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Lecture 1

Aug. 22 - The Real Numbers

1.1 Number Systems

We start with the natural numbers[l
N=1{1,2,3,...}.

These are perhaps the most natural in a way, since they are what we use to count things. They are
closed under addition, but fail when it comes to subtraction. For example, 1 —2 = -1 ¢ N. So we must
expand our number system to the integers

z={..,-3,-2,-1,0,1,2,3,...}.

We can now add, subtract, and multiply. But we run into problems when we start to consider
quotients. For example, 1 +2 = % ¢ Z. So we continue to the rational numbers

Q:{S:p,qez,q:tO}.

We now have summation, subtraction, multiplication, and quotients. But there is still a problem. For
example, consider the diagonal of a square with side length 1.

Theorem 1.1. V2 is not a rational number.

Proof. Argue by contradiction. Suppose V2 is rational. Then we can write
va-?
q
for some integers p,q. Further assume p and q have no common factors. Then

2=— :>p2:2q2.

So p is even and we can write p = 2r for some r € Z. Then
4r% = 2q2 — 21’ = q2.

So g is also even, and p, g share a common factor of 2. Contradiction. ]

10 ¢ N for this class.
2In some sense, this shows that the notion of “rationals” is strictly weaker than the notion of “length.”

4



LECTURE 1. AUG. 22 - THE REAL NUMBERS 5

Another weakness of Q is that we cannot take limits (Q is not complete). For example, note that

(V2-1)(V2+1)=2-1=1,

1
Vi-1+ U S
1
V2+1 L+1+
So if we define the rational sequence
1 1+1 1+ 1+ !
a =1, ap = -’ as = - 1 a J ’
1 2 7 3 % 4 24 11
2+5

then as n — o0, a,, — V2 ¢ Q. Similarly, v2,V/3,V3,... are all irrational.

1.2 Sets

Sets are any collections of objects. Given a set A, we write x € A if x is an element of A. We write x ¢ A
otherwise. The union of two sets is

AUB={x:x€AorxeB}
and the intersection of two sets is
ANB={x:xeAand x € B}.
We use the notation

U
k=1

to denote the countable union of a family of sets indexed by k.

1.3 Functions

Definition 1.1. Given two sets A and B, a function from A to B is a rule, relation, or mapping that
takes each element x € A and associates with it a single element in B. In this case, we write f : A — B.

We call A the domain of f and B the codomain of f. The element in B associated with x € A is f(x),
called the image of x. The range of f is

range(f) ={y € B:y = f(x) for some x € A}.

We say f is:
1. onto or surjective if range(f) = B.
2. one-to-one or injective if x,x’ € A and x = x’, then f(x) = f(x').

3. bijective if it is injective and surjective.



LECTURE 1. AUG. 22 - THE REAL NUMBERS

Example 1.1.1. First Dirichlet function:

1 if ;

g(x) = 1 xeQ_ lim | lim [cos(k!mx)]? |.
0 ifx2gQ k—ooo\jooo

Example 1.1.2. Second Dirichlet function:

flx) = % if x = ’—; € Q in lowest terms

0 ifxeQ.

Example 1.1.3. Absolute value:

X ifx>0
x| = .
-x ifx<0O.

Note that we have the following two properties:

* |xyl=Ixllyl.
* |x+y| <|x|+|y|. This is called the triangle inequality.

1.4 Induction

If we have a set S C N and
1.1€S
2. ifneS,thenn+1€S
then S = N. [}

3We always use induction in conjunction with N.



Lecture 2

Aug. 24 - The Axiom of Completeness

The number system Q is pretty good (it is a field), but recall that we are unable to take limits. For
instance, take the sequence xy = 2 and
1 2
Xn+1 = E Xp+—

x?’l
for n > 1. All the x; are rational, but x,, — V2 ¢ Q. This shows that there are gaps in Q. The real
numbers R will fill these gaps (completeness).

Axiom 2.1 (Axiom of completeness). Every nonempty set of real numbers that are bounded above has a
least upper bound.

Note that this least upper bound is unique.

2.1 Suprema and Infima

Definition 2.1. Let S CRR. The set S is bounded above if there exists u € R such that s <u forall s € S.
We say that u is an upper bound of S.

We define bounded below and lower bound similarly.

Definition 2.2. S is said to be bounded if it is both bounded above and below. Otherwise we say that
S is unbounded.

Example 2.2.1. N={1,2,3,...} is bounded below but not above.

1 11
(Loken=full)

Example 2.2.2. The set

is bounded.

Example 2.2.3. @ is bounded.

Definition 2.3. We say u € R is the least upper bound or supremum of a nonempty set S C R if
1. u is an upper bound of S.
2. u <v for any upper bound v of S.

We write u =supS.

The greatest lower bound or infimum of S is defined similarly, denoted inf S.

7



LECTURE 2. AUG. 24 - THE AXIOM OF COMPLETENESS 8

Example 2.3.1.

supS =1,infS =0.

Definition 2.4. Let S CR. We say a real number M € S is a maximal element or maximum of S if
s<MforallseS.

The minimal element or minimum is defined similarly.
Example 2.4.1. [0,1) is bounded, but has no maximum. The minimum is 0.

Example 2.4.2. The set
11 }
’ 4} 8; ees

is bounded, but has no minimum. The maximum is %

{2_”:n€N}:{

N =

Example 2.4.3. @ is bounded but has no minimum or maximum.

Exercise 2.1. Let A C R be bounded above. Let ¢ € R and define
cta:={a+c:ae Al
Then sup(A +c) = c+supA.

Proof. Let s = sup A. By definition, we know a < s for all a € A, which impliesa+c <s+c. Sos+cis
an upper bound for c + A. Now let b be an arbitrary upper bound for ¢ + A. For all a € A, we have
a+c < b, which implies a < b—c. So b—c is an upper bound for A. By construction, s <b—c,sos+c <b.
Therefore s+ ¢ = sup(A +c). O]

Lemma 2.1. Assume s € R is an upper bound for a set A CR. Then s = sup A if and only if for every € > 0,
there exists a € A such that s —e < a.

Proof. (=) Suppose supA =s. Then given any € > 0, s — € cannot be an upper bound for A. So there
exists a € A such that a>s—e.

(<) Let b be an arbitrary upper bound for A. Suppose for contradiction that b <s. Sete =s—-b> 0.
Then by assumption we can find a € A such that a > s —e = b. Contradiction. Therefore b > s, whence
SupA =s. [l

2.2 Consequences of Completeness

2.2.1 1st Consequence: Nested Interval Properties

Theorem 2.1 (Nested interval properties). For any n € N, assume that we are given a closed interval
L,=[a,b,]={x€eR:a,<x<b,}.

Assume I,, 2 1,,,1. Then the resulting nested sequence of closed intervals

[ 2I,2I5D...
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has a nonempty intersection:
(¢]
ﬂ I,# 2.
n=1

Proof. Define A = {a,}. Note that A # @. For any n, a,, <b,, < b;. So x = sup A exists. Furthermore, for
any n, b, is an upper bound for A. So x < b,,. Since x =supA, a, < x. So x € [a,, b, ] for any n, whence

(¢]

Therefore, the intersection is nonempty. O

2.2.2 2nd Consequence: Archimedean Properties
Theorem 2.2 (Archimedean properties).
1. Given any x € R, there is an n € N such that n > x. E|

2. Given any real number y > 0, there is an N such that 1 <y.

Proof of (1). Argue by contradiction. Suppose N is bounded above. Then by the axiom of complete-
ness, a = sup N exists. By construction, a — 1 is not an upper bound for N. So we can find n € N such
that a — 1 < n, which implies @ <n+1 € N. Contradiction. O

Proof of (2). Follows from (1) by setting x = % O]

IThis is saying that N is not bounded above.



Lecture 3

Aug. 29 - Completeness, Countability

3.1 Consequences of Completeness

3.1.1 3rd Consequence: Density of Q in R
Theorem 3.1 (Density of Q in R). For all a,b € R, a < b, there exists r € Q such that a <r <b.

Proof. We want to find m € Z, n € N such that
a<Z <,
n
By (2) of the Archimedean properties, we can find n € N such that

1
—<b-a.
n

Fix such an n. Then let m be the smallest integer such that m —1 < na < m. By construction,

1
———<a<—,
n o on n
m
—<a+-<b
n n
Therefore, a <% < b. ]

Corollary 3.1.1. Forall a,b € Q, a<b, there exists t € R\ Q such that a<t <b.

3.1.2 4th Consequence: Existence of V2

Theorem 3.2 (Existence of \/E). There exists s € R, s > 0 such that s* = 2.
Proof. Define
S={x>0:x*<2)CR.

x=1€S5,s0S #@. 2isan upper bound for S, so S is bounded above. Then by the axiom of
completeness, s = sup S exists. We claim that s = 2.

Suppose otherwise that s?> < 2. Then we can find € > 0 such that s+ € € S. Define 6 = 2 —s? > 0. Note
that
(s+€)?-2=5+2se+€>—2=—0+2s€+€.

10



LECTURE 3. AUG. 29 - COMPLETENESS, COUNTABILITY 11

We know s < 2 since 2 is an upper bound. Pick

5
€= 100000000000’

o
25€+€§4€+€2<§.

Then

o 0

2
—-2<-60+-=-=-<0.
(s+¢€) +3 >

So s+ € € S, which contradicts with s = sup S.

s > 2 also leads to a contradiction (left as an exercise). Thus we must have s = 2. O

3.2 Countability
Definition 3.1. We say two sets A and B have the same cardinality if there is a bijection f : A — B.
We write A ~ B.

Definition 3.2. We say that a set A is finite if A ~ {1, 2,...,n} for some integer n. We say that a set A is
countable (or countably infinite) if A ~ N. If a set A is not countable, then we say it is uncountable.

Example 3.2.1. Let E ={2,4,6,8,...}. E is not finite but it is countable: E ~ N. We can define f : N — E
by f(n)=2n.
Example 3.2.2. N ~ Z. The bijection f : N — Z is given by

f(n):{% n is odd

—% nis even.

Example 3.2.3. (-1,1) ~ R. The bijection f : (-1,1) — R is given by

X X
x2-1
Theorem 3.3.
1. The set Q is countable.
2. The set R is uncountable.
Proof of (1). Set A; ={0} and for n > 2,
A, = {ig :p,q €N, p,qin lowest terms, p+q = n}.
So the first few A,, are:
A= {1 -1 }
2 — 11 1 )
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etc. Note that A, is finite and for all x € Q, there is an n € N such that x € A,,. We can list elements in
Aq,..., A, and label them with integers in N. Any element of A, will be listed eventually. Then this
pairing gives a bijection since the A,, are disjoint. So Q ~ N. [

Proof of (2). Argue by contradiction. Suppose f is one-to-one from N — R. Set x; = f(1), x, = f(2),
etc. We can write
R = {Xl,XZ,... }

Let I; be a closed interval such that x; ¢ I;. Pick I, C I; such that x, ¢ I,. Continue this process such
that I, C I, is a closed interval where x,,,; ¢ I,,,1. By construction,

L 2I,2---2I1,D....
We know that

o
ﬂ I, + 0.
n=1

So we can find n{ such that

(ee]
Xy, € m I,.
n=1

This is a contradiction with x,, € I, . Thus such an f cannot exist and R is uncountable. ]

Theorem 3.4.
1. Let AC B. If B is countable, then A is either finite or countable.

4
n=1

2. If A, is a countable set, then

is also countable.

Theorem 3.5 (Cantor’s diagonal argument). The open interval
(0,1)={xeR:0<x<1}
is uncountable.

Proof. Argue by contradiction. Assume f : N — (0, 1) is one-to-one and onto. Then for m € N, we can
write (decimal expansion)

f(m) = O.leamzamg). .. € (O, 1)

For every m,n €N, a,,,, €10,...,9} is the nth digit in the decimal expansion of f(m). We can write in a
table

1 f(1) ay; a;p a3
2 f(2) ay axy axp
3 f(3) asz as as;
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Take x = 0.b1b,yb3... where

2 ifa,,, =2
b, = .
3 ifa,, =2

Then x # f(m) for any m € N (since b,, # a,,,,,). This is a contradiction.

13



Lecture 4

Aug. 31 — Cantor’s Theorem, Sequences

4.1 Cantor’s Theorem

Definition 4.1. The power set of A, denoted P(A), is the collection of all subsets of A.

Theorem 4.1 (Cantor’s theorem). Given any set A, there does not exist a function f : A — P(A) which is
surjective. E|

Proof. Argue by contradiction. Suppose f : A — P(A) is onto. Then for any a € A, f(a) is a subset of A.
Since f is onto, for any subset B of A, we can find a € A such that f(a) = B. Define

B={acA:a¢ f(a)} CA.

We can find a’ € A such that f(a’) = B. If a’ € B, then a’ ¢ f(a’) = B, which is a contradition.. If a’ ¢ B,
this is a contradiction with the definition of B. Thus such f cannot exist. ]

Remark. This means that the cardinality of P(A) is strictly larger than that of A.

4.2 Sequences

Definition 4.2. A sequence is a function whose domain is N.

We usually write {a,}, {x,} or (a,), (x,,) to denote sequences.

{1+n}°° _{2345 }
n o Ju=p 7727374777

Example 4.2.2. {a,}, where a,, = 2" for n € N, is a sequence.

Example 4.2.1. The following

is a sequence.

Example 4.2.3. We can also define {x,} recursively by x; =2 and

x,+1
Xn+l = 5

Remark. Sometimes a sequence is also labeled starting from n = 0.

INote that if #(A) = 1 < o, this is true as #(P(A)) = 2" = #(A).

14



LECTURE 4. AUG. 31 - CANTOR’S THEOREM, SEQUENCES 15

4.2.1 Limits

Definition 4.3. A sequence {4,} converges to a real number a if for every € > 0, we can find N e N
such that for all n > N, one has |a,, — a| < . We write lim,,_,, a,, = a.

Remark. In analysis, € is always taken to be a positive number.

oo
n=1

Example 4.3.1. The sequence {1/n};>, converges with

Definition 4.4. For € > 0, the e-neighborhood of a is defined to be

Ve(a)={xeR:|x—a|<e}.

Definition 4.5. We say that a is the limit of a sequence {a,} if for every € > 0, V.(a) contains all but
finitely many elements of {a,,}. E|

Remark. This definition of the limit is equivalent to the definition of convergence.
Definition 4.6. A sequence {a,} that does not converge is said to be divergent.

