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Lecture 1

Jan. 8 — Rings and Fields

1.1 Lots of Definitions

Recall the definitions of a ring and a field:

Definition 1.1 (Ring). A ring R = (R, +, ) is a non-empty set R together with two binary operations
+ and -, called addition and multiplication respectively, which satisfy:

(R1) Associative law for addition: (a +b) +c¢=a+ (b+c) for all a,b,c € R.
(R2) Commutative law for addition: a+b=0b+ a for all a,b € R.

(R3) Euistence of zero: There exists 0 € R such that a + 0 = a for all a € R.

(R4) Eristence of additive inverses: For all a € R, there exists —a € R such that a + (—a) = 0[]
(R5) Associative law for multiplication: (ab)c = a(bc) for all a,b,c € R.

(R6) Distributive laws: a(b+ ¢) = ab+ ac and (a + b)c = ac + be for all a,b,c € R.

Definition 1.2 (Commutative ring). In this class, we will mostly be interested in commutative rings,
which satisfy the following additional property for multiplication:

(R7) Commutative law for multiplication: ab = ba for all a,b € R.

Definition 1.3 (Ring with unity). A ring with unity satisfies the additional property that
(R8) Existence of unity: There exists 1 # 0 € R such that and al = la = a for a € R.
Note that a ring need not be commutative to have a unity.

Definition 1.4 (Domain). A commutative ring with unity is called a (integral) domain if it has the
following cancellation property:

(R9) Cancellation: For all a,b € R and ¢ # 0, ca = ¢b implies a = b.
(R9’) No zero divisors: For all a,b € R, ab =0 implies a = 0 or b = 0.
The conditions (R9) and (R9’) are equivalent.

Definition 1.5 (Field). A commutative ring with unity is called a field if it has the following additional
property for multiplicative inverses:

(R10) FEwistence of multiplicative inverses: For all a # 0 € R, there exists a™! € R such that aa™ = 1.

INote that we’ll usually write a — b in place of a + (—b).
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Example 1.5.1. Some examples of rings are Z/2Z, which also happens to be a field. The ring Z is a
domain. The set Msy»(R) is a non-commutative ring with unity, and has zero divisors. The ring Q is a
ﬁeldE] The real polynomials in a single variable R[z] form a ring, which is a domain but not a field. The
complex numbers C and the real numbers R both form a field. The even integers 2Z form a commutative
ring without unity. In general, Z/nZ is a commutative ring with unity, and is a field if and only if n is
prime (and has zero divisors otherwise, if n is composite).

Remark. If (R, +,-) is a ring, then (R, +) is an abelian group. If (K, +,-) is a field, then (K*,-) is an
abelian group, where K* = K \ {0}.

Definition 1.6 (Group of units). Let R be a commutative ring with unity. The group of units of R is

U = {u € R | there exists v € R such that uv = 1}.

Exercise 1.1. Show that U is in fact a group under multiplication.

Definition 1.7 (Associate). If a,b € R such that a = ub for some u € U, then a and b are called
associates, denoted by a ~ b.

Exercise 1.2. Show that ~ is in fact an equivalence relation.
Example 1.7.1. The group of units of Z is {1, —1}. The group of units of a field K is K* = K \ {0}.
Exercise 1.3. Let R = {a +bv/2 | a,b € Z}. Check the following:

1. R is a commutative ring with unity.

2. The group of units of R is {a 4+ bv/2 | a,b € Z, |a® — 2b%| = 1}.

Definition 1.8 (Divisor). Let D be an integral domain, a € D \ {0}, b € D. Then a divides b, or a is a
divisor or factor of b, denoted by alb, if there exists z € D such that az = b. We write atb if a does not
divide b. We say that a is a proper divisor or that a properly divides b if z is not a unit.

Remark. Equivalent, a is a proper divisor of b if and only if a|b and bta.

Definition 1.9 (Subring). A subring U of a ring R is a non-empty subset of R with the property that
for all a,b € R, a,b € U implies a+ b € U and ab € U, and a € U implies —a € U.

Remark. Equivalently, U is a subring of R if and only if a,b € U implies a — b € U and ab € U.
Remark. We automatically have 0 € U since we can pick any a € U, and then 0 =a —a € U.

Definition 1.10 (Subfield). A subfield of a field K is a subset E containing at least two elements such
that a,b € F impliesa —b € E and a € E,b € E \ {0} implies ab™! € E. If F is a subfield and F # K,
then we say E is a proper subfield.

Remark. As before, we can replace the last condition with the equivalent statement that a,b € F
implies ab € E and a € E '\ {0} implies a™! € E.

Definition 1.11 (Ideal). An ideal of R is a non-empty subset I of R with the properties that a,b € T
impliesa —b e I and a € I,r € R implies ra € 1.

Remark. All ideals are subrings, but the converse is not true in general.

Example 1.11.1. The integers Z form a subring of R but not an ideal.

2In fact, Q is somehow the smallest field containing Z.
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Remark. We trivially have that {0} and R are both ideals of R. An ideal I is called proper if
{0} C I CR.

Theorem 1.1. Let A = {ay,...,a,} be a finite subset of a commutative ring R. Then the set
Ray + -+ -+ Ra, = {z1a1 + - - - + zpa, | x; € R}
is the smallest ideal of R containing A.
Proof. See Howie. Check this is indeed an ideal and is contained in any other ideal containing A. [

Definition 1.12 (Ideals generated by elements of a ring). The set Raj + - - - + Ra,, is the ideal generated
by ai,...,a,, denoted by (ay,...,a,). If the ideal is generated by a single element a € R, then we say
that Ra = (a) is a principal ideal.

Example 1.12.1. In Z, the ideal (2) = 2Z are the even numbers. We have (2,3) = Z, but (6,8) = (2).
Theorem 1.2. Let D be an integral domain with group of units U and let a,b € D\ {0}. Then

1. {(a) C (b) if and only if b|a,

2. (a) = (b) if and only if a ~ b,

3. {a) = D if and only if a € U.

Proof. See Howie. O]

Definition 1.13 (Homomorphism of rings). A homomorphism from a ring R to a ring S is a mapping
¢ : R — S such that p(a +5 b) = ¢(a) +s p(b) and p(ab) = ¢(a)p(b) for all a,b € R.

Example 1.13.1. The zero mapping ¢(a) = 0 is always a homomorphism. The inclusion map ¢ : 27 — Z
or ¢ : Z — Q is a homomorphism.

Theorem 1.3. Let R, S be rings and ¢ : R — S a homomorphism. Then
1. ¢(0r) = Os,
2. o(—=r) = —p(r) for allr € R,
3. the image ¢(R) is a subring of S.

Proof. See Howie. O

Definition 1.14 (Monomorphism). Let ¢ : R — S be a homomorphism. If ¢ is injective, we say that ¢
is a monomorphism or an embedding.

Example 1.14.1. The inclusion map ¢ : Z — R given by ¢(n) = n is an embedding.



Lecture 2

Jan. 10 — Field of Fractions, Polynomials

2.1 Isomorphisms

Definition 2.1 (Isomorphism). If a homomorphism ¢ : R — S is both one-to-one and onto, then ¢ is
an isomorphism and we say R and S are isomorphic, denoted R =2 S.

Definition 2.2 (Automorphism). An isomorphism ¢ : R — R is called an automorphism.
Example 2.2.1. For any ring R, the identity map ¢ : R — R with ¢ = id is an automorphism.
Exercise 2.1. The complex conjugation ¢ : C — C with ¢(2) = Z is an automorphism.

Definition 2.3 (Kernel). Let ¢ : R — S be a homomorphism. The kernel of ¢ is
kerp = ¢~'(0s) = {a € R : p(a) = 0s}.
Exercise 2.2. For any homomorphism ¢, ker ¢ is an ideal.
Definition 2.4 (Residue class). Let I be an ideal of a ring R and a € R. The set
a+I={a+z|xel}

is the residue class of a modulo I.

Exercise 2.3. The set R/ of residue classes modulo I forms a ring with respect to the operations

(a+D)+b+1)=(a+b)+1 and (a+1)(b+1I)=ab+ 1.

Exercise 2.4. The map 6; : R — R/I with 6;(a) = a + I is a surjective homomorphism onto R/I with
kernel I. This map 65 is called the natural homomorphism from R to R/I.

Example 2.4.1. Consider Z and I = (n) = nZ. Then 0; : Z — Z/nZ with 0;(a) = a + (n) is the
natural homomorphism. There are n residue classes, which are

), 1+(), . (n—1)+ (n).
Theorem 2.1. Let n € Z~o. Then Z/nZ is a field if and only if n is prime.
Proof. See Howie. n

Remark. If n =0, then Z/0Z = Z.
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Theorem 2.2. Let ¢ : R — S be a surjective homomorphism with kernel K. Then there is an
isomorphism o : R/K — S such that the following diagram commutes (i.e. ¢ = ao Ok ):

R—2 438

|

R/K

Proof. See Howie. But the general idea is to define av: R/K — S by a(a + K) = ¢(a). Then need to
check that « is well-defined and an isomorphism. O]

2.2 Field of Fractions
The motivating question is: How do we get from Z to Q7 Recall that

Q={a/bla,beZb#0},
where a/c = b/d if ad = bc. We add and multiply fractions by

g+c_ad+bc 0d a ¢
b d-  bd MY VA b

C ac

How do we do this more generally (construct a field out of an arbitrary integral domain)?

Definition 2.5 (Field of fractions of a domain). Let D be an integral domain and
P=D x (D\{0})={(a,b) | a,b € D,b#0.}
Define an equivalence relation = on P by (a,b) = (¢, V) if ab' = a’b. Then the field of fractions of D is
Q(D) = P/=

We denote the equivalence class [a,b] by a/b, i.e. a/b = ¢/d if ad = be. We define addition and
multiplication on Q(D) by

:ad—l—bc and ac

a.c_a
bd b d bd

+

ST

a
b
Exercise 2.5. Do the following:
1. Check that = is an equivalence relation.
2. Check that these operations are well-defined.
3. Check that Q(D) is a commutative ring with unity.
e The zero element is 0/b for b # 0.
e The unity element is a/a for a # 0.
e The negative of a/b is (—a)/b or equivalently a/(—b).
e The multiplicative inverse of a/b is b/a for a,b # 0.
4. Complete the previous exercise and check that Q(D) is a field.
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Exercise 2.6. The map ¢ : D — Q(D) defined by ¢(a) = a/1 is a monomorphism. In particular, the
field of fractions Q(D) contains D as a subring and Q(D) is the smallest field containing D, in the sense
that if K is a field with the property that there exists a monomorphism 6 : D — K, then there exists a
monomorphism ¢ : Q(D) — K such that the following diagram commutes:

D—% v K

oL 7
QD)

2.3 The Characteristic of a Field
Note that for a € R, we might write a + a as 2a and a +a + --- + a (n times) as na. Furthermore,
0a = O and (—n)a = n(—a) for n € Z,. Thus na has meaning for all n € Z[|
Exercise 2.7. For a,b € R and m,n € Z, we have (ma)(nb) = (mn)(ab).
Definition 2.6 (Characteristic of a ring). For an arbitrary ring R, there are two possibilities:
1. mlg for m € Z are all distinct. In this case, we say that R has characteristic 0.

2. There exists m,n € N such that mlz = (m + n)lg. In this case, we say that R has characteristic
n, where n is the least positive n for which this property holds.

We denote the characteristic of R by char R. If char R = n, then na = O for all a € R since

na = (nlg)a = 0a = 0.

Example 2.6.1. We have charZ/nZ = n.

Theorem 2.3. The characteristic of a field is either 0 or a prime.

Proof. Let K be a field and suppose char K = n # 0 and n is not prime. Then we can write n = rs
where 1 < r, s < n. The minimal property of n implies that r1x # 0 and slg # 0. But then

rlg-slg =rslg =nlg =0,

which is impossible since K is a field and thus has no zero divisors. O]

Remark. Note the following:

1. If K is a field with char K = 0, then K has a subring isomorphic to Z, i.e. elements of the form
nlg for n € Z, and K has a subfield isomorphic to Q, i.e.

P(K) ={mlg/nlg | m,n € Z,n # 0}.
This is the prime subfield of K, and any subfield of K" must contain P(K).
2. If K is a field with char K = p, then the prime subfield of K is
P(K)={1k,2 - 1g,...,(p—1) - 1},

which is isomorphic to Z/pZ.

IThis is saying that any abelian group is naturally a module over the integers Z.
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Remark. In other words, every field of characteristic 0 is an extension of Q (contains Q as a subfield),
and every field of characteristic p is an extension of Z/pZ (contains Z/pZ as a subfield).

Remark. If char K = 0, then writing a/nlk as a/n is fine. But if char K = p, then a/n does not make
sense when p|n (since p- 1x = 0).

Theorem 2.4. If K is a field with char K = p, then for all z,y € K, (v + y)? = 2P + yP.

Proof. See Howie. Uses the binomial theorem. O

2.4 Polynomials

Let R be a ring, then we have the polynomial ring over R
RX]={ao+a X+ - +a,X"|a; € R,n €N}

If f € R[X], then it has degree n if the last nonzero element in the sequence {ag, a1, ...} is a,, denoted
df = n. By convention, the zero polynomial has degree —oco. The coefficient a,, is called the leading
coefficient, and if a,, = 1, then f is monic. Addition and multiplication work as expected:

(ap+ar X 4+ + @ X™) + (bo + 01 X + -+ 0, X") = (ap + bo) + (a1 + b)) X + ...

and
(ap+ a1 X+ 4+ anX™)(bg+ 0 X+ +b,X")=cp+aX+...

where
k

Cr = Z Clibj.

i+j=k
The ground ring R sits inside of the polynomial ring R[X]. Take the monomorphism 6 : R — R[X] by
0(a) = a, i.e. an element a maps to the constant polynomial a.

Theorem 2.5. Let D be an integral domain. Then
1. D[X] is an integral domain.
2. If p,q € D[X], then d(p + q) < max(dp, Jq).
3. If p,q € D[X], then d(pq) = Ip + 0q.
4. The group of units of D[X] coincides with the group of units of D.

Proof. Statements (2) and (3) are left as exercises.

(1) We need to show that D[X] has no zero divisors. For this, suppose that p, ¢ are nonzero polynomials
with leading coefficients a,, and b, respectively. Then the leading coefficient of pq is a,,b,, which is
nonzero since D is an integral domain and thus has no zero divisors. So pq is nonzero.

(4) Let p,q € D[X] and suppose pg = 1. Since d(pq) = 9(1) = 0, we must have dp = dqg = 0. Thus
p,q € D and pq = 1 if and only if p and ¢ are in the group of units of D. O

Since D[X] is a domain, we can consider polynomials in the variable Y with coefficients in D[X]:
DX, Y] = (DIX])[Y].

We can repeat this to get polynomials in n variables: D[X;, Xs, ..., X}, which is an integral domain.



Lecture 3

Jan. 17 — Irreducible Polynomials

3.1 Principal Ideal Domains and Irreducibile Polynomials

Definition 3.1. The field of fractions of D[X] consists of rational forms

a0+a1X—i—~~~+ame
bo+ 01X + -+ b X"

where by + b1 X + -+ - + 0, X" # 0, denoted by D(X).

Definition 3.2. A domain D is a principal ideal domain (PID) if all of its ideals are principal[]
Example 3.2.1. The integers Z is a PID, since every ideal is of the form (n).

Definition 3.3. A non-zero, non-unit element p in a domain D is irreducible if it has no proper factors.

Definition 3.4. A domain D is a unique factorization domain (UFD) if every non-unit a # 0 in D has
an essentially uniqueE] factorization into irreducible elements.

Example 3.4.1. Again Z is a UFD, e.g. 12=2-2-3=(-2)-2-(-3).
Theorem 3.1. Fvery PID is a UFD.

Proof. See Howie. n
Theorem 3.2. If K is a field, then K[X] is a PID.
Proof. See Howie. m

Theorem 3.3. Let p be an element in a PID D. Then the following are equivalent:
1. p s irreducible.
2. (p) is mazimal.
3. D/{p) is a field.

In particular if f € K[X], then K[X]/{f) is a field if and only if f is irreducible.

Proof. See Howie. O

'Recall that a principal ideal is one generated by a single element.
2As in, unique up to use of associates or adding in units.

11
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Definition 3.5. Let D be a domain and o € D. Let o, : D[X] — D defined by
oalao +a X + -+ a, X") = ap + e+ -+ + aza”.

Note that we often write o,(f) as f(a). If f(a) =0, we say « is a root of f, or a zero.

Exercise 3.1. Check that o, is a homomorphism.

Theorem 3.4. Let K be a field, 5 € K and f a non-zero polynomial in K[X]. Then (3 is a root of f if
and only if X — B|f.

Proof. See Howie. O]

Example 3.5.1. We have X? + 1 in R[X] is irreducible, so R[X]/(X? + 1) is a field. In fact this field is
isomorphic to the complex numbers C.

Exercise 3.2. Do the following:
1. Show that ¢ : R[X] — C given by
olag+ a1 X + -+ a, X") =ag+ari + - + api"
is a surjective homomorphism |
2. Show that ker p = (X% + 1).

So by the first isomorphism theorem we can conclude that R[X]|/(X? + 1) = R/ker ¢ = p(R[X]) = C.

Theorem 3.5. Let K be a field and g € K[X] an irreducible polynomial. Then K[X]/{g) is a field
containing K up to isomorphism.

Proof. Since g is irreducible, K[X]|/(g) is a field. Now define ¢ : K — K[X]/(g) by

pla) =a+(g).

(Left as an exercise to check that ¢ is a homomorphism.) We need to show that ¢ is injective. For this,
take a,b € K. If a+ (g) = b+ (g), then a — b € (g). But K is a field, so this happens precisely when
a =b. Thus ¢ embeds K into K[X]/(g), as desired. O

3.2 Irreducible Polynomials over C, R, Q, and Z

Our goal now is to study irreducible polynomials. Note that linear polynomials are irreducible, and recall
that every polynomial in C factorizes, essentially uniquely, into linear factors. Furthermore, complex
roots of real polynomials come in conjugate pairs, hence

g=ao+a X+ +a, X" € RIX]

factors as
g=an(X =B1) . (X = B)X = )X =7) . (X =) (X =7)

3Note that there’s some technicality about this ¢ not being a o, since we defined o, for a in the base domain, and ¢ is
kind of somewhere else.
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in C[X], where S1,...,5, € Rand v,...,7 € C\ R and r + 2s = n. Thus over R[X], g factors as

g=an(X = B1)... (X = B)(X* = (m+7)X +3171) - (X7 = (3 + )X +7:7,)
in R[X], where the quadratic factors are irreducible in R[X].
Exercise 3.3. A quadratic aX?+0X + ¢ € R[X] is irreducible if and only if its discriminant b* — 4ac < 0.
Now we have pretty much characterized irreducible polynomials in R[X]. But what about Q[X]?
Theorem 3.6. Let g = ap + a1 X + a2 X? € Q[X]|. Then
1. If g is wrreducible over R, then it is irreducible over Q.

2. If g = as(X — 51)(X — B) with By, By € R, then g is irreducible in Q[X] if and only if 51 and Po
are irrational.

Proof. (1) We show the contrapositive. If g factors as

9= a(X —q)(X — ) € QX],
then g also factors in R[X].

(2) If 51 and By are rational, then g factors in Q[X] and is thus not irreducible. For the other direction,
if 81 and f3, are irrational, then g = as(X — f1)(X — f2) is the only factorization in R[X] since R[X] is
a UFD, so there is no factorization in Q[X] into linear factors. O
Example 3.5.2. Are the following polynomials irreducible in R[X]? In Q[X]?

1. X%+ X 41 is irreducible over R and Q since b* — 4ac = —3.

2. X? — X — 1 has roots (—1 £+/5)/2, so it factors over R but is irreducible over Q.

3. X? + X — 2 factors as (X +2)(X — 1) over R and Q.

Now that we have studied irreducible polynomials in R[X] and Q[X], can a polynomial in Z[X] be
irreducible over Z but not Q7 The answer is no!

