now if x ∈ A ∪B, then f(x) = f1 + f2 − f3, and if
x /∈ A ∪B, then f1 + f2 − f3 = 0. Then we get that∫

A∪B
f =

∫
Rn

(f1 + f2 − f3) =

∫
Rn

f1 +

∫
Rn

f2 −
∫
Rn

f3 =

∫
A

f +

∫
B

f

from (1) and (2), as required.

Corollary 20.0.1. If A and B have volume and A ∩B has zero volume, then

Vol(A ∪B) = Vol(A) + Vol(B).

Proof. Choose f = 1 in the previous proposition.

Theorem 20.1 (Lebesgue’s criterion for Riemann integrability). Let A ⊆ Rn be a set with volume and
let f : A→ R be a bounded function that is continuous except on a subset of A with zero volume. Then
f is integrable on A.

Proof. First we consider the case where A is a closed interval in Rn and f is continuous on A. Now f is
continuous on a compact set, so it is bounded, i.e. there exists M ∈ R such that |f(x)| ≤M on A. Also
since A is compact, in fact f is uniformly continuous on A, so for any ϵ > 0, there exists δ > 0 such that
|f(x)− f(y)| < ϵ if d(x, y) < δ. Choose a partition of A = I into closed subintervals I1, . . . , IN such that
I = I1 ∪ I2 ∪ · · · ∪ IN and Vol(Ii ∩ Ij) = 0,1 and d(x, y) < δ if x, y ∈ Ij. Define

f1(x) =

{
min{f(y) : y ∈ Ij} if x ∈ Ij and x /∈ Ik for k ̸= j

−M otherwise.

Similarly define

f2(x) =

{
max{f(y) : y ∈ Ij} if x ∈ Ij and x /∈ Ik for k ̸= j

M otherwise.

By construction we have f1 ≤ f ≤ f2, and
2

∫
I

(f2 − f1) =
N∑
j=1

∫
int Ij

(f2 − f1) ≤
N∑
j=1

ϵVol(Ij) = ϵVol(I)

by uniform continuity. So f is integrable on A in this case. Rest of the proof for next class.

1Cutting the box into little rectangles is sufficient to do this, for example.
2Here int Ij denotes the interior of Ij .



Lecture 21

Apr. 2 — Iterated Integrals

21.1 Double Integrals and Iterated Integrals

Theorem 21.1. Suppose f(x, y) is integrable on D = [a, b] × [c, d] and for each x ∈ [a, b], f(x, y) is
integrable on [c, d]. Then∫ b

a

dx

[∫ d

c

f(x, y) dy

]
exists and

∫ b

a

dx

[∫ d

c

f(x, y) dy

]
=

∫∫
D

f(x, y) dxdy

Proof. Divide [a, b] and [c, d] by a = x0 < x1 < · · · < xn = b and c = y0 < y1 < · · · < ym = d. Take
ξi ∈ [xi−1, xi] and ηj ∈ [yj−1, yj] for each 1 ≤ i ≤ n and 1 ≤ j ≤ m. Denote

∆ = max{∆xi,∆yj}, ∆xi = xi − xi−1, ∆yj = yj − yj−1.

Then

S =
n∑
i=1

m∑
j=1

f(ξi, ηj)∆xi∆yj →
∫∫

D

f(x, y) dxdy

as ∆ → 0 since f is integrable on D. Let λ1 = max{∆xi} and λ2 = max{∆yj}. Note that ∆ → 0 if and
only if λ1, λ2 → 0. Then we can write

S =
n∑
i=1

[
m∑
j=1

f(ξi, ηj)∆yj

]
∆xi →

n∑
i=1

[∫ d

c

f(ξi, y) dy

]
∆xi

as λ2 → 0 since f(x, y) is integrable in y for any fixed x. Now taking λ1 → 0,∫ b

a

dx

[∫ d

c

f(x, y) dy

]
= lim

λ1→0

n∑
i=1

[∫ d

c

f(ξi, y) dy

]
∆xi = lim

∆→0
S =

∫∫
D

f(x, y) dxdy

from before. So the left-hand side integral exists and equals the double integral.

Remark. Knowing that f(x, y) is integrable on D = [a, b]× [c, d] does not in general imply that f(x, y)
is integrable on [c, d] for any fixed x ∈ [a, b].

Example 21.0.1. Let D = [0, 1]× [0, 1] and

f(x, y) =


1/p if x = r/p for r, p coprime, y is irrational

1/q if y = s/q for s, q coprime, x is irrational

0 if x, y are both rational or irrational.
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Observe that f is integrable on D since for any ϵ > 0, f(x, y) ≥ ϵ only on a finite number of straight
lines. So there exists a partition such that the finite number of lines are contained in a union of small
rectangular domains with area < ϵ. Then the total oscillation amplitude of this partition for f(x, y) is

n∑
i=1

ωi(f)∆σi =
∑

oscillation ≤ ϵ

ωi(f)∆σi +
∑

contains lines

ωi(f)∆σi ≤ ϵ+ ϵ = 2ϵ

where ∆σi = ∆xi∆yi. So f(x, y) is integrable on D. Now for a fixed x = r/p, we have

f(r/p, y) =

{
0 if y is rational

1/p if y is irrational.

This function is not integrable for y ∈ [0, 1].

Corollary 21.1.1. If f is integrable on D = [a, b]× [c, d] and for fixed y ∈ [c, d], f(x, y) is integrable on
[a, b]. Then ∫∫

D

f(x, y) dxdy =

∫ d

c

[∫ b

a

f(x, y) dx

]
dy.

Proof. Repeat the same proof but start by integrating in x.