Theorem 4.2. The limit of a sequence, when it exists, must be unique.

Proof. Homework problem. O]
Exercise 4.1. Show
.o on+1
lim
Nn—00 n
exists and
.o on+1
lim =1.
n—o00 n
Proof. We show
.o on+1
lim =1.

Nn—00 n

For every € > 0, take N € N such that N > % We have for all n > N,

n+1 ‘ 1 1
—1|=[-|<=<e.
n n N
Therefore,
+1
lim " =1
n—o00 n
as desired. O

2This is the topological definition of the limit.



LECTURE 4. AUG. 31 - CANTOR’S THEOREM, SEQUENCES

4.2.2 Tips for Showing Limits

To show the limit of a sequence, take the following steps:

1.

Identify the limit a. This is always given by the problem or observation.

2. Ve>0.

3. Find N = N(e). Do this in sketch paper (need computations and manipulations).
4.

5. Check that N works.

Set N as what is found in (3).

16



Lecture 5

Sept. 5 — Limits and Limit Theorems

5.1 Review of Limits

Example 5.0.1. Find

1
lim Al \/E
n—oco \/ﬁ
Proof. We want to show that
1

lim + =1.

n—co \/ﬁ
Fix € > 0 and take N € N such that N > é Then for any n > N,

1 1 1
+yn -1|<|—=|<—=<g¢

as desired. u

How can we understand this using the topological definition? For all € > 0, take V,(1). Pick N > 61—2

Then we claim that V(1) contains all but at most N elements of {WH } When n > N, we have

\n
Vn+l ee
N
. Vn+l1 . .
ie. € V¢(1). So at most N elements might not be in V,(1).

Vi
5.2 Limit Theorems

5.2.1 Algebraic Facts About Limits

Definition 5.1. A sequence {x,} is said to be bounded if there exists M such that |x,| < M for all n.
Alternatively, sup, |x,| < M.

Theorem 5.1. Every convergent sequence is bounded.

17



LECTURE 5. SEPT. 5 - LIMITS AND LIMIT THEOREMS 18

Proof. Suppose

lim x,, = 1.
n—o00

Take € = 1, we can find N such that for all n > N, |x,, —I| < 1. By the triangle inequality, |x,| <|I|+ 1 for
n> N. Take
M = max{|xq],|x5],..., |xn_1 1] + 1}.

Then |x,,| < M for all n € N. ]

Theorem 5.2 (Algebraic limit theorem). If

lima,=a and limb, =D,
n—o00 n—o00

then for all c e R,

(1) lim ca,, =ca, (2) lim(a,+b,)=a+b, and (3) lim a,b, = ab.

n—-oo n—00 n—o00

Furthermore, if b # 0, then
(4)

Proof. (1) When ¢ = 0, the result is trivial. When ¢ # 0, for all € > 0, we set €’ = |% Since lim,,_,, a, = a,
we can find N, such that for all n > N, |a,, —a| < €’. When n > N_,, we have

€ —
|c]

ca, —ca|=|c|lla, —al <|cle’ =|c €.
n n

So lim,,_,, ca, = ca.
(2) For all € >0, since a,, — a and b,, — b, we can find N; and N, such that when

n>Nj, |an—a|<§,
n>N,, |bn—b|<§.

Take N = max{Njy, N,}. Then for alln > N,
|an+bn—(a+b)|:|an—a+bn—b|g|an—a|+|bn—b|<§+§:e.

Therefore lim,,_,(a,, +b,) =a+Db. [

5.2.2 Order Limit Theorem

Theorem 5.3 (Order limit theorem). Let {a,} and {b,,} be sequences such that

lima,=a and limb,="0.
n—-oo n—o00

(5) If a, > 0 for every n, then a > 0. (6) Ifa, <b,, thena<b. (7) Ifa, >c, then a>c.
Proof. (5) Argue by contradiction. Suppose a < 0. Take € = |i2| Since lim,,_,., a4, = a, we can find N
such that when n > N, |a,, — a|] < €. Note that this means

—€e<a,—a<e

Then we have

ceta=241a=2c0
a €E+d=— a=— .
" 2 2

Contradiction. ]
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5.2.3 Monotone Convergence Theorem

Definition 5.2. A sequence {a,} is increasing if a,, <a,,, for every n and decreasing if a,, > a,,,; for
every n. A sequence is monotone if it is either increasing or decreasing.

Theorem 5.4 (Monotone convergence theorem). If a sequence is monotone and bounded, then it converges.
Proof. Let {a,} be increasing and bounded. Set A = {a,, : n € N}. Note that A # @ and A is bounded.
Therefore, by the axiom of completeness, s = sup A € R exists. Then we claim that lim,,_,,a, =s. For

every € > 0, s — € is not an upper bound for A, so we can find N such that s —e <ay <s. Since {a,,} is
increasing, for all n > N, we know s —e <ay <a, <s, i.e. |a, —s| < €. Therefore lim,_, 4, =s.

For {a,} decreasing and bounded, simply apply the previous result to {—a,,}. N



Lecture 6

Sept. 7 — Bolzano-Weierstrass Theorem

6.1 Review of Limits

Theorem 6.1 (Squeeze theorem). Let {x,},{v,},{z,} be sequences such that x,, <y, < z, for all n, and
suppose that
lim x,, = lim z,, = L.

n—o0 n—00

Then lim,,_,, v, = I.
Proof. Consider |y, —I|. If

Y,—1>0, then y,-1<z,-1,
v,—1<0, then |p,-Il|=1-9,<I-x,.

So we have
v, =1 < |z = 1] + |x, = 1.

For all € > 0, there exist Nj, N, such that for all n > Ny,

2 —11< 3,
and for all n > N,, .
ey =11 < 5
Take N = max{Ny,N,}. If > N, then
Iyn—llslzn—1|+|xn-z|<§+g:e,
Solim, v, =1 -

6.2 Subsequences and the Bolzano-Weierstrass Theorem

Definition 6.1. Let {4,} be a sequence of real numbers. Let n; < n, < n3 <... be an increasing
sequence of natural numbers. Then {a,,,4a,,,...,} is a subsequence of {a,}, and it is denoted by {a,,, }.

20
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Example 6.1.1. Let

Then

is a subsequence of {a,}. However, note that

{1 1 1 1 }
10°57100° 500" "

is not a subsequence of {a,} since the the n; are not strictly increasing. Similarly,
{ 1 1111 }
"3"3’5"5""

Theorem 6.2. Subsequences of a convergent sequence converge to the same limit as the original sequence.

is also not a subsequence of {a,}.

Proof. Suppose lim,,_, ., a, = a. So for every € > 0, there exists N such that |a,, —a| < € for all n > N.
Consider an arbitrary subsequence {a,, }. Note that n; > k. So when k > N,

la,, —al <e.
Therefore limy_,, a,, = a. ]
Example 6.1.2. Let 0 <b < 1. Clearly
1>b>b2>3>bt>...>0.

The sequence {b"} is decreasing and bounded below, so by the monotone convergence theorem,
lim,_,.,b" = I € R exists. Note that {b>"} is a subsequence of {b"}, so by Theorem we have
lim,,_,, b*" = 1. Note that b>" = b"b". By the algebraic limit theorem,

lim b2 = (lim b”)( lim b”).

n—o00 n—-oo n—-o0

Therefore, I = 12, so we have I = 0 or I = 1. But the entire sequence is strictly less than 1 and decreasing,
sol=0.

Example 6.1.3. Consider the sequence
{(-1)"}={-1,1,-1,1,...}.
This sequence does not converge. But the subsequence
-1,-1,-1,...}
does converge.

Remark. This shows that the converse of Theorem [6.2]is not true, i.e. a convergent subsequence does
not imply that the original sequence converges.
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Example 6.1.4. The sequence

|1 if nis prime,
"7 10 otherwise

does not converge.

Exercise 6.1. Show the limit of the sequence

{1 11 111 11 1 }
’ 2;3; 4;5;5; 5;5; 5,
(55
5,5,...
(55
5, 5,

converges to —%. Thus the original sequence diverges. ]

Proof. The subsequence

converges to 1 while the subsequence

Remark. If we can find two subsequences that converge to different limits, then the original sequence
diverges. This is the contrapositive of Theorem

Theorem 6.3 (Bolzano-Weierstrass theorem). Every bounded sequence has a convergent subsequence.

Proof. Let {a,} be a bounded be a bounded sequence. So there exists M > 0 such that sup,, |a,| < M. So
a, is contained in [-M, M]. Split [-M, M] into [-M, 0] and [0, M]. Pick one that contains infinitely
many elements of {a,} and call it I;. Then pick a,, € {a,} such that a, € I,. Split I; again into two
closed intervals of the same size. Take one of these two that contains infinitely many elements of
{a,} and call it I,. Then take a,,, € {a,,} such that a,, € I,. Repeat this process to to get I C [ with

Iiq] = %|Ik| spch that I, contains infinitely many elements of {a,,}. Also pick a,, , € {a,} such that
Ay, € Ixpr with gy > ng.

By construction, {a,, } is a subsequence of {a,} and a,, € I;. We have the I; being closed intervals with

2L, 202D....

k-1
So there exists x € R such that x € (2, Ix. Note that [[;| = M (%) . Then we claim lim;_,, a,, = x.

Let € > 0. Take N such that
N 2M
27V > ——.
€
Then for every k > N, we have

1 k-1
|a,, — xI SM(E) <e€

since a,,, x € I. Thus limy_,,, a,, = x, and {a,, } is a convergent subsequence. ]

I This demonstrates some kind of compactness of the real numbers.
Here, by || we mean the length of the interval Ij.



Lecture 7

Sept. 12 — The Cauchy Criterion

7.1 Cauchy Sequences

Definition 7.1. A sequence {a,} is called a Cauchy sequence if for every € > 0, there exists N € N such
that for every m,n > N, one has |a,, —a,| < €.

Theorem 7.1. Every convergent sequence is a Cauchy sequence.

Proof. Assume lim,,_,, a, = a. Then for every € > 0, we can find N such that for every n > N, we have
la,, —a| < /2. Then for every m,n > N, we have

€ €
|am—an|:Iam—a+a—an|slam—a|+|a—an|<E+E:e

by the triangle inequality. O]
Lemma 7.1. Every Cauchy sequence is bounded.

Proof. Suppose {x,}is a Cauchy sequence. Pick € = 1. Then there exists N such that for all m,n >N,
we have |x,, — x,| < 1. Fixing m = N, we know that for all n > N, |xy —x,| < 1. So |x,,| < |xy|+ 1 for all
n>N. Set

M = max{|x|, [xal,..., [xn-1 ] [xn[+ 1},

Then sup|x,| < M by construction. O
Theorem 7.2 (Cauchy criterion). A sequence converges if and only if it is a Cauchy sequence.

Proof. (=) This is Theorem|[7.1]

(<) Suppose {a,} is a Cauchy sequence. Since {a,} is Cauchy, we know sup|a,| < M for some M € R.
Then by the Bolzano-Weierstrass theorem, we can find a convergent subsequence {a,, } such that
limy_,o, a,, =a. We show that we also have lim,,_,,a,, = a.

For every € > 0, we can find N; such that for all m,n > N;, we have |a,,—a,| < €/2. Since limy_,, a,,, = a,
there is some K such that for all k > K, we have |a,, —a| <e/2. Take

N > max{Ny, ng}.

'The Cauchy condition controls the oscillation of the tail of a sequence.

23
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We can find K such that ng, > N. Then for every n > N,

€ €
O+anKO—als|an—anKO|+|anK0—a|<—+——e

a,—a|=|a,—4a
4, =l = la, ~a, S

K

by the triangle inequality and the Cauchy condition. O

Remark. The Cauchy condition allows us to show that a sequence converges without explicitly
providing its limit.

7.2 Revisiting Completeness

This is the way we have discussed completeness (ordered by implication):
* Axiom of Completeness
— Nested intervals property
+ Bolzano-Weierstrass theorem
- Cauchy criterion
— Monotone convergence theorem.

But this is not the only way to do so: We have several ways of choosing axioms to define completeness.
For example, we can also prove the nested intervals property using the monotone convergence
theorem.

Exercise 7.1. The monotone convergence theorem implies the nested intervals property.

Proof. Let I,, = [a,, b, with I,,,; C I,,. In particular, {a,} is increasing and bounded (b; is an upper
bound). So by the monotone convergence theorem, lim,,_,., a, = a exists.

Left as an exercise to show that a € I,, for all n. O

Exercise 7.2. Given the Archimedean property, the nested intervals property implies the Axiom of
Completeness.

Proof. Note that 5z — 0 as n — co. This is because for every € > 0, we can find N such that 3, < € by
the Archimidean property. Then
1 1
—_—< —
2N N
for all N € N. So lim,,_,o, 5 = 0.

Now let S be a nonempty set which is bounded above. Let U be an upper bound for S. Take s € S. Set
a, =s, by = U. Consider
s+U

2
If % is an upper bound for S, then we seta, =a; =s, b, = % If % is not an upper bound for S,

then we set a, = %, b, = by = U. Note that [a,, b,] C [a;,b;]. Repeat the same process for a,, and b,,
to obtain the closed intervals

[a1,b1] 2 [az,a,] 2 [a3,b3] 2.
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By the nested interval properties, the intersection (),;[a,, b, ] is nonempty. Note that
(a1, 1]l =1by — a1 = U -]
U-s

faz,b2]l = 1oz ~az] =

2
|[an’bn]| = |bn _anl = ﬁ'U_5|

So there is only one x € R such that x € (", [a,,, b,,]. We claim that sup S = x.

Note that x € [a,,b,] for all n. So a, is not an upper bound and b,, is an upper bound. Suppose
for contradiction that x is not an upper bound. Then there exists sy € S such that sy > x. Since
I[a,, b, ]| = 0, there exists an N such that whenever n > N,

1
[0, by )l < 5150 .

Since x € [a,, b,], this implies that sy > b,,, which is a contradiction with b,, being an upper bound.

Use a similar idea to show that x is the least upper bound. ]

Remark. These are all different ways to understand the same idea of completeness.



Lecture 8

Sept. 14 — Series

Definition 8.1. Let {b,} be a sequence. An infinite series is formally given by

an:b1+b2+....
n=1

Definition 8.2. We define the partial sum of a series by
m

Sy = an.
n=1

8.1 Convergence of Series

Definition 8.3. The series ) ;- b, converges to B if lim,,_,.,s,, = B. Otherwise we say that the series
diverges.