Theorem 3.7 (Gauss’s lemma). Let f be a polynomial in Z[X], irreducible over Z. Then f is irreducible
over Q.

Proof. For sake of contradiction, suppose f = gh with g,h € Q[X] and dg,0h < Jf. Then there exists
n € Z-o such that nf = ¢’h' where ¢’,h' € Z[X]. Let n be the smallest positive integer with this
property. Let

g’:a0+a1X—i—~~—i—aka
W =by+b X+ + X

If n =1, then ¢’ = g and I/ = h, a contradiction. Now n > 1, so let p be a prime factor of nf] Without
loss of generality, assume p divides ¢, i.e. ¢ = pg” where ¢" € Z[X]. Then

Ef — gl/h/
p Y

contradicting the minimality of n. Hence f cannot be factored over Q. m

4Lemma: Either p divides all the coefficients of ¢’ or p divides all the coefficients of h’. Proof left as an exercise.
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Example 3.5.3. Show that ¢ = X3 + 2X? 4+ 4X — 6 is irreducible over Q.

Proof. 1f g factors over Q, it factors over Z and at least one factor must be linear, i.e.
g=X>=2X?4+4X -6 = (X —a)(X? +bX +¢)

where a,b, ¢ € Z. We must have ac = 6, so a € {£1,+2,£3,4+6} and g(a) = 0. We can check this:

a |1 -1 2 -2 3 -3 -6 6
gla)|1 -9 1 —10 51 —27 306 —174

Hence g is irreducible over Z and thus also irreducible over Q. O]

We could do this trick since the degree was 3, forcing a linear factor. What about degrees higher than 37

Theorem 3.8 (Eisenstein’s criterion). Let f = ag+ a1 X + -+ + a, X™ € Z[X]. Suppose there exists a
prime p such that

1. pta,,
2. pla; fori=0,...,n—1,
3. p*ay.

Then f is irreducible over Q.

Proof. By Gauss’s lemma, it suffices to show that f is irreducible over Z. Suppose for sake of contradiction

that f = gh for
g=by+ 06 X+ ---+0X" and h=cy+c X+ -+ X

r,s < mn, and r + s = n. Note that ag = bycy, so plag from (2) implies that p|by or p|cy. Since p*ay,
it cannot be both. Without loss of generality, assume p|by and pfcy. Now suppose inductively that p
divides b, ...,br_1 where 1 < k <r. Then

ap = bng + blck,1 + -+ bk,1€1 + bkCO

and since p divides ag, bock, bick_1, ..., br_1¢1, it follows that p|brco. Since pfey by assumption, we must
have p|bx. Thus p|b, and since a,, = b,c,, we have pla,,, contradicting (1). Hence is f is irreducible. [

Example 3.5.4. The polynomial

8 4 2
XP4+2X°+-X?— =X+ =
+2X7 4 - X+

is irreducible over Q.

Proof. Multiply by 7 and take the integer polynomial 7X5 +14X3 +8X? —4X +2. Taking p = 2 satisfies
Eisenstein’s criterion, so this polynomial is irreducible over Z and thus also irreducible over Q. O]

Example 3.5.5. If p > 2 is prime, then show that
f=1+X+ X"+ + X"}

is irreducible over Q.
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Proof. First observe that

Let g(X) = f(X +1). Then

o0 = BT = e -0 =5 3 (e

i=0
1 p—1 » p—1 [
== Xt = XP
2 () -5 ()

Note that (ﬁ’), (g), o (pf 1) are all divisible by p, so ¢ is irreducible by Eisenstein’s criterion. Now if f
factors as f = ww, then ¢g(X) = u(X + 1)v(X + 1), which is a contradiction since g is irreducible. [



Lecture 4

Jan. 22 — Field Extensions

4.1 More on Irreducibility

The following excerpt is from Howie:

Another device for determining irreducibility over Z (and consequently over Q) is to map the
polynomial onto Z,[ X for some suitably chosen prime p. Let g = ap+a; X+ - -+a, X" € Z[X],
and let p be a prime not dividing a,,. For each i in {0,1,...,n}, let @; denote the residue class
a; + (p) in the field Z, = Z/(p), and write the polynomial @y + @ X + --- + @, X™ as g. Our
choice of p ensures that dg = n. Suppose that g = uv, with du, dv < df and du + dv = 0g.
Then g = wv. If we can show that g is irreducible in Z,[X], then we have a contradiction,
and we deduce that g is irreducible. The advantage of transferring the problem from Z[X] to
Z,|X] is that Z, is finite, and the verification of irreducibility is a matter of checking a finite
number of cases.

Example 4.0.1. Show that
g=TX*"+10X3* - 2X? +4X -5

is irreducible over Q.
Proof. Let p =3 and
T=X"+X3+X?+1

This has no linear factors since

So suppose
T=X"+ X} 4+ X2+ X +1=(X?+aX +b)(X*+cX +d)

in Zs[z|. Then for some a,b,c,d € Zs = {—1,0,1}, we have

X3 a+c=1

X% btac+d=1
X ad+bc=1

1 bd =1

The first case is if b = d = 1, but this implies ac = —1, so a = £1 and ¢ = F1. But a + ¢ = 1, so this

cannot happen. The second case is if b = d = —1. This implies that ac =0 and a +c=1. So if a = 0,
then ¢ =1, so 1 = ad + bc = b, which is a contradiction with b = —1. If ¢ = 0, then 1 = ad + bc = d,

16



LECTURE 4. JAN. 22 — FIELD EXTENSIONS 17

which is a contradiction with d = —1. Thus g is irreducible in Zs[z], so g is irreducible in Z[x], and by
Gauss’s lemma, ¢ is irreducible in Q[x]. O

Remark. If we had tried p = 2, then we have g = x? + 1 € Z[z], which is not in fact irreducible since

g=a'+1= (v +1)* € Zyx]

4.2 Field Extensions
Definition 4.1. Let K, L be fields and ¢ : K — L an injective homomorphism. Then L is a field
extension of K, denoted L : K.
Example 4.1.1. We have C : R is a field extension.
Definition 4.2. Recall that V' is a K-vector space if
1. V is an abelian group under +,

2. For a,b € K and z,y € V, we have

(i). a(z+y) =ar+ay, (@{i). (a+b)zr =ax+br, (iii). (ab)r =a(br), (iv). lz ==x.

Remark. If L : K is a field extension, then L is a a vector space over K.
Definition 4.3. A basis for a vector space is a linearly independent spanning set.

Example 4.3.1. The complex numbers C is a R-vector space with basis {1,7}. Bases are not unique,
since {1 + 7,1 — i} is another basis for C.

Example 4.3.2. If there is a vector space that we know to be a field, then it is automatically a field
extension of its ground field.

Definition 4.4. The dimension of L is the cardinality of a basis for L : K[| The dimension is also
called the degree of L : K, denoted [L : K]. We say that L is a finite extension if [L : K] is finite, and
an infinite ertension otherwise.

Example 4.4.1. We have [C : R| = 2, which is finite. On the other hand, R : Q is an infinite extension.
Theorem 4.1. Let L : K be a field extension. Then L = K if and only if [L : K] = 1.

Proof. (=) If L = K, then {1} is a basis for L : K, and thus [L: K| = 1.

(<) If [L: K] =1, then {2z} is a basis for L : K for some = € L. Then there exists some a € K such
that 1 = ax, so x = a~! € K. For every y € L, there exists b € K such that y = bz. But then

y=br=0ba") €K,
so y € K as well by closure. Thus L = K as desired. O

Remark. Let L : K and M : L be field extensions with

B

K —“2>5 [ sy M

!Note that this is well-defined since any two bases of L have the same length.
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Then M : K is also a field extension.
Theorem 4.2. For field extensions L : K and M : L, we have [M : L|[L : K] =[M : K].

Proof. Suppose {aj,as,...a,} is a linearly independent subset of M over L and {by,bs,...,bs} is a
linearly independent subset of L over K. Now we claim that

{aibj |1 <i<r,1<j<s}
is a linearly independent subset of M over K. To see this, suppose
D) IR
i=1 j=1
for some \;; € K. We can rewrite this as

i <i )\wb]) a; = 0.
1 \j=1

Since the a; are linearly independent over L, it follows that

zs: )\ijbj =0
j=1

for each i = 1,...,r. Since the b; are linearly independent over K, it follows that \;; = 0 for each 1, j,
which proves the claim. Returning to the main proof, if [M : L] or [L : K] is infinite, then 7 or s can be

made arbitrarily large, so
{aibj |1 <i<r,1<j<s}

can also be made arbitrarily large, and hence [M : K] is infinite. Now suppose [M : L] = r < oo and
[L: K] =s<oo. Let {ay,as,...,a,} be a basis for M : L and {by, by, ...,bs} be a basis for L : K. We
will show that

{aibj |1 <i<r,1<j<s}

is a basis for M : K. Since we already showed that {a;b;} is linearly independent, it only remains to
show that they span M over K. For each z € M, there exist A\1,..., A, € L such that

r
Z = E )\ZCLZ
i=1

Then for each \; € L, there exist p;1, ..., u;s € K such that

Ai = Z ,Uijbj-
j=1

Combining this yields

T

VARS Z uijaibj

i=1 j=1

as desired, which finishes the proof. O
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Example 4.4.2. Consider Q(v/2) = Q[v2] = {a +bv2 | a,b € Q}.
Exercise 4.1. Show that Q[v/2] is a field. (Hint: 1/(a + bv/2) = (a — bv/2)/(a® — 2b%).)

Definition 4.5. Let K be a subfield of L and S a subset of L. The subfield of L generated over K by S,
denoted K'(5), is the intersection of all subfields of L containing K US. If S = {ay, ..., a,} is finite, we
write K(aq, ..., ap).

Theorem 4.3. Let E be the elements in L that can be expressed as quotients of finite K-linear
combinations of finite products of elements in S. Then K(S) = E.

Proof. To see that K(S) C E, simply check that F is a subfield of L containing K U S.

For E C K(S), note that any subfield of L containing K and S must contain all finite products of
elements in .S, all linear combinations of such products, and all quotients of such linear combinations.
This is precisely what is means to have £ C K(S5). ]

Definition 4.6. A simple extension of K is K(«), i.e. S has a single element o ¢ K.
Example 4.6.1. The previous example @(\/5) is a simple extension.
Theorem 4.4. Let L be a field, K a subfield, and o« € L. Then either
1. K(«) is isomorphic to K(X), the field of rational forms with coefficients in K,
2. or there ezists a unique monic polynomial m € K[X] with the property that for all f € K[X],

(a) f(a) =0 if and only if m|f,
(b) the field K(«) coincides with K[a|, the ring of all polynomials in o with coefficients in K,
(c) and [K|o] : K| = 0Om.

Proof. Suppose there does not exist nonzero f € K[X] such that f(a) = 0. Then there exists a map
¢ : K(X)— K(a)with f/g — f(a)/g(a), which is defined since g(c) = 0 only if g is the zero polynomial.
Note that ¢ is a surjective homomorphism ] which one can check as an exercise. Now we show that ¢ is
also injective. To see this, suppose

w(f/9) = ep/q),
which happens if and only if
fla)q(a) = p(e)g(a) = 0.
in L. This happens if and only if f¢ —pg = 0 in K[X], which happens if and only if f/g = p/q in K(X).
This completes the first case of the theorem.

Now suppose there exists nonzero g € K[X| such that g(a) = 0. Furthermore, suppose g is a polynomial
of least degree with this property. Let a be the leading coefficient of g, and let m = g/a, so that m is
monic and m(«) = 0 still. The reverse implication in (2a) is clear. For the forwards implication in (2a),
note that by division with remainder for polynomials over a field, we can write

f=aqm+m,

where Or < Om. By the minimality of dm, we must have r = 0, so m|f. For the uniqueness of m,
suppose there exists m’ with the same properties. Then m(a) = m/(a) = 0, so m|m’ and m’|m, which

2Also check that ¢ is well-defined.
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implies that m = m/ since m and m’ are monic. For the irreducibility of m, suppose for the sake of
contradiction that m = pg with dp, dg < Om. Then m(«) = p(a)q(a) = 0, so either p(a) = 0 or ¢(a) = 0,
which contradicts the minimality of Om.

Now we show (2b), which says that K(a) = K[a]. For this, consider p(a)/q(a) € K(«) for g(a) # 0.
Then mtq, and since m is irreducible we have ged(m, q) = 1. Now by Theorem 2.15 of Howie (about
ged’s in the Euclidean domain K[X]), there exist polynomials a, b such that ag+bm = 1. Setting X = «
yields a(a)q(a) = 1, so

% = pla)a(a) € K[a].

Thus K(a) C K[a]. Since we already know that K[a] C K(«), we conclude that K(a) = Kla/.
Finally we show (2c), which claims that [K |« : K| = Om. For this, suppose Om = n and let

pla) € Kla] = K(a).
Then p = gm + r where Or < Om = n. We have p(a) = r(«a), so if
r=cot+ca X+ +cp XM

for ¢; € K, then

p(Oé) = CO+ClOé—|—-.. +Cn7105n71_

So {1,q,...,a" 1} is a spanning set for K[a]. To see that {1, q,...,a" '} is also linearly independent,
suppose there exists a; € K such that

ap+aix+ -+ an_lOén_l =0.
Then ag = - -+ = a,_1 = 0 since otherwise we would have a polynomial
p=ag+am X+ Fa, 1 X"

with Op < n — 1 and p(a) = 0, which is a contradiction with the minimality of 9m = n. Thus
{1,a,...,a" '} is a basis, and so [K|a] : K] =n = 0m. O

Example 4.6.2. Continuing the same example, note that
2 3
Q2 = {a+bvV2|a,beQ} = {ao+a1V2 + axV2 +azV2 + -+ a,V2' | a; € QY,

which falls in the second case of the previous theorem.

Remark. We also have Q[v/2] = Q[X]/(X? — 2).



Lecture 5

Jan. 24 — Algebraic Extensions

5.1 Minimal Polynomials

Remark. The m in the previous theorem from last class is called the minimal polynomial of «.

Example 5.0.1. Let
Qliv3] = {a+biv3 | a,b e Q} CC.

Here m = X? + 3, so this is a degree 2 extension.
Exercise 5.1. Write 1/(a + bz\/g) in the form ¢ + div/3.
Example 5.0.2. Is Q(v/2,/3) a simple extension? In fact it is! Note that certainly

Q(V2+v3) CQ(V2,V3).
For the reverse inclusion, observe that (v/3 4 v/2)(v/3 — v2) = 1, so

1/(V3+v2) =V3-Vv2€Q(vV2+V3).

From this we have

(V3+V2) + (V3 —V2) =2V3,
which implies that v/3 € Q(v/2 + v/3). Similarly v2 € Q(v/2 + v/3), so that Q(v/2,v3) € Q(v2 + V/3).

Now we can Consider

First we have [Q[v2] : Q] = 2. Note that X2 — 3 is the minimal polynomial of v/3 over Q[v/2], so
[Q[v2,V3] : Q[v/2]] = 2. Hence [Q[v2,v/3] : Q] = 4 with basis {1,v/2,/3, \/6} To find the minimal

polynomial of v/2 4+ v/3 over Q, we can compute

(V2+v3)?2=2+4+2V/6+3=5+2V6
(V2 + v/3)' = 25 + 206 + 24 = 49 + 20V/6.

Thus X* — 10X2 + 1 is the minimal polynomial, since o* — 10a? + 1 = 0 for o = v/2 + V/3.

Since Q[v2, V3] = Q[a] where a = v/2 4+ /3, we have {1, a,a?, a3} as another basis.

21
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5.2 Algebraic Extensions

Definition 5.1. If a has a minimal polynomial over K, we say « is algebraic over K, and K|a] = K(«)
is an algebraic extension of K. A complex number that is algebraic over Q is called an algebraic number.
Otherwise, if K(a) = K(X), then we say « is transcendental over K. A transcendental number « is a
complex number that is transcendental over Q.

Example 5.1.1. We have that Q(iv/3), Q(v/2), Q(v/3), and Q(v/2, v/3) are all simple algebraic extensions
of Q, whereas Q(X) is a simple transcendental extension of Q.

Theorem 5.1. Let K(a) be a simple transcendental extension of K. Then [K(a) : K| = oco.
Proof. Observe that 1,a, a2, ... are linearly independent over K, since no minimal polynomial exists. [

Definition 5.2. An extension L over K is an algebraic extension if any element of L is algebraic over
K. Otherwise, L is a transcendental extension.

Theorem 5.2. FEvery finite extension is algebraic.

Proof. Let L : K be a finite extension and suppose for sake of contradiction that o € L is transcendental

over K. Then 1,a,a?,... are linearly independent, contradicting the fact that L : K is finite. O

Theorem 5.3. Let L : K be a field extension and let A(L) be the set of elements in L that are algebraic
over K. Then A(L) is a subfield of L.

Proof. See Howie. Just need to show the closure of algebraic elements under usual field operations. []

Example 5.2.1. For L = C and K = Q, we have that A(C) is the field A of algebraic numbers.

Theorem 5.4. The set of algebraic numbers A is countable.

Proof sketch. Note that the set of monic polynomials of degree n with coefficients in Q is countable, and
each such polynomial has at most n distinct roots in C. Hence the number of roots of such polynomials
is countable. Then A is the countable union of countable sets, so A is countable. O

Theorem 5.5. Transcendental numbers exist.
Proof. Since |R| = |C| = 2% > Ry, we must have that C \ A is nonempty. O

Remark. The above proof is very nonconstructive, what about actual examples of transcendental
numbers? In 1844, Liouville constructed the following example:

i 107n!’
n=1

which was shown to be transcendental. In 1873, Hermite showed that e is transcendental, and in 1882,
Lindemann showed that 7 is transcendental.

Theorem 5.6. Let L : K be a field extension and o, . .., o, € L have minimal polynomials my, ..., m,,
respectively. Then [K(aq,...,ap) 1 K] < 0mi0Omsy...0m,.
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Proof. See Howie. Uses induction and the fact that [M : L][L : K] = [M : K]. O

Example 5.2.2. Consider

but [Q[v/2,v/3,v6] : Q] = 4. So the bound in the previous theorem cannot be made into an equality.

Proposition 5.1. A field extension L : K is finite if and only if for some n, there exist aq,...,ay,
algebraic over K such that L = K(aq, ..., qy).

Proof. (<) This is precisely the previous theorem.

(=) Suppose L : K is finite and {aq, ..., a,} is a basis for L over K. Since finite extensions are algebraic,
the a; must be algebraic. O

Exercise 5.2. Show that ¢ : Q[v/2] — Q[X]/(X? — 2) defined by
a+bvV2 s a+bX + (X*—2)

is an isomorphism.

Theorem 5.7. Let K be a field and m a monic irreducible polynomial in K[X|. Then L = K[X]/(m)
is a simple algebraic extension K|a] of K, and o = X + (m) has minimal polynomial m over K.

Proof. First note that L is indeed a field since m is irreducible. Also L : K is indeed a field extension
since ¢ : K — L defined by a — a + (m) is an injective homomorphism. Now let o« = X + (m). For

f:ao+a1X—|—~--—|—anX”€K[X],
we have

fla)=ap+aa+ -+ a,a" =apg+ a (X +(m)) + -+ a,(X + (m))"
=ay+ a1 X+ +a, X"+ (m) = f+ (m).

So f(a) =0 if and only if f € (m), i.e. m|f. Hence m is the minimal polynomial of a. O



Lecture 6

Jan. 29 — Geometric Constructions

6.1 K-Isomorphisms
Recall from last class that L = K[X]/(m) is a simple algebraic extension of K. In fact, we can show
that the field L is essentially unique, i.e. unique up to isomorphism.

Theorem 6.1. Let K be a field and and f and an irreducible polynomial in K[X]. If L and L' are
two extensions of K containing roots o and o' respectively of f, then there exists an isomorphism
Kla] = K] which fizes every element of K.