Theorem 21.2. Let φ1, φ2 : [a, b] → R be continuous and define the Type I region

D = {(x, y) ∈ R2 : a ≤ x ≤ b, φ1(x) ≤ y ≤ φ2(x)}.

Assume f(x, y) is integrable on D and for each x ∈ [a, b],

I(x) =

∫ φ2(x)

φ1(x)

f(x, y) dy

exists. Then ∫∫
D

f(x, y) dxdy =

∫ b

a

[∫ φ2(x)

φ1(x)

f(x, y) dy

]
dx.

Proof. Let c = infa≤x≤b φ1(x) and d = supa≤x≤b φ2(x), so that D ⊆ R = [a, b]× [c, d]. Define

f ∗(x, y) =

{
f(x, y) if (x, y) ∈ D

0 if (x, y) ∈ R \D.

Then f ∗ is integrable on R and ∫∫
R

f ∗(x, y) dxdy =

∫∫
D

f(x, y) dxdy

since ∫∫
R

f ∗(x, y) dxdy =

∫∫
D

f ∗(x, y) dxdy +

∫∫
R\D

f ∗(x, y) dxdy =

∫∫
D

f(x, y) dxdy.

since D is a measurable set. Now apply the previous theorem to f ∗ on R to get∫∫
D

f(x, y) dxdy

∫∫
R

f ∗(x, y) dxdy =

∫ b

a

[∫ d

c

f ∗(x, y) dy

]
dx =

∫ b

a

[∫ φ2(x)

φ1(x)

f(x, y) dy

]
dx,

which is the desired result.
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Corollary 21.2.1. Let ϕ1, ϕ2 : [c, d] → R be continuous and define the Type II region

D = {(x, y) ∈ R2 : c ≤ y ≤ d, ϕ1(y) ≤ x ≤ ϕ2(y)}.

Assume f is integrable on D and for each y ∈ [c, d], f(x, y) is integrable on [ϕ1(y), ϕ2(y)]. Then∫∫
D

f(x, y) dxdy =

∫ d

c

[∫ ϕ2(y)

ϕ1(y)

f(x, y) dx

]
dy.

Proof. Repeat the same proof.

21.2 Applications

Example 21.0.2. Assume p(x) is integrable on [a, b] and p(x) ≥ 0, and f(x), g(x) are increasing on
[a, b]. Show ∫ b

a

p(x)f(x) dx

∫ b

a

p(x)g(x) dx ≤
∫ b

a

p(x) dx

∫ b

a

p(x)f(x)g(x) dx.

Proof. Let

∆ =

∫ b

a

p(x)f(x)g(x) dx

∫ b

a

p(x) dx−
∫ b

a

p(x)f(x) dx

∫ b

a

p(x)g(x) dx.

Replace the integration variable from x to y in the two parts to get

∆ =

∫ b

a

p(x)f(x)g(x) dx

∫ b

a

p(y) dy −
∫ b

a

p(x)f(x) dx

∫ b

a

p(y)g(y) dy.

Let D = [a, b]× [a, b], and by the previous theorem we get

∆ =

∫∫
D

[p(x)f(x)g(x)p(y)− p(x)f(x)p(y)g(y)] dxdy =

∫∫
D

p(x)p(y)f(x) [g(x)− g(y)] dxdy. (1)

By symmetry,

∆ =

∫∫
D

p(x)p(y)f(y) [g(y)− g(x)] dxdy. (2)

also. Add (1) and (2) and divide by 2 to get

∆ =
1

2

∫∫
D

p(x)p(y)[f(x)− f(y)][g(x)− g(y)]dxdy ≥ 0

since p(x) ≥ 0, and f(x)− f(y) and g(x)− g(y) have the same sign since f, g are increasing.

Example 21.0.3. To compute

I =

∫
R
e−x

2

dx,

we can use a similar trick and write

I2 =

∫
R
e−x

2

dx

∫
R
e−y

2

dy =

∫∫
R2

e−(x2+y2) dxdy =

∫ ∞

0

∫ 2π

0

e−r
2

r dθdr = 2π

∫ ∞

0

e−r
2

r dr = π,

so we get that I =
√
π. Note that we get a factor for u-substitution after changing to polar coordinates.
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21.3 Triple Integrals and Iterated Integrals in 3D

Theorem 21.3. Let D be a measurable region in the xy-plane and φ1, φ2 : D → R be continuous, and
define

V = {(x, y, z) ∈ R3 : (x, y) ∈ D, φ1(x, y) ≤ z ≤ φ2(x, y)}.

If f(x, y, z) is integrable on V and for each (x, y) ∈ D, f(x, y, z) is integrable on [φ1(x, y), φ2(x, y)], then∫∫∫
V

f(x, y, z) dxdydz =

∫∫
D

dxdy

[∫ φ2(x,y)

φ1(x,y)

f(x, y, z) dz

]
.

Proof. Similar idea, zero-extend f to a box in R3 and integrate.

Theorem 21.4. Suppose we have D : [c, d] → R2 and a region of the form

V = {(x, y, z) ∈ R3 : c ≤ z ≤ d, (x, y) ∈ D(z)}.

If f(x, y, z) is integrable on V and for each z ∈ [c, d], D(z) is measurable and f(x, y, z) is integrable on
D(z), then ∫∫∫

V

f(x, y, z) dxdydz =

∫ d

c

dz

[∫∫
D(z)

f(x, y, z) dxdy

]
.

Proof. Use a similar idea.



Lecture 22

Apr. 4 — Change of Variables

22.1 Change of Variables for Double Integrals

Consider a region G in uv-coordinates, and define a transformation T on G to xy-coordinates by

T :

{
x = x(u, v)

y = y(u, v).

Set Ω = T (G). Assume that T is injective and T ∈ C2(G).