Example 8.3.1. Consider the series

We look at the partial sums for m > 1:

s :ii—1+i+ +i+ +L<1+ ! + ! + ! +ooe !
" L= n? 22 32 42 m2 =" 2(1) 3(2) 4(3) m(m—1)
:1+1_l+l_l+l_l+..+ 1 _l<2_l
2 2 3 3 4 m—-1 m m

Note that {s,,} is a monotone sequence and it is bounded above by 2. Thus by the monotone conver-
gence theorem, {s,,} converges and there is some B € R such that lim,,_,,s,, = B.

Remark. Using some complex analysis, we can find B by way of residue calculations.

Example 8.3.2. Consider the harmonic series

il—l+l+l+
o= St

n=1

26
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We look at the partial sums

s —1+1+ +1
() m’
Note specifically that
—1+1+1+1>1+1+1+1—1+1+2(1)—1+1+1—1+2(1)
T R R R I R VY A 2
1+1+1+1+1+1+1+1>1+1+2(1)+4(1) 1+3(1)
Sq = — — — — — — — — — — | = —
8 23456 7 8 2 "\4 8 2
1+1+1+1+ + ! + ! + +1>1+k
S = —_ —_ —_ oo oo R— —
24 2734 kT4 2kT42 2K 2

Thus {s,«} diverges, so {s,,} also diverges.

Remark. This type of trick (analyzing 2 terms) is called dyadic analysis, and it shows up frequently
in analysis, particularly harmonic analysis.

Theorem 8.1 (Cauchy condensation test). Suppose {b,} is decreasing and b,, > 0 for all n. Then
an:bl +b2+b3+...
n=1

converges if and only if

Zznbzn = b] + 2b2 + 4:b4 +...
n=0
Converges.

Proof. First we show the backwards direction. Assume ) ;> ,2"b,» converges. Define
b=b K
k=b1+-+2by.
By assumption, {f;} converges. Note that t; > 0 and sup, f, < M since convergent series are bounded.

Set
m
Sy = an.

n=1
Fix m and take k large such that m < 2K*1 — 1. Then s,, < s,ks1_; since b, > 0. Observe that
Sokti_; = b1+ (by+b3)+ (bg+bs+bg+by)+---+ (bok + -+ + boks1_q)
<b; +2b2+4b4+"'+2kb2k.
So s, < sokvi_y < tp < M. Thus {s,,} is increasing and bounded, so by the monotone convergence
theorem, lim,,_,., s,, = B € R exists.

Now we show the forwards direction. Argue by contraposition. Suppose ) ;> 2"b,. diverges, then we
show that ) 52, b, also diverges. Just need to check that s,c > & +k (left as an exercise). O
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Corollary 8.1.1. The series

converges if and only if p > 1.

Proof. Letb, = nl—,, and byn = 2%,7. Then we have

y 2"y = y 2(1=p)n

The RHS is a geometric series, which converges if and only if p > 1. To see this, denote 2! 7 = 4. Then
we have

o0 o0
Y oty g
n=0 n=0

We can observe that the partial sums

- iun _ ak+t1l 1
= a-1

converges if and only if a“*! converges. This happens if and only if a < 1, which happens if and only

if p>1. ]

8.2 Properties of Series

Theorem 8.2 (Algebraic limit theorem for series). Let

ian =A, ib” =B
n=1 n=1

Then for all c € R, we have

ican =CA, i(an +b,)=A+B.
n=1

n=1
Proof. Let ) ;2 a,=A.Sos, =) ,a, converges. Set lim,_,s,, = A. Define
m m
tm:E can:cg a,; = CSy,.
n=1 n=1

Then by the algebraic limit theorem, we have lim,, ., t,, = clim,, .. s, = cA. ]

Theorem 8.3 (Cauchy criterion for series). The series ) ;> a, converges if and only if for all € > 0, there
exist N such that whenever m,n > N, we have |a,, .1 +---+4a,| < €.
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Proof. The series ) 17, aj converges if and only if s,, = } /", ay converges. We show that {s,,} is a

Cauchy sequence. For all € > 0, there exists N such that for all m,n > N
S, = Sl = lay + -+ a1l <e.

The converse is the same inequality.

Corollary 8.3.1. If ) 77, a, converges, then lim,_,, a, = 0.

Proof. Take m=n-1.

Theorem 8.4. Assume {a,} and {b,} are sequences such that 0 < a, < b, for all n. Then
1. Y 2. b, converges implies ), a, converges,
2. and ) ;> a, diverges implies ) > | b, diverges.
Proof. For all m,n, we have
|am+1 +"'+an| < |bm+1 +"'+bn|-

Then apply the Cauchy criterion.

Definition 8.4. A series is called geometric if it is of the form

(S¢]
Zark —a+ar+ar’+....
k=0
Note that the geometric series diverges when r =1 and a # 0. When r # 1, the partial sums
1— rm+1

m
Sm = Zark =47
—r

converge if |r| < 1. In this case, as m — co, we have

a
S, —> .
" 1-7r




Lecture 9

Sept. 19 — Absolute Convergence

9.1 Absolute Convergence

Definition 9.1. Consider a series ) ;> a,. If

(o)
D lal
n=1

converges, then we say ) ;°, a, converges absolutely.

Theorem 9.1. If ) [, |a,| converges, then ) ;> a, converges.

Proof. For every € > 0, since } ;7 a, converges, there is N such that for all m,k > N,

This is by the Cauchy criterion for series. Then for all m,k > N, we have

m m
5 af< ¥ i<
n=k+1 n=k+1

by the triangle inequality. Apply the Cauchy criterion again to conclude that } ;7 a,, converges.

Theorem 9.2 (Alternating series test). If ay >a, > a3 >... and lim,_,, a, = 0, then the series

i(_l )n+1an

n=1
converges.
Proof. Sets,, =Y " (-1)""a,. Check that
m
Sy — Sk = Z (-1)"*1q,.
n=k+1

30
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Suppose that m and k are odd, then

Sm =Sk = Am — Am-1 TAm-—2 = " T Aky2 — Af41-
[ —
<0

So s, — s < 0. We can also group the terms as as

Sm =Sk = Am—Am—1 t Q- = = 03 — k42 — Ak41 = Ay — By ] -
| —
>0

So s, — skl < la| + |ag,1| by the triangle inequality. Since lim,,_,,a,, =0, for all € > 0, there is N such
that n > N, we have |a,| < €. Then for all m,k > N,

|5 = skl < lam| + lag.1] < 2e.
Thus {s;} converges. Left as exercise to check the other parities of m and k (group differently). ]

Example 9.1.1. We saw previously that for a,, = %, Y %, a, diverges. But Y 52, (~1)""1a, converges.

9.2 Rearrangements

Definition 9.2. Given a series ) 7, ai, we say that a series ) 7, by is a rearrangement of ) >, a; if
there is a bijection f : N — N such that by ) = gy for all k € N.

Example 9.2.1. Let

1 1.1 1 1 1 1
S=l-c+-——F+=-—-—=+-—=+-,
2 3 4 5 6 7 8
18—1 1+1 1+1
272 4 6 8 10
1 1 1.1 1 1
S+=S=1+-—--+=-—-=+=-—--
2 3 2 5 4 7

Notice that S + 1§ is a rearrangment of S. Supposing that S + S converges to the same limit as S, we
would have

1
S+-S=8§,
2
or S = 0. This cannot be the case.

Remark. A rearrangement of a series might have different convergence properties from the original
series.

Theorem 9.3. If a series converges absolutely to A, then any rearrangement of the series converges to the
same limit A.

Proof. Let ) 7, ax converge absolutely to A. Let ) 2, by be a rearrangement of ) >, a;. We set

n

m
S, = Zak, by = Zbk
k=1

k=1
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We want to show that t,, converges to A. Since lim,,_,, s, = A, for every € > 0, there is Ny such that
€
sp,—Al< =<
su—Al< S

for all n e N. Since } 7, ax converges absolutely, there is N, such that for all n,m > N,, we have

Since } ;7 by is a rearrangement of } ;7| a;, we can write by () = a, for some bijection f. Set
N =max{Ny,N,}, M =max{f(k):1<k<N}.

Then for all m > M, t,, —s, will only consist of terms a; for k > N. In particular,

- €
[t =sal < ) larl < 5.
k=n

Then we have c

€
|tm—A|:|tm—sn+sn—A|§|tm—sn|+|sn—A|<§+§:e.

So lim,,, . t,, = A. ]



Lecture 10

Sept. 21 - Iterated Sums, Topology

10.1 Double Sums

Given a set of doubly indexed real numbers {a;; : i, j € N}, consider the sums
o0 o0 o0 o0
2D e ) )
=1 i=1 i=1 j=1

Are these sums equal? The answer is no, in general.

Example 10.0.1. Define a;; by

This looks like

ii“v - i[—l ; i(%)k] - i(—l 1) = io ~0
i=1 j=1 i=1 k=1 i=1 i=1

Notice that these two sums are not the same.

Remark. We cannot always exchange the order of a double sum. E

YFubini’s theorem gives conditions under which we can do this for iterated integrals (when the integrand is absolutely
integrable).

33
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10.1.1 Convergence of Double Sums

34

Definition 10.1. We say that ) ;_; ) ;_, |a;;| converges if for all i € N, } 7%, |a;;| converges to some real

number b; and ) ;°, b; converges.

Theorem 10.1. Consider {a;;:1,j € N} If

iiwzﬂ

i=1 j=1

converges, then both

o0

ZZai]- and ZZ@-J-

i=1 j=1 i=1 i=1

converge to the same limit, i.e.

where S, =Y ", 27:1 ajj.

Proof. Go look this up.

10.2 Basic Topology in R

10.2.1 Open Sets

Definition 10.2. For all a e R, € > 0, we define
Ve(a)={xeR:|x—a|l <€}

to be the e-neighborhood of a.

Definition 10.3. A set U C R is open if for all a € U, there exists € > 0 such that V,.(a) C U.
Example 10.3.1. The set R is open: Simply take € = 1 for any choice of a € R.

Example 10.3.2. The open interval (c,d) is open: For any x € (¢,d), take € = min{x —c,d — x}.

Theorem 10.2.
1. The union of an arbitrary collection of open sets is open.

2. The intersection of a finite collection of open sets is open.

Proof. (1) Let {U, : A € A} be a collection of open sets and consider ( J .o U,. For every a € (. Uy,

there is A" such that a € U,.. Since U, is open, there exists € > 0 such that

Ve@cuyc| Juy
AeA

So [Jyea U, is open.
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(2) Let Uy,..., U, be a collection of open sets and consider ﬂ?zl U;. For everya € ﬂ?zl Uj, note that

ae U]- forall j=1,...,n. Since U]- is open, there exists €j> 0 such that Vej(a) C U]-. Then take

€= mln {6]'},
1<j<n

which exists since the collection is finite. Since €j > 0, we have € > 0 as well. By construction,
Vel(a) C Vej(a) cU;

for all j. So V(a) C ﬂ?zl U, and thus ﬂ;?:l U, is open. N

Example 10.3.3. Consider the family of open sets U,, = (—%, %) for n € N. Notice that their intersection
(U, =10}
n=1

is not open.

10.2.2 Limit Points

Definition 10.4. A point x is a limit point of a set A if for all € > 0, we have
(Ve(x)NA)\ {x} = 2,

i.e. there is some other point in the e-neighborhood of x that is also in A.

Theorem 10.3. A point x is a limit point of A if and only if x =lim,,_,, a, for some sequence {a,} with
a, # x and a, € A.

Proof. (=) Suppose x is a limit point of A. Take € = 1/n and pick a, € (V1,,(x) N A) such that a,, # x.
For such a sequence {a,}, for all € >0, if N > 1/¢, then for all n > N, we have

1
la, —x| < — <e.
N

So lim,,_, a, = x.

(<) Assume such a sequence {a,} exists. Then for any € > 0, there exists N such that |a, — x| < € for all
n > N. Note that ay € V.(x), and also ay € A and ay # x. So ay € (V.(x) N A)\ {x}, i.e. this set is not
empty. Thus x is a limit point of A. ]
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Sept. 26 — Closed Sets

11.1 Closed Sets

Definition 11.1. Let A CR. An element x € A is an isolated point of A if it is not a limit point of A,
i.e. there exists € > 0 such that V. (x) N A = {x}.

Definition 11.2. A set A C R is closed if it contains all of its limit points.

Example 11.2.1. The empty set and R are closed. Moreover, any set without limit points is closed.
Theorem 11.1. A set A C R is closed if and only if every Cauchy sequence in A converges to a limit in A.
Proof. (=) Suppose A is closed and {a,,} is Cauchy with a,, € A for all n. Since Cauchy sequences are
convergent, let x = lim,_,., a,. Now consider two cases. If there exists an n such that x = a,,, then

we’re done since x = a,, € A. Otherwise, we have a, # x for all n. By Theorem x is a limit point of
A. So x € A as Ais closed.

(<) Let x be a limit point of A. Then there exists a sequence {a,} with a,, € A and a,, # x for all n such
that lim,_,., 4, = x. This means that {a,} is Cauchy, so by assumption, x = lim,_,, a, € A. Thus every
limit point of A is in A, so A is closed. O

Example 11.2.2. Consider the set
1
A= {— inE N}.
n
First x # 0, we look at the following cases:

1. If x<0,let € =|x|. Then V.(x) = (2x,0), and V. (x) N A = & since A CR". So x < 0 is not is not a
limit point of A.

2. If x>1,lete=x—1. Then V. (x) =(1,2x—1),s0 V.(x) N A = & as all y € A satisfies y € (0,1].

3. If x € (0,1], then there exists n € N such that n > 1/x. Let ng = min{n € N: n > 1/x}, which exists
by the well-ordering principle. Noting that ny > 2, we have

Now we look at two more cases:

(a) If x = ——, let

1’10—1 4
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Then we have

V(L2 1
€ B TZOIHO—]. no '

Note that (V. NA)\ {x} = @ if ny = 2. Otherwise, ny > 2 and we have

2 1 1 -2
_ = - = <0.
no—l no 1”10—2 Tlo(TlO—Z)(TlO—l)

So Ve(x) C (nLO, ,%0 - 2), which means that V (x) N A = {x}.