Proof sketch. Suppose
f:GQ+a1X—|—"'+aan.
Then Ka] consists of polynomials of the form

b() + blOé + -+ bnflOénil.

This is because multiplication in K [a] relies on the observation that

n 1 n—1
a"=——(ag+aa+-+ ap_10")

since avis aroot of f. Define ¢ : K[a] — K|[o/] by ¥(g(«)) = g(«’) and show that ¢ is an isomorphism. [

Exercise 6.1. Check the following from the previous proof:
1. 1 is one-to-one and onto,
2. 9 fixes K,
3. and ¢ is a homomorphism.

For the last point, the addition is mostly straightforward but the multiplication is more involved since
we need to reduce when we get " terms in the product.

Definition 6.1. A K-isomorphism is an isomorphism ¢ : L — L’ such that ¢(z) = x for all z € K.

Example 6.1.1. For C : R, the complex conjugation map ¢ : C — C given by ¢(a + bi) = a —bi is a
R-isomorphism.

24
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Example 6.1.2. For Q[X]/(X? + 3) : Q[f] the map ¢ : Q[X]/(X?+ 3) — Q[X]/(X? + 3) given by
Y(a+bX +(X*+3)) =a—bX + (X*+3)

is a Q-isomorphism. The analogous map 1 : Q[iv/3] — Q[iv/3] given by ¥(a + biv/3) = a — biy/3 also
works, which we can view as a restriction of the complex conjugation map to @[Z\/g]

6.2 Applications to Geometric Constructions

Consider the straightedge and compass Constructions from geometry. Let By be a set of points. Then
we have the following operations:

1. (straightedge) Draw a straight line through any two points in By.
2. (compass) Draw a circle whose center is a point in By passing through another point in Bj.

Let C(By) be the set of points which are intersections of lines or circles obtained form By by (1) and (2).
Let By = By U C(By), and proceed inductively to get B, = B,—1 U C(B,_1).

Definition 6.2. A point is constructible from By if it belongs to B,, for some n. A point is constructible
if it is constructible from {O, I} where O = (0,0) and I = (1,0).

Example 6.2.1. To find the midpoint of the line segment OI from By = {O, I}, we can do the following;:
1. Draw a circle with center O passing through I.
2. Draw a circle with center I passing through O.
3. Mark points P and @) where these circles intersect. So By 2 {O, 1, P,Q}.
4. Draw a line connecting P and ().
5. Draw a line connecting O and I.
6. Mark the point M where PQ) and OI meet. So By, 2 {O,I,P,Q, M}.
Thus M is constructible from {O, I'}.

The algebraic perspective is the following: Associate to B; the subfield of R generated by coordinates of
points in B;, i.e. view each coordinate of each point as an element and take the subfield generated.

Example 6.2.2. For By = {(0,0),(1,0)}, we have {0,0,1,0} C Ky = Q is the subfield of R generated
by the coordinates of By. Next takd?

B, = {O7Ia P7Q} = {(070)’ (170)7 (1/27 i\/§/2)}7
so that K; = Q[v/3] is the field generated by B;. Then
By = {Oa I, P, Qv M} = {(07 0)7 (1v O)’ (1/2’ :I:\/ﬁ/Q), (1/2a 0)}7

and the field generated by B, is still Ky = Q[v/3].

!Note that Q[X]/(X? + 3) = Q[iv/3]. The isomorphism is given by a + bX + (X3 + 3) = a + bi\/3.
2There is some abuse of notation here since we take B; to be only some subset of all the actual possible points.
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Theorem 6.2. Let P be a constructible point belonging to B,,, where By = {(0,0), (1,0)}, and let K,, be
the field generated over Q by B,,. Then [K, : Q] is a power of 2.

Proof sketch. We proceed by induction. The base case is Ky = Q, so [Ky : Q] = 1 = 2°. Now suppose
[K,_1: Q] = 2* for some k > 0, and we want to show that [K, : K,_,] is a power of 2. Observe that
new points in B,, can be obtained by

1. intersection of two lines,
2. intersection of a line and a circle,
3. or intersection of two circles.

In case (1), the intersection of two lines is given by solving a system of two linear equations, which only
involves rational operationsﬂ In other words, this case takes place entirely in K,,_.

In case (2), the intersection of a line and a circle is given by solving of a system of one linear equation
and one quadratic equation. Solving the linear equation for one of the variables and substituting into
the quadratic equation reduces the system down to a single quadratic equation in a single variable. The
solution involves /A, where A is the discriminant. Then the new points are in K,_1[v/A].

In case (3), the intersection of two circles is given by solving a system of two quadratic equations.
Subtracting the two quadratic equations yields a linear equation, which reduces back to case (2).

Thus the elements in K, are either in K,,_; or Kn_l[\/Z] for some A € Kn_l. Hence [K,, : K,_1] is
either 1 or 2, so by induction [K,, : Q] is a power of 2. ]

6.3 Classic Problems

6.3.1 Duplicating the Cube

Consider the problem of taking a cube of volume 1, and constructing a cube of volume 2. We need «
such that o® = 2. But X3 — 2 is irreducible over Q by Eisenstein’s criterion, so [Q[a] : Q] = 3. This is
not a power of 2, so « is not constructible and thus we cannot duplicate the cube.

6.3.2 Trisecting the Angle

Recall the triple angle formula:
cos 30 = 4 cos® 0 — 3 cos b.

Suppose cos 30 = c. So to find cos#, we want a root of 4X3 — 3X — ¢ = 0. This depends on c.
Example 6.2.3. If 30 = 7/2, then ¢ = 0 and the polynomial factors into

4X? —3X =4X(4X? - 3),

so [Qa] : Q] = [Q[v/3] : Q] = 2. So in fact we can trisect m/2 = 90°.

3By rational operations we mean addition, subtraction, multiplication, division.
4We can set it up so that we only gain one extra intersection, i.e. only one A, at each step.
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Example 6.2.4. If 30 = 7/3, then ¢ = 1/2 and we have 4X? — 3X — 1/2. Let
f(X)=8X®-6X —1,

so that g(X) = ¢g(X/2) = X® — 3X — 1. Note that g does not factor over Z since that requires a linear
factor of X + 1 but g(£1) # 0. So g is irreducible over Z and by Gauss’s lemma, g is irreducible over Q.
Thus f is irreducible. Hence [Q[a] : Q] = 3, so we cannot trisect 7/3 with a straightedge and compass.



Lecture 7

Jan. 31 — Splitting Fields

7.1 Review of Notation

Recall that
QX]={ao+a X+ - +a,X":a,€Q}
QX)={f/g9:f.9€QX],g#0}/ ~,
where ~ is the usual relation on fractions, e.g. 2f/2g = f/g. Next, recall that
QV2] = {ao+ a1V2+ -+ anV2" 1 a; € Q= {a+ b2 : a,b € Q}
since v2° = 2. Also Q(+/2) is the smallest subfield of R containing QU{+/2}. In this case, Q(v/2) = Q[v/2]

since
1 a— b2

a—}—bﬂ_ a2 — 202"

Next, we have
QX]/(X?=2) ={ag+ X + -+ a, X"+ (X? = 2) : q; € Q}
={a+bX +(X*—2):a,b€Q}

since X2 + (X% —2) =2+ (X2 — 2). In fact, Q[X]/(X2 — 2) = Q[v2|[]

7.2 Splitting Fields

The motivating question here is: When can we factor a polynomial into linear factors?
Definition 7.1. A polynomial splits completely over K if it can be factored into linear factors over K.
Example 7.1.1. The polynomial X242 splits completely over Q[iv/2] since X242 = (X —iv/2)(X +iv/2).

Example 7.1.2. The polynomial X3 — 2 is irreducible over Q by Eisenstein’s criterion. However, it

factors as
X?—2=(X—-a)(X?+aX +a?)

in Q[a], where a = v/2. Also X2 + aX + a? is irreducible over Q[a], since its discriminant shows that it
is irreducible even over R. But in C, we can factor it as

X3 —2=(X—-a)(X — 04627”/3)()( — 04647”/3).
A smaller field that X? — 2 splits completely over is Q[+/2,iv/3].

Here the isomorphism Q[X]/(X? —2) — Q[v/2] is given by a + bX + (X2 — 2) = a + by/2.

28
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Definition 7.2. Let K be a field and f € K[X]. An extension L of K is a splitting field for f over K if
1. f splits completely over L,
2. and f does not split completely over any subfield £ with K < F < L.

Example 7.2.1. From the last two examples, Q[i1/2] is a splitting field over Q for X?+2, and Q[v/2, i1/3]
is a splitting field for X3 — 2 over Q.

Theorem 7.1. Let K be a field and f € K[X] with Of = n. Then there ezists a splitting field L for f
over K and [L : K] < nl.

Proof. The proof is essentially the process we perform in the following example. At each step, construct
an extension in which we can split off a linear factor from f. For more details, see Howie. O

Example 7.2.2. Let us find a splitting field for
=X+ X' - X?-3X*-3X+3
over Q. Note that 0f = n. Stare hard enough and we can see that
f=(XP=3)(X*+X —1),

where the first factor is irreducible by Eisenstein’s criterion and the second factor is irreducible by
checking the discriminant. Now add a root, say a = v/3, and let F; = Q(a). Then

f=X—-a)(X*+aX +a)( X+ X —1).
Note that [E; : K] <n = df. Now let By = E;(ae?/?), so that
f=(X—-a)(X —ae®™3) (X —ae ™3 (X% + X —1).
Note that [E, : Q] < n(n —1). Next E3 = Ey(ae™2™/3) with
f=(X —a)(X — ac®™)(X — ae ™3 (X2 + X - 1).
Note that [E5: K| < n(n—1)(n —2). Now let

“1+v6 o —1-V5
2 2

Let E4 = Eg(’)/), A A
f=X-a)(X - ae2m/3)(X — oze_27”/3)(X — (X =9).

Finally E5 = E4(9) is the splitting field for f over Q. Note that we did much better than n! here, since
[El . Q] = 3, [EQ . El] = 2, [Eg : EQ] = 1, [E4 . Eg} = 2, [E5 : E4] = ]_,

so [E5 : Q] =12 < 120.

Remark. Splitting fields are unique (up to isomorphism).

Theorem 7.2. Let L and L' be splitting fields of f over K. Then there exists an isomorphism ¢ : L — L'
firing K.
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Proof sketch. Induct on the number of roots of f that are not in K. The induction step uses Theorem
from last class giving an isomorphism K[a] — K[d/] for a, ' roots of an irreducible polynomial. [

Example 7.2.3. Let us find the splitting field of f = X* —2 over Q and its degree. Note that X* — 2 is
irreducible over Q by Eisenstein’s criterion. Note that

X' 2= (X —a)(X +a)(X —ia)(X +ia)
where a = v/2. So the splitting field is Q(+v/2,4). For the degree, note that [Q(v/2) : Q] = 4 since the
minimal polynomial of v/2 is X* — 2. A basis for this extension is {1, v/2, {‘/52, {4/53} Since i ¢ Q(v/2),

we have [Q(v/2,1) : Q(v/2)] = 2 since the minimal polynomial of i over Q(v/2) is X2 + 1. Thus we see
that the degree of the splitting field is [Q(+/2,1) : Q] = 8.

Example 7.2.4. Let us look at monic quadratic polynomials over Zz = {—1,0, 1}EI These are
X2 X2 +1 X2 -1
X2+X  X?+X+1 X*+X-1
X?2-X X*-X+1 X?-X-1

We have 0 is a root of the polynomials in the first column, 1 is a root of X? — 1 and X2+ X + 1, and —1
is a root of X? — X + 1. So the irreducible polynomials over Zsz are

X241, X’4+X-1, X°—-X-—-1.
Let L = Z3[X]/(X?+ 1). Observe that a = X + (X? + 1) satisfies
= X2+ (XP4+ 1) = -1+ (X2 +1).

Hence L is a splitting field for X2 + 1 since (X — a)(X + ) = X2 + 1. Similarly, Z3[X]/(X?+ X — 1) is
a splitting field for X2 + X — 1 and Z3[X]/(X? — X — 1) is a splitting field for X? — X — 1. Note that
each of these fields have 9 = 32 elements since they are degree 2 extensions of Zs.

Remark. In L, we had o € L such that o®> = —1 and addition is performed modulo 3. Now observe
(a+1)P+(a+1)-1=(@-a+1)+(a+l)—-1=a’—a+a+1+1-1=0

since a®> = —1. So a + 1 is a root of X? + X — 1 in L. By a similar computation, we see that —a + 1 is
aroot of X2+ X — 1, so L is also a splitting field for X? + X — 1. Additionally, & — 1 and —a — 1 are
roots of X? — X — 1, so L is also a splitting field for X? — X — 1. So by uniqueness of splitting fields,

Zo[ X)) (X2 + 1) = Zy[X] /(X + X — 1) 2 Z,[X]/(X? - X — 1).

Exercise 7.1. Find explicit isomorphisms between these fields.

7.3 Finite Fields

Definition 7.3. Let f =ag+ a1 X + -+ + a,X™ € K[X]|. Then the formal derivative of f is
Df =ay +2a:X + - +na, X" L.

Exercise 7.2. The usual formulas for derivatives

D(kf)=kDf, D(f+g)=Df+Dg, D(fg)=(Df)g+ f(Dg)
all still hold for f,¢g € K[X] and k € K.
2Note that as opposite to Q, this field has finite characteristic.




Lecture 8

Feb. 5 — Finite Fields

8.1 Last Time

Example 8.0.1. The splitting field of X* — 2 over Q is Q(i, /2]) since

X' =2 = (X - V2)(X + V2)(X —iV2)(X +iV?2).

Example 8.0.2. The splitting field of Y2 + 1 over Zs is Z3[X]/(X* +1). If « = X + (X? + 1), then

YV2+1=(Y —a)(Y +a).

Also the degree of this extension is [Z3[X]/(X? + 1) : Z3] = 2, and a basis for the extension is {1, X }.

8.2 Finite Fields

Lemma 8.1. Let f € K[X], K a field, and L be a splitting field for f over K. Then the roots of f are

distinct if and only if f and Df have no nonconstant common factor.

Proof. (<) We show the contrapositive. Suppose f has a repeated root o in L. Then
f=(X=-a)y

for some r > 2. Then
Df = (X —a)"Dg+7r(X —a) g,

so Df and f both have X — « as a factor.

(=) Suppose the roots of f are all distinct. Then for each root « of f in L, we have

f = (X - Oé)g,
where g(a) # 0. Then
Df =(X —a)Dg+g,

so that
(Df)() = g(e) # 0,

i.e. X —afDf. This holds for factor of f in L[X], so f and D f have no common proper factors.

Theorem 8.1. Finite fields exist and are unique up to isomorphism. In particular,

31
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1. Let K be a finite field. Then |K| = p" for some prime p and integer n > 1. Every element of K is
a root of X" — X and K is a splitting field of X" — X over Z,.

2. Let p be a prime andn € Z, n > 1. Then there exists a unique field of order p"™ up to isomorphism.

Proof. (1) Let char K = p. Then K is a finite extension of Z,. Let n = [K : Z,]. If {01,...,d,} is a
basis for K over Z,, then every element in K can be uniquely written as

ady + -+ -+ apoy

for some a; € Z,. There are p™ such elements, so |K| = p". Then |K*| = p" — 1.E] For any o € K*, the
order of a divides p”* — 1. So a?"~! = 1, and hence o®" — a = 0. We also have 0?" — 0 = 0 so every
element in K is a root of X" — X. Hence X?" — X splits completely over K. Since X — « is a factor of
XP" — X for each of the p” elements of K, X?" — X does not split over any proper subfield of K. Thus
we conclude that K is a splitting field of X?" — X over Z,.

2) Given a prime p and an integer n > 1, let L be the splitting field of X?" — X over Z,. Note that
p
Df =p"XP" 1 —1=-1

since char Z, = p. Then D f and f have no nonconstant common factors, so by Lemma [8.1} we see that
XP" — X has p" distinct roots in L. Let K be the set of p” distinct roots, and we claim that K is a
subfield of L. To check this, let a,b € K. Then by an extension of Theorem

(a—bF" =a" —b"" =a—1b
in Z,, a —be K. Also
(ab™)P" = a?" (")t =ab !,

so ab~! € K. Hence K is a field of order p". In fact, K = L since K contains all the roots of X?" — X
and no proper subfield does. By uniqueness of splitting fields, K is unique up to isomorphism. O

Definition 8.1. We call the field of order p™ the Galois field of order p™, denoted GF(p").
Example 8.1.1. We have GF(3?) = Zs[X]/(X? + 1) 2 Z3[X]/(X? + X — 1) = Z3[X]/(X* — X — 1).
Remark. Recall that for a finite group G and a € G, the order of a is
ord(a) = min{k € N: " = 1}.

The ezxponent of G is

exp(G) = min{k € N:a" =1 for all a € G}.
Also recall that ord(a) divides |G| for all @ € G, and thus exp(G) divides |G].
Exercise 8.1. Show that exp(G) = lem{ord(a) : a € G}.

Example 8.1.2. For S35 = {id, (12),(23), (13), (123), (132)}, the order of the transpositions is 2 and the
order of 3-cycles is 3. So we see that exp(S3) = 6.

Proposition 8.1. If G is a finite abelian group, then there exists a € G such that ord(a) = exp(G).

'Recall that K* is the set of nonzero elements of K, which forms a group under multiplication. We also call K* the
group of units of K.
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Proof. Suppose that
exp(G) = pi'py” ... bk,
where the p; are distinct primes and «o; > 1 for all 7. Since

exp(G) = lem{ord(a) : a € G},

there exists h; € G such that p{*|ord(h;). So ord(hy) = p{*q1 where ¢1|p5*...pg*. Let g; = h{". For
each m > 1, we have ¢g;* = h"" and

R =1 <= p'qilmq <= pi*|m.
Hence ord(g;) = pi*. Similarly for i = 2,..., k, we can find elements g; of order pj". Let
a=4g192 .-Gk
and n = ord(a). Now check as an exercise that ord(a) = exp(G). This relies on
a" =919 - g; = 1,

which uses the assumption that G is abelian. O

Remark. The previous example shows that the abelian condition in this theorem is necessary.
Corollary 8.1.1. If G is a finite abelian group with exp(G) = |G|, then G is cyclic.
Theorem 8.2. The group of units GF(p")* of a Galois field is cyclic.

Proof. Let e = exp(GF(p™)*). Then a® = 1 for all a € GF(p™)*, so every element a € GF(p")* is a
root of X¢ — 1. Since X¢ — 1 has at most e roots, we see that |GF(p")*| < e. But e < |GF(p")*| since
exp(GF(p™)*) divides |GF(p™)*|. Hence |GF(p™)*| = e, so by Corollary GF(p™)* is cyclic. O

8.3 Automorphisms of Fields

Example 8.1.3. The complex conjugation f: C — C given by f(a + bi) = a — bi is an automorphism
of C. Observe that f(c) = c if and only if ¢ € R.

Theorem 8.3. Let K be a field. The set Aut K of automorphisms of K forms a group under composition.

Proof. First observe that composition is associative. The identity element in Aut K is the identity map
idg. For inverses, let o € Aut K. Since « is a bijection, there exists an inverse map a~! : K — K, where
a~1(x) is the unique element s such that a(s) = z. Now we check that ™! is also a homomorphism.
For this, let x,y € K and suppose that a~!(z) = s and a~!(y) = t. Then a(s) = z and «(t) =y, so

als+t)=a(s)+alt)=z+y
since « is @ homomorphism. Then we see that
alzty)=st+t=a(z) +a " (y).

Similarly, a(st) = zy, so
a”H(xy) = st = a " (x)a" (y).

Hence o=t € Aut K and aoa ! = a toa =idg, so Aut K is indeed a group. O
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Definition 8.2. We call Aut K the group of automorphisms of K.

Definition 8.3. Let L be a field extension of K. A K-automorphism is an automorphism o : L — L
such that a(z) = x for all z € K. The Galois group of L over K, denoted Gal(L : K), is the set of
K-automorphisms of L. The Galois group Gal(f) of a polynomial f € K[X]is Gal(L : K) where L is a
splitting field of f over K.