Definition 22.1. We define the Jacobian of T to be

J(u, v) =
∂(x, y)

∂(u, v)
= det

(
∂x/∂u ∂x/∂v
∂y/∂u ∂y/∂v

)
.

Remark. The Jacobian J does not change sign in G.

The goal now is to show the change of variables formula∫∫
Ω

f(x, y) dxdy =

∫∫
G

f(x(u, v), y(u, v))|J(u, v)| dudv.

Notice the extra |J(u, v)| factor on the right-hand side.

Remark. Let Γ be a closed curve in the counterclockwise orientation that encloses Ω. If Γ is piecewise
continuous, then recall that by Green’s theorem we have

area(Ω) =
1

2

∮
Γ

x dy − y dx.

Lemma 22.1. Let G = (u0, u0 + h) × (v0, v0 + h) be a square region for some h > 0. Assume T is
injective and T ∈ C2(G). Then1

m(TG) =

∫∫
G

|J(u, v)| dudv.
1Recall that m(TG) denotes the measure of TG. Also TG is the image of G under T .
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Proof. When J > 0, ∂(TG) is counterclockwise, so by the previous remark we can calculate

2 area(TG) =

∫ u0+h

u0

[
x(u, v0)

∂y(u, v0)

∂u
− y(u, v0)

∂x(u, v0)

∂u

]
du

+

∫ v0+h

v0

[
x(u0 + h, v)

∂y(u0 + h, v)

∂v
− y(u0 + h, v)

∂x(u0 + h, v)

∂v

]
dv

+

∫ u0

u0+h

[
x(u, v0 + h)

∂y(u, v0 + h)

∂u
− y(u, v0 + h)

∂x(u, v0 + h)

∂u

]
du

+

∫ v0

v0+h

[
x(u0, v)

∂y(u0, v)

∂v
− y(u0, v)

∂x(u0, v)

∂v

]
dv

= I + II + III + IV.

By the fundamental theorem of calculus, we get

I =

∫ u0+h

u0

[
x(u, v0 + h)

∂(u, v0 + h)

∂u
− x(u, v0)

∂y(u, v0)

∂u

]
du

=

∫ u0+h

u0

du

[∫ v0+h

v0

∂x(u, v)

∂v

∂y(u, v)

∂u
+ x(u, v)

∂2y(u, v)

∂v∂u

]
dv =

∫∫
G

[
∂x

∂v

∂y

∂u
+ x

∂2y

∂v∂u

]
dudv.

Similarly apply this to the other three sides and combine to get (note that T is C2 on G),

2 area(TG) =

∫∫
G

[
∂x

∂u

∂y

∂v
+ x

∂2y

∂u∂v

]
dudv −

∫∫
G

[
∂x

∂v

∂y

∂u
+ x

∂2y

∂v∂u

]
dudv

+

∫∫
G

[
∂y

∂v

∂x

∂u
+ y

∂2x

∂v∂u

]
dudv −

∫∫
G

[
∂y

∂u

∂x

∂v
+ y

∂2x

∂u∂v

]
dudv

= 2

∫∫
G

(
∂x

∂u

∂y

∂v
− ∂x

∂v

∂y

∂u

)
= 2

∫∫
G

J(u, v) dudv,

which is the desired result. The absolute value of J is necessary when J < 0, since ∂(TG) is clockwise.

Theorem 22.1. Let T : G→ Ω, where G and Ω are both measurable sets in R2. Suppose T is bijective
and T ∈ C2(G), (and that J(u, v) ̸= 0 in G).2 If f(x, y) is integrable on Ω, then∫∫

Ω

f(x, y) dxdy =

∫∫
G

f(x(u, v), y(u, v))|J(u, v)| dudv.

Proof. Use parallel lines with distance h to cut G into small “rectangular” (except near the boundary)
sets ∆σi. Let

∆ = {∆σ1,∆σ2, . . . ,∆σn︸ ︷︷ ︸
contained in intG

,∆σn+1, . . . ,∆σn+p︸ ︷︷ ︸
intersects with ∂G

}.

Let (ui, vi) ∈ ∆σi with 1 ≤ i ≤ n. Then T : ∆σi → T (∆σi), so that xi = x(ui, vi) and yi = y(ui, vi). By
the lemma,

m(T (∆σi)) =

∫∫
∆σi

|J(u, v)| dudv = |J(ui, vi)|m(∆σi) = h2|J(ui, vi)|.

2This last condition is implied by the previous two.
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for some (ui, vi) ∈ ∆σi by the middle value theorem (also note that m(∆σi) = h2). So if f is continuous
on G, then ∫∫

G

f dxdy = f(ξ)m(G)

where ξ is some point in G. Now consider a limit of the Riemann sums. We have

lim
h→0

n∑
i=1

f(x(ui, vi), y(ui, vi)) |J(ui, vi)|m(∆σi)︸ ︷︷ ︸
=m(T (∆σi))

=

∫∫
Ω

f(x, y) dxdy

since for the sets near the boundary,

lim
h→0

n+p∑
i=n+1

m(T (∆σi)) = 0 =⇒ lim
h→0

n+p∑
i=n+1

f(xi, yi)m(T (∆σi)) = 0.

and f is integrable and thus bounded on Ω. Now if J(ui, vi) → J(ui, vi), then

n∑
i=1

f(x(ui, vi), y(ui, vi))|J(ui, vi)|m(∆σi) →
∫∫

G

f(x(u, v), y(u, v))|J(u, v)| dudv

as h → 0. To see that J(ui, vi) → J(ui, vi), observe that for any ϵ > 0, since |J(u, v)| is uniformly
continuous on G, there exists δ > 0 such that

d((ui, vi), (ui, vi)) < δ =⇒ ||J(ui, vi)| − |J(ui, vi)|| <
ϵ

M ·m(G)
,

where |f | ≤M on G. So if h < δ/
√
2, then we have∣∣∣∣∣

n∑
i=1

f(xi, yi)|J(ui, vi)|m(∆σi)−
n∑
i=1

f(xi, yi)|J(ui, vi)|m(∆σi)

∣∣∣∣∣ ≤ ϵ

M ·m(G)
·M ·m(G) = ϵ.