(b) Otherwise, x € (nlo, ﬁ) and let

€E=Mmin{x — —, —X/.
no no—l

Then (left as exercise) V,(x) C ( 1 %), which implies V. (x) N A = @.

nyg’ n

So x # 0 is not a limit point of A. However, x =0 =1im,,_,, %, so 0 is a limit point of A. But0¢ A,s0 A
is not closed.

Example 11.2.3. Let A = [4,b]. For any Cauchy sequence {x,} C A, let x = lim,,_,, x,,. Since x,, > a, we
have x =lim,,_,, x,, > a. Similarly, x,, < b implies that x <b. So x € [4,b] = A, and thus A is closed.

Example 11.2.4. Consider Q. For any x € R, for all n € N there exists a,, such that 4, € Q with

1 <| |<1
— <a,—x|< =.
2n " n

Thus a,, # x and a,, € Q for all n, so lim,,_,, a,, = x is a limit point of Q. So Q is not closed.

Remark. We can also define the real numbers as equivalence classes of Cauchy sequences. E Note that
Cauchy sequences do not require an ordering (only a metric), so we can easily extend this definition
to higher dimensions.

11.2 The Closure of a Set

Definition 11.3. Let A C R. Define the closure of A as

A={x:xeAorxisalimit point of A}.

Theorem 11.2. The closure of a set A is closed. Furthermore, if B is closed and A C B, then A C B.

Proof. Let x be a limit point of A. We want to show that x is also a limit point of A (so we will have
x € A). If x € A, then we’re done. Otherwise, x € A, so for all € > 0, we have (V. »(x) N A)\ {x} # &, so
let y € (Ve/o(x) NA)\ {x}. If y € A, then (V. (x) N A)\ {x} = @ and we’re done. Otherwise, y € A,sop € A
implies that y is a limit point of A. So there exists z € (V.2 NA)\ {y}. Then

€
2

€
|x—z|§|x—y|+|y—z|<§+ —e.

'Using Dedekind cuts is another such way.
2S0 A is the smallest closed set containing A.
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So z € (V.(x) N A)\ {x}. Since this is true for all € > 0, x is a limit point of A. Thus x € A, so A is closed.

For the second part, let x € A IfxeA,then ACB implies that x € B. If x ¢ A, then x is a limit point of
A. So there exists a sequence {a,} with a, € A for all n such that a, — x. Since a,, € A C B, we have
a, € B for all n. Since a,, — x, we must have x € B since B is closed. Thus A C B. ]

Corollary 11.2.1. If A C B, then A C B.

Proof. Note that Cauchy sequences in A are also Cauchy sequences in B. O



Lecture 12

Sept. 28 — Compact Sets

12.1 Another Characterization of Closed Sets

Definition 12.1. Given a set A C R, its complement is A ={x e R: x ¢ A}.
Theorem 12.1. A set A C R is closed if and only if A is open.
Proof. (=) Suppose A is closed. Take any x € A°. Since A is closed and x ¢ A, we know x is not a limit

point of A. So there is € > 0 such that (V.(x) N A) \ {x} = @. Since x ¢ A, this means that V.(x)NA =2,
which means that V.(x) C A°. So x is an interior point of A, and thus A° is open.

(<) Suppose A€ is open. Let x be a limit point of A. Assume that x ¢ A, i.e. x € A°. Since A® is open,
there is € > 0 such that V.(x) C A°. But then V.(x) N A = &, which is a contradiction with x being a
limit point of A. So x € A, and thus A is closed. [
Corollary 12.1.1. A set A C R is open if and only if A® is closed.

Remark. This is used in topology, where a collection of open sets that satisfies certain conditionsﬂis
called a topology of a space, and closed sets are defined as their complements. Furthermore, metrics
are not necessary in this setting.

Theorem 12.2.
1. Let Ay, A,,..., A, SR be closed. Then | J!_, A; is closed.
2. Let Ay CR, A € A be a family of closed subsets of R indexed by A € A, where A is an index set. Then

Uren A s closed.

Proof. Left as an exercise. 0

12.2 Compactness

Definition 12.2. A set A C R is compact if any sequence {a,} in A has a convergent subsequence {a,,, }
such that limy_,, a,, € A. E|

IThe collection must be closed under finite intersection and arbitrary union.
2This definition is sometimes called sequential compactness.
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Remark. Suppose we want to solve the differential equation

{x' = f(t,x)

x(to) = Xo

We can first transform this into the integral equation
t
x(t)=xo+ | f(s,x(s))ds
fo

with a test function f. Then we perform Picard iterations to continue. However, this method requires
f € CY(R) (i.e. f is continuously differentiable), since that is what guarantees that the sequence of
functions converges (closedness). But even without this condition (if f is only continuous), if we can
show that the set of functions lies in a compact set, then we can find a subsequence of functions that
do converge (though solutions may no longer be unique).

Example 12.2.1. The interval (0, 1] is not compact since it is not closed: it does not contain all of its
limit points.

Example 12.2.2. The set R is not compact since it is not bounded: an arbitrary sequence may not
even have a convergent subsequence.

Theorem 12.3. A set A C R is compact if and only if A is bounded and closed. E|

Proof. (=) Assume A is not bounded. Then for any n € N, there exists an x,, € A such that |x,| > M.
Then {x,} is a sequence in A. Since A is compact, there exists a subsequence

X} = %0y Xnyr Xigr o+

such that x = lim;_,,, x,,, € A. But this implies that {x,, } is bounded, which contradicts the fact that
|x,,,| > 11 and 1 — co and k — co. Hence A must be bounded.

Now assume A is not closed. Then there exists a limit point x of A such that x ¢ A. Since x is a limit
point of A, there exists a sequence {a,} such that a, € A and lim,,_,, a, = x. Now since A is compact,
there exists a convergent subsequence {a,, } such that lim;_,, a,, € A. But since {a,} converges, we
have

x = lim a, = lim a,, € A.
n—00 k—o0

This is a contradiction with x ¢ A. Hence A is closed.

(&) Suppose A is bounded and closed. Let {a,} be a sequence in A. By the Bolzano-Weierstrass
theorem, there exists a convergent subsequence {a,, }. Let x = lim;_, 4, . But {a,, } is a convergent
sequence in A, which is closed. So x € A, and hence A is compact. [

Example 12.2.3. The union of intervals [1,2]U[3,4] is compact.
Example 12.2.4. The set

A:{%:neN}U{O}

is compact (since we added the limit point 0).

3This applies to all Euclidean spaces (and pretty much only Euclidean spaces).
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Remark. Why do we need the concept of compactness? Because Theorem is no longer true in
infinite dimensions.

Theorem 12.4. Suppose

are non-empty compact sets. Then

Proof. Since k, # @ for all n, there exists a, € k,,. Then for any m € N, {a,};2,, is a sequence in k,,,
which is compact. For m = 1, there exists a convergent subsequence {a,, } such that x = lim;_,, a,, € k;.
For any m € N, there is k € N such that for all k > k,,, n, > m. So

Ay, € ky, Ckppy
which means that {4, } is a convergent sequence in k,,, which is closed. Thus x € k,, for all m, which
means that x € (2, k,. So (;~; k,, is nonempty. O
Example 12.2.5. For U,, = (0,1/n). Then U; 2 U, 2 U3 2..., but their intersection is empty.
However, this is not so surprising, since the measure of the sets U, tends to 0.

Example 12.2.6. The sequence V,, = (n,00) also satisfies V; 2 V, 2 V3 D..., but their intersection is
empty, despite each V, having infinite measure.

12.3 Another Definition of Compactness

Theorem 12.5 (Heine-Borel theorem). A set A C R is compact if and only if it satisfies the following:
(Covering property) For any family U,, A € A of open subsets of R such that A C | ca U/\,H
there exists n € Nand Ay,..., A, € A such that AC Jp_, Uy, . E|

Proof. (&) Assume that the covering property holds for A. For boundedness, let
AC U(—n,n) =R
n=1

By the covering property, there exist n; <n, <--- <y such that

k
Ac|J=nim) = (=ngm).
i=1
So A is bounded. Now for closedness, suppose otherwise that A is not closed. So there exists a limit
point x € A. Then

(o)

AQR\{x}:U{y:ly—xb%}.

n=1

“This is called an open cover of A.
>Le. there exists a finite subcover.
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By the covering property, there exist n; < n, <--- <y such that

k
1 1
AQQ{y:Ip—xbn—i}:{y:|y—x|>n—k}QR\Vl/nk(x).
1=

But x is a limit point of A, so there exists a z € V;,, (x) N A. This is a contradiction. Hence A is also
closed, and thus A is compact.

(=) Assume A is compact and let U,, A € A be an open cover of A. Suppose otherwise that there
does not exist a finite subcover. Since A is compact, A is bounded. So there exists an M such that
AC[-M,M]. Let A; = A and define a sequence A, of sets inductively by A, = AN|a,,b,] # @ with

2M

by —ay| = -1’

and A, can’t be covered by a finite subcollection of U,. Suppose such A, is defined. Then

b b
An:(Am ay, nt fn )U(Am a”; ”,bn]).
=k =k;

So either k; or k, can’t be covered by a finite subcollection of U,. Let this one be A,,;. Since A,, is
closed and bounded, A, is compact. Then we have a sequence of compact sets

A{DA,DA;D...,

so ;=1 A, = @. Since |a, — b,| — 0 (prove this as exercise), there exists x € R such that N> | A, = {x}.
But there exists A such that x € U, , which is open. So there exists n such that V;,,(x) C U, , which
means that A,,,; C U, . This is a contradiction. [

Example 12.2.7. Let A=(0,1), A=(0,1), and U, = (0, A). We have A C U/\e(O,l) U,, but there does not
exist a finite subcover.



Lecture 13

Oct. 3 — Perfect Sets

Definition 13.1. A set P C R is perfect if it is closed and contains no isolated points.

Example 13.1.1. The closed intervals [a,b] are perfect.

13.1 The Cantor Set

Example 13.1.2. Define a sequence of sets inductively by Cy = [0, 1] and removing its middle third to

get C; =Co\ (3, 3) ie.
17, 12
Ci=[0,z|U|Z, 1.
' [ 3] [3 ]

e -l B 2 )

and so on, removing the middle third of each interval at each step. Note that C,, is a set consisting of
2" closed intervals each of length 4. Then the (middle third) Cantor set C is defined as

1
C= ﬂcn.

n=0

Then we have

Remark. If we consider the sum of the lengths of the intervals that we removed, we get

1 1 1 1 1 1 1
—+2-—+4-—+---+2”‘1-—+--~:—( ]:;3:1.

So, in some sense, the “size” E|0f the Cantor set C is 0. However, C is uncountable. In particular, the
cardinality of C is the same as the cardinality of R. A lot of counterexamples in real analysis come
from this Cantor set.

Remark. This means that the usual measure is not a good way to “catch” the Cantor set. Instead, we
can consider fractional (or fractal) dimensions.

Theorem 13.1. The Cantor set C is perfect.
Proof. First note that C is a countable intersection of closed sets, so C is closed as well. To see that C

has no isolated points, take an arbitrary x € C. Since x € C,, for all n, we can find x,, € C,, such that
x, = xand |x, —x| < % Then lim,,_,,, x,, = x and x,, # x, so x is a limit point of C. Thus C is perfect. []

'The (Lebesgue) measure.
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13.2 Perfect Sets and Countability

Theorem 13.2. A nonempty perfect set is uncountable.

Proof. Note that if P is perfect, then P is infinite (if we only have finitely many points, then they must
be isolated). Now suppose that P is only countably infinite. Then we can write

P= {xll'le"'}'

Take I; to be a closed interval such that x; € I} and x; is not an endpoint of I;. Since x; is not isolated
in P;, we can find y, € P with y, # x; such that y, € I; and y, is not an endpoint of I. Then let I, C I;
be a closed interval centered at y, such that x; ¢ I,. For example, we can do this by setting

€= %min{yz —a,b -9y, |x; — o}
and letting I, = [y, —€,, + €]. Since y, € P, y, is not isolated, so we can find y; € P such that p3 is not
an endpoint of I and y; # x,. Pick I3 centered at y3 such that x, ¢ I3 and I3 C I,. Note that ;NP = &
since y3 € I3 N P. From here, we continue by constructing I,,,; CI,, with x,, ¢ I,,; and I,,,; NP = &. Let
k, =1,NP. Clearly k, is closed (it is the intersection of two closed sets), and k,, is also bounded since
k, € I,. So k, is compact. By construction, k,.; C k,, so by the nested interval property of compact
sets, (=1 k, # 9. Butk,, C I, and x,, ¢ I,,;1 so x,, # k,,;. Since k,, C P, we must have (1,2, = @. This is
a contradiction, so P must be uncountable. O



Lecture 14

Oct. 12 — Connected Sets

14.1 Discussion of Exam 1

Exercise 14.1. Investigate the convergence of the following series:

isin(nnﬂ%)
n=1 \/E '

Either state the test/reason used to show convergence (and verify the hypotheses required), or show
why the sum diverges.

Solution. Observe that

0, n =3k
LT
sm(gn): \/75, n=6k+1,6k+2

~V3 =6k +4,6k+5.

But note that we cannot just regroup since the series is not absolutely convergent! Instead, look at the
partial sums (here, the sum is finite so we can regroup) and show that

C
|Sm _Snl <
Vn

for some constant C. Then argue by the Cauchy criterion that the series converges. ]

14.2 Connected Sets

Definition 14.1. Two nonempty sets A, B C R are separated if ANB=BNA=a.

Definition 14.2. A set E C R is disconnected if E can be written as E = A U B such that A and B (both
nonempty) are separated. A set which is not disconnected is connected.

Example 14.2.1. Let A=(1,2) and B=(2,5). Theset E=AUB=(1,2)U(2,5) is disconnected since
ANB=[1,2]n(2,5) =@ =(1,2)N[2,5]=ANB.

Example 14.2.2. Let C =(1,2) and D =[2,5). Then F = CU D is connected.

Example 14.2.3. The set of rational numbers Q is disconnected. For example, we can take A =
QN (-o0,V2) and B=QN(V2,). Clearly AU B = Q but A and B are separated.
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Theorem 14.1. A set E C R is connected if and only if for every A, B # @ such that E = AU B, there exists
{x,} € A such that lim,,_, x,, = x € B or {x,,} C B such that lim,,_,, x,, = x € A.

Proof. (=) Argue by contrapositve and suppose that the latter condition fails. Then we can find
A B 2 @ such that for all {x,} € A, we have lim,_,x, = x # B’. So AN B’ = @. By a similar
argument, BN A° = @. So E is disconnected.