Theorem 8.4. The Galois group Gal(L : K) is a subgroup of Aut L.

Proof. Clearly id;, € Gal(L : K) since it fixes all elements of L. Now let «, 8 € Gal(L : K). Then we
have a(z) = x and B(x) = x for all z € K. Then 7!(x) = x, which gives

so af7! € Gal(L : K). Thus Gal(L : K) is a subgroup of Aut L. O

Remark. The big idea here is that there is a correspondence between subfields £ with K C F C L and
subgroups H of Gal(L : K).

Exercise 8.2. From a past homework, we identified the subfields of Q(v/3,v/5) as:
Q(v/3,V5)
(V3) Q(V5) Q(

Compare the subgroups of Gal(Q(v/3,+/5) : Q) to the subfields of Q(v/3,v/5) containing Q.

Q V15)
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Feb. 7 — The Galois Correspondence

9.1 Automorphisms of Fields
Example 9.0.1. The complex conjugation 5 : C — C given by S(a + bi) = a — bi is a nontrivial element
of the Galois group of C : R. In fact, Gal(C : R) = {id, 8}. Note that § fixes R, id fixes C, and

C

|

R

9.2 The Galois Correspondence

Definition 9.1. Define

I'E)={acAutL:a(z) =z for all z € E},
O(H)={rzeL:a(zx)=xforalla € H},

where E' is a subfield of L and H is a subgroup of Gal(L : K). This is called the Galois correspondence.

Example 9.1.1. In the previous example of C : R, we have ['(C) = {id} and I'(R) = {id, 5}. We also
have ®({id, 5}) = R and ®({id}) = C.

Remark. The goal is to determine: When are I' and ® inverses of one another?
Theorem 9.1. We have the following:
1. For every subfield E of L containing K, I'(F) is a subgroup of Gal(L : K).
2. Conversely, for every subgroup H of Gal(L : K), ®(H) is a subfield of L containing K .

Proof. See Howie. m

Theorem 9.2. Let z € L\ K. If z is a root of f € K[X] and a € Gal(L : K), then a(z) is also a root
of f.
Proof. Let f =a9+ a1 X + -+ a,X", where a; € K. Then since « fixes each a; € K, we have
f(a(2) =ag+ ara(2) + - - + an(a(2)" = alag) + ala)a(z) + - + ala,)(a(z))"
=alag+arz+ -+ a,z") = a(0) =0,
which completes the proof. O
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Example 9.1.2. Recall this example from homework:

/
Q(V3 Q(V15)
\

|—>§I—>

\
/

A basis for L over K is {1,v/3,v/5,V/15}. Since v/3 is a root of X? — 3, by the previous theorem, any
element in Gal(L : K) must send V3 = +/3. Similarly, any element must send V5 — +v/5. So the
Q-isomorphisms of Q(v/3,/5) are

a(a+bV3 + V54 dvV15) = a — bV3 + V5 — dV/15,
Bla+bV3+ V5 +dV15) = a + bvV3 — V5 — dV/15,
v(a+bV3+ V5 +dV15) = a — bV3 — V5 + dV/15,
id(a + V3 + V5 +dV15) = a + bV3 + V5 + dV15.

We can write the multiplication table for this group as:
X |id o B 7

idlid a [ 7«

a id v 0
g v id «
v B a id
The proper subgroups are Hy = {id, o}, Hy = {id, #}, and Hs = {id,~v}. Also {id} and G = {id, o, 5,7}
are subgroups. Then

= ™0

O(H,) =Q(V5), O(H:)=Q(V3), &(H;) =Q(V15),
o({id}) = Q(v3,v5), @(G)=0Q.

Under &, this gives the diagram:

—  Q(WV3)
{id} o({id}) = @(\/57 \/5)

Also note that T'(Q(v/3)) = {id, o} since
a(a+bvV3 + V5 + dv15) = a — bV/3 + V5 — dv/15.

Exercise 9.1. Show that I' is the inverse of ® in the previous example.
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Theorem 9.3. Let L : K be a field extension. Then

1. If Ey, Ey are two subfields of L containing K, then Ey C Ey implies I'(Ey) 2 T'(E»).

2. If Hy, Hy are subgroups of Gal(L : K), then Hy C Hy implies ®(H,) 2 ®(Hs).
Proof. (1) Suppose E; C Ey and « € T'(E3). Then « fixes every element in Es, so since £y C FEy, « also
fixes every element in F;. Hence o € T'(E}) by definition.
(2) Suppose Hy C Hj and let z € ®(H,). Then «a(z) = z for every o € Hy, and since H; C Hs, a(2) = 2
for every av € Hy as well. Hence z € ®(H;) by definition. H

Remark. Note that I' and ® are not always inverses of one another.

Example 9.1.3. Consider the extension Q(+/2) : Q. If a € Gal(Q(+/2) : Q), then
a(vV2)? = a(2) = 2.

Since there is only one cube root of 2 in this field, we must have a(3/2) = v/2. So Gal(Q(v/2) : Q) = {id}.
So I' cannot be the inverse of ® here since there are two subfields, namely Q(\?’/i) and Q. In particular,

N(Q(v2)) =T(Q) = {id} and &({id}) = Q(V2).

Theorem 9.4. For any subfield E of L and subgroup H of Gal(L : K), we have

1. ECO(T(F))

2. and H CT(®(H)).
Proof. (1) Let z € E. Then I'(F) is the set of all automorphisms fixing every element of F, and so z is
fixed by every element of I'(E). Hence z € ®(I'(E)).
(2) Let « € H. Then ®(H) is the set of elements of L fixed by every element of H, and so « fixes every
element of ®(H). Hence a € T'(®(H)). O

Remark. Now the goal will be to find sufficient conditions for I' and ® to be inverses of one another.

9.3 Normal Extensions
Definition 9.2. A field extension L : K is normal if every irreducible polynomial in K[X] having at
least one root in L splits completely over L.

Example 9.2.1. An nonexample is Q(\?Vi) : Q. This is not a normal extension since X3 — 2 is irreducible
and has a root in Q(+/2), but does not split completely over Q(+v/2).

Remark. Is Q(v/2) : Q normal?

Theorem 9.5. A finite extension L : K is normal if and only if it is a splitting field for some polynomial
in K[X].
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Proof. (=) Let L be a finite normal extension and {z1,...,2,} be a basis for L : K. let m; be the
minimal polynomial for z;, and let
m =1mims...Mpy.

Each m; has at least one root z; in L, hence m splits completely over L since L is normal. Since L is
generated by z1,..., z,, it is not possible for m to split over a proper subfield of L, hence L is a splitting
field for m over K.

(<) See Howie. Relies on the isomorphism K («) — K(8) for «, 8 roots of an irreducible polynomial f.
We also need properties of degrees of field extensions. n

Corollary 9.5.1. Let L be a normal extension of K and E a subfield of L containing K. Then every
ingective K-homomorphism ¢ : E — L can be extended to a K-automorphism o* of L.

Joa—y §

Proof. By the theorem, there exists f € K[X] such that L is a splitting field for f over K. But L is also
a splitting field for f over £ and ¢(F). From here, a slight generalization of the proof of uniqueness of
splitting fields gives the desired K-automorphism of L extending . O]

Example 9.2.2. Let L = Q(+/3,V5), K = Q, and E = Q(+/3). Define ¢ : E — L by
p(a+bV3) =a—bV3,

which is an injective K-homomorphism. We have the following diagram:

Q(V3) —— Q(v/3,V5)

B
. //
1 -
// *
T

Q(v3,V5)

Then we can define

p*(a+bV3+ Vb +dV15) = a—bV3 +evV5 - dV15

as an extension of ¢. Note that we could have also defined

go*(a+b\/§+cx/g+d\/ﬁ):a—b\/g—C\/5+d\/1_5.

Remark. From the previous example we see that ¢* is not unique.
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Feb. 12 — Normal Closures

10.1 Normal Closures

Recall this theorem from last time:

Theorem A finite extension L : K is normal if and only if it is a splitting field for some
polynomial in K[X].

A natural question to ask is: Can we always extend a finite extension to make it normal?
Definition 10.1. Let L : K be a finite extension. A field N containing L is a normal closure of L : K if
1. N is a normal extension of K,
2. and if F is a proper subfield of N containing L, then E is not a normal extension of K.
Theorem 10.1. Let L : K be a finite extension. Then
1. there exists a normal closure N of L over K,
2. and N 1s unique up to isomorphism.
Proof. Let {z1,...,2,} be a basis for L : K. Since L : K is finite, each z; is algebraic over K, with say

minimal polynomial m; € K[X]. Let
m=mj...My,

and let N be the splitting field of m over L. Then N is also a splitting field of m over K, since L is
generated over K by some of the roots of m in N. Hence N is a normal extension of K containing L.

To see that N is the smallest such field, suppose F is a subfield of N containing L, and suppose FE is
normal. For each m;, F contains a root z;, so the normality of F/ implies that E contains all the roots of
m, so K = N. For uniqueness, see Howie. The proof relies on the uniqueness of splitting fields. O]

Definition 10.2. Let K, ..., K, be subfields of L. The join of K;, ..., K,, denoted
KiVEKyV---VK,,

is the smallest subfield of L containing K; U Ko U --- U K.

Remark. The smallest subfield of L containing K; U K5 is K7 V Ky = Ki(Ks) = Ky(K;), similar to
how the smallest subfield of R containing Q U {v/3} is Q(v/3).

39



LECTURE 10. FEB. 12— NORMAL CLOSURES 40
Example 10.2.1. Let Q(v/2), Q(e*™/3 - §/2) C C. Then Q(v/2) vV Q(e2™/3 . ¥/2) = Q(~/2,iv/3), since

3 .

Remark. In the above example, we have Q(v/2) = Q(e2™/3 . ¥/2) = Q[X]/(X? — 2).
Corollary 10.1.1. Let L : K be a finite extension, and N the normal closure of L : K. Then

N=LVLV---V L,
where Ly, Lo, ..., Ly are subfields of N containing K isomorphic to L.

Proof. As in the previous proof, suppose {z1,...,2,} is a basis for L : K, so L = K(z,...,2,), and m;
is a minimal polynomial for z;, and N a splitting field for m = my ... m,, over K. Let 2] be an arbitrary
root of m;. Since z; and 2] are both roots of m;, there exists a K-isomorphism ¢ : K(z;) — K(z}), which
by Corollary implies there exists a K-automorphism ¢* : N — N. We have that

zep'(L) =L,

so every root of m; is contained in a subfield L' = ¢*(L) of N that contains K and is isomorphic to L,
since ¢* is a K-automorphism. Since N is generated over K by the roots of m, it is generated by finitely
many subfields containing K and isomorphic to L. O

Example 10.2.2. Find the normal closure of Q(+/2) over Q. Following the proof of the theorem,
{1.V2.V2)
is a basis of Q(+v/2) : Q. The minimal polynomials of 1, v/2, \3/52 are X — 1, X% — 2, X3 — 4, respectively.
The splitting field of
(X — 1)(X? —2)(X® —4)
over Q is Q(+/2,i/3), since
X3 —9— (X _ \?’/E)(X _ 627rz‘/3\3/§)(X _ 6—2m‘/3\?/§)

and

X3 _ 4= (X . \:752)()( . €2m/3\3/§2)(X . 6_2m/3\3/§2).
So Q(3/2,iV/3) = L1 V Ly V Ls, where Ly = Q(v/2), Ly = Q(e2™/33/2), and Lz = Q(e~?"/3+/2), and

Ly = Ly = Ly =2 Q[X] /(X3 —2).

Theorem 10.2. Let L : K be a finite normal extension and E a subfield of L containing K. Then E is
a normal extension of K if and only if every K-monomorphism of E into L is a K-automorphism of E.

Proof. (=) Suppose E : K is normal and let ¢ : E — L be a K-monomorphism. Now we would like to
show that ¢(F) C E. So let let z € E and suppose

m=ay+ a1 X+ -+ a, X"
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is the minimal polynomial of z over K. Then
ag+ a1z + -+ a,z" =0,
so that
ap + ayp(z) + -+ app(z)" =0

since ¢ is a homomorphism fixing K pointwise. Hence () is also a root of m in L. Since E : K is
normal, the irreducible polynomial m splits completely over E. Hence ¢(z) € E, so that ¢(F) C E.
Thenl]

[p(B) : K] = [p(E) : o(K)] = [E: K] = [E: o(E)][p(E) : K],
so [E: ¢(E)] = 1. Hence p(F) = E, so ¢ is a K-automorphism of E.

(<) Suppose every K-monomorphism E — L is a K-automorphism of E. Let f be an irreducible
polynomial in K[X] having a root z € E. We need to show that f splits completely over E. Since L is
normal, f splits completely over L. Let 2’ be another root of f in L. Then there exists a K-automorphism
K(z) — K(Z') which sends z — 2/, which by Corollary extends to a K-automorphism 1) of L. Let
* =1)|p, i.e. the restriction of ¢ to E. By hypothesis, 1* is a K-automorphism of E, so

That is, £ is normal. O

Example 10.2.3. Consider Q(+/2) : Q, which is not normal. The Q-monomorphism ¢ : Q(v/2) — C
given by
2 , , 2
(a4 bV2+ V2 ) = a+ be>™ P2 + ce /32
is not an automorphism of Q(+v/2).
Example 10.2.4. Consider Q(v/2) : Q, which is normal. The Q-monomorphisms are id and

o(a+bv2) = a — V2,

which are both Q-automorphisms of Q(v/2).

10.2 Separable Extensions

Definition 10.3. An irreducible polynomial f € K[X] is separable over K if it has no repeated roots
over a splitting field. A polynomial g € K[X] is separable over K if its irreducible factors are separable
over K. An algebraic element in L : K is separable over K if its minimal polynomial is separable over K.
An algebraic extension L : K is separable if every a € L is separable over K.

Remark. A polynomial like (X — 2)? actually is separable over Q since its irreducible factors are X — 2
and X — 2, which are each separable.

Definition 10.4. A field K is perfect if every polynomial in K[X] is separable over K.
Theorem 10.3. We have the following:

1. FEwvery field of characteristic 0 is perfect.

'We need to make this argument since £ may be infinite, so injectivity does not imply bijectivity.



LECTURE 10. FEB. 12— NORMAL CLOSURES 42

2. Every finite field is perfect.
Proof. (1) It suffices to show that if char K = 0, then any irreducible polynomial f is separable. Let
f=a+au X+ +a, X"

for n > 1 and suppose f is not separable. Then f and D f have a non-constant common factor d. Since
f is irreducible, d must be a constant multiple of f, and thus d cannot divide D f unless

Df =ay + 2(12X + 4 naanfl
is the zero polynomial, by comparing degrees. Then
a, = 2ay = --- =na, = 0.

Since char K = 0, this implies
@ =ay=--=a, =0,

and so f = ag, a constant polynomialP| Contradiction. Hence f is separable.

(2) The same argument as above implies the only possible inseparable irreducible polynomials are of the
for
F(X) =bg + b XP 4+ by X?# oo 4D, X",

Now Theorem 7.24 of Howie implies that if K is finite, such a polynomial is reducible. Hence every
irreducible polynomial is separable, so K is perfect. See Howie for details. O

Remark. Recall that Z,(X) is an example of an infinite field with characteristic p.

2Recall that an irreducible polynomial is by definition a non-unit.
3We can still conclude kaj = 0 implies a = 0 when k is not a multiple of p.
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Feb. 21 — Galois Extensions

11.1 Example of an Inseparable Extension

Example 11.0.1. The field K = Z,(X) is not perfect. Consider the polynomial
f=Y" =X e Z,(X)[Y],
which is irreducible. Now let L be a splitting field of f over K and « a root of f,i.e. o — X = 0. Then
Y- =YP—aP=YP-X

by freshman exponentiation. In particular, « is a repeated root of f in L.

11.2 Galois Extensions

Definition 11.1. A Galois extension of K is a finite extension that is both normal and separable.
Remark. The main goal here is: For a Galois extension, I' and ® are inverses of one another.

Theorem 11.1. Let L : K be a separable extension of degree n. Then there are exactly n distinct
K-monomorphisms of L into a normal closure N of L over K.

Proof. Use strong induction on the degree of L : K. See Howie for details. O]
Corollary 11.1.1. If L : K is Galois, then |Gal(L : K)| = [L : K].

Proof. 1f L : K is Galois, then L : K is normal and separable. So the previous theorem applies, where L
is its own normal closure. So we get exactly [L : K] distinct K-monomorphisms of L into L, which are
precisely the K-automorphisms of L and thus the elements of the Galois group. n

Example 11.1.1. The extension Q(+/2,iv/3) : Q is Galois with [Q(+/2,iv/3) : Q] = 6. We could have
V2 = V2 or 232 or e ¥/3Y/2  and  iV3 — V3 or —iV/3.

Combinining these options gives us 6 distinct maps, so these must in fact all be Q-automorphisms of
Q(v/2,iv/3), since we know the Galois group has size 6. In fact, Gal(Q(+¥/2,iv/3) : Q) = S5 2 Ds.

Remark. The proper nontrivial subfields of Q(+/2,iv/3) are Q(v/2), Q(*™/3+/2), Q(e~27/3+/2), and
Q(iv/3). Maybe draw a pretty diagram with this showing the Galois correspondence.
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Exercise 11.1. Show that Z/6Z = Z /27 x Z]3Z.
Exercise 11.2. Show that Z/AZ 2 7 /27 x Z]2Z.

Theorem 11.2. Let L : K be a finite extension. Then ®(Gal(L : K)) = K if and only if L : K is
normal and separable.

Proof. (<) Let [L : K] = n. By Corollary [11.1.1} we have |Gal(L : K)| = n. Let K’ = ®(Gal(L : K)).
By definition, K C K’. By Theorem 7.12 of Howie, we find that

[L: K']=|Gal(L : K)|.
Hence [L : K'| = [L : K] and thus we conclude that K = K.
(=) See Howie. O

Exercise 11.3. Show that if K C K" and [L: K'| = [L: K], then K = K.
Theorem 11.3. Let L : K be Galois and E a subfield of L containing K. If § € Gal(L : K), then
['(6(E)) =6T(E)6 .

Proof. We begin by showing éT'(E)d~t C T'(6(E)). For this, let # € I'(E) and 2’ € 6(F). Then there
exists a unique z € E such that §(z) = 2/, since J is an automorphism. Then

60671(2) = 80(2) = 6(2) = 2/
since 6(z) = 2’ and 6 € T'(F). So we see that 606~ € T'(§(E)).

Now for T'(§(E)) C 6T(E)d~ !, we will show that 6 'T'(§(E))d C I'(E). Let ¢ € T'(§(F)) and z € E.
Then §(z) € §(E) and so ¢'(6(z)) = d(z). Thus

(67100)(2) = (0710 6)(2) = 2,
so we get 4710’0 € T'(E), as desired. O

Example 11.1.2. Consider Q(+¥/2,iv/3) : Q. Define the elements of Gal(Q(+¥/2,iv/3) : Q) by

s V2 V2,03 —iV3, e V2 T2, VB o i3,
ps 1 V2 e 32 i3 —i/3,
pri V2 B2, V3 iVE, py V2 e Y2, iV3B i3,

Let § = pg and E = Q(¥/2). Then §(E) = Q(e?™/33/2) since us(/2) = e 2/3/2. Now

pale V) = i) (V) = i~ - i?)uw@

= (—% + i?)(e%i/g\g/i) = 23232 = 3/,
so T'(6(F)) = {id, p2}. Also T'(E) = {id, 1}, and we find that
OT(E)d~" = {01do~", 0md ™"} = {id, pappz '} = {id, pa},
so indeed we have T'(§(E)) = 6T'(E)d ! in this case.
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Feb. 26 — The Fundamental Theorem

12.1 Normal Subgroups

Recall the following:
Definition 12.1. A subgroup H of G is normal if
gHg ' =H
for all g € G (equivalently, gH = Hg for all g € GG). This is denoted H < G.
Remark. If GG is abelian, then every subgroup of GG is normal.
Exercise 12.1. If [G : H| = 2, then H is normal.