This finishes the desired result.

Remark. The theorem actually also holds for T ∈ C1(G). This is because if∫∫
G

f(x(u, v), y(u, v))|J(u, v)| dudv =

∫∫
Ω

f(x, y) dxdy

for any T ∈ C2, then we can choose T n ∈ C2 such that |Tn − T |C1 → 0. Then we have∫∫
G

f(xn(u, v), yn(u, v))|Jn(u, v)| dudv =

∫∫
Tn(G)

f(x, y) dxdy.

As n→ ∞, we have Tn(G) → T (G) = Ω, so that

LHS →
∫∫

G

f(x(u, v), y(u, v))|J(u, v)| dudv and RHS →
∫∫

Ω

f(x, y) dxdy

since we have uniform convergence.
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22.2 Change of Variables in 3D

Let G be a measurable set in R3 with uvw-coordinates and

T :


x = x(u, v, w)

y = y(u, v, w)

z = z(u, v, w)

.

Set D = T (G). Assume that T is a homeomorphism and T ∈ C1(G). Then define

J(u, v, w) =
∂(x, y, z)

∂(u, v, w)
= det

∂x/∂u ∂x/∂v ∂x/∂w
∂y/∂u ∂y/∂v ∂y/∂w
∂z/∂u ∂z/∂v ∂z/∂w

 .

If f is integrable on D, then∫∫∫
D

f(x, y, z) dxdydz =

∫∫∫
G

f(x(u, v, w), y(u, v, w), z(u, v, w))|J(u, v, w)| dudvdw.

The proof is similar to the 2D case (get a formula for the cube and proceed similarly).



Lecture 23

Apr. 9 — Change of Variables, Part 2

23.1 Change of Variables Examples

Example 23.0.1. Compute

I =

∫∫
D

√√
x+

√
y dxdy

where D is enclosed by C :
√
x+

√
y = 1 and the coordinate axes.

Proof. We would like C : x = cos4 t, y = sin4 t for 0 ≤ t ≤ π/2. So let

T :

{
x = r cos4 t, 0 ≤ r ≤ 1

y = r sin4 t, 0 ≤ t ≤ π/2.

This gives T : [0, 1]× [0, π/2] → D which sends (r, t) → (x, y). Then

J(r, t) = det

(
∂x/∂r ∂x/∂t
∂y/∂r ∂y/∂t

)
= 4r cos3 t sin3 t.

Now making the change of variables in the integral gives

I =

∫ π/2

0

∫ 1

0

r1/44r cos3 t sin3 t drdt =

∫ 1

0

4r5/4 dr

∫ π/2

0

cos3 t sin3 t dt =
2

15
.

The latter integral can be calculated by writing sin2 t = 1−cos2 t and using the substitution u = cos t.

Example 23.0.2. Let h =
√
α2 + β2 + γ2 > 0 and f be continuous on [−h, h]. Show that∫∫∫

V

f(αx+ βy + γz) dxdydz = π

∫ 1

−1

(1− ζ2)f(hζ) dζ,

where V : x2 + y2 + z2 ≤ 1.

Proof. Setting αx+ βy + γz = 0 defines a plane passing through the origin in R2. Choose the ζ-axis
to be normal to this plane, and let ξ, η be two orthogonal axes on the plane. Define the coordinate
transformation T−1 : (ξ, η, ζ) → (x, y, z) be given by

ξ = a1x+ b1y + c1z

η = a2x+ b2y + c2z

ζ = (αx+ βy + γz)/h,

97
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where {(a1, b1, c1)T , (a2, b2, c2)T} is an orthonormal basis for the plane. Note that (α, β, γ)T is the normal
vector of the plane. Then

∂(ξ, η, ζ)

∂(x, y, z)
= det

 a1 b1 c1
a2 b2 c2
α/h β/h γ/h

 = 1

since this matrix is orthogonal and preserves orientation by construction. This gives

J(ξ, η, ζ) =
∂(x, y, z)

∂(ξ, η, ζ)
=

(
∂(ξ, η, ζ)

∂(x, y, z)

)−1

= 1.

Now under the transformation T−1, we have

V : {x2 + y2 + z2 ≤ 1} T−1

−−→ G : {ξ2 + η2 + ζ2 ≤ 1}.

Substituting this into the integral, we get∫∫∫
V

f(αx+ βy + γz) dxdydz =

∫∫∫
ξ2+η2+ζ2≤1

f(hζ) dξdηdζ

=

∫ 1

−1

dζ

∫∫
ξ2+η2≤1−ζ2

f(hζ) dξdη =

∫ 1

−1

f(hζ)π(1− ζ2) dζ,

which is the desired result.

23.2 The Cylindrical and Spherical Coordinate Systems

The cylindrical coordinate system is the change of variables (x, y, z) → (r, θ, z) given by
x = r cos θ

y = r sin θ

z = z

with J(r, θ, z) = r.

The spherical coordinate system is the change of variables (x, y, z) → (r, φ, θ) given by
x = r sinφ cos θ

y = r sinφ sin θ

z = r cosφ

with J(r, φ, θ) = r2 sinφ.

For spherical coordinates we have r ≥ 0, 0 ≤ φ ≤ π, and 0 ≤ θ ≤ 2π.