(<) Use a similar argument by contrapositive. O]
Theorem 14.2. A set E CR is connected if and only if for any a,b € E, we have a < c < b implies c € E.

Proof. (=) Leta,beE and picka<c<b. Set A= (—co,c)NE and B =(c,00)NE. Note that A,B = &
since a € A and b € B. Furthermore, _ _
ANB=ANB=a.

If E = AU B, then E is disconnected, so AU B # E. But (AU B)° = {c}, so we must have c € E.

(=) Let E=AUBsuch that A,B+ @ and AN B = @. Take ay € A, by € B. Without loss of generality,
assume ag < by. Consider Iy = [ag, by]. Bisect I let x; be the center of I;. Since a4y < x¢ < by and
ag, by € E, we must have xo € E. But E=AUB, so xy € A or xy € B. If xj € A, set a; = xy and by = b,.
Otherwise, set a; = ay and b; = xy. Then take I} = [a1, b;]. Repeat this process to construct a sequence
of nested intervals with I,, = [a,, b, ] such that a, € A and b,, € B. By the nested interval property, we

have ;2 I, # @. But
1
|In| = |bn _anl = ﬁ(bo _aO) -0,

so (= I, = {x} for some x e R. So lim,,_,, a,, =lim,_,,, b,, = x. Since I, C E, we have x € E = AU B. So
x€AorxeB. If xe A, then AUB= &, and if x € B, then AN B = @. Thus E is connected. O

14.3 Density in a Set
Definition 14.3. A set A C R is called an F; set if it can be written as a countable union of closed sets.
A set ACRis called a Gg set if it can be written as a countable intersection of open sets.

Remark. Recall that the countable union of closed sets is not necessarily closed, and the countable
intersection of open sets is not necessarily open.

Definition 14.4. A set G C R is dense in R if for every a,b € R, there exists x € G such that a <x <b.
Remark. Recall that QQ is dense in R.

Theorem 14.3. If {Gy,G,,...} is a countable collection of dense open sets, then (;,-; G, # @.

Proof. Take x; € G;. Since G is open, there exists €; such that (x; —€1,x; +€) C G;. Take

I] = [xl —%,Xl + g] g Gl'

Since G, is dense, I} NG, # &. Take x, € I; N G, such that x; is not an endpoint of I;. Since G, is open,
we can similarly find €, such that (x, —€,,x, + €5) C G,. Then take

IZ = [x2—€—22,x2+€—22]011 C Gz.
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Repeat this to get the sequence of nested intervals Iy 21, 2I32.... Then @ = ;21 [, S \5=; G-

Corollary 14.3.1. The set of real numbers R cannot be written as

_

n=1

such that F, is closed and F, contains no open nonempty interval.

Proof. Suppose

o COO
RS = EF | = F¢
vu]m

47

O]

by de Morgan’s laws. Then F;, is open and dense in R. To see that F}, is dense in R, let 4,b € R.
Note that (a,b) ¢ F,,, so (a,b) N F;, # &. Hence there exists x € F;, such that a < x <b. Then this is a

contradiction with Theorem [14.3]

Definition 14.5. A set E is nowhere dense if E contains no nonempty open interval.

Remark. This is equivalent to saying that E‘ is dense.

]



Lecture 15

Oct. 17 - Functional Limits

15.1 The Limit of a Function

Definition 15.1. Let ACR and f : A — R. Further let ¢ be a limit point of A (not necessarily in A).
We say that
limf(x)=L

X—C

provided that for all € > 0, there exists 0 > 0 such that forall x € A, if 0 < |x—c¢| < 0, then |f(x) - L| <e.
Remark. We do not require f to be defined at c.

Example 15.1.1. For the function f : R — R given by

1 ifx=0
f_{5 if x=0,

we have lim,_,o f(x) = 1.
Example 15.1.2. Take A = (—00,0) U (0,00) and f =1 in A. Then lim,_,o f(x) = 1.
We can alternatively use the following topological definition:

Definition 15.2. We say that
limf(x)=L

x—c

if for all € > 0, there exists ¢ > 0 such that if x € A with x # ¢ and x € Vi(c), then f(x) € V.(L).

15.2 Examples of Showing Limits

Exercise 15.1. Let f(x) =3x+ 1. Then lim,_,, f(x) =7.

Proof. Fix € >0 and let 6 = 5. Then for all 0 <|x 2| < 6, we have
f(x)=7|=13x+1-7|=13x—-6]=3|x-2| <36 =€.

Therefore lim,_,, f(x) = 7. ]

Exercise 15.2. Let f(x) = x%. Then lim,_,, f(x) = 4.
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Proof. Note that

f(x) -4 = x> = 4] =[x = 2[lx + 2|
Since we only care about f(x) when x is near 2, we take |x — 2| < 1. In this region, |x + 2| < 5.

Now fix € > 0 and take 6; = . Then in the region |[x - 2| < 1, for any 0 < |x - 2[ < 6;, we have

|f(X)—4| =lx+2|lx-2| <50, = 5~g:e.
Taking 0 = min{1, 6;} does the job for any arbitrary 0 < |x —2| < . So lim,_,, f(x) = 4. O

Exercise 15.3. Let f(x) = x>. Then lim,_,, f(x) = 8.

Proof. Note that
Ix® — 8] = |x = 2||x* + 2x + 4.

First restrict |x — 2| < 1. Then
X +2x+4/<9+6+4=19

in this region. So take 0; = {5 and 6 = min{1, 0;}. O



Lecture 16

Oct. 19 - Continuity

16.1 Algebraic Properties of Functional Limits

Theorem 16.1. Let f : A — R and c be a limit point of A. Then the following two statements are equivalent:

1. lim, . f(x) =

2. For any sequence {x,} C A such that x,, # ¢ and lim,,_,, x,, = ¢, we have lim,,_,, f(x,) = L.

Proof. (1) = (2): By assumption, for all € > 0, there exists 0 > 0 such that forany x€ A, 0<|x-L| <
implies |f(x) — L| < e. Now let {x,} C A be an arbitrary sequence satisfying x,, # ¢ and lim,,_,, x,, = c.
Since x,, converges, for the 0 given above we can find N such that |x,, —L| < 6 for all n > N. Then by (1),
we have |f(x,)— L| <e. So for all n > N, we have |f(x,) — L| < €, which means that lim,,_,, f(x,) = L.

(2) = (1): Argue by contradiction. Suppose that (1) fails. So there exists some €, > 0 such that
for all 6 > 0 and |x —¢| < 0, we have |f(x) — L| > €y. Fix €y and take 9, = % Pick x, # c such that

lx, —c| < % By construction, |f(x,)—L| < €g. Also note that clearly lim,, .., x,, = c. Then by (2), we have
lim, , f(x,) = L. Contradiction. [

Corollary 16.1.1 (Algebraic limit theorem for functions). Given lim,_,. f(x) = L and lim,_,. g(x) = M,
1. lim,_ kf(x)=kL,
2. limy (f(x) + g(x)) =L+M,

3. lim,_,. f(x)g(x) = LM,
4. lim,_,, Qi L if M =0.
Proof. Convert all the limits to sequences and apply the algebraic limit theorem. ]

Corollary 16.1.2. Let f : A — R and c be a limit point of A. If there exist sequences {x,},{y,} C A such that

lim x, = limy, =c
n—-oo n—-o00

but
gl_)ngof(xn) * nh_{lc}of(yn)'

then lim,_,. f (x) does not exist.
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Example 16.0.1. Let f(x) = sm( )and A = (—00,0) U (0, 00). Note that c = 0 is a limit point of A. Take

1 1
2nm+ 5

Then lim,, , x, =lim, ., v, =0, but
Tt

Z)=1.
2 )

So lim,_,( f(x) does not exist because f oscillates too much at x = 0.

f(x):{l’ x<0

f(x,)=sin(2nm) =0, f(y,)=-sin(2nm+

Example 16.0.2. Let

2, x>0.
The limit does not exist at x = 0 since there is a jump discontinuity.

Example 16.0.3. The function f(x) = 1 does not have a limit at x = 0 since it diverges to infinity.

16.2 Continuous Functions

Definition 16.1. A function f : A — R is continuous at c € A if for all € > 0, there exists 0 > 0 such

that whenever [x < ¢| < 0, we have |f(x) — f(c)| <e.

Remark. Here we require f to be defined at c.

Definition 16.2. If f is continuous at every point of A, then we say f is continuous on A.

Theorem 16.2. Let f : A — R and c be a limit point of A. Then f is continuous if one of the following hold:
1. Forall € >0, there exists 0 > 0 such that whenever |x —c| < 0 for x € A, then |f(x)— f(c)| <e.
2. Forall € >0, there exists 6 > 0 such that if x € Vs(c), then f(x) € V.(f(c)).

3. For any sequence {x,} C A such that lim,,_,, x,, = ¢, we have lim,,_,, f(x,) = f(c).
Proof. These follow from the topological and sequential definitions of limits. ]
Corollary 16.2.1. Let f : A — R and c be a limit point of A. If there exists {x,} C A with lim,_,.,x, =¢

but f(x,) / f(c), then f is not continuous at c.

Theorem 16.3. Assume that f,g: A — R are continuous at c. Then for every k € R, each of kf,f + g, f ¢
are also continuous at c. Also é is continuous at c if g(c) = 0.

Proof. Convert all of these to sequences. O

Theorem 16.4. Let f : A — Rand ¢g: B— R and assume that f ={f(x):x €A} C B. Suppose that f(x)
is continuous at ¢ and g is continuous at f(c). Then (go f)(x f(x)) is contznuous at c.

Proof. For all € > 0, since g is continuous at f(c), there exists #7 > 0 such that if [y — f(c)| < 77, one has
lg(v) — g(f(c))| < €. Since f is continuous at c, for the 7 given above, we can find 6 > 0 such that if
|x —c| < 0, one has |f(x) — f(c)| < 5. Therefore, for every € > 0, we can find 6 such that if [x —¢| < 9, we

have [g(f (x)) - g(f (c))l < e since |f (x) - f (c)| < 7. So lim,_,c g(f (x)) = g(f (c)). O
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16.3 Examples of Continuous Functions

Example 16.2.1. All polynomials are continuous on R. To see this, first note that f(x) = x is continuous
on R. For all ¢ >0, we have f(c) = c. Now fix a c € R. Then for all € > 0, take 6 = €. Then for all x with
|x —c| < 6, we have

) -flel=lx—cl<s=ec.

So f is continuous at ¢ and thus on all of R. Now note that any polynomial p(x) can be written as

p(x) =ag+a X +ax> + -+ a,x".

Since constant functions are obviously continuous and we can write x> = x - x, we conclude by the
algebraic limit theorem that p(x) is also continuous on R.

Example 16.2.2. Let

Then g(x) is continuous at x = 0. This is because

. (1 . (1
xsm(—)—O‘: xsm(—)
x x
So taking 6 = € works for any € > 0.

Example 16.2.3. Let A= {x € R: x > 0} and define f : A —> R by f(x) = v/x. Then f is continuous on A.
We can split the proof into two cases, c = 0 and ¢ > 0. First let ¢ = 0. Then for all € > 0, take 6 = €.
Then for any x € A such that |[x - 0] < 6, we have

I (x) = £(0)] = [Wx = V0| = [Wx| < Vo = e.

g(x) - g(0)] = < Ix].

So f is continuous at 0. Now consider ¢ > 0. Note that

(VE-VOWE+VE)| _ Ix=d _[x=d
Vi ViV e

Then for any € > 0, take 6 = ey/c. Then for any x € A such that |x — c| < §, we have

f(x) = f(e)l = IVx = Vel =

lx—c| o
< <

NEGREG

So f is also continuous at c. Thus f is continuous on all of A.

|f (%)= f o)l

Example 16.2.4. Let h(x) = | x], where h(x) takes the largest integer n < x. Then we claim that 4 is not
continuous on Z, but it is continuous on R\ Z. For the first part, let m € Z and note that h(m) = m. Take
X, =m-— % Then lim,,_,,, x,, = m but h(x,)) =m -1, so lim,,_,, h(x,,) # h(m). Thus h is not continuous
at m. Now for the second part, let c € R\ Z. Then there exists n € Z such that n <c <n+1, so that
h(c) = n. We can let 6 = min{c—n,n+ 1 —c}. Then for all |x —¢| < 5, we have h(x) = n = h(c). So h is
continuous at c.



Lecture 17

Oct. 24 — Uniform Continuity

17.1 Continuous Functions on Compact Sets

Recall that the notation for the image of a set B under a function f is f(B) = {f(x) : x € B}.
Theorem 17.1. Let f : A — R be continuous on A and let K C A be compact. Then f(K) is also compact.

Proof. Take a sequence {y,} C f(K). So we can find x,, € K such that f(x,) = y,. Note that {x,} C K.
Since K is compact, we can find {x,, } such that

lim x,, =xeK.

k—o0

Since f is continuous at x (since x € K C A), we have lim;_,, f(x,,,) = f (x). In other words,
lim p,, = f(x) € f(K).
Thus f(K) is compact. O]

Remark. The topological proof of this theorem goes as follows: Take an open cover of f(K). Then the
preimage of this open cover under f is an open cover of K (since the preimage of an open set under a
continuous function is open). Since K is compact, we can find a finite subcover. Taking the image
again of this subcover yields a finite subcover of f(K).

Theorem 17.2. If f : K — R is continuous on a compact set K C R, then f attains both a maximum and
minimum value on K (i.e. there exist xo,x1 € K such that f(xg) < f(x) < f(x1) for all x € K).

Proof. Note that K is compact, so f(K) is also compact. In particular, f(K) is bounded, so

a = sup f (x)

xeK

exists. By construction, for every € > 0, we can always find x. € K such that f(x.) > a —e. Pick € = %

and find x,_ such that f(x, ) > a - % Then {x, } is a sequence in K. Since K is compact, we can find

lim Xe, =X € K.

k—o0

Note that

1
-—< <
@S fle,) <

53



LECTURE 17. OCT. 24 — UNIFORM CONTINUITY 54

so letting k — co and by the continuity of f, we have

k—o0 Ny k—oo k k— o0

lim (a - i) < lim f(x, )< lim a.

This implies a < f(x) < a. So f(x) = a is the maximum. The proof for a minimum is similar. N

Remark. In this proof, we find x; and x( in addition to simply showing existence.