Remark. Normality is a necessary and sufficient condition for G/H to be a well-defined group (with
operation induced by the operation on G).

Theorem 12.1. Let ¢ : G — G’ be a surjective homomorphism with kernel H. Then there exists a
unique isomorphism o : G/H — G’ such that the following diagram commutes:

G —2 &

L 7

G/H

Here m: G — G/H is the canonical projection g — gH.

12.2 The Fundamental Theorem of Galois Theory

Theorem 12.2 (Fundamental theorem of Galois theory). Let L : K be a separable, normal extension of
finite degree n. Then

1. For all subfields E of L containing K and for all subgroups H of Gal(L : K),
(a) O(T(E)) = E and ['(E)| = [L : E),
(b) T(®(H)) = H and |Gal(L : K)|/|I'(E)| = [E : K].

2. A subfield E is a normal extension of K if and only if U'(E) is a normal subgroup of Gal(L : K).
If £ : K is normal, then
Gal(F : K) 2 Gal(L : K)/T'(E).
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Proof. (1) By a homework exercise, L : K being normal implies that L : E is normal. Also, by Howie’s
Theorem 7.26, L : K being finite and separable implies that L : E is separable. Hence L : E is Galois, so
IT(E)| = [L : E]. Then
E K = [L: K] _ |Gal(L : K)|
[L: E] IP(E)
Now I'(E) = Gal(L : E), so L : E being Galois and Howie’s Theorem 7.30 imply that ®(I'(E)) = E.
Now let H be a subgroup of Gal(L : K). We showed that H C I'(®(H)). Also ®I'® = &, so

[H| = L &(H)| = [L : OTS(H)] = [Pb(H)]
by Howie’s Theorem 7.12. Now finiteness and H C I'(®(H)) imply that H = I'(®(H)).

(2) (=) Suppose E : K is normal and let § € Gal(L : K). Let ' = 0|, the restriction of ¢ to £. Hence
0" is a monomorphism E — L and thus a K-automorphism of E, by Howie’s Theorem 7.21. Hence

5(E) =& (E) = E,

and so by Theorem [11.3
['(E)=T()(E)) = 0T(E) ",
i.e. I'(F) is a normal subgroup of Gal(L : K).

(<) Suppose I'(E) is a normal subgroup of Gal(L : K). Let 6; be a K-monomorphism from E to
L. This extends (by Howie’s Corollary 7.14) to a K-automorphism  of L. Since I'(F) is normal,
6T (E)o~! =T(FE). Hence by Theorem we get ['(0(F)) = T'(F). Since I is injective,

01(E) =6(E) =E,
so ¢ is a K-automorphism of E. By Howie’s Theorem 7.21, this implies £ : K is normal.
Now suppose E : K is normal, and we want to show that
Gal(F: K) 2 Gal(L: K)/T(E).

Let 6 € Gal(L : K) and ¢’ = J§|g. By Howie’s Theorem 7.21, having F : K be normal implies that
d'(E) = E. Thus we can define 0 : Gal(L : K) — Gal(E : K) by § — ¢', i.e. restricting § to E. Clearly
0 is surjective onto Gal(E : K). Also, we see that

kerf = {0 € Gal(L: K) | 6|g =idg} =T'(E).
Hence by the first isomorphism theorem, Gal(F : K) = Gal(L : K)/ker = Gal(L : K)/T'(E). O

Exercise 12.2. Show that ®I'® = .
Exercise 12.3. Check that # is a homomorphism.
Example 12.1.1. Let L = Q(v/2,4) with [L : Q] = 8. Any Q-automorphism in Gal(L : Q) must map
i i, V2 £V2, £iV/2.
So there are only 8 possible automorphisms, and thus each of these must in fact be automorphisms since
|Gal(L : Q)] = [L : Q] = 8. We can enumerate these automorphisms via
id, a: V2 iv2imi, B:V2e —V2imi, v V2 —iV2,i i,
MNV2 V2 —i, V2 V2, i —i, v V2 V2,0 —i,

P V2 —iV/2,i > —i.
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Note that Gal(L : Q) is not abelian, as
Aa(V2) = Miv2) = —iv2,  Na(i) = \(i) =1,
so Aa = p. We can show as an exercise that a\ = u # p, so Ao # aX. The subgroups of Gal(L : Q) are

G = Gal(L : Q)v {id}’ {ida 5}7 {id7 M}v {id7 V}7 {idv p}a
{id, o, 8,7}, A{id, B, A v}, {id, B, p}-

Now we could draw a nice subgroup lattice for this (identical to Dy, the dihedral group of order 8). The
normal subgroups of Gal(L : Q) are

G7 {1d7 /67 A7 V}J {id7 Oé7/87’)/}7 {id7 /67 M? p}7 {id7 /6}7 {id}'

Let Hy = {id, o, 8,7}. Then ®(H;) = Q(i). Also ®({id,\}) = Q(v/2) and ®({id,v}) = Q(iv/2). We
can also see that ®({id, u}) = Q((1 +14)v/2) and ®({id, p}) = Q((1 —4)v/2).

Exercise 12.4. Write out the multiplication table for Gal(L : Q).
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Feb. 28 — Join of Subgroups and Subfields

13.1 Join of Subgroups

Let Hy, Hy be subgroups of G.
Exercise 13.1. Show that H; N H, is a subgroup of G.
Remark. In general, H; U Hs is not a subgroup of G.

Definition 13.1. The join of H; and H,, denoted H; V Hs, is the smallest subgroup of G containing
H, U H,, i.e. H;V Hy consists of all products of the form

albl Ce ann,

where a; € H; and b; € H, for all n.
Remark. Recall that if F; and F5 are subfields of L, then E; N E, is also a subfield of L, as is the join

E1 V E2 = El(Eg) == EQ(El)

Example 13.1.1. In Example [12.1.1] we have {id, 5} V {id, A} = {id, 3, X\, v}. Now notice that
o({id, 8}) = Q0. v2), @({id,\}) =Q(V2), 2({id, 3.\ v}) = Q(V2).
Notice that Q(i,v2) N Q(v/2) = Q(+/2).
Theorem 13.1. Let L : K be Galois and E,, Esy subfields of L containing K. If
I'(Ey)) = Hy, T(E,) = Ho,
then I'(Ey N Ey) = Hi V Hy and I'(Ey V Ey) = Hi N Hy.

Proof. Certainly £y N Ey C By, so Hy =T'(E,) C I'(E; N Ey), since the Galois correspondence is order
reversing. Similarly, Hy = I'(Fy) C T'(Ey N Ey), so Hy V Hy CT'(E; N Ey). Now Hy C Hy V Hy, so we
get By = ®(Hy) 2 ®(H; V Hs). Similarly, Fy = ®(Hy) 2 $(H; V Hs), so ®(H; V Hy) C Ey N Ey. Since
L : K is Galois, we get

H,V H, D T(E; N Ey)

by applying I' to both sides. So I'(E; N Ey) = Hy V Hs.
The proof for T'(Ey V Ey) = Hy N Hy is similar, see Howie for details. O
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Mar. 4 — Solvable Groups

14.1 Solvable Groups

Definition 14.1. A finite group G is solvable if, for some m > 0, it has a finite series
{id}=GoCG,C---CG,,=G
of subgroups such that for i =0,...,m — 1,
1. Gi<aGig,
2. and G,41/G; is cyclic.
Remark. We require GG; < G;11, but G; need not be normal in G.
Example 14.1.1. Let G = Gal(Q(i, v/2), Q) from Example We have
{id} C {id, \} C {id, B, \, v} C G,
where G; < G117 and |G;11/G;| = 2, so it is cyclic. Observe that {id, A} is not normal in G, since
afid, A} = {a, u} # {a, p} = {id, Ao
Theorem 14.1. Fvery finite abelian group G is solvable.

Proof. Recall from the structure theorem for finitely generated abelian groups that every finite abelian
group is a direct sum of cyclic groups. Then

G=U0U,® - - DUy

where each U; is cyclic. Let
Gi=U,®---0U,.

Observe that G; <G4 since G is abelian, and G;;1/G; = U;11, which is cyclic. So G is solvable. O
Remark. Recall that S, is the symmetric group on n elements.
Theorem 14.2. Fvery permutation can be expressed as a product of transpositions (i.e. 2-cycles).

Definition 14.2. A permutation o is even (respectively odd) if o can be expressed as a product of an
even (respectively odd) number of transpositions. This is well defined. The set

A,, = subgroup of even permutations

is called the alternating group.
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Example 14.2.1. We have S5 = {id, (12), (23), (13), (123), (132)}. We can write
{id} C {id, (123), (132)} C S;.
Call these G; for i = 0,1,2. Then G; <Gy 1, and Go/G1 = Zy and G1/Go = G = Z3. So Ss is solvable.
Example 14.2.2. The symmetric group Sy is solvable. We can write
{id} C {id, (12)(34)} C {id, (12)(34), (13)(24), (14)(23)} € A4 C S,.
Call the first three subgroups G; for i = 0,1,2. Then G; <G,,1, and we have

SufAy =7y, As)Go =Lz, Gof/Gy =7y, G1/Gy = ZLs.

Exercise 14.1. Show that Gy = {id, (12)(34), (13)(24), (14)(23) } < A4.
Definition 14.3. A group is simple if it has no proper normal subgroups.
Remark. A non-abelian simple group is not solvable.

Theorem 14.3. For n > 5, the alternating group A, is simple.
Proof. See Howie. n

Theorem 14.4. We have the following:
1. If G is solvable, then every subgroup of G is solvable.
2. If G is solvable and N < G, then G/N is solvable.
3. Let N <G. Then G is solvable if and only if N and G/N are solvable.

Proof. (1) Since G is solvable, there exists
(i} =Gy CGL C - CGp=GC

where G; < G41 and G411 /G, is cyclic. Now let H be a subgroup of G. Let K; = G; N H. Now check as
an exercise that
{ld}=KyCKyC---CK,,=H

is the desired series of subgroups. In particular, check that K; < K;,; and K;,1/K; is cyclic (show that
it is a subgroup of the cyclic group G;11/G;).

(2) Take
N/N = NGy/N € NG, /N C...NG,/N = G/N

as the desired series of subgroups. Here
NG ={ng|neN,geG}.

Check as an exercise that this construction works. For the cyclic part, verify that (NG;+1/N)/(NG;/N)
is a quotient of the cyclic group G;11/G;. One of the isomorphism theorems may help here.

(3) (=) this follows from (1) and (2).
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(<) Suppose N and G/N are solvable. Then there exists a series
fid}jSNyCN C---CN,=N
such that N; < N;; and N;;1/N; is cyclic, and a series
{id} = N/N=Gy/NCG,/NC---CG,/N=G/N

such that G;/N < G;1/N and (G;11/N)/(Gi/N) = G;+1/G; by one of the isomorphism theorems, so it
is cyclic as well. Now check as an exercise that

{id}j=NgCNC---CN,=N=GyCG C---CG,=C
is the desired series (i.e. check the normal and cyclic conditions). ]

Corollary 14.4.1. Forn > 5, S, is not solvable.

Proof. For n > 5, A, is simple, hence it is not solvable. Now if S,, were solvable, all of its subgroups
would be solvable, which leads to a contradiction since A, C S,,. O

14.2 Solvable Polynomials
Definition 14.4. A field extension L : K is a radical extension if there exists a sequence
K=L,CLiC---CL,=1L

such that L; 1 = L;(c;), where o is a root of a polynomial in L;[X] of the form X™ — ¢;.
Example 14.4.1. For Ly = QQ, we can take

LO = Q7

Ll = Lo(()éo), Oég = 2,

LQZLl(Oél), 04?:3—1-\/56[/1,

L3:L2(062), Oé§:2+ \5/3+\/§EL2.

This is a radical extension of Q.

Definition 14.5. A polynomial f € K[X] is solvable by radicals if there is a splitting field for f contained
in a radical extension of K.

Example 14.5.1. Any quadratic f = X? 4+ bX + ¢ € Q[X] is solvable by radicals, since its roots are

—b+Vb? —4c
5 )

Remark. In the 16th and 17th centuries, mathematicians proved that cubics

X3 -+ a2X2 + alX “+ ag
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and quartics
X'+ a3 X? + a4 X? + a1 X + ag

are solvable by radicals. For cubics, the idea is to depress the cubic, i.e. make a substitution to remove
the quadratic term. Then we get
Y?+3aY +b=0.

By a lengthy algebra argument, the roots are
q+r, qutrw?, q?trw,
where

o= (S vEram)

and we have similar expressions for 7 and w. A similar but longer algebraic manipulations can be made
for quartics. In particular, the expressions for the roots of cubics and quartics only involve radicals.

Theorem 14.5. Let L : K be a radical extension and N the normal closure of L over K. Then N is
also a radical extension of K.

Proof. By Corollary [10.1.1} we have
N:Ll\/\/Lk,

where each L; = L, hence they are all radical. Now it suffices to show that the join of two radical
extensions is radical. For this, let

leK(Oélv"wO‘m)a LQZK(ﬁla"'aﬁn)>
where ozf" € K(aq,...,a;_1) and ﬂ;j € K(p1,...,Bj-1). Then
Ll \/LQ = K(aly"'vamaﬁla"'vﬁn)7
where Oéfi S K(O[l, ce 7ai—1) and le] S K(al, vy Oy, Blv ce 7/Bj_1), SO L1 \% L2 is radical. O
Remark. Radical extensions involve polynomials of the form X™ — ¢. Let us look more closely at

X™—1. We focus on fields K of characteristic 0, so that the splitting field L of X™ — 1 over K is normal
and separable.

Lemma 14.1. The set R of roots of X™ — 1 is a cyclic group under multiplication.

Proof. Check as an exercise that R is indeed a subgroup of L. To see that it is cyclic, recall that
exp(R) = smallest positive integer e such that a® =1 for all a € R.
Clearly we have exp(R) < |R|. Now observe that 2 — 1 has at most e roots, so |R| < e. Hence

e =|R| =m, so (R,-) is cyclic. O

Definition 14.6. A primitive mth root of unity w is a generator for (R, -).

Remark. We have
R={1,w,u? .. .,w™ '},

and w' is a primitive mth root of unity if ged(m, i) = 1.
Definition 14.7. Let P,, = {primitive mth roots of unity}. The cyclotomic polynomial ®,, is

¢, = [ (X -2

EEP’m
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Mar. 6 — Cyclotomic Polynomials

15.1 Cyclotomic Polynomials

Example 15.0.1. For X? — 1 with p prime, all roots except 1 are primitive:
XP—1=(X-1)X 14 XP 2. 1),

So we get @, = XP~ 4 XP~2 4 ... 1.
Example 15.0.2. Consider f = X'2 — 1, where L C C is the splitting field of f over Q. We have

P12 = {W,WS,U)?,UJH},

2mi/12

the powers of w = ¢ relatively prime to 12. This gives

P =X —w)(X —0"M)(X ) (X —w) = (X’ - (w+ "X +1)(X* - (W’ +w)X +1)
= (X2 VBX +1)(X?P4+V3X +1) =X — X211,
since w'' = T with Re(w) = v/3/2 (a similar analysis works for w® and w”). We have Ps = {w? w'°}, so
(X —wH(X - =X - (W + )X +1=X? - X +1
Next Py = {w?, w’} = {+i}, so
Py= (X —0)(X +i)=X>+1.

Now P3 = {w*,w®}, so
Py=(X - (X —u®) =X+ X + 1.

Finally P, = {w%}, s0 @3 = X + 1, and P, = {1} = {w'?}, s0 &, = X — 1.
Remark. Observe that
X?—1=J[0=X-DX+DX>+ X + )X+ 1)(X* = X + 1)(X* = X*+1).
d|12

This works in general, i.e.

Xm—1=H<1>d.

dm
Note that we need 1|m and m|m here.

Remark. The question here is: Does ®, always have coefficients in K7
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Lemma 15.1. Let K, L be fields and K C L. If f,g € L[X] such that f, fg € K[X], then g € K[X].
Proof. Let
f:(zo+a1X+---—|—ame

for a; € K, a,, # 0, and
g=by+ b X+ -+, X"

for b; € L, b, # 0. Then
fg=cot+ar X + -+ X™™"

for ¢; € K, 80 by, = ¢ppyn/am € K. Now suppose inductively that b; € K for all j > r. Then
Crtr = by + am—lbr—i—l +F am—n-l—rbn
where a; = 0 if 7+ < 0. Then we get that

b — Cmtr — am—lbr—H - am—n-‘,—rbn
r = .

Am

Since each a; € K, ¢ppyr € K, and b; € K for j > r, we get that b, € K. So in fact b; € K for all j by
induction, and thus g € K[X]. O

Theorem 15.1. Let char K = 0 (so the prime subfield Ko = Q). Suppose K contains the mth roots of
unity, where m > 2. Then for every divisor d of m, ®4 € Ko X].

Proof. Note that ®; = X — 1 € Ky[X]. Let d|m, d # 1, and suppose inductively that ®, € Ky[X] for all
proper divisors r of d. Now

xXt—1=| [[ @] 2.
r|d,r#d

so Lemma [15.1] gives ®, € Ko[X]. O

Remark. In fact, ®,, € Z[X].

Theorem 15.2. The cyclotomic polynomials ®,, are irreducible over Q.

Proof. See Howie. n

15.2 The Galois Groups of Cyclotomic Polynomials

Remark. When we talk about the Galois group of a polynomial, we mean the Galois group of the
splitting field of that polynomial.

Theorem 15.3. Let L be a splitting field over Q of X™ — 1. Then Gal(L : Q) =2 Z

m*

Proof. Let w be a primitive mth root of unity and o € Gal(L : Q). Since L = Q(w), o(w) must be
another primitive mth root of unity, so o € Gal(L : Q) if and only if o(w) = w* where ged(k,, m) = 1.
Then o — k, is an isomorphism Gal(L : Q) — Z,, so Gal(L : Q) = Z;,. O

Exercise 15.1. Show that the map o — k, is an isomorphism Gal(L : Q) — Z,.



LECTURE 15. MAR. 6 — CYCLOTOMIC POLYNOMIALS 55

Corollary 15.3.1. If L is a splitting field of X? — 1 over Q with p prime, then Gal(L : Q) is cyclic.
Proof. By Theorem [15.3, Gal(L : Q) = Z;, which we have previously shown is cyclic. O]

Example 15.0.3. Consider the splitting field Q(w) of X® — 1 over Q, where w = ¢?™/8 = ¢™/4_ Then
Gal(Qw): Q) ={w~ w,wr W’ w— W’ w— W'} 27

In particular, Gal(Q(w) : Q) is not cyclic since every element has order 2.

Example 15.0.4. Consider the splitting field Q(w) of X® — 1 over Q, where w = ¢*™/°. Then

Gal(Qw) : Q) = {w— w,wr W’ wr— W wr w2 ZE

Theorem 15.4. Let f = X™ —a € K[X], where char K = 0. Let L be a splitting for f over K. Then
1. L contains a primitive mth root of unity w,
2. Gal(L : K(w)) is cyclic, with order dividing m,
3. and |Gal(L : K(w))| = m if and only if f is irreducible over K(w).

Proof. If a is a root of f, then over L we have
f=(X—-a)(X —wa)(X —w?a)... (X —w" ')

where w is a primitive mth root of unity. Since o, wa € L, this proves (1). Thus L = K(w, «), and an

element o € Gal(L : K(w)) is determined by o(«), which must be another root of f. Hence o(a) = wk o

for some k, € {0,1,...,m — 1}. Now for 0,7 € Gal(L : K(w)),
oco7(a) =o(wa) =uwo(a) =ww a = whtha,
so 0 — k, is a homomorphism Gal(L : K(w)) — Z,,. This homomorphism is injective since

ke =0 (mod m)

if and only if m|k,, if and only if o(a = «). Hence Gal(L : K(w)) is isomorphic to a subgroup of the
cyclic group Z,,, so Gal(L : K(w)) is cyclic (subgroups of cyclic groups are cyclic). This proves (2).