Example 23.0.3. Find ∫∫∫
V

(x2 + y2 + z2) dxdydz

where V : x2/a2 + y2/b2 + z2/c2 ≤ 1.

Proof. Define the transformation

T :


x = ar sinφ cos θ

y = br sinφ sin θ

z = cr cosφ.



LECTURE 23. APR. 9 — CHANGE OF VARIABLES, PART 2 99

Then we have
∂(x, y, z)

∂(r, φ, θ)
= abcr2 sinφ.

Making the substitution, this gives∫∫∫
V

(x2 + y2 + z2) dxdydz

=

∫ 2π

0

dθ

∫ π

0

dφ

∫ 1

0

(a2 sin2 φ cos2 θ + b2 sin2 φ sin2 θ + c2 cos2 φ)abcr4 sinφdr

=
4

15
abc(a2 + b2 + c2)π

as the desired result.

23.3 More Change of Variables Examples

Example 23.0.4. Find

I =

∫ ∞

0

e−ax − e−bx

x
dx

for a, b > 0.

Proof. First observe that for fixed x > 0, we can write

e−ax − e−bx

x
= −e

−yx

x

∣∣∣∣y=b
y=a

=

∫ b

a

d

dy
(−e

−yx

x
) dy =

∫ b

a

e−xy dy

by the fundamental theorem of calculus. This then gives

I =

∫ ∞

0

dx

∫ b

a

e−xy dy = lim
T→∞

∫ T

0

dx

∫ b

a

e−xy dy

For the latter integral, we can switch the order of integration to get∫ T

0

dx

∫ b

a

e−xy dy =

∫ b

a

dy

∫ T

0

e−xy dx =

∫ b

a

dy

[
−e

−xy

y

]x=T
x=0

=

∫ b

a

1− e−Ty

y
dy

=

∫ b

a

1

y
dy −

∫ b

a

e−Ty

y
dy = ln(b/a)−

∫
Ta

Tb
e−Ty

′

y′
dy′,

where y′ = Ty. Letting T → ∞, we have

I = lim
T→∞

∫ T

0

dx

∫ b

a

e−xy dy = ln(b/a)− lim
T→∞

∫ Tb

Ta

e−Ty
′

y′
dy′ = ln(b/a) (∗)

since ∫ ∞

1

e−y

y
dy converges and h(A) =

∫ A

0

e−y

y
dy is Cauchy in A,

so that the latter integral in (∗) vanishes as T → ∞.
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Remark. We might have been able to just switch orders at the very beginning with the improper
integral, but we need to argue uniform convergence so that the exchange is permissible.

Exercise 23.1. Let f be differentiable on (0,∞) and suppose that∫ ∞

1

f(t)

t
dt

exists. Then for a, b > 0, show that

I =

∫ ∞

0

f(ax)− f(bx)

x
dx = f(0) ln(b/a).

Remark. The previous example is a special case of this exercise, with f(x) = e−x.



Lecture 24

Apr. 11 — Green’s Theorem

24.1 Midterm 2 Problems

The following was Problem 3 on Midterm 2:

Exercise 24.1. For a given function y(t) ∈ C[0, 1] (i.e. continuous functions in [0, 1]) and a constant
λ ∈ R with |λ| < 1, show that the integral equation

x(t)− λ

∫ 1

0

et−sx(s) ds = y(t) (∗)

has a unique solution x(t) ∈ C[0, 1].

Remark. A common idea was to define

T : x(t) 7→ y(t) + λ

∫ 1

0

et−sx(s) ds.

and ρ(u, v) = supt∈[0,1] |u(t)− v(t)|. But we run into problems since

ρ(Tu, Tv) ≤ |λ| sup
t∈[0,1]

∣∣∣∣∫ 1

0

et−s(u(s)− v(s)) ds

∣∣∣∣ ≤ |λ|ρ(u, v) sup
t∈[0,1]

et
∫ 1

0

e−s ds

But supt∈[0,1] e
t = e and the integral evaluates to 1− e−1, so we have

ρ(Tu, Tv) ≤ |λ|e(1− e−1)ρ(u, v) ≤ |λ|(e− 1)ρ(u, v).

This does not work since (e− 1) > 1.

Proof. A better idea is to first transform (∗) by multiplying by e−t:

e−tx(t)− λ

∫ 1

0

e−sx(s) ds = e−ty(t)

since t is independent of the integral. Then set z(t) = e−tx(t) and define

T : z(t) 7→ e−ty(t) + λ

∫ 1

0

z(s) ds.

Using this we can get

d(Tu, Tv) = λ sup
t∈[0,1]

∣∣∣∣∫ 1

0

u(s)− v(s) ds

∣∣∣∣ ≤ λρ(u, v),

which is good enough. Then by the contraction mapping principle, T has a unique fixed point, and
multiplying by et gives a unique solution to (∗).
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24.2 Green’s Theorem

Theorem 24.1 (Green’s theorem). Let D be a region in R2 enclosed by a finite number of measurable
curves, and P (x, y), Q(x, y) be continuous on D with continuous partial derivatives. Then∫

∂D

P dx+Qdy =

∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dxdy. (∗)

Here ∂D is oriented so that {n⃗, τ⃗} is a right-handed coordinate system, where n⃗ is the outward normal
to the region and τ⃗ is the tangent vector of the curve ∂D.1

Proof. First we consider Type I domains, i.e. regions of the form

D = {a ≤ x ≤ b, φ(x) ≤ y ≤ ψ(x)}.

Let A,B,C,D be the four vertices of the region D, going counterclockwise and starting in the bottom-left,
i.e. we have

A = (a, φ(a)), B = (b, φ(b)), C = (b, ψ(b)), D = (a, ψ(a)).