17.2 Uniform Continuity

Definition 17.1. A function f : A — R is uniformly continuous on A if for every € > 0, there exists
0> 0 such that for all x,y € A and |x — y| < 0, one has |f(x) - f(y)| <e.

Remark. Here, 6 does not depend on a specific choice of x, as opposed to the usual continuity.

Example 17.1.1. The function f(x) = 3x + 1 is uniformly continuous on R. For any € > 0, take 0 = €/3.
Then for all x,y € R with |x —y| < 0, we have

[f(x) = f@)=3lx-y[<35=¢,
as required.

Example 17.1.2. Let g(x) = x> on R. If we let |x —y| < 5, we have

18(x) = g@) = lx +yllx ~yl < x +lo.
Here, we clearly need ¢ to depend on x and vy, so g seems like it cannot be uniformly continuous.

Theorem 17.3. A function f : A — R fails to be uniformly continuous if and only if there exists €y > 0 and
two sequences {x,},{y,} C A such that |x, —y,| — 0 but |f(x,)— f (v,)| > €.

Proof. (=) This implies that there exists €y > 0 such that for all 6 > 0, there exist x,y € A with [x—y| <0
but [f(x)— f(y)| > €;. Take 6 = % and choose x,,, v, € A such that [x, — y,| < % and |f (x,) — f (vu)] = €.

(<) Take € = €;. Then for all 6 > 0, since |x,, —y,| = 0, we can find |x,, — y,| < . But |f(x,) — f (v,)| > €.
So f is not uniformly continuous. O]

Example 17.1.3. Recall the example of g(x) = x%. Take the sequences x, = nand y,, = n+ % Then
X, — vl = % — 0 but
86 -l =2+ =5 22,
so g is not uniformly continuous by the previous theorem. This is the formal proof.
Example 17.1.4. The function f(x) = sin(%) is not uniformly continuous. Let
1 1

- Yy=7——————.
I+ 2nm S+ 2nm

Then f(x,)=1and f(y,) =-1. So |, _ynl — 0 but |f(xn) _f(yn)l =2.

Theorem 17.4. If a function f is continuous over a compact set K, then f is uniformly continuous on K.

Xy =
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Proof. Argue by contradiction. Suppose f is not uniformly continuous. Then for some €; > 0, we can
find sequences {x,},{y,} € K such that |x, —y,| = 0 and |f(x,) — f (v,)| > €. Since K is compact, we can
find a subsequence {x,, } such that

lim x,, =x€K.

k—o0
Then we have

lim p, = lim(y,, —x, )+ limx, =x
k—oo k—oo k—o0

since |x,, —y,| = 0. Then by the continuity of f at x, we have
lim f(x,,) = £(x) = lim £(py,),

so limy_, |f (x,,) = f (v, )] = 0. But by construction, |f(x,, )~ f (vs, )| = €. Contradiction. O

17.3 Intermediate Value Theorem

Theorem 17.5 (Intermediate value theorem). Let f :[a,b] — R be continuous. If there is L € R such that
f(a)<L< f(b)or f(b)<L< f(a), then there exists c € (a,b) such that f(c) = L.

Proof. Tt suffices to show that if f : [a,b] — R is continuous with f(a) < 0 and f(b) > 0, then there
exists ¢ € (a,b) such that f(c) = 0. This is because in the first case, we can define

Then g(a) < 0 and g(b) > 0. Similarly take h(x) = L — f(x) in the second case.

Now we prove the claim. Define
K={xe(ab): f(x)<0}.

Note that f(a) <0 and a € K, so K # &. Note that K is bounded above since b is an upper bound (since
f(b) > 0). Then by the axiom of completeness, ¢ = sup K exists. We show that f(c) >0 and f(c) <0
both lead to contradictions.

Suppose that f(c) > 0. Take € = @ Then since f is continuous, we can find 6 such that

F-for< 1
whenever |x —c| < 0. Then we have
L9 < p- e < L9,
and rearranging yields
0< @ <f(x)< %f(c).

Then any x such that [x — ¢| < ¢ is an upper bound for K, so ¢ is not the smallest upper bound for K.
Contradiction.

The case where f(c) < 0 leads to a similar contradiction. So we must have f(c) = 0. ]
Remark. Alternatively, we can define Iy = [a,b] and let z = &Zb Then if f(z) <0,seta; =zand b; =b.

Otherwise, set a; = a and by = z. Then set I} = [ay, b ], noting that I; C Iy and |[;]| = %|Io|- Repeat this
process and apply the nested interval property to find ¢ € ;- I,. Then show that f(c) = 0.



Lecture 18

Oct. 26 — Discontinuity

18.1 Topological Proof of the Intermediate Value Theorem
Theorem 18.1. Let f : G — R be continuous. If E C G is connected, then f(E) is connected.

Proof. Suppose f(E)=AUBsuch that ANB=2 and A,B= @. Let C= f"!(A) and D = f~!(B). Note
that CUD =E and C,D # @ (since A,B # &). Furthermore, CND = & since AN B = &. Since E is
connected, either CND = @ or CND # @. So either we can find {x,,} C C such that lim,,_,., x,, = x € D or
{x,} € D such that lim,_,,, x,, = x € C. Without loss of generality, assume we are in the first case (just
rename otherwise). So we have f(x,) € A and f(x) € B. Since f is continuous, lim,_,, f(x,) = f(x),
and thus f(x) e ANB = @. So f(E) is connected. ]

Note that in R, a connected set is precisely an interval, so we are now ready to give another proof of
the intermediate value theorem:

Theorem 18.2 (Intermediate value theorem). Let f :[a,b] — R be continuous. If there is L € R such that
f(a)<L< f(b)or f(b)<L< f(a), then there exists c € (a,b) such that f(c) = L.

Alternative proof. Since [a,b] is a connected set, f([a,b]) is also a connected set. Then f(a) € f([a,b])
and f(b) € f([a,b]). Since f([a,b]) is an interval, [f(a), f(D)] C f([a,b]). So for all L € [f(a), f(D)], there
exists ¢ € [a,b] such that f(c) = L. O

18.2 Sets of Discontinuity

Definition 18.1. For f : R — R, we define Dy C R to be the set of points where f fails to be continuous.
Our goal will be to study the structure of Dy.

Definition 18.2. A function f : A — Ris increasing if f(x) < f(y) for x <y with x,y € A. Similarly, a
function is decreasing if f(x) > f(y) for all x <y with x,y € A.

Definition 18.3. A monotone function is a one that is either increasing or decreasing.

Definition 18.4. Let f : A — R and c be a limit point of A. Then

lim f(x)=L

x—ct

if for all € > 0, there exists 6 > 0 such that for all 0 < x—c <9, one has |f(x) — f(c)| < €. Similarly, we
define lim,_,.- f(x) = L if the same is true for 0 <c—x <.

56
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Theorem 18.3. Let f : A — R and c be a limit point of A. Then lim,_,. f (x) = L if and only if

lim f(x)= lim f(x)=L.

x—ct X—C™
Proof. Homework problem. N
Theorem 18.4. Let f : R — R be a monotone function. Then Dy is either finite or countable.
Proof. Without loss of generality, assume that f is increasing. Then let ¢ € D¢ and let {x,} be an

increasing sequence such that lim,_,,, x,, = c. Then {f(x,)} is a monotonically increasing sequence.

Now we check that {f(x,)} is bounded. To do this, suppose otherwise that {f(x,)} is not bounded.
Then f(x,) — co monotonically as n — co. Note that x,, < c. Since f(x,) — o0 as n — oo, we cannot

define f(x) for x > c. This is a contradiction since f is defined on all of R.

Thus f(x,) is bounded and increasing, so lim,,_,, f(x,,) exists by the monotone convergence theorem.
Now define A, =lim,,_,, f(x,), and we claim that lim,_,.- f(x) = A.. To show this, take an arbitrary
sequence {y,} with y, < ¢ such that y,, — c. Here we claim that lim,,_,, f(y,) = A.. Since we have
A. =lim,_,, f(x,), for every € > 0, we can find N, such that for all k > Ny, one has

Ac—e< f(xp) <Ac+e.
Since y,, — ¢, there exists N such that for any fixed n > N, we have xy, <y,, < x5 for some xg. Then

Ac_egf(xNo) Sf(yn)éf(xﬁ) <A +eg,
so |f(y,) —Ac| < € for all n > N. Thus we conclude that lim,,_,, f(v,) = A, and thus lim,_,- f(x) = A,.

One can similarly show that lim, .+ f(x) exists, so let B, = lim,_,.+ f(x). Since f is increasing and
f is not continuous at ¢, we have A, < B.. So by the density of Q in R, we can find g. € Q such that
qc € (Ac, Bc). Then for any distinct ¢, ¢’ € Dy, we have q. # g since f is monotone. By construction, this
is a bijection from Dy to {qc}ceDf C Q given by ¢  g.. Thus Dy is countable since Q is countable. []

Definition 18.5. Let f : R — R and a > 0. We say that f is @-continuous at x if there exists 6 > 0 such
that for all y,z € (x—9,x+9), one has [f(y) — f(z)| < a.

Theorem 18.5. Let f : R — R. Then Dy is an F; set.

Proof. Let
D}?‘ ={xeR: f is not @-continuous at x}.

Note that D}?‘ is closed (show that (DJ‘?)C is open). Also observe that D}X’ C Dj‘i‘ for @’ > a. Finally, if f is
continuous at x, then f is a-continuous for any fixed a. So D¢ C Dy for all @ > 0. Then we can write

Dy = UlD]‘}"

for a,, = % Note that we already have the reverse inclusion. To show the forward inclusion, we can
observe that for any x € Df, one can find ag > 0 such that x € D}XO. Then somehow finish. O



Lecture 19

Oct. 31 — Sequences of Functions

19.1 Pointwise Convergence

Definition 19.1. For all n € N, let f, be a function defined on A CR. The sequence of functions {f,}
converges pointwise on A to a function f if for all x € A, we have lim,,_,, f,,(x) = f(x).

Example 19.1.1. Let f, : R — R be defined by

X+ nx

fn(x) = .

n

For any fixed x € R, we have f,(x) = x+ 7 — x as n — 0. So {f,} converges pointwise on R to f(x) = x.
Example 19.1.2. Let g, :[0,1] — R be defined by g,(x) = x”. First note that for x =1,

g(1)=1"=1,
solim, ,.,g,(1)=1. For any fixed 0 <x <1,

lim x" = 0.
n—00

So {g,} converges pointwise on [0,1] to

(x) = 1 ifx=1
S0 ifo<x<1.

Example 19.1.3. Let i, : [-1,1] — R be defined by
By (x) = x5t

Note that 2n—1 is odd for every n, so h,(x) is well-defined even for x < 0. Observe that
h,(x)=x- X7,

For x = 0, we have h,,(0) =0, so lim,,_,,, h,,(0) = 0. For 0 <x < 1, we have

) 1
lim x2»-T = 1.

n—-oo

Finally, if -1 < x <0, then we have
lim xZT = lim (=1)" (=%)2""! = —1 lim (=x)%T = -1

n—-oo n—-o0 n—-oo
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since 2n—1is odd and 0 < —x < 1. Then by the algebraic properties of limits, we have

ifx=0
nli_)mhn(x): x if0<x<l1
-x if-1<x<0.
So {h,} converges pointwise on [-1,1] to h(x) = |x|.

Remark. The pointwise limit of a sequence of continuous functions may fail to be continuous, and
the pointwise limit of a sequence of differentiable functions may fail to be differentiable.

19.2 Uniform Convergence

Definition 19.2. Let f, be functions on A C R. We say that f, — f uniformly on A if for all € > 0,
there exists N € N such that for all x € A and n > N, one has |f,(x) — f(x)| <e.

Example 19.2.1. Let g, : R — R be defined by

1

&n = n(1+x)%

For any fixed x € R, we have
1
-,
&n(x) n(1 +x)? -
s0 g,(x) — 0 pointwise on R. Further observe that
1 1
-0=——<—.

So for any € > 0, pick N € N such that N > 1. Then for all x e R and n > N, we have
1
|gn(x)-0) < <€

So in fact g,(x) — 0 uniformly.

Example 19.2.2. Let

x+nx  x?
= =—+x
n n

8n(x)

For any fixed x € R, we have g,(x) — x, so g,(x) converges pointwise to x on R. Then we can note that
2
x

X)—X S —
2u0) - < =
2 . . . :
so we need to take N > 7~ to satisfy |g,(x) — x| < e for n > N. So this convergence is not uniform.

Theorem 19.1 (Cauchy criterion for uniform convergence). Let {f,} be a sequence of functions defined
on A CR. Then f, converges uniformly on A if and only if for all € > 0, there exists N € N such that for all
x € Aand m,n > N, we have |f,(x) — f,(x)| < e.
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Proof. Just apply the Cauchy criterion for sequences at every point. ]

Theorem 19.2. Let {f,} be a sequence of functions defined on A and suppose that f,, — f uniformly on A.
If each f, is continuous at c € A, then f is also continuous at c.

Proof. For all € > 0, since f,, — f uniformly, we can find N € N such that whenever n > N, we have

for all x € A. Take n = N. Since fy is continuous at ¢, there exists ¢ such that for all |x —c| < 0, one has

|fnv (x) = fu (©)] < =

Then we can note that

[f(x) = F () =1f (%) = in () + fn (%) = fv(e) + fn(e) = f ().

By the triangle inequality, we have

If (x) = f)l < If (x) = i () + v (x) = fu ()] + I v (€) = f(c)

So for all |x — ¢| < 6, we have
€ € €

flx-fEl<s+5+5 =

where the first and last terms are from uniform convergence and the middle term is from continuity.
So for every € > 0, we can find 0 > 0 such that for all |x — c| < 6, we have |f(x) — f(c)| < e. Thus we can
conclude that f is continuous at c. O

Remark. This is commonly referred to as a 3e argument in analysis, which shows up quite often.

Remark. We can also pass differentiability and integrability through uniform limits.

19.3 Series of Functions

Definition 19.3. Let f and f, be functions defined on A C R for each n € N. We say that ) 7, f,
converges pointwise to f(x) if the partial sums

ful(x)

si(x) =

1~

n=1

converge pointwise to f(x) for every x € A. Similarly, we say that } , f, converges uniformly to f(x)
if the partial sums converge uniformly to f(x) for every x € A.

Theorem 19.3. Let f,(x) be a continuous function defined on a set A C R and assume that ) ;" f,(x)
converges uniformly to f. Then f is continuous on A.