(3) («=) Suppose f is irreducible over K (w). Then by the Galois correspondence
|Gal(L : K(w))| =[L: K(w)] =0f =m,

where the second equality follows from the characterization of simple algebraic extensions. So we get
Gal(L : K(w)) = Z, since we already showed that Gal(L : K (w)) is isomorphic to a subgroup of Z,,.

(3) =) We show the contrapositive. Suppose f is not irreducible over K(w), so f has a monic proper
factor g with dg < m. Let 3 be a root of g. Then

X" —a= (X = §)(X —wh)...(X —w15),
so L = K(w, ) is a splitting field for f over K(w). Hence
|Gal(L : K(w))| =[L: K(w)] =dg <m,

so the Galois group is a proper subgroup of Z,,. O
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Theorem 15.5 (Abel’s theorem). Let char K =0, p prime, and a € K. If X? — a is reducible over K,
then it has a linear factor X — c in K[X].

Proof. Suppose f = XP? — a is reducible over K. Let g € K[X] be a monic irreducible factor of f of
egree d. If d =1, then we are done, so suppose 1 < d < p. Let L be a splitting field of f over K, and
a root of fin L. Then in L[X],

g= (X —w"pB) (X —w™p)... (X —wp)
where w is a primitive pth root of unity and 0 < n; < ny < --- < ng < p. Suppose
g=X"— by X (1)

Then we have
bO — wn1+n2+~--+nd6d — wn/@d

where n =n; +ng + -+ +ny. So

b](; — cupnﬁpd — (ﬁp)d — (Id

since w? = 1 and [ is a pth root of a. We have ged(d, p) = 1 since p is prime, so there exist s,t € Z such
that sd + tp = 1. Then since a? = b, we get that

a = asdthp — asdatp — bgpatp — (bgat)p.
Now X — b3a’ is the desired linear factor of f in K[X]. O

Example 15.0.5. Let L be the splitting field of X® —7 over Q. We have L = Q(v/7,w), where w = ¢>™/%,
Note that the minimum polynomial of w is X4+ X3 + X2 + X + 1. What is Gal(L : Q)? First we show
that X® — 7 is irreducible over Q(w). To do this, suppose not. Then by Abel’s theorem, X® — 7 has a
linear factor X — ¢ in Q(w)[X], i.e. ¢ = v/7 € Q(w) and [Q(c) : Q] = 5. But if ¢ € Q(w), then

[Q(c) : Q] < [Q(w) : Q] = 4,

a contradiction. Now notice that the roots of X° — 7 in C are

o, wa, wro, wia, wla,

where o = V/7. Since |Gal(L : Q)| = 20, define the maps
Opg i = wWa, wr— wl
for 0 <p<4and1<q<4. Then we can write
Gal(L: Q) ={0,,|0<p<4,1<q< A4}

where the identity element is id = oy ;.
Exercise 15.2. Check that
Op,qOr,s = Org+pgs

in the above example, where the subscripts are taken modulo 5 (i.e. compute 0, ,0, () and o, ,0, s(w)).
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Mar. 11 — Solvable Polynomials

16.1 More on Cyclotomic Polynomials
Exercise 16.1. From Example [15.0.5, check that
(01,1)n = Onp,1, (UO,Q)n = 0p,2n, 021002 = 022 = 00,201,1-
Let a = 011 and b = 0p 5. Use the above to show that
Gal(L:Q) = (a,b|a® =1, b* =1, a®b = ba)

is a presentation for Gal(L : Q) in terms of generators and relations.

Theorem 16.1. Let char K = 0 and suppose X™ — 1 splits completely over K. Let L : K be a cyclic
extension with [L : K| = m. Then there exists a € K such that

1. X™ — a is irreducible over K,
2. L s a splitting field for X™ — a over K,
3. and L = K(«) where « is a root of X™ — a.

Proof. See Howie. O]

Remark. This is a partial converse to Theorem [15.4]

16.2 Solvable Polynomials

Remark. For f € K[X], we define Gal(f) = Gal(L : K) where L is a splitting field for f over K.
Theorem 16.2. Let char K =0 and f € K[X]. If Gal(f) is solvable, then f is solvable by radicals.

Proof. Let L be a splitting field of f over K, where Gal(L : K) is solvable by hypothesis, and let
m = |Gal(L : K)|. If K does not contain an mth root of unity, adjoin one, i.e. let E be the splitting
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field of X™ — 1 over K. Let M be the splitting field of f over E. This gives the subfield lattice:
M
E L

ENL

[

K

By Theorem 7.36 of Howie, we get G = Gal(M : F) = Gal(L : ENL). Now Gal(L : ENL) C Gal(L : K),
i.e. GG is isomorphic to a subgroup of a solvable group, hence it is also solvable. So

{1} =Gp<Gi1<---<4G,1 <G, =G,
with G;,1/G; cyclic. By the fundamental theorem of Galois theory, we get
My=M>OM, 2 ---CM_12M=E2K,
where M; : M,y is normal. We have Gal(M : M;) = G;, so
Gal(M; : M;q) = Gal(M = M;)/T(M;) = Gi1/Gy,

which yields that M; : M4 is cyclic. Let d; = [M; : M;11]. Then dy|[M : E] = Gal(M : E). Now since
Gal(M : F) = Gal(L : EN L), we have that

|Gal(L : ENL)|||Gal(L : K)| =m,

so dy|m. Since M;,; contains F, it contains every mth root of unity, so E also contains all d;th roots of
unity. By Theorem [15.4] there exists 8; € M; such that M; = M;,1(53;), where f3; is a root of X% — ¢; 44
with ¢;11 € M;,1. Hence we get that f is solvable by radicals. O

Theorem 16.3. Let char K =0 and K C L C M where M is a radical extension. Then Gal(L : K) is
solvable.

Proof. By hypothesis, there exists a sequence
MTZMQMT—IQ"'QMlgMOZKa

where M; 1 = M;(«;) with «; a root of X™ — a; € M;[X]. The main idea from here is that if L : K and
M : K are normal, then
Gal(L: K) = Gal(M : K)/Gal(M : L),

so it is sufficient to show that Gal(M : K) is solvable. Now use Theorem 8.18 and Corollary 8.14 from
Howie to show that Gal(M : K) is solvable (uses induction). See Howie for details. O

Theorem 16.4. A polynomial f € K[X] with char K = 0 is solvable by radicals if and only if Gal(f) is
solvable.

Proof. This is summarizing the previous two theorems. O
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16.3 Insolvability of the Quintic

Theorem 16.5. Let f € Q[X] be a monic irreducible polynomial with Of = p, p prime. Suppose f has
exactly two roots in C\ R. Then Gal(f) = S,.

Proof. Let L C C be a splitting field for f. Now G = Gal(L : Q) is a subgroup of S, since G is a group
of permutations on the p roots of f in L. Consider Q(«), where a has minimum polynomial f. Then

[Q(«v) : Q] = p, so we get that
Gl = |Gal(L: Q)| = [L: Q) = [L: Q()][Qer) : Q] = [L: Q)] - p.

By the Sylow theorems, G has an element of order p.E] Now G is a subgroup of S, and the only elements
in S, of order p are p-cycles, so G contains a p-cycle. Also complex roots of f come in conjugate pairs, so
G contains a transposition 7 that swaps conjugate roots (there are only two complex roots of f in C\ R).
Then G is a subgroup of S, that contains a p-cycle and a transposition, so by Homework 8, G = .S,. O

Example 16.0.1. Consider the polynomial f = X% —8X + 2, which is irreducible over Q by Eisenstein’s

criterion. Now we have:
X | -2 -1 0 1 2
f(X)|-14 9 2 -5 18

So by the intermediate value theorem, f has at least 3 real roots. Then f/(X) =5X*—8, and f/(X) <0

if and only if
ffexeiffain

Rolle’s theorem tells us that there exists at least one zero of f/(X) between zeroes of f(X)P] Thus f has
exactly 3 real roots. Then by the previous theorem, Gal(f) = Ss, so f is not solvable by radicals since
S5 is not solvable. So there exists a quintic polynomial which is not solvable by radicals.

16.4 Finitely-Generated Extensions

Definition 16.1. A subset {ay, as,...,a,} C L is algebraically independent over K if for all polynomials
f(Xy, Xo, ..., X,,) with coefficients in K, we have

flag,ag,...,a,) =0 <= f=0..

Example 16.1.1. Notably, this is a stronger condition than linear independence. A non-example is
{1,v/2,4/3,+/6}, which is linearly independent over Q@ but not algebraically independent, since

V2.3 -6 =0.
This means we can take f(X7, Xs, X3, Xy) = Xo - X3 — X, to get f(1, V2,3, \/6) =v2-v/3-v6=0.

Exercise 16.2. Show that {ay,...,a,} is algebraically independent over K if and only if a4 is tran-
scendental over K and for each 2 < d < n, ay is transcendental over K(aq,...,aq4_1). Also show that
this is if and only if

K(O./l,(lfg,. .. ,Oén) = K(Xl,XQ, ce 7Xn>

!Cauchy’s theorem directly gives this, but also |S,| = p!, so the p-Sylow subgroup can only have order p.
2The above conditions guarantee that f’(X) has only two zeroes, so f(X) can have at most three.
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Definition 16.2. An extension L of K is finitely generated if L = K (o, g, ..., q,) for some natural
number n.

Example 16.2.1. Finite extensions are finitely generated.
Example 16.2.2. The extension K(X) is finitely generated but not a finite extension.

Theorem 16.6. Let L = K(ay,...,a,) be a finitely generated extension of K. Then there exists a field
E with K C E C L such that for some m with 0 < m <n,

1. E=K(B, 02 ...,0m), where {5y, Pa,...,LBm} are algebraically independent,

2. and [L : E] is finite.
Proof. If all the «; are algebraic over K, then [L : K] is finite and we can take £ = K with m = 0.
Otherwise, there exists «; that is transcendental over K. Let 8 = «;. If [L : K(f;)] is not finite, then

there exists «; that is transcendental over K(/31). Let 2 = o, and so on. Repeat this process, which
terminates in at most n steps, so

E = K(ﬁl?ﬁ??"';ﬁm)
with m < n. By construction, {f,. .., 5.} are algebraically independent over K and [L : E] is finite. [

Remark. We can think of this theorem as saying that E is the “transcendental part” of the extension.

Remark. The elements 3; are not unique, but the number m is determined uniquely by L and K.
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Mar. 13 — Symmetric Polynomials

17.1 Transcendental Extensions

Theorem 17.1. Let K, L,m,E, 31,..., B, be as defined in Theorem[16.6. If K C F C L and
1. F=K(y,7,-..,7) where {y1,7%2,...,%} are algebraically independent over K,
2. [L: F| is finite,
then p = m.
Proof. Suppose p > m. Since [L : E] is finite, 7, is algebraic over E, so 7y is the root of a polynomial with

coefficients in £ = K(f1,...,Bn). In other words, there exists a nonzero polynomial f with coefficients
in K such that

f(/817"'7ﬂm7/71) =0.

Since 7 is transcendental over K, at least one f; (without loss of generality say ;) must show up in
this polynomial. Hence (; is algebraic over K (B2, (3, ...,Bm, ) and [L : K(Ba,..., Bm,71)] is finite.
Repeat this argument, replacing each 5; with v;, so [L : K(7,...,7m)] is finite. Recall that p > m by
assumption. But 7,41 is transcendental over K (7, ..., 7n), a contradiction. Thus we must have p < m.

We also get m < p for free by symmetry, so we conclude that p = m. O]

Definition 17.1. The m in Theorem is called the transcendence degree of L : K.

17.2 Symmetric Polynomials

Definition 17.2. Let L = K(t1,ts,...,t,) where {t1,...,t,} are algebraically independent over K. For
o € Sy, define the K-automorphism ¢, : L — L by ¢,(t;) = t,z), i.e. it permutes the ¢;’s by o. Let

Aut,, = {¢, | 0 € Sp}.

Example 17.2.1. If 0 = (1 2 3), then we have

1+t  la+1s
ool =5 )=

Exercise 17.1. Show that the map o — ¢, is an isomorphism S,, — Aut,.
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Example 17.2.2. What is ®(Aut,), the fixed field of Aut,? Certainly ®(Aut,,) includes all of

si=t+tao+ -+,
S9 :t1t2+t1t3+ "'—|—tn,1tn,

Sp = tltg .. tn
We call these the elementary symmetric polynomials. All rational combinations of the s; are also fixed.

Exercise 17.2. Show

X" = s X" (=) = [[(X = ta).

i=1
Example 17.2.3. The sum of the squares of the ¢; is fixed by Aut,,. We can also see that
Bta 12 = 87— 2s,.

Theorem 17.2. The fized field of Aut,, is precisely ®(Aut,) = K(s1,52,...,5n).

Proof. We claim [K (tq,...,t,) : K(s1,...,5,)] < n!. The proof follows since K(s1,...,s,) C ®,(Aut,)
and we havd]]
[K(t1,...,t,) : P (Aut,)] = |Aut,| = nl.

So it suffices to prove the claim to finish.

We show the claim by induction on n. The base case n = 1 is clear. Now for the inductive step, suppose
we have

K(ty,...,ty) D K(s1,...,80,tn) 2 K(s1,...,5n).

Note that
f(X) — X" _ San_l 4+ .. 4 (_1)”5n = (X — tl) c. (X - tn)
over K(ty,...,t,), so the minimum polynomial of ¢,, over K(sq,...,s,) divides f. So we get
[K(t1,...,tn) s K(s1,...,8,)] < n. (%)
Now let §/,...,s,,_; be the elementary symmetric polynomials in ¢, ..., t,_1, and notice that

sy =ttty oty

/
Sg =87 + 1ty
7 !

Sp =S _1ln.
So K(s1,...,8,) = K(s},...,s,_4,t,) and so
(K (1. tn) : K(s1,. .., 8ntn)] = [K(t1, ... tn) : K(8],..., 8 1 tn)]
= [K(tn)(t1, .. tn1) s K(tn)(s], .., 8,_1)] < (n—1)!
by the inductive hypothesis. So this combined with (x) completes the inductive step. O
Note that K(s1,...,8,) C ®(Aut,) C K(t1,...,tn).
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Theorem 17.3. The elementary symmetric polynomials sq, ..., s, are algebraically independent.
Proof. We have [K(ty,...,t,) : K(s1,...,5,)] is finite since ¢y, ..., t, are roots of
X" —5; X" 4 (—1)"s,,.

Hence K(ti,...,t,) and K(s1,...,s,) have the same transcendence degree over K, namely n, so we get
that si,...,s, must be algebraically independent. O

Definition 17.3. The general polynomial of degree n over K is

f=X"— 5, X" o (=1)"s,,.

Remark. Note that:
1. The coefficients live in K(sq,...,s,).
2. For now, s; are just algebraically independent elements.

Theorem 17.4. Let char K = 0 and f as above. Let L be a splitting field for f over K(sy,...,s,). Then
1. the zeros ty,...,t, of f in L are algebraically independent over K,

2. and Gal(L : K(s1,...,5n)) = Sh.

Proof. Note that [L : K(s1,...,$,)] is finite, so the transcendence degree of L over K is the transcendence
degree of K(si,...,s,) over K, which is n. So L = K(t4,...,t,), which means that ¢,...,t, must be
algebraically independent. Then we have that

X" — s X" (=), = [ (X =),

=1

SO S1,..., S, are precisely the elementary symmetric polynomials in ¢, ...,¢,. So by Theorem 10.8 from
Howie, we get ®(Aut,) = K(s1,...,s,). From here we have

[L: K(s1,...,80,)] =[L:®(Aut,)] = |Aut,| = |S,| = n!,
so Gal(L : K(s1,...,8n)) = Sp. O
Corollary 17.4.1. If char K = 0 and n > 5, then the general polynomaial
X" — 5 X" (—1)s,

18 not solvable by radicals.

Corollary 17.4.2. FEvery finite group is the Galois group of some field extension.

Proof. Recall that by Cayley’s theorem, every finite group is a subgroup of S,, for some n. By Theorem
we can realize S, as the Galois group of L : K(s1,...,5,). The fundamental theorem of Galois
theory then says that for every subgroup G of S,,, there exists a subfield M of L containing K (s1, ..., s,)
such that G = Gal(L : M). O
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Remark. In the above theorem, we kind of lost control of the ground field, which is just some field M.
Given a finite group G, is it the Galois group of a Galois extension over Q7 Equivalently, does there
exist f € Q[X] such that G = Gal(f)? If so, we say that G is realizable (over Q). This is known as the
inverse Galois problem.

Remark. In 1956, Shafarevich showed that every solvable group is realizable. An open question is: Is
every finite simple group realizable?
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Mar. 25 — Modules

18.1 Introduction to Modules

Remark. Let (G,+) be an abelian group. Recall that given n € Z, we defined

g+--+g if n >0,
ng =<0 if n=0,
(—g)+-+(—g) ifn<O0,

where we add g or its inverse n times. This gives a map Z x G — G by (n,g) — ng that satisfies
L. (nin2)g = ni(nag),
2. (m1+n2)g = nig + nag,
3. and n(g; + g2) = ng; + ngs.

From this, we would say that every abelian group G is naturally a Z-module.

Definition 18.1. A module M over a ring R is an abelian group M together with a map R x M — M,
called the product, satistying

1. (rirg)m = ry(rem),

2. (ry+mr)m =rim+ rom,

3. r(my + mg) = rmy + rmo,

4. and 1m = m.
Remark. For this class, we will only consider modules over commutative rings with unity.
Exercise 18.1. Verify the following:

1. Om=0,70=0,

2. r(=m) = —(rm) = (—r)m,

3. (=)m=—m.
Example 18.1.1. A K-vector space is a module over K, where K is a field.

Example 18.1.2. A ring R is always a module over itself, where the product R x R — R is the normal
ring multiplication in R.
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Example 18.1.3. An ideal [ in a ring R is a module over R. The product R x I — [ is given by
(r,m) — rm, where rm € [ since [ is an ideal.

Example 18.1.4. The set R = R X --- X R is an R-module, where the product is given by

T(r1, 79y ooy Tn) = (P71, 7Ty o, TTy).

18.2 Submodules

Definition 18.2. A R-submodule of an R-module M is a subgroup W of M such that for all » € R and
w € W, we have rw € W.

Example 18.2.1. Recall that R is a module over itself. Then any ideal of R is a submodule, and
conversely, any submodule is an ideal.

Proposition 18.1. Let M be an R-module.
1. If {M,} is a collection of submodules of M, then ), My is also a submodule.
2. If My C M, C ... is an increasing sequence of submodules, then |, M, is a submodule.

3. If A and B are submodules of M, then A+ B={a+0b|ae€ Abec B} is a submodule of M.
Proof. Left as an exercise. O]

Definition 18.3. Let M be an R-module and S a subset of M. The submodule of M generated by S is

RS ={ris1 +rasa+---+rps, |1 € R,s; € S,n € N}

Exercise 18.2. Verify that RS is a submodule.
Example 18.3.1. If S = {z} for some x € M, then R{z} is the cyclic module generated by x.

Definition 18.4. If there exists x € M such that M = R{z}, then we say M is cyclic. If there exists a
finite set S C M such that M = RS, then M is finitely generated.

18.3 Module Homomorphisms
Definition 18.5. Let M and N be R-modules. Then an R-module homomorphism ¢ : M — N is a
homomorphism of abelian groups such that ¢(rm) = rp(m) for all r € R and m € M.

Definition 18.6. An R-module isomorphism is a bijective R-module homomorphism. An R-module
endomorphism is an R-module homomorphism from M to itself.

Remark. The set of all R-module homomorphisms from M to N is denoted Hompg(M, N), and the set
of all R-module endomorphisms of M is denoted Endg(M).

Definition 18.7. The kernel of an R-module homomorphism ¢ € Homg(M, N) is
kerp ={z € M | p(x) = 0}.