Then ∫
ÃB

P dx =

∫ b

a

P (x, φ(x)) dx,

∫
C̃D

P dx = −
∫ b

a

P (x, ψ(x)) dx,

and ∫
B̃C

P dx =

∫
D̃A

P dx = 0

since x is constant on B̃C and D̃A. Thus∫
∂D

P dx =

∫ b

a

P (x, φ(x)) dx−
∫ b

a

P (x, ψ(x)) dx =

∫ b

a

[P (x, φ(x))− P (x, ψ(x))] dx.

By the fundamental theorem of calculus, we have

P (x, φ(x))− P (x, ψ(x)) = −
∫ ψ(x)

φ(x)

∂P

∂y
(x, y) dy,

so that ∫
∂D

P dx = −
∫ b

a

∫ ψ(x)

φ(x)

∂P

∂y
(x, y) dydx = −

∫∫
D

∂P

∂y
dxdy.

For Type II domains, i.e. regions of the form

D = {c ≤ y ≤ d, φ(y) ≤ x ≤ ψ(y)}.

Using an identical argument, ∫
∂D

Qdy =

∫∫
D

∂Q

∂x
dxdy.

Now if D is of both Type I and Type II, then we have both identities∫
∂D

P dx = −
∫∫

D

∂P

∂y
dxdy and

∫
∂D

Qdy =

∫∫
D

∂Q

∂x
dxdy,

1In other words, the curve ∂D is oriented so that the region D is to its left.
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and adding the two gives ∫
∂D

P dx+Qdy =

∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dxdy,

which is precisely Green’s theorem for this special type of region.

Now let D be a simply connected (i.e. no holes2) domain enclosed by a measurable curve. Then D
can be domain enclosed by a measurable curve. Then we try to divide D by using parallel lines into
D1, . . . , Dn such that each D1, . . . , Dn is of both Type I and Type II. Each subdomain falls into the
previous case, so

n∑
i=1

∫
∂Di

P dx+Qdy =
n∑
i=1

∫∫
Di

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dxdy.

Now notice that each inner part of the ∂Di is traversed twice since it is part of the boundary of two Di,
so these cancel and we get∫

∂D

P dx+Qdy =
n∑
i=1

∫
∂Di

P dx+Qdy =

∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dxdy,

which is Green’s theorem for a simply connected domain.

In the most general case, divide D into a finite number of simply connected domains, and apply the
previous case to each one. We still get cancellation of the inner parts of the boundaries.

2More formally, D is simply connected if it is path-connected and every loop can be contracted to a point.



Lecture 25

Apr. 16 — The Divergence Theorem

25.1 Green’s Theorem for Flux

Remark. For the orientation of the curve ∂D, we can also think of defining the tangent direction τ⃗ by
rotating the outward normal n⃗ by 90◦ counterclockwise.

Remark. Another notation for line integrals is to set v⃗ = ⟨P,Q⟩ and write∫
C

P dx+Qdy =

∫
C

v⃗ · ds =
∫
C

v⃗ · τ⃗ dℓ.

Here v⃗ = ⟨P,Q⟩ is called a vector field.

Corollary 25.0.1 (Green’s theorem for flux). Assume the same hypotheses as in Green’s theorem. Then∫∫
D

(
∂P

∂x
+
∂Q

∂y

)
dxdy =

∫∫
∂D

⟨P,Q⟩ · n⃗ dℓ,

where n⃗ is the outward normal vector to D.

Proof. Set P → −Q and Q→ P in the original statement of Green’s theorem to get∫∫
D

(
∂P

∂x
+
∂Q

∂y

)
dxdy =

∫
∂D

−Qdx+ P dy =

∫∫
∂D

⟨−Q,P ⟩ · ds =
∫∫

∂D

⟨−Q,P ⟩ · τ⃗ dℓ.

Now observe that ⟨−Q,P ⟩ is ⟨P,Q⟩ rotated 90◦ clockwise, so that ⟨−Q,P ⟩ · τ⃗ = ⟨P,Q⟩ · n⃗.

25.2 An Application of Green’s Theorem

Example 25.0.1. Let C be a measurable closed curve enclosing the origin. Show that

I =

∫
C

x dy − y dx

x2 + y2
= 2π.

Proof. Set

P = − y

x2 + y2
and Q =

x

x2 + y2
.

Since P,Q have singularities at the origin, let Cϵ = {x2 + y2 = ϵ2} be a circle of radius ϵ for ϵ small. Let

Dϵ = D \Bϵ,
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where D is the region enclosed by C and Bϵ = {x2 + y2 ≤ ϵ2}. Then by Green’s theorem, we have∫
∂Dϵ

x dy − y dx

x2 + y2
=

∫∫
Dϵ

(
∂Q

∂x
− ∂P

∂y

)
︸ ︷︷ ︸

=0

dxdy = 0.

Now observe ∫
∂Dϵ

x dy − y dx

x2 + y2
=

∫
C

x dy − y dx

x2 + y2
−
∫
Cϵ

x dy − y dx

x2 + y2
,

where C and Cϵ is oriented counterclockwise. This gives∫
C

x dy − y dx

x2 + y2
=

∫
Cϵ

x dy − y dx

x2 + y2
.

Now parametrize Cϵ by x = ϵ cos t and y = ϵ sin t for 0 ≤ t ≤ 2π. Then∫
Cϵ

x dy − y dx

x2 + y2
=

∫ 2π

0

ϵ cos t · ϵ cos t− ϵ sin t · (−ϵ sin t)
ϵ2

dt =

∫ 2π

0

1 dt = 2π,

which is the desired result.

25.3 The Divergence Theorem

Remark. The divergence theorem is also sometimes called Gauss’s formula.

Remark. Recall that for a surface S : z = f(x, y). This is called the graph of f and we have

n⃗ =
1√

1 + f 2
x + f 2

y

⟨−fx,−fy, 1⟩.