Proof. If f, is continuous, then s;(x n 1 fn(x) is continuous. Then we can pass continuity through
the limit since the convergence of sk( ) is uniform. O
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Theorem 19.4. A series ), f, converges uniformly on A if and only if for all € > 0, there exists N € N
such that for all n>m > N and x € A, one has |f,,,1(x) +---+ fu(x)| <e.

Proof. This is just the Cauchy criterion for series. O
Corollary 19.4.1. For every n € N, let f,, be a function defined on A CR. Assume
fulx) <M,
forall x e A. If Y ;-1 M,, converges, then ) ;" | f, converges uniformly on A.
Proof. For every € > 0, since ) ;> M,, converges, there exists N such that for all m,n > N, we have
M, ++M, <e.
Note here that 0 < |f,(x)| < M,,, so we can drop the absolute values. Then for the same choice of N,

|fm+1(x) T +fn(x)| < |fm+1(x)| tet |fn(x)| < Mm+1 +"'+Mn <E€.

Apply the Cauchy criterion again to finish. O]



Lecture 20

Nov. 2 — Power Series

20.1 Power Series

Definition 20.1. A power series is a series of the form

Theorem 20.1. If

converges at xy € R, then it converges absolutely at any x such that |x| < |x|.

Proof. Since ) ;2 a,x; converges, there exists M > 0 such that |a,x{| < M for all n. Then observe

n X n
n n n
la,x"| = |anx0 |~ |anx0 -
X0
Now let |x| < |xg, so that
(oo} (ee] x n [ee] x n
E la,x"| = E |la,xgl|— SMZ —
Xo X0
n=0 n=0 n=0
x : . . . o0
Note that || <1, so the right hand side converges by geometric series. Thus } ;" |a,x"| < co. N

Remark. We need to make this argument since } ;7 ,a,x; need not converge absolutely. So we cannot
simply do a direct comparison.

Theorem 20.2. If
5o
n=0
converges absolutely at xy € R, then it converges uniformly on [—c,c] where ¢ = |x|.

Proof. By assumption, ) ”|a,x;| < co. Then for any x € [—c,c], note that |a,x"| <|a,x|. Then

1 m+1

Lt e, x| < aps1xg |+ -+ layxg

|am+1xm+ t+--+ anxn| < |am+1x

62
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for m < n. For any €, we can find N such that for any n > m > N, we have

|81 X0 4+ 2, xl] < e
Then by the Cauchy criterion for uniform convergence, ) ;> ,4,x" converges uniformly on [-¢,c]. [
Remark. This result holds on a closed interval, whereas the previous holds on an open interval.

e

n=1

Example 20.1.1. Consider the sum

which converges at x = 1 by the alternating series test. Then by the previous theorem, this series
converges absolutely on (-1,1). However, observe that at x = -1, we have

. (_1)11 n . 1
Z« n (=1) :ZE’

n=1 n=1

which diverges. This is an example of why the interval is open.

20.2 Abel’s Theorem

Lemma 20.1 (Abel’s lemma). Let {b,} be a sequence satisfying by > by > bs--- > 0 and {a,} satisfy

k
)
n=1

skl = <A

for some A > 0. Then |a;by +aby +...a,b,| < Ab;.
Proof. See Homework 5. The key is summation by parts. ]

Theorem 20.3 (Abel’s theorem). If

E a,x"

n=0
converges at x = R> 0, then ) ;> ;a,x" converges uniformly on [0, R]. The same result holds for R < 0.

Proof. Fix 0 < x < R. Observe that

[o¢] o0 n

X
n __ n
E apx = anﬁR .
n=0 n=0

Note that ) ;a,R" converges by assumption. By the Cauchy criterion, for every € > 0, there exists N
such that for all n > m > N, we have

€
la, R+ +a,R"| < > (+)

Now consider

1

A1 X"+t a,x"| =

m+1 n
amHRmH(%) +~--+anR”(£) .
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X x\"
E), ooy bn_m:(i) y

so that by > by >--->b,_,, > 0since 1 > 5 > 0. Also pick

Then pick
by

Il
—_——

m+1 n
a| = am+1R B ey Xy = anR .

Then we have
(*) = |a1b1 + a2b2 +et an—mbn—ml-

Note that |Z§?:1 aj| < 5 for k <n—mby (+). Then by Abel’s lemma,

m+1
(*):|a]b1+a2b2+-..+an_mbn_m|s%(%) <e

Therefore by the Cauchy criterion, ) ,_ja,x" converges uniformly on [0, R]. O

Remark. Observe that for R < 0 and x € [R, 0], we still have 0 < % <1, so the proof is the same.

Theorem 20.4. If
o

n=0
converges pointwise on a set A C R, then it converges uniformly on any compact set K C A.

Proof. Since K is compact, it is closed and bounded. In particular, xy = infK exists and x; € K.
Similarly, x; = supK exists and x; € K. Note that K C [x, x;]. By assumption, ) ;> ,4,x" converges at
xo and x1. Then by Abel’s theorem, ) ;> ,a,x" converges uniformly on [xg,x;] 2 K. E| O

To be more precise, we need some case work here depending on the signs of x, and x;.



Lecture 21

Nov. 7 — Weierstrass Approximation Theorem

21.1 Bernstein Polynomials

Definition 21.1. A Bernstein polynomial is a polynomial of the form
n -
Byi(x) = (k)xk(l — )"

fork=0,...,n. E]
Clearly we have B, x(x) > 0 for all x € [0,1]. We also have

Bl,O =1 - X, Bl,l =X, BZ,O = (1 —X)z, BZ,I = 2X(1 —X), Bz’z = Xz,

Lemma 21.1. We have the following statements about Bernstein polynomials:
1. ZZ:Q Bn,k(x) =1,
2. Y i okByk(x) =nx,
3. and Y }_ok(k—1)B, x(x) = n(n—1)x>

Proof. For (1), we note that

Il=(x+1-x)"= Z(Z)xk(l —x)"F = ZB”’]‘
k=0

k=0
by the binomial theorem. For (2), we can compute

n! Nk - (n—1)! _ ne
ZkB"k Zn o (1 -x) kk_nx;—(n_k)!(k_l)!xk (1 —x)nk
n-1

111]_
=nx ) e 1 ]]' x(1-x) anBnlj =nx

—.

'Here (}) = (n_"—k'),k, is the binomial coefficient.
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by reindexing the sum and then using (1). Also we dropped k = 0 in step two. Finally, for (3), we have

' n

(71—2)! — n—
Zkk 1)B, (x Zkk 1(;1—k)'k' k(1 —x)" k:n(n—l)x2zmxk 2(1 — x)n*

k=0 k=2
n-2 n-2
2 ' n-2-j 2 2
1- J=n(n-1 B, 5 i(x)=n(n—-1)x%
)x ZO - ]], xl(1-x) (n-1)x ZO w2 (x) = n(n—1)x
j= i=
where we reindexed and used (1) again. N

Remark. By dividing by 1, we can get (2):

n
k

E ~B = X,
" n,k(x) X

k=0

If we view % as an event and then B, (x) as a probability, then this tells us x is the expectation. We

can perform a similar process to get an analogous (3):

Using the same interpretation, we can view this as a computation of the variance.

21.2 Weierstrass Approximation Theorem

Theorem 21.1 (Weierstrass approximation theorem). Let f : [a,b] — R be continuous. Given € > 0, there
exists a polynomial p(x) such that

[f(x)-plx)l<e
for all x € [a, b].

Proof. First we can normalize the interval so that f : [0,1] — R. Then define

= kZidf(%)Bn k(%)

It suffices to show that for all € > 0, there exists N such that for all n > N and x € [0,1], we have
|B,,(x) — f(x)| < €. Note that this somewhat resembles a Riemann sum. E

Now we proceed. Since f is continuous on the compact set [0, 1], it is uniformly continuous. In other
words, for all € > 0, there exists o > 0 such that

€

F-f)l<3

2While the usual Riemann sum gives the integral of f as 1 — oo, this construction recovers f itself instead.
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for all [x — y| < 6. Then we can bound the error by

B 10 = 3 (5 Bustr= ) f st = Y| (5) - o) Bust
k=0 k=0 k=0

-y lf(%)—f(x)an,k(xH y [f(%)—f(x)an,k(x)-

| —x|<s |E—x|>5

Here we have used the result that ) ;_; B, x(x) = 1. Then we continue with

k k
Bux) = fll< ) f(;) ~f@)|Bux(x)+ ) f(;) ~ F ()| Byil).
|£—x|<s |E—x|>o
(*) (k)
For (%), by uniform continuity we can bound
€ € € v €
W< ) SBuk®)=5 ) Bu®)<5) Builx)=-.
%—x|<5 %—x|<6 k=0
Then for (%),
(#%) < 2 max |f] By k(x)
<[01] k—x|>6
since [0,1] is compact. Now by (3),
A% 2
n X 1 k
Bui(x)= ) (Z )2Bn,k<x> <5 )| —x) Byi(x)
s s (5 %) [
1 v« (k 2 1 x(1-x
<5 (;"‘) Bt = 55
k=0

Plugging this back in yields

*k) < 2 —
(k) < xg}g}]lflézn

since x(1 —x) < 1. Now take
4maxx€[0’1] |f|
€62

So when n > N, we have (%) < €/2. Then

which finishes the proof.
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Lecture 22

Nov. 9 — Arzela-Ascoli Theorem

22.1 Arzela-Ascoli Theorem

Definition 22.1. We say that {f,,(x)} is equicontinuous on E C R if for every € > 0, there exists ¢ such
that if |[x —y| < 6 for x,y € E, then |fn — fu(v)| < € for all n.

Remark. The choice of 9 is 1ndependent of n here.

Lemma 22.1. Let A = {xy,xy,...} be a countable set and let f, be defined on A for each n € N. Suppose that
there is M > 0 such that |f,(x)| < M for all n € N and x € A. Then there exists a subsequence of {f,,} which
converges pointwise on A.

Proof. Observe that the sequence {f,( x1 )} is bounded, so by Bolzano-Weierstrass we can find a sub-
sequence f, (x;) — a;. Now let f; i(x) = f, (x) for the previously described f, . Now look at the
sequence {f x(x;)}. This is still bounded, so similarly by Bolzano-Weierstrass we can find a subse-
quence {f; x(x2)} € {f1x(x2)} with f,(x;) — a,. Continue this process to find f;x(x3) — a3 and so
on. Now consider the subsequence {f; x(x)} C {f,(x)}. For all n, we have {fy r(x,)}k>n € {fux(x,)}. By
construction, f, x(x,) — a, as k — oo, so fi x(x,) — a, as well. This gives pointwise convergence. []

Theorem 22.1 (Arzela-Ascoli theorem). Let f, be defined on [0 1] for each n € N. Suppose that there is
M > 0 such that |f,(x)| < M for every x € [0,1], and that {f,(x)} is equicontinuous on [0,1]. Then there
exists a subsequence of {f,,} which converges uniformly on [0, 1].

Proof. Let g = {ql,qz, .} be rational points in [0, 1]. Note that g is countable, so by Lemma we
can find {f, (x)} € {f,(x)} which converges pointwise on g. By equicontinuity, for every € > 0, there
exists 0 > 0 such that for every k € Nand x,p € [0,1] with |x —y| < 0, we have

fie () = fi, ()] <

Since the QQ is dense in R, we clearly have
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where {ry,...,r,,} C g. Since f,, (r;) converges pointwise for each ] = 1,...,m, by the Cauchy criterion
there exists N; such that for all h m > N;, we have

|fnh(rj)_fnm(r]) <

Now take N = max;_ mN]-. Then for h,m > N, we have

.....

o () = Fo GO < U, () = foy (7o) + fp (o) = fon, (7o) + foy, (1) = fo,, (2
where j is picked such that x € V;(r; ) for some j, € {1,...,m}, since the V;(r;) form an open cover of
[0,1]. Then by the triangle inequality,

€ €
(390~ Fo O < o ()= (151 U i) = o 1+ o (1) = fo, (0] < S+ 54 5 =
where the first and last bounds come from equicontinuity, and the middle bound comes from the
Cauchy criterion. Then by Cauchy again, we conclude that {f,, } converges uniformly on [0, 1]. N

Remark. This Arzela-Ascoli theorem is some kind of generalization of the Bolzano-Weierstrass
theorem. Except now we also require equicontinuity in order to make the same conclusion.

22.2 Contraction Mapping Theorem

Here we review a homework problem from a week or two ago.
Theorem 22.2 (Contraction mapping theorem). Let f : R — R be a function that satisfies

[f(x)=f @) <clx -yl

for some constant c € (0,1) and all x,y € R. Then there exists a unique fixed point y, such that f(y.) = p.. E|

Proof. First it is easy to show that f is continuous. Pick some y; € R and define the sequence {y,} by
V1 = f (v,,). Then note that

V42 = Vnetl < €Y1 — Dl
since Y10 — Vi1 = f (¥na1) — f (v,,)- Repeat this to see that

|yn+3 _yn+2| < Clyn+2 _yn+1| < C2|Vn+1 _ynl < C3|yn yn 1| < n+1|}/2 yll
So in general we have [y, —y,,| < ¢"!|y, —v1|- Now let m,n € N with m < n. Then
|yn _yml = |yn “Vn-1FVn-1"VYn2t " t+Vmn _yml < |yn _yn—ll t--t |ym+1 _yml
B B B 1
<( "4t " Yy < (T )y — | = 11—_C|yz—y1|-

So for every € > 0, simply take N large enough such that ¢N-! ﬁb’z —-v1| <e. Then forall m,n > N,
we have [y, —v,,| < €. So {y,} is Cauchy and y, = limy, exists. Then because limy, = y,, we have
lim f (y,) = f(v.) since f is continuous. Then we can take the limit through y,,; = f(v,) to get

9. = lim 9,41 = lim f(y,) = f(3.).
Now for uniqueness, suppose that y,,7 each satisfy f(y.) = y. and f(y) =v. Then

~Y=1f ()= @ < cly. -7,
which happens only when |y, —9] = 0 since c € (0,1). So v, = ¥ and v, is the unique fixed point of f. [

! This theorem is also sometimes called the Banach fixed-point theorem.



Lecture 23

Nov. 14 — Review for Exam 2

23.1 Problems from Homework 9

Exercise 23.1 (Abbott 6.2.1). Let
nx

fal(x)

T 1tnx?
a) Find the pointwise limit of f,,.

