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Chapter 1

Events and Probabilities

1.1 Probability Spaces

Definition 1.1. A probability space is a triple (Ω,F ,P) where

• Ω is called the sample space (the set of all possible outcomes of a random experiment);

• F ⊆ P(Ω), called the event space,1 is nonempty and must satisfy:

(i) if A ∈ F , then Ac ∈ F ,

(ii) if A1, A2, · · · ∈ F , then
⋃∞

i=1Ai ∈ F ;

• P is a probabilty measure on (Ω,F) (to be defined later).

Remark. In general, when Ω is finite or countably infinite, one takes F = P(Ω).

Proposition 1.1. We always have ∅,Ω ∈ F .

Proof. Since F ̸= ∅, there exists some event A ∈ F . Then we get Ac ∈ F and Ω = A ∪ Ac ∈ F by the
complement and union properties of F . Finally ∅