Then we get ∫∫
S

v⃗ · n⃗ dS =

∫∫
S

v⃗ · ⟨−fx,−fy, 1⟩ dxdy,

where dS =
√

1 + f 2
x + f 2

y dxdy.

Theorem 25.1 (Divergence theorem). Let D be a bounded region in R3 enclosed by a finite number of
piecewise smooth orientable surfaces.1 Suppose we have a vector field v⃗ = ⟨P,Q,R⟩ that is continuous
with continuous partial derivatives in D. Then∫∫∫

D

∇ · v⃗ dxdydz =
∫∫∫

D

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dxdydz =

∫∫
∂D

v⃗ · n⃗ dS,

where n⃗ is the outward normal vector to D.

Proof. First consider Type I solids of the form

D = {(x, y) ∈ Ω, φ(x, y) ≤ z ≤ ψ(x, y)}
1A surface is orientable if it has a consistent (and continuous) choice of normal vector everywhere on the surface. The

Möbius strip is an example of a non-orientable surface.
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and let v⃗ = ⟨0, 0, R⟩. In this case we wish to show that∫∫∫
D

∂R

∂z
dxdydz =

∫∫
∂D

v⃗ · n⃗ dS,

where we note that ∇ · v⃗ = ∂R/∂z. Now let ∂D = S1 ∪ S2 ∪ S3 where

S1 = {z = ψ(x, y), (x, y) ∈ Ω},
S2 = {z = φ(x, y), (x, y) ∈ Ω},
S3 = {(x, y) ∈ ∂Ω, φ(x, y) ≤ z ≤ ψ(x, y)}.

Note that n⃗ is upwards on S1, downwards on S2, and outwards radially on S3. Then∫∫
S3

v⃗ · n⃗ dS = 0

since v⃗ ⊥ n⃗ on S3. So we get that∫∫
∂D

v⃗ · n⃗ dS =

∫∫
S1

v⃗ · n⃗ dS +

∫∫
S2

v⃗ · n⃗ dS

=

∫∫
Ω

R(x, y, ψ(x, y)) dxdy −
∫∫

Ω

R(x, y, φ(x, y)) dxdy

=

∫∫
D

[∫ ψ(x,y)

φ(x,y)

∂R

∂z
dz

]
dxdy =

∫∫∫
D

∂R

∂z
dxdydz

by the fundamental theorem of calculus. This is the desired result in this case where D is a Type I solid.
Also note that similar results hold for Type II solids of the form (set v⃗ = ⟨0, Q, 0⟩)

D = {(x, z) ∈ Ω, φ(x, z) ≤ y ≤ ψ(x, z)} =⇒
∫∫∫

D

∂Q

∂y
dxdydz =

∫∫
∂D

v⃗ · n⃗ dS

and Type III solids of the form (set v⃗ = ⟨P, 0, 0⟩)

D = {(y, z) ∈ Ω, φ(y, z) ≤ x ≤ ψ(y, z)} =⇒
∫∫∫

D

∂P

∂x
dxdydz =

∫∫
∂D

v⃗ · n⃗ dS.

The proofs follow similarly as in the Type I solid case.

Now if a solid D is of all three types, then for any vector field v⃗ = ⟨P,Q,R⟩, we can write

v⃗ = v⃗1 + v⃗2 + v⃗3 = ⟨0, 0, R⟩+ ⟨0, Q, 0⟩+ ⟨P, 0, 0⟩.

Now since D is of all three types, we can apply the previous special cases to get∫∫∫
D

∇ · v⃗ dxdydz =
3∑
i=1

∫∫∫
D

∇ · v⃗i dxdydz =
3∑
i=1

∫∫
∂D

v⃗i · n dS =

∫∫
∂D

v⃗ · n⃗ dS.

This verifies the divergence theorem in this case where D is of all three types.

Now check the case where D is a tetrahedron and v⃗ is arbitrary. For each component of v⃗, project
into the corresponding plane to break D into pieces of a specific type of solid. Then apply the special
cases we had before. Note the cancellation on inner surface pieces. We can also get a similar result for
polyhedra in general by breaking them into tetrahedra and applying the tetrahedron case.

Now for a general solid, approximate it by polyhedra and apply the previous cases.

Remark. This is a three-dimensional generalization of the flux version of Green’s theorem.



Lecture 26

Apr. 18 — Stokes’s Theorem

26.1 Stokes’s Theorem

Definition 26.1. The curl of a vector field v⃗ = ⟨P,Q,R⟩, denoted curl v⃗ or ∇× v⃗, is∣∣∣∣∣∣
i j k
∂x ∂y ∂z
P Q R

∣∣∣∣∣∣ = ⟨∂yR− ∂zQ, ∂zP − ∂xR, ∂xQ− ∂yP ⟩.

Theorem 26.1. Let B be a smooth surface in R3 and ∂B consist of a finite number of continuous curves
such that the orientation of ∂B and n⃗ satisfy the right hand rule. Then for v⃗ = ⟨P,Q,R⟩ ∈ C1(B),∫

∂B

v⃗ · ds =
∫∫

B

(∇× v⃗) · n⃗ dS.

Proof. First suppose B is a graph surface, i.e. z = f(x, y) for (x, y) ∈ D. Assume that f ∈ C1(D) and
v⃗ = ⟨P, 0, 0⟩. Then by Green’s theorem, we have

LHS =

∫
∂B

P (x, y, z) dx =

∫
∂D

P (x, y, f(x, y)) dx = −
∫∫

D

∂

∂y
P (x, y, f(x, y)) dxdy

= −
∫∫

D

(
∂P

∂y
+
∂P

∂z

∂f

∂y

)
dxdy.