Example 18.7.1. Let M = R™ and N = R", thought of as column vectors. Let T be a fixed n x m
matrix with entries in R. Then left multiplication by T is an R-module homomorphism from M to N.
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18.4 Direct Sums of Modules

Definition 18.8. The direct sum of R-modules My, ..., M,, denoted
My @@ M,,
is the product M; x --- x M, endowed with the operations

(1, ymp) + (2, 2h) = (xr+ 2, xn+ 7)) and  r(xq,...,m,) = (reg,. ., 1x).

Remark. Note that M; is naturally isomorphic to the following submodule of M; & --- @ M,:
M, ={0}@-- Mo o {0},

and M = M, + -+ M, = {m; +--- +m, | m; € M, }.

Proposition 18.2. Let M be an R-module with submodules A, ..., As such that M = A + - - - + A;.
Then the following are equivalent:

1. (ay,...,a5) = ay + -+ as is a group isomorphism Ay x -+ x Ay — M.
2. (ay,...,as) — a; + -+ as is an R-module isomorphism Ay X «-- X Ag — M.

3. Fach element x € M can be expressed as a sum
r=a;+---+as
with a; € A; 1s exactly one way.
4. If 0=ay + -+ + as with a; € A;, then a; =0 for all i.
Proof. (2) = (1) This is clear since an R-module isomorphism is also a group isomorphism.
(1) = (2) Let ¢ : A} x -+ x Ay — M be the given group isomorphism. Then
o(r(ay,...,as)) = p(ray,...,rag) =ray +---+ras=r(ag + -+ as) =rpla,...,as),

so  is also an R-module isomorphism.

Now observe that (1), (3), (4) say nothing about the module structure of R, so from here (1) < (3) < (4)
is just an exercise in group theory. O

Example 18.8.1. Let M = Zg with R = Z, and let A; = {0,2,4} and Ay = {0,3}. Then the map
A1 @& As — M given by
((11, ag) — ai + as.

We can see that this is an isomorphism since A; & Z3 and Ay = Zs.

Definition 18.9. A subset S C M is linearly independent over R if for any distinct xq,...,x, € S,
rmry+--+rpx, =0

if and only if r; = 0 for all i.
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Definition 18.10. A basis for M is a linearly independent set S with RS = M. An R-module M is
called free if it has a basis.

Example 18.10.1. Every vector space over a field K is free as a K-module.

Example 18.10.2. Note that Z,, is not a free Z-module since na = 0 for all a € Z,,. So {a} for a # 0 is
in fact linearly dependent. More generally, any finite abelian group G is not a free Z-module.

Example 18.10.3. However, Z is a free Z-module. In general, R" is a free R-module. The standard
basis for R™ is the set {ey,...,e,} where

e =(1,0,0,...,0), ..., e,=1(0,0,0,...,1).

Definition 18.11. Let M be an R-module and B = {z1,...,z,} be distinct nonzero elements in M.
Then the following are equivalent:

1. B is a basis for M.
2. The map ¢ : (r1,...,7n) = &1 + ...7T,m, is an R-module isomorphism from R" to M.

3. For each i, the map R — M given by r — rz; is injective and M = Rz, & - - - & Rzx,,.

Proof. (1) < (2) Observe that B is linearly independent if and only if ¢ is injective and B spans M if
and only if ¢ is surjective. Now check as an exercise that ¢ is an R-module homomorphism.

(1) & (3) Left as an exercise. O

Proposition 18.3. We have the following:
1. If ¢ € Homg(M, N), then ker ¢ is a submodule of M and p(M) is a submodule of N.
2. If ¢ € Homg(M, N) and b € Homg(N, P), then 1) o ¢ € Homg(M, P).

Proof. (1) We need to show that if m € ker p and r € R, then rm € ker ¢. For this, observe that
o(rm) =rp(m) =r0=0
since m € ker ¢, so we have rm € ker . The rest of the proof is left as an exercise. O

Proposition 18.4. We have the following:
1. Homg(M, N) is an abelian group with the operation

(¢ +¥)(m) = e(m) + ¢ (m).
2. Endg(M) is a ring with addition as above and multiplication given by composition.

Proof. (1) Clearly the addition is associative and commutative. The identity element is the zero map,
and the inverse of ¢ is —p, i.e. if ¢ : m = n, then —p : m — —n.

(2) Left as an exercise (the multiplicative identity is the identity map id,y). ]

Remark. Many of the usual facts about group and ring homomorphisms have module analogues.
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Proposition 18.5. Let M be an R-module and N an R-submodule. Then the quotient group M /N is
an R-module and the quotient map w: M — M/N is an R-module homomorphism.

Proof. Define the product R x M/N — M/N by
r(m+ N)=rm+ N.
To see that this product is well-defined, observe that if m + N = m’ + N, then m —m’ € N. Hence
rm —rm' =r(m—m') e N

since N is an R-submodule. Thus rm + N = rm’ + N as desired. Now check as an exercise that this
makes M /N into an R-module.

For the latter part about the quotient map = : M — M/N, simply observe that
w(rm) =rm+ N =r(m+ N) = rr(m),

so indeed 7 is an R-module homomorphism. O



Lecture 19

Mar. 27 — Multilinear Functions

19.1 The Homomorphism Theorem

Theorem 19.1 (Homomorphism theorem). Let ¢ : M — M be a surjective R-module homomorphism with
kernel N. Then ¢ descends to an homomorphism on the quotient M /N, i.e. there exists ¢ : M/N — M
such that the following diagram commutes (i.e. ¢ = pom):

M —2 M

1 A

M/N
In particular, ¢ is an R-module isomorphism.

Proof. Define  : M/N — M by @(m + N) = @(m) for any m € M. To see that ¢ is well-defined,
suppose m + N =m/ + N. Then m’ = m + n for some n € N, so

p(m' + N) = p(m') = p(m +n) = ¢(m) + ¢(n) = ¢(m) = H(m + N)

since n € N = ker ¢. So ¢ is well-defined. Now by the usual first isomorphism theorem for groups, ¢ is
a group homomorphism. To see that ¢ also respects R-actions, observe that

p(r(m+ N)) = p(rm + N) = p(rm) = ro(m) = rg(m + N)

So ¢ is an R-module homomorphism. We also get that ¢ is bijective for free by the first isomorphism
theorem for groups. Thus ¢ is an R-module isomorphism. O]

Example 19.0.1. Let M be an R-module and let x € M. Consider the cyclic submodule
R, ={rz |r € R}.

Then ¢ : R — R, defined by r + 7z is an R-module homomorphism (and is surjective). The kernel ker ¢
is called the annihilator of x, denoted ann(z). Then by the homomorphism theorem, R/ann(z) = R,.

Example 19.0.2. Let R =7 and M = 7Z/nZ. Let x = 1. Then ann(z) = nZ = ker ¢ where ¢ : Z — R,
is defined by 7 — rz. Then by the homomorphism theorem, Z/nZ = R/ann(x) = R, = M = Z/nZ.

70
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19.2 Multilinear Functions

Definition 19.1. Let M;,..., M,, N be R-modules. We say that a function ¢ : My x --- x M,, — N is
R-multilinear (or just multilinear) if for each j and fixed x; € M, for ¢ # j, the map M; — N given by

= o(T1,. ., Tjo1, T T, e, Ty)
is an R-module homomorphism.
Exercise 19.1. If o : M; x My — N is multilinear, then
L p(ma +mi,ma) = @(mi, ma) + p(my, mo),
2. p(ma, ma + mjy) = @(ma, ma) + (m1, my),
3. p(rmy,my) = re(my, ms),
4. and @(my,rms) = re(my, ms).
Remark. We will focus on the case where all the M;’s are the same, i.e. ¢ : M™ — N.

Remark. Recall that a permutation o € S,, is even (respectively odd) if it can be expressed as a product
of an even (respectively odd) number of transpositions. We say that the sign of o is

1 if o is even
(o) = L
—1 if o is odd.

Note that the sign € : S,, — {£1} is in fact a group homomorphism.
Example 19.1.1. The permutation (123) = (12)(23) is even and the permutation (12) is odd.
Definition 19.2. We say that an R-multilinear function ¢ : M™ — N is symmetrid| if

(,0(.%0(1), To(2)y - - ,xg(n)) = ga(xl, Loy ... ,xn)
for all x1,...,7, € M and o € S,. We say that ¢ is skew-symmetrid? if

O(To(1)s - Tom)) = €(0) (@1, ..., Tn)
for all z1,...,2, € M and o € S,,. We say that ¢ is alternating if
o(T1,...,2,) =0

whenever z; = z; for some 7 # j.

Example 19.2.1. Let M = 72, where we write 1,25 € M as

T = [Zj and x, = {Zj ,
where ay, as, by, by € Z. Consider the map ¢ : M? — Z defined by

2 1 2a9 + b
(1, 12) = [al bl] L 5} [Zj = [al bl} LZZ_ 5bj = 2a1ay + a1by + biag + 5b1bs.

'Recall that a matrix A is symmetric if AT = A.
2Recall that a matrix A is skew-symmetric if AT = —A.
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Now observe that

2 1 2a1 +b
p(x9,21) = [ag by L 5} {Zj = [az by) L?:_ 5bj = 2ay1ay + agby 4 baa; + dbaby,

so p(x1,x2) = @(x9, 1) and in fact ¢ is symmetric. Notice the the matrix we picked was symmetric.

=5

makes ¢ in the above example skew-symmetric (and alternating). Notice that A is skew-symmetric.

Example 19.2.2. Taking the matrix

Lemma 19.1. The symmetric group S,, acts on the set of R-multilinear functions from M™ — N by

o1, ..., Tn) = P(To(), - - Ton))-

Additionally, the sets of symmetric, skew-symmetric, and alternating multilinear functions are invariant
under this action.

Proof. Check as an exercise that id acts as it’s supposed to. To see that o(7¢) = (o7)¢ for all o, 7 € S,,,
observe that

o(Te) (@1, ..., x0) = (TO)(To)s - - - Tam)) = (TV) (Y1, - -, Yn)
if we let y; = Zo(4)- Then Yr(j) = To(r(j)) = T(a1)(§)> and thus

0(7—90)(3717 cee 7xn) = (T@)(yb cee ayn)
= 0(Yra), - Yr) = L(Xon)(1)s - > Torym)) = (0T) (X1, . .., Tn).

So we indeed have a group action (technically still need to check that o is still multilinear). The rest of
the proof (if ¢ is symmetric, skew-symmetric, or alternating, then so is o) is left as an exercise.  [J

Remark. We see that ¢ is symmetric if and only if o0 = ¢ for all o € S,,, and ¢ is skew-symmetric if
and only if op = (o) for all o € S,,.

Lemma 19.2. An alternating multilinear function ¢ : M™ — N is skew-symmetric.
Proof. Fix i < j and elements x;, € M for k # 1, j. Define A : M? — N by
Ma,y) = (X1, oy Tim1, Ty Tig s ooy Tjm1 Yy Tjds - - -5 Ty
Since ¢ is multilinear and alternating, A is bilinear and alternating. Hence,
O=ANz+y,xz+y) =z, z) + ANz,y) + My, z) + My, y) = Mz, y) + Ay, x)
since A is alternating (so A(z,z) = 0). Thus A(z,y) = —A(y, x), so A is skew-symmetric. Thus
O(To1)s - Tom)) = —@(T1, ..., Ty)
when o is a transposition (ij). Since any o is a product of transpositions o = 7y ... 7y, we have
op=(1...17)p = (=1)'0 = (o).

This gives that ¢ is skew-symmetric. ]



Lecture 20

Apr. 8 — Determinants

20.1 Symmetric and Alternating Multilinear Maps

Lemma 20.1. Let ¢ : M™ — N be multilinear. Then

S(p) = Z op is symmetric and A(p) = Z e(o)op is alternating and skew-symmetric.
aGSn UGSTL

Proof. For 7 € S,
TS(p) = > Top=> op=>5(p)

O'GSn UESn

since o — 70 is a bijection on S,. Hence S(p) is symmetric. Similarly for A(yp),
TA(p) = Z e(o)Top = Z e(r)e(to)op = e(T) Z e(ro)rop = €(T) Z e(o)op
€S €Sy €Sy 0ES

since € : S, — {£1} is a group homomorphism and (g(7))?> = 1. Hence A(yp) is skew-symmetric. To
show A(y) is alternating, let xy,..., 2, € M and suppose x; = z; for some ¢ < j. Now recall that S, is
the disjoint union of A,, and (i j)A,, so

A@) (@1, ) = Y e(0)op(ar,. . oxn) = > (op(@r,...,x0) = (i flop(ar,. .., 2n))

UESn UEAn
=D (@), Totm) = D@6 yor)s -5 T o) -
O'GSTL ~

(*)

Now notice that each summand (%) is 0 since the sequences

(0(1),...,0(n)) and ((i j)o(1),..., (i ))o(n))

are identical except that the positions of entries ¢ and j are reversed. But since z; = x;, the sequences
are identical, so (x) = 0 and A(yp) is alternating. O

20.2 Determinants
Consider vectors of the form

Clj == S Rn
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Then (ay,as, ..., a,) can be thought as as an n X n matrix with entries in R:
a1 Q12 -+ Qip

Q21 Q22 -+ Q2p

= (ai,...,a,) € (R")".
Qp1 QAp2 °°° Qpnp

Define ¢ : (R™)" — R by

and define

Then we have

Aay,...,a,) = Z e()e(ae), - - -5 Qo))

o€S,
- E 1),10¢(2),2 - - - Ao (n),n E Hazoz
gESn o€Sn

By the previous lemma, A is an alternating multilinear function.
Exercise 20.1. Check the following:

1. A(E,) = A(eq,...,e,) =1, where ey, ..., e, are the standard basis vectors.

n

Ham =e0 )] Jary

=1
So by part (2) of the exercise, we have

n

ANay, ... a,) = Z H Uo—1(3)i = Z e(o) H Ao (i) i-

gESy, ogESy i=1

since o — o1 is a bijection of S,,.

Now we ask: Are there other alternating multilinear functions (R™)" — R satisfying (eq, . ..

Suppose i : (R™")" — N, where N is any R-module, is alternating and multilinear. Let

Then since p is multilinear,

n n
play, ... a,) =p E i1y -y g ainei | = g iy 1 iy (€4 s vy €5 ).
i=1

i=1 i1,i2,eeesin

74

en) > 17
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Since p is alternating, p(e;,, ..., e;, ) = 0 unless the sequence of indices (i1, s, ...,1,) is a permutation of
(1,2,...,n). So we are just summing over all permutations, and we have

M(ala ) an) - Z Ao(1),1 - - - aa(n),nﬂ(ea(lﬁ R ea(n))
oESH

= Z Ao(1),1 - - - Go(m)n€(O) (1, .. en) = A(ar, ... an)p(er, ..., en),

O'ESTL

where the second equality follows from p being alternating and thus skew-symmetric. In other words, we
have proved:

Theorem 20.1. There is a unique alternating multilinear function A : (R™)" — R satisfying
Aleq,...,e,) = 1.

The function A satisfies

Aay,...,a,) = Z £(0)a1,6(1) - - - no(n) = Z £(0)ao(1),1 - - - Ao(n)n-

c€Sn oESy

Moreover, if p: (R")™ — N is an alternating multilinear function, then for all ay, ..., a, € R",

play, ... a,) = ANay,...,an)u(er, ... en).

Definition 20.1. The determinant of an n X n matrix A with entries in R is
det A = A(aq,...,a,),

where the a,; are the columns of A.
Corollary 20.1.1. We have the following:
1. The determinant is characterized by the following properties:
(a) det(A) is an alternating multilinear function on the columns of A,
(b) and det(E,) = 1, where E,, is the n X n identity matriz.

2. If p: Mat,(R) — N is any function that is alternating and multilinear on the columns, then
(A) = det(A)u(E,)

for all A € Mat,,(R).
Exercise 20.2. Verify the following properties:
1. det(AT) = det A.
2. det A is an alternating multilinear function on the rows of A.
3. If A is upper (or lower) triangular, then det A is the product of the diagonal entries.
4. det(AB) = det(A) det(B).
5. If A is invertible in Mat,,(R), then det(A) € R* (the group of units of R) and det(A™!) = (det A)~".
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Lemma 20.2. Let ¢ : M" — N be alternating and multilinear. For any x4, ...,x, € M, and any pair
of indices i # 7 and any r € R,

90(9317 sy Li—1, Ly +ijaxi+l7 s 7$n) = Sp(xlv s 7xn)-

Proof. We can compute that

(X1, i1, T F T, Tty oy T) = QX1 X)) FTQ(T1, e Ty oo Ty, Tyy)
=@(x1,...,2,)
where the first equality follows from ¢ multilinear and the second follows from ¢ alternating. O

Proposition 20.1. Let A, B € Mat,(R).
1. If B is obtained from A by interchanging two rows (or columns), then det B = —det A.
2. If B is obtained from A by multiplying one row (or column) by r € R, then det B = rdet A.

3. If B is obtained from A by adding a multiple of one row (respectively column) to another row
(respectively column), then det B = det A.

Proof. (1) follows by skew-symmetry, (2) follows by multilinearity, and (3) is the previous lemma. [

Lemma 20.3. If A € Maty(R) and E; is the ¢ x { identity, then

Proof. Define

Then p is alternating and multilinear on the columns of A. By Corollary [20.1.1} p(A) = det(A)u(Ey).
We can compute

_ By 0 _
which gives p(A) = det A as desired. The same proof works for the other equality. O

Lemma 20.4. If A and B are square matrices, then
C B

(e 8)=( 2) (e 2) (0 5)

By the previous lemma, we have

det(A O):detA, det(E O):detB, and det(E O>:1

det <A 0) = det Adet B.

Proof. We have

0 F 0 B C FE
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since the last matrix is lower triangular. Taking determinants now gives

A 0
det <C B) =det Adet B

since the determinant is multiplicative, as desired. O

Remark. Recall the formula

a b c
det |d e f —al¢ f—b'd J.C+c‘d °l.
g h i h 1 g 1 g h

For A € Mat,(R), let A;; = delete ith row and jth column of A.
Proposition 20.2 (Cofactor expansion). Let A € Mat,(R). Then for any i,

det A = Z(—l)i—i_j(li’j det Ai,j
j=1

Proof. FIx i and j. Let B; be the matrix obtained by replacing all of the entries in the ¢th row by 0
except a; j. Perform j — 1 column operations to move the jth column to the first column. Perform i — 1
row operations to move a; ; to the top left. Call this new matrix B}, where we have a; ; in the top corner
with all Os in the remainder of the first row, and the A;; minor in the lower right. Then

det Bj = (-1)i+j_2 det B; = (—1)”]'_2&1-7]- det AiJ’

since B’ has two block matrices on the diagonal. Then

n

det A = Z det B; = Z<_1)i+jai,j det A; j,

J=1 J=1

which is the desired result. ]



Lecture 21

Apr. 10 — Finitely Generated Modules over
a PID

21.1 Finitely Generated Abelian Groups

Remark. The goal now is to characterize the finitely generated modules over a PID. First let us recall a
similar theorem for finitely generated abelian groups.

Theorem 21.1 (Fundamental theorem of finitely generated abelian groups). Let G be a finitely generated
abelian group.

1. Then
GEZL"®L/g® - BL/qg

where each q; is a prime power, and such a decomposition is unique (up to reordering the q;). This
is called the primary decomposition of G.

2. Alternatively,
GEZ"®Z/d & - BL/d,

where d; divides d; if © < j, and such a decomposition is unique. This is called the invariant factor
decomposition of G.

Example 21.0.1. We can see that
G=7"PL207L/4AL/5 271> DT)2®Z/20..

This converts from the primary decomposition to the invariant factor decomposition. Recall that
Zym @ Z/m = Z/nm if and only if ged(m,n) =1 (). Note that Z/2 & Z/2 2 Z/4.

Exercise 21.1. Give the invariant factor decomposition of

G=Z/20L20L/ASZL/8DL/3BL/5®L/25.

Exercise 21.2. Verify the equivalence of (1) and (2) in Theorem using ().