(a)

(b) Is the convergence uniform on (0, o0)?
(c) Is the convergence uniform on (0,1)?
)

(d) Is the convergence uniform on (1,0)?

Solution. (a) We have
X X

fn(x):ﬁ—)p=;=f(x)
Also observe that 1
X X x(—z) 1 1
n\X) = J\X)[ = T2 T “n '
|f (x) f( )l %+x2 x2 xz(% +x2) nx(%_{_xZ)

(c) No, the convergence is problematic near x = 0. We can see that

1 1
nx(1 + nx?) 1+ nx? x€ xe

Since this is true for all x € (0, 1), we have n arbitrarily large, which is not allowed.

(d) Notice that

1 1 <1
nx(%+x2) n

when x > 1. So taking n > 1/e works.

(b) No, since (0,1) C (0, 00) and the convergence is not uniform on (0, 1) by (c).

Exercise 23.2 (Abbott 6.2.2). Let

0 otherwise

1 ifx=1,%...1
fn(x):{ 2 "

and let f be the pointwise limit of f,,.

70

X 1 1
e —— < e l+nx’>— e nx’>—-1 ¢ n>—

d

1

X€

1),
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(a) Is f, is continuous at 0?
(b) Does f, — f uniformly?

(c) Is f continuous at 0?
Solution. (a) Note that f,,(0) = 0. For any € > 0, pick 6 < % Then

|f(x) = F(0)|=]0-0]=0<Ee.
So f, is continuous at x = 0.

(c) Observe that
f:{x ifx:%forsomequ

0 otherwise.

Take €y = 1/2. For all 6 > 0, there exists gy € N such that 1/qy € (0,0). Then

£ (1/90) - f(0)] =1 > %

So f is not continuous at 0.

(b) Since f is not continuous despite f, being continuous, the convergence cannot be uniform. [

23.2 Weierstrass M-test

Corollary 23.0.1 (Weierstrass M-test). Let f, be a function defined on A CR for each n € N and suppose
that |f,(x)| <M, forall x € A. If } ;7 o M,, < oo, then ) 7" f,, converges uniformly.

Proof. Apply the Cauchy criterion twice, once on ) M, and againon }_f,. N

23.3 More Problems

Exercise 23.3. True of false?
(a) We have f~!(B) is finite whenever B is finite.
(b) We have f~!(K) is compact if K is compact.
(c) We have f~!(A) is bounded if A is bounded.
(d) If F is closed, then f~1(F) is closed.

Solution. (a) Very false. Just let f = 0.

(b) Still very false. Use the same f = 0.

(c) Still false, use f = 0 again.

(d) False. Define f =0on (0,1)and f =1 on R\ (0,1). Take F = {0} with f~!(F) = (0, 1). ]



Lecture 24

Nov. 28 — Dini’s Theorem, Metric Spaces

24.1 Dini’s Theorem

Theorem 24.1 (Dini’s theorem). Let K be a compact set. Let f : K — R be a continuous function and
fn: K = R for n € N be a sequence of continuous functions. If f,, — f pointwise and f,(x) > f,.1(x), then

fn — f uniformly.

Proof. For each n €N, define g,(x) = f,(x) — f(x). Now {g,} is a sequence of continuous functions and
g,(x) — 0 for every x € K. Also

gn(x) 2 gn+1(x) >0
since the f, is decreasing. Set M,, = sup{g,(x) : x € K}. Then it suffices to show that M, — 0. For every
€ > 0, we define
O, ={xeK:g,(x) € (—o0,€)}.
Observe that O,, is open since we have O,, = g;;}((—oo, €)), which is the preimage of an open set under

a continuous function. Also O,, C O,,, since {g,} is decreasing. For any fixed x € K, since g,(x) — 0,
there exists N, such that gy (x) < €. In particular, this means that x € Oy_. Then

o

n=1

K

Observe that {O,} is an open cover for K and K is compact, so we may find a finite subcover {O,, }
satisfying

M
k=1

M
kel Jo, co,
k=1

Note that the last equality is from O,, C O,,,. So for all n > ny,, we have K C O,,. In particular, for all
x € K, we have g,(x) < €. Furthermore 0 < g,(x) by construction, so g, — 0 uniformly and M,, —» 0. [

Example 24.0.1. Let’s see what happens when the compactness condition is removed. Let K = (0,1)
and f,(x) = x". Clearly f,,; < f, and f, is continuous for every n. Now note that

sup{x":0<x<1}=1,

so this convergence is not uniform.
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Example 24.0.2. Let K =R and

ifx<n
fu(x) =

(x—n) ifn<x<2n
if x > 2n.

_ 3= O

Note that f, > f,,1 and f, — 0 pointwise. But sup{f,} = 1, so we do not have f,, — f uniformly.

Example 24.0.3. Now let’s try removing the continuity condition. Let K = [0,1] and

C|en(x-1) ifo<x<l
f”(x)_{o ifi<x<1
We have
1 ifx=0
f”(x)_)f(x)_{o ifo<x<1

pointwise. Note that f(x) is not continuous. As a result, we have
sup(f(x) - f(x): x €K} = 1,
so we do not have f, — f uniformly.

Example 24.0.4. Finally we try removing the monotonicity condition. Let K = [0,1] and

0 ifx<1

2n(x-1) ifl<x<?
—2n(x—%) if% <x<
0 if x >

N

fn(x) =

N

n

R[]

Observe that f, — 0 pointwise. However, sup{f,(x) : x € K} = 1, so the convergence is not uniform.
This is because f,;1 < f, fails.

24.2 Metric Spaces

Definition 24.1. Given a set X, a function d : X x X — R is a metric on X if for all x,y € X,
(i) (Positive-definiteness) d(x,y) > 0, with d(x,y) = 0if and only if x = p,
(ii) (Symmetry) d(x,) = d(y, ),
(iii) (Triangle inequality) for all z€ X, d(x,y) < d(x,2) +d(z,p).
A metric space is a set X with a metric d. We typically write this as a pair (X, d).
Example 24.1.1. On R, the absolute value d(x,y) = |x — y| is a metric.
Example 24.1.2. On R?, for points x = (x1,x,) and v = (y;,7,), the Euclidean distance

d1(5,9) = \J(x1 =912 + (x - 2)?

is a metric. The following
dy(x,y) = max{|x; — v1|,[x2 — v2}

is also a metric.
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Definition 24.2. Given € > 0 and x € X the e-neighborhood in (X,d) is

Ve(x)={yeX:d(x,p) <e}.

Example 24.2.1. For R?, the neighborhood V;(0) in (R?,d,) is the unit disk. However, the same
neighborhood V;(0) in (R?,d,) is a square of side length 2.

Definition 24.3. Let (X,d) be a metric space. A sequence {x,} C X converges to x € X if for all € >0,
there exists N such that for all n > N, we have d(x,x,,) <e.

Definition 24.4. A sequence {x,} in (X,d) is Cauchy if for all € > 0, there exists N such that for all
m,n > N, we have d(x,,, x,) < €.

Proposition 24.1. Convergent sequences in a metric space are Cauchy.
Proof. Pretty much carry over the same proof from |- |in R. ]
Definition 24.5. A metric space (X, d) is complete if every Cauchy sequence in X converges to an

element in X.

Remark. The real numbers R form a complete metric space (recall the axiom of completeness), but
the same is not true for Q.

Definition 24.6. Let (X,d;) and (Y, d,) be metric spaces. A function f : X — Y is continuous at x € X
if for all € > 0, there exists 6 > 0 such that

dy(f(x), f(p) <e

for all y with d;(x,p) <.
Definition 24.7. A set O C X is open if for every x € O, we can find € > 0 such that V,(x) C O.
Remark. We can similarly define closed sets, limit points, etc. on metric spaces.

Definition 24.8. A subset K of a metric space (X, d) is compact if every sequence in K has a convergent
subsequence that converges to a point in K.



Lecture 25

Nov. 30 — Review for Final, Part 1

25.1 Discussion of Exam 2

Exercise 25.1. Suppose f :[0,7t/2] — R is continuous and f(t) € [0, 1] for every t € [0, 7t/2]. Prove that
there exists t € [0, /2] with f(t) = sin(t). (You may use without proof that sin is continuous.)

Solution. Define g(t) = f(t) —sint. Note that
g(0) = £(0)—sin0 = £(0).
Soif £(0) = 0, then we are done. Also note that
o(11/2) = f(1/2) —sin(1/2) = f(1/2) -1,

so if f(1t/2) = 1, then we are also done. So assume f(0)> 0 and f(7t/2) < 1. Then g(0) > 0 and g(1) <0,
after which the result follows from the intermediate value theorem. ]

25.2 More on Metric Spaces

Definition 25.1. Let E be a subset of (X,d). The closure of E, denoted E, is the union of E and its
limit points. The interior E° is defined to be

E° ={x € E : there exists V,.(x) C E for some € > 0}.

Definition 25.2. A set A C X is dense in (X,d) if A = X.
Definition 25.3. A subset E is nowhere-dense in (X,d) if E_ = & (interior of the closure is empty).

Theorem 25.1 (Baire category theorem). A complete metric space is not the union of a countable collection
of nowhere dense sets.

25.3 Review for Final

25.3.1 Cesaro Means

Definition 25.4. Given a sequence {x,,}

(ee]
n=1’

o0

the Cesaro means of {x,};”,

are {y,},-, given by

X1+t X,

Yn = »
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Proposition 25.1. We have the following properties about a sequence {x,} and its Cesaro means {y,}:
(a) Supposelim, .., x, =x. Then lim, v, = x.

(b) lim,,_,., v, exists does not imply that lim,,_,, x,, exists.

Proof. (a) For all € > 0, we can find N; such that for all n > Ny, we have |x,, — x| < e. Then

N;-1
Xp+etx,—nx (X —x) 4+ (X, —x) Y pe (xk—x)+Z}LN1(xj—x)
n n n '

Yn—X=
Now note that
N;-1

(x —x)
=1

<N; max |x;—x|
1k:1,..,,N1—1| k=

For the other sum, we have
n

Z(xj—x) <(n—Nj+1)e.

j=N1
Then

,,,,,

n n

|yn - xl <
So take N, large enough so that

Nymaxg_y, N, -1 %k — x|
N,

Then for n > max{N;, N,}, we have
ly, — x| <e+e=2e.

Thus we have lim,,_,,, v, = x, as desired.

(b) Simply take x,, = (—1)". Then

L+l =T 4+ (1)

Yn = "

So |y| < 1/n and lim,_,,, v, = 0, but {x,} diverges.

25.3.2 Limit Superior

Exercise 25.2. Let {a,} be a bounded sequence.

(a) Let
v, = suplag : k > n}.

Then lim,,_,, v, exists, and we define limsup,_, 4, =1lim, ., v,,.

(b) Let
z,, = inflay : k > n}.

Then lim,,_,, z,, exists, and we define liminf,_, a, =lim,_, z,.
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(c) We have lim,,_,, a,, = L exists if and only if

limsupa, =liminfa, = L.
n—00 n—00

Proof. (a) Note that
{ap:k>n+1}Clay:k>n},

$0 V.1 < v,. Then {y,} is a bounded, nonincreasing sequence, so lim,,_,., v, exists by the monotone
convergence theorem.

(b) We have z, < z,,1 by a similar argument. So {z,} is bounded and monotone, so lim,,_,, z, exists
by the monotone convergence theorem.

(¢) (=) Suppose lim,_,.,a, = L. Then for all € > 0, there exists N such that for all n > N, we have
L-e<a,<L+e
Then when n > N, we have
L-e<y,<L+e and L-e<z,<L+e.

Then it follows that lim,,_,, v, =lim,_,z, = L.

(c) (<) Note that z,, < a, <7y, by construction. Then if lim, .y, =lim,_, .z, = L, by the squeeze
theorem we also have lim,,_,, a, = L. ]



Lecture 26

Dec. 5 — Review for Final, Part 2

26.1 Problems from Homework 10

Exercise 26.1. Prove that the following function is continuous on [-1,1].

. 2 3 4

Proof. Look at the partial sums

Clearly Sy, is continuous. Note that

x" 1

]
for all x € [-1,1]. So by the Weierstrass M-test, we have S); — h(x) uniformly on [-1,1]. Thus h(x) is
continuous since each Sy, is continuous. L]

26.2 Other Review

Exercise 26.2. Let {x,},{y,} be Cauchy sequences. Show that {x, +v,},{x,v,} are also Cauchy.

Proof. Since {x,} and {y,} are Cauchy, we can find N; such that for all m,n > Ny, |x,, —x,| <€ and N,

such that for all m,n > N, |y, — v,,| < €. Take N = max{Ny, N,}. Then for all m,n > N, we have
|xm+ym_(xn+yn)| < |xm_xn|+ |ym_yn| <€e+e=2e.

So {x, + y,} is Cauchy.

For {x,v,}, we must first observe that Cauchy sequences are bounded, so there exist M; and M, such
that [x,| < M; and |y,| < M, for all n. So for any € > 0, we can pick N; and N, such that

%, — x| < € forall mn>N; and |y, —v,l< —°_ forall m,n > N».

2M, 2M;
Then for m,n > N = max{N;, N,}, we have
€ €
|xnyn - xm?m' = |xnyn —Xm¥n T Xm¥Vn — mem| < |yn||xn - xml + |xm||yn - yml <Mj-—+M;-— =2e.
M, M,
Thus {x,,} is also Cauchy. O
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Exercise 26.3. Let K, L be two subsets of R. Define
d(K,L)=inf{lx-y|: x e K,y € L}

and suppose that LN K = @.
(a) If K, L are compact, then show that d(K,L) > 0.
(b) If K,L are only closed, then show that it is possible to have d(K,L) = 0.

Proof. (b) Let

1
K:{n+z:neN}, L=N.

Note that for x,, = n+ % e Kand y, =ne L, we have |x, —y,| = % Then we have d(K,L) < % for every n,
so we conclude d(K,L) = 0.

(a) We can find x,, € K and y,, € K such that
lim |x,, —y,| =d(K,L).
n—o00

Since both K and L are compact, we can find convergent subsequences {x,, } C {x,} and {y,, } C {,}
with
lim x,, =x)€K, klim Y, = Y0 € L.

k—o0

We know that
d(K,L) = kli_)ngolxnk — V| = 10 = 0.

Then since KN L = &, we must have [xg — yo| > 0. O]
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