Now for the right hand side,
∇× v⃗ = ⟨0, ∂zP,−∂yP ⟩,

so that ∫∫
B

(∇× v⃗) · n⃗ dS =

∫∫
D

(∇× v⃗) · ⟨−fx,−fy, 1⟩ dxdy =

∫∫
D

(−∂zPfy − ∂yP ) dxdy.

Comparing this with the LHS, we see that the two agree and thus the theorem holds in this case. Observe
that applying the same argument when v⃗ = ⟨0, Q, 0⟩ gives the similar result that∫

∂B

Qdy =

∫∫
B

(∇× v⃗) · n⃗ dS,

where ∇× v⃗ = ⟨−∂zQ, 0, ∂xQ⟩. Now if B is a graph surface of the form x = f(y, z) for (y, z) ∈ D, then
for v⃗1 = ⟨0, Q, 0⟩ and v⃗2 = ⟨0, 0, R⟩, we have∫

∂B

Qdy =

∫∫
B

(∇× v⃗1) · n⃗ dS and

∫
∂B

Rdz =

∫∫
B

(∇× v⃗2) · n⃗ dS.
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Similarly if B is a graph surface of the form y = f(z, x) for (z, x) ∈ D, then for v⃗1 = ⟨0, 0, R⟩ and
v⃗2 = ⟨P, 0, 0⟩, we have∫

∂B

Rdz =

∫∫
B

(∇× v⃗1) · n⃗ dS and

∫
∂B

P dx =

∫∫
B

(∇× v⃗2) · n⃗ dS.

The proofs for these special cases are identical to the first.

Now if B is a triangle in R3, then B is of all three of the previous types. So for v⃗ = ⟨P,Q,R⟩, we have∫
∂B

P dx+Qdy +Rdz =

∫∫
B

(∇× v⃗) · n⃗ dS,

which follows by breaking v⃗ into its components and applying the previous cases on each component.

For a general surface B, use a union of polygons to approximate B, and furthermore each polygon can
be broken down into triangles. So we can approximate the surface by triangles. Then since Stokes’s
theorem holds for triangles, apply this to each triangle and note the internal edges cancel out. Now
taking the limit to approach B and ∂B, we get Stokes’s theorem for general surfaces.

Remark. Green’s theorem is a special case of Stokes’s theorem when the surface lies in the xy-plane.
Here n⃗ = k⃗ and v⃗ = ⟨P,Q, 0⟩, so

∇× v⃗ = (∂xQ− ∂yP )k⃗,

which gives
(∇× v⃗) · n⃗ = (∂xQ− ∂yP )k⃗ · k⃗ = ∂xQ− ∂yP,

which is precisely the integrand in the statement of Green’s theorem.

26.2 The Generalized Stokes’s Theorem

The generalized Stokes’s theorem is a generalization of Stokes’s theorem to differential forms on manifolds.
Letting ω = P dx+Qdy +Rdz be a 1-form on R3, we can write∫

∂B

ω =

∫
B

dω,

where dω is the exterior derivative of ω, given by

dω =

(
∂P

∂x
dx+

∂P

∂y
dy +

∂P

∂z
dz

)
∧ dx+

(
∂Q

∂x
dx+

∂Q

∂y
dy +

∂Q

∂z
dz

)
∧ dy

+

(
∂R

∂x
dx+

∂R

∂y
dy +

∂R

∂z
dz

)
∧ dz

=

(
−∂P
∂y

+
∂Q

∂x

)
dx ∧ dy +

(
∂P

∂z
− ∂R

∂x

)
dz ∧ dx+

(
∂Q

∂z
− ∂R

∂y

)
dz ∧ dy.

Note that the wedge product ∧ is alternating and multilinear, so that dx∧dx = 0 and dx∧dy = −dy∧dx.
Here dω is a 2-form,1 and we can integrate 2-forms by writing

u1 dy ∧ dz + u2 dz ∧ dx+ u3 dx ∧ dy =⇒ u⃗ = ⟨u1, u2, u3⟩ = ∇× v⃗

1In general, if ω is a k-form, then dω is a (k + 1)-form.
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where v⃗ = ⟨P,Q,R⟩. Using this, we see that∫
B

dω =

∫∫
B

(∇× v⃗) · n⃗ dS,

which recalls the familiar form of Stokes’s theorem.

Recall the divergence theorem, which says that∫∫∫
D

∇ · v⃗ dV =

∫∫
∂D

v⃗ · n⃗ dS.

Here we have the 2-form
ω = v1 dy ∧ dz + v2 dz ∧ dx+ v3 dx ∧ dy

on ∂D. Taking the exterior derivative of ω gives the 3-form

dω =

(
∂v1
∂x

dx+
∂v1
∂y

dy +
∂v1
∂z

dz

)
∧ dy ∧ dz.+

(
∂v2
∂x

dx+
∂v2
∂y

dy +
∂v2
∂z

dz

)
∧ dz ∧ dx

+

(
∂v3
∂x

dx+
∂v3
∂y

dy +
∂v3
∂z

dz

)
∧ dx ∧ dy

=
∂v1
∂x

dx ∧ dy ∧ dz + ∂v2
∂y

dy ∧ dz ∧ dx+ ∂v3
∂z

dz ∧ dx ∧ dy =

(
∂v1
∂x

+
∂v2
∂y

+
∂v3
∂z

)
dx ∧ dy ∧ dz,

which recovers the divergence of v⃗. So the divergence theorem is a special case of the generalized Stokes’s
theorem.

In general, for a (k − 1)-form ω on a k-manifold B, the generalized Stokes’s theorem asserts that∫
B

dω =

∫
∂B

ω.

All three of the vector calculus theorems are special cases of this.
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