Remark. We'll generalize the invariant factor decomposition to finitely generated modules over a PID.

78



LECTURE 21. APR. 10 — FINITELY GENERATED MODULES OVER A PID 79

21.2 Finitely Generated Modules over a PID

Lemma 21.1. Let R be a commutative ring with unity. Any two bases of a fnitely generated free
R-module have the same cardinality.

Proof. Note that any basis of a finitely generated R-module is finite (show this as an exercise). Now
suppose M has a basis {vy,...,v,} and a spanning set {wy,...,w,}. It suffices to show m > n (any
basis is a spanning set, and we get the other direction by symmetry). To do this, observe that each w;
can be uniquely expressed as an R-linear combination of the v;’s:

W; = Ay V1 + G2V2 + -+ - + Ay jUp.
Let A = (a;;) be the n x m matrix whose coefficients are the a; ;. Then
(U1, .., 0] A = w1, ... Wy (%)
Since {wy, ..., w,} span M, we can also write
vj = by jwi + by jwa + - 4 by Wi,
Similarly let B = (b; ;), which is a m x n matrix. Then we have
(Wi, ..., W B = [v,...,0,]. (xx)

Combining (%) and (xx), we get
(U1, ..., 0p|AB = [v1, ..., 0,].

So we have

[v1,...,0|(AB — E,) =0,

where FE,, is the n x n identity matrix. Since the {vy,...,v,} are linearly independent, this implies
AB — E, = 0 (check this as an exercise), i.e. AB = E,,. Now suppose for sake of contradiction that
m < n. Augment A by adding n — m columns of 0’s to obtain an n X n matrix A’. Augment B by
adding n — m rows of 0’s to obtain an n x n matrix B’. Then

AB =AB=F,.
But notice that
1 =det(E,) =det(A'B") =det A'det B' =0

since A’ has a column of 0’s and B’ has a row of 0’s. Contradiction. Hence m > n as desired. O

Definition 21.1. The rank of a finitely generated free R-module is the cardinality of any basis.
Remark. The free module R" has rank n. The zero module over R has rank 0, the empty set is a basis.
Remark. From here onwards, R is always a principal ideal domain (PID).

Lemma 21.2. Let F' be a free module of finite rank n over a principal ideal domain R. Any submodule
of F' has a generating set with no more than n elements.
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Proof. We induct on n. For the base case of n = 1, a free module of rank 1 is isomorphic to R itself. A
submodule of R is precisely an ideal of R, which is generated by a single element sinec R is a PID. This
proves the base case. Now for the inductive step, suppose F' has rank n > 1 and the assertion holds for
all free modules of smaller rank. Let {f1,..., f,} be a basis of F' and let

F' = Span{fl? - '7fn71}'

Let N be a submodule of F and N’ = N N F’. By the inductive hypothesis, N’ has a generating set
with < n — 1 elements. Since {f1,..., fn} is a basis, every z € F' can be uniquely expressed as

n

T = Zal(x)fl

=1

Consider the R-module homomorphism F' — R which sends z — «a,(z). If a,(N) = {0}, then N = N’,
and by the inductive hypothesis N is generated by < n — 1 elements. Otherwise, a,, (V) is a nonzero
ideal of R, hence a,(N) = dR for some nonzero d € R. Choose h € N such that a,,(h) =d. If z € N,
then a,(z) = rd for some r € R. Let y = — rh, so that

an(y) = ap(x) —ray(h) =rd —rd = 0.

Soye NNFEF' = N'. Hence x =y +rh € N'+ Rh and so N = N’ 4+ Rh since x was arbitrary. By the
inductive hypothesis, N’ has a generating set with < n — 1 elements, so N has a generating set of < n
elements. This is the desired result. O]

Remark. Contrast this with free groups. The same statement does not hold: We can have a free group
on 2 generators with a free group on 3 generators as a subgroup.

Corollary 21.1.1. If M is a finitely generated module over a PID, then every submodule of M 1is finitely
generated.

Proof. Let xq,...,x, be a spanning set for M. Consider the surjective R-module homomorphism from
the free module F' of rank n with basis {f1,..., fn} to M: Define ¢ : FF — M by

Let A be a submodule of M. Consider N = ¢~ 1(A). By the preceding lemma, N has a generating X
with < n elements. Then ¢(X) is a spanning set of A and has cardinality < n. O]

Remark. Recall that given an s-dimensional subspace N of an n-dimensional vector space F', there
exists a basis {fi,..., fu} of F such that {fi,..., fs} is a basis for NV,

Remark. Our goal is to upgrade from vector spaces to modules over a PID. We will eventually prove:

Theorem. Let F' be a free R-module (R is a PID) of rank n and let N be a submodule.
Then there exists a basis {vy,...,v,} of F and s <n and dy,...,ds € R such that d; divides
d; if i < j and {dyvy,...,dsvs} is a basis for N. In particular, NV is a free module of rank s.

A key ingredient of the proof is the Smith normal form of a (not necessarily square) matrix. Recall that
a (not necessarily square) matrix A = (a;;) is diagonal if a;; = 0 unless i = j. Let A be an m x n matrix
and k = min{m,n}. Then A = diag(d;,ds, ...,dy) is the diagonal matrix with a;; = d;.



Lecture 22

Apr. 15 — The Smith Normal Form

22.1 Elementary Row Operations

The following are elementary row operations on a matrix:

1. Replace ith row a; with ith row plus a multiple of jth row a;: a; — a; + Ba;. We can implement
this via matrix multiplication on the left by E,, + SE; ;, where E,, is the m x m identity matrix
and E; ; has 1 in the (7, j)-entry and 0 elsewhere. For example,

1 0 0
Es+pE,3= 10 1 f
0 01

The inverse is E,,, — BE; ;.

2. Replace ith row a; with va; where v € R*, the group of units of R. This is implemented via matrix
multiplication by
D(i,~) = diagonal entries are 1 except ith entry is ~.

For example, for m = 4 we have

1000
0 v 00
0001

The inverse is D(i,771).

3. Interchange ith and jth. This is implemented via matrix multiplication by the permutation P(i, j),
corresponding to the transposition (¢ 7). This is the identity matrix with the ith and jth rows
swapped. For example, for m = 4 we have

P(1,3) =

o= O O
O O = O
o O O
_— o O O

The inverse is P(i, 7).
4. Replace ith row a; with aa; + fa; and jth row a; with ya; + da;, where

(2 9)

81



LECTURE 22. APR. 15— THE SMITH NORMAL FORM 82

is invertible. This is implemented via matrix multiplication by

o([5 8),

which is the identity matrix except the 2 x 2 submatrix in the ¢th and jth rows and ith and jth
columns. For example, for m = 4 we have

([ 9)-
o(f )

Elementary column operations are analogous, implemented via right multiplication by invertible n x n
matrices.

o2 O9
oo = O
oo™
—_ o o O

The inverse is

Definition 22.1. Two matrices are row-equivalent (respectively column-equivalent) if one can be
transformed into the other by a sequence of elementary row (respectively column) operations. Two
matrices are equivalent if one can be transformed into the other by a sequence of row and column
operations.

22.2 Smith Normal Form

Definition 22.2. Since R is a PID and hence a UFD, each nonzero element a € R has a factorization

a =upipz...pe,

where w is a unit and p; is irreducible. The number ¢ is the length of a, denoted |al.
Remark. We have that ¢ is uniquely determined by a.
Exercise 22.1. Check that
1. |ab| > max{|al,|b|}.
2. |a| = |b] if @ and b are associates.
3. If afb, then any ged 0 of a and b satisfies |0| < |al.
Lemma 22.1. Let A = (a;;) and suppose that a;; # 0.

1. If there is an element in the first row or first column that is not divisible by ay 1, then A is equivalent
to a matriz B = (b; ;) with |by 1| < |aia].

2. If a1y divides all entries in the first row and column, then A is equivalent to a matriz B = (b; ;)
with b1y = a11 and all other entries in 1st row and column are zero.
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Proof. (1) Suppose a;; is not divisible by a1 ;. Then any ged 6 of a;; and a;; satisfies |0] < |ay 1| by the
exercise. Since 0 is a ged of ;1 and a1, there exist s, € R such that 0 = sa;; + ta; ;1. Then consider

-l
—ai,l/é CLLl/(S ’

which has determinant 1 and is thus invertible. Observe that

s anni) L] = o]

S t )
B—uU ({—am/a am/a} 1) A

has by; = 0. The rows are handled analogously.

Hence

(2) If a1 ; divides all entries in the first row and column, we can use Type 1 row and column operations
to replace nonzero entries with zeros (subtract the right multiple of a; ;). ]

Proposition 22.1. Let A be an m x n matriz. Then there exist invertible matrices P € Mat,,(R) and
Q) € Mat,(R) such that PAQ) = diag(dy,ds, ..., ds,0,...,0), where d; divides d; if i < j.

Proof. 1f A is the zero matrix, then we are done. So assume A is nonzero. We proceed in three steps.

First, note that there is a nonzero entry of minimum (number of irreducible factors). Use row and
column operations to put this entry in the (1,1) position. By the previous lemma, if there exists an entry
in the 1st row or column that is not divisible by a1, then A is equivalent to a matrix whose (1, 1) entry
is strictly smaller length than a, ;. Since the length of the (1,1) entry is in Zs(, we cannot decrease
its length indefinitely. Hence after some number of row and column operations (as above), we obtain a
matrix whose (1, 1) entry divides all other entries in the 1st row and column. Now use the second part
of the previous lemma to obtain a block diagonal matrix

e 0 ... 0

0

L (*)
0
Second, we want a block diagonal matrix as in (%), where the (1, 1) entry divides all other entries. Now:

(a) If € no longer has shortest length, apply row and column operations to move an entry of minimum
length to the (1, 1) position.

(b) If € is of minimum length but some entry of B’ is not divisible by ¢, then replace the 1st row of
the larger matrix with the sum of the 1st row and the row with the “bad” entry (this gives an
entry in the 1st row that is not divisible by ay ;).

In either case (a) or (b), repeating the first step gives a new block diagonal matrix whose (1, 1) entry
has strictly shorter length than . The length of the (1, 1) cannot be strictly shorter forever, so after a
finite number of iterations, we obtain
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where d; divides all entries in B.

Finally, we now apply the same process to B, observing that row and column operations do not change
the 1st row or column of the larger matrix. Moreover, these row and column operations preserve
divisibility of all entries d;. Hence iterating this process, we obtain a matrix

diag(dl, dg, NP ,ds, 0, NP ,O),

Definition 22.3. The matrix PAQ is the Smith normal form of A.

22.3 Change of Basis

Remark. Recall that any two bases for a finite dimensional vector sapce are related by an invertible
matrix. Is the same true for a free module of finite rank? We will see that the answer is yes.

Lemma 22.2. Let F be a free module with basis {vq,...,v,}. Let wy,...,w, € F and let C € Mat,(R)
satisfy
(U1, ..., 0,|C = [wy, ..., Wy (%)

Then {wy, ..., w,} is a basis for F if and only if C' is invertible.

Proof. (=) Suppose {wy, ..., w,} is a basis. Then we can write each v; as

n
Uj: E di,jwi.
i=1

We can use this to write

(Wi, ..., w,]D = [vy,...,0,). (%)
Combining (x) and (*x*) gives

(U1, ..., 0,|CD = [vy,... 0],
or equivalently [vy,...,v,](CD — E) = 0. Since vy, ...,v, are linearly independent, we can conclude

that CD — F =0, or CD = E. Hence C is invertible.

(<) Suppose C' is invertible with inverse C~!. Then we have
[v1,...,0.] = [wy, ..., w,]C".

So {v1,...,v,} is in the span of {wy,...,w,}, hence {wy,...,w,} span F. Now suppose

n
E aw; =0
j=1

for some aq,...,a, € R. Then

ai ay
0=lwy,...,wp] | + | =[v1,...,0,]C

Qp Qn,
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The linear independence of the v;’s gives that

ai ai a1
Cl:|=0=0=C"'C|:|=

Qn Qp, Qp,

since C' is invertible. Hence {wy,...,w,} are linearly independent and thus a basis.
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Apr. 17 — The Structure Theorem

23.1 Structure Theorem for Finitely Generated Modules

Theorem 23.1. Let F' be a free R-module (R is a PID) of rank n and N a submodule. Then there exists
a basis {vi,...,v,} of F and s <n and dy,...,ds € R such that d;|d; if i < j and {dyv1,...,dsvs} is a
basis for N, i.e. N 1is free.

Proof. Let {fi,..., fn} be a basis for F. By an earlier lemma, N has a generating set with < n elements.
Let {e1,...,es} be a generating set for N with minimum cardinality. Now each e; can be expressed as a
linear combination of the f;’s:
n
€j = Z @i fis
i=1

ie. [er,...,es] =[f1,..., fulA (*) where A = (a;;) is an n x s matrix. Put A in Smith normal form:
A" = PAQ = diag(dy, . ..,dy)
where P, are invertible and d; < d; if i < j. Then (x) becomes

1, .. e)Q = [f1,..., fa] PTIA.

Define vy, ..., v, by [v1,...,v,] = [f1,. .., fn]P~!. This is a basis by the previous lemma since P! is
invertible. Also define wy, ..., w, by [wy,...,ws] = [e1,...,es]@, which is also a generating set for N
since @ is invertible. By the minimality of s, no proper subset of {wy,...,w,} generates N, so w; is

nonzero for each 1 < j < s. Then note that
[wy, ... ws] = [v1, ..., 0,]A" = [dyvy, . .., dgvs].

Since w; # 0 for each j, we have d; # 0 for each j. The linear independence of {vy, ..., v,} implies that
{divy,...,dsvs} is linearly independent. Hence {wy, ..., ws} is a basis for N. In particular, N is free of
rank s. O

Exercise 23.1. Let {ej,...,es} be a generating set for N and @) an invertible matrix. Show that
{e1,...,es}Q is also a generating set for N.

Definition 23.1. An element z € M is a torsion element if there is a nonzero r € R such that rz = 0.

Exercise 23.2. Show that the set of all torsion elements of M is a submodule. This is the torsion
submodule of M, denoted M.
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Definition 23.2. We say that M is a torsion module if M = M., and M is torsion-free if M, = 0.
Exercise 23.3. Show that M /M, is torsion-free.

Example 23.2.1. Let M = R® R/(a) ® R/(b). Then M., = {0} ® R/(a) ® R/(b).

Remark. Recall for a subset S C M, the annihilator of S is

ann(S) ={r € R|rz =0 for all z € S}.

Exercise 23.4. If A is the torsion submodule of a finitely generated module, then show that ann(A) is
a nonzero ideal of R. The generator of ann(A) is called a period of A. Show that the period is unique
up to associates.

Example 23.2.2. For a € R, we have ann(R/(a)) = (a). So the period is a.

Example 23.2.3. Let M = R/(a1) @ --- ® R/(a,) where a;|a; if i < j. Then ann(M) = (a,) and the
period of M is a,.

Theorem 23.2 (Structure theorem for finitely generated modules over a PID, invariant factor form).
Let R be a PID and M a finitely generated module over R. Then

1. M~ R/(a;)® -+ ® R/(as) ® R" where a; are nonzero, non-unit elements of R and a;|a; if i < j,

2. and the decomposition is unique, i.e. if M = R/(b1) & --- @& R/(b;) & R where b;|b; if i < j, then
s=t, k=14 and (a;) = (b;) for alli.

Proof. (1) Let {z1,...,z,} be a generating set for M of minimum cardinality. Let F' be a free module
of rank n with basis {fi,..., f,} and define the R-module homomorphism ¢ : F' — M given by

n n
E rifi — E T T,
i=1 i=1

which is surjective since the x;’s are a generating set for M. Let N = ker . By the previous theorem,
there exists a basis {vy,...,v,} for F and nonzero dy, . ..,ds € R such that {djvy,...,dsvs} is a basis
for N and d;|d; if i < j. Then we have

M=F/N=(Ruu®--- @ Rv,)/(Rdiv1 ®--- @ Rdsvs) = R/(dy)®--- D R/(ds) ® R"™®

by Exercise [23.5. This is precisely what we wanted to show.

(2) Let M be a finitely generated module over a PID. Then by the existence part,
M= R/(a1)®-- & R/(a;) & R*

and so Mo, = R/(a1) ® - ® R/(as). Hence M /M,,, = RF, which is free. So if also
M=R/(b))®--- @ R/(b;) ® R,

then M /M., = R’. Since the rank of a free module is well-defined, we must have k = £. To prove the
rest of uniqueness, we may assume M = M;,.. Now if

M= R/(a1) ® - ® R/(as) = R/(b1) ®--- ® R/ (by), (+)
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where a;|a; and b;|b; if @ < j. Then ay, and b, (up to associates) are both the period of M, so let
m = a, = by since the period is unique up to associates.

Now we induct on the length of m. If |m| = 1, then m is irreducible and all of the a;’s and b;’s are
associates of m. Then mM = {0}, so M is a R/(m)-vector space by Exercise [23.6l Then the first part
of (%) yields M = (R/(m))*® and the second part yields M = (R/(m))". Since the dimension of a vector
space is well-defined, we must have s = ¢.

For the inductive step, assume |m| > 1 and that the assertion holds for all finitely generated torsion
modules of period of shorter length. Set A; = R/(a;) and B; = R/(b;), and let p € R be irreducible.
Then by Exercise on the first part of (x), we have

M/pM = A, [pA; @ -+ @ A, /pA, = (R/p)",

where k is the number of a;’s such that p|a;. Similar on the second part of (%), we get k as the number
of b;’s such that p|b;. Let p be an irreducible dividing a;. Then p divides all s of the a;’s and p divides
exactly s of the b;’s. So s < t. Applying the argument in reverse gives t < s, so in fact s = ¢.

Now fix an irreducible p dividing a;. Then p|a; and p|b; for all 7. Let k' be the last index such that ay /p
is a unit. Then pA; is is cyclic of period a;/p if j > k" and pA; = {0} for j < k’. So

pM = pAp 41 & - B pAs.
Let k" be the last index such that by~ /p is a unit. By the same argument,
pM = ka‘”+1 [CERE @sz.

Note that pM has period m/p, and |m/p| < |m|. So applying the inductive hypothesis to pM gives
k' = k" and (a;/p) = (b;/p) if i > k. Hence (a;) = (b;) if i > k’. But for i < k', we have (a;) = (b;) = p.

This is precisely what we needed to show, so this completes the proof. O

Exercise 23.5. Let Ay,..., A, be R-modules and B; C A; be submodules. Then show that
(A1 A,/ (B ®B,) %A /B ®---DA,/B,.

Exercise 23.6. If m is irreducible and mM = {0}, then show that M is a R/(m)-vector spacell]
Exercise 23.7. Let A= R/(a) and p € R be irreducible. Show that

1. if pla, then A/pA = R/(p).

2. if pfa, then A/pA = {0}.

Remark. Just like the structure theorem for finitely generated abelian groups, there is another version
involving primes/irreducibles. But we will not prove this version here.

Theorem 23.3 (Structure theorem for finitely generated modules over a PID, primary factor/elementary
divisor form). Let R be a PID and M a nonzero finitely generated torsion module over R. Then

M= @@R/(p?“),

i.e. M 1s isomorphic to a direct sum of submodules, each having period a power of an irreducible. This
decomposition is unique up to reordering.

'Recall that if R is a PID, then m irreducible implies R/(m) is a field.
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Example 23.2.4. Let R = Q[X] and set f = (X —2)4(X — 1), g = (X —2)2(X — 1)>(X? + 1). Let

M = Q[X]/(f) & Q[X]/(g)-

Here we have
M= QIX]/(X - 2)' ® QX]/(X — 1) ® QIX](X - 2)* ® Q[X]/(X - 1)* ® Q[X]/(X* + 1)°.
This is the decomposition into elementary divisors. We can also write the invariant factor decomposition:

M = QIX]/((X - 1)(X - 2)*) ® QX]/((X — 1)*(X = 2)(X* +1)%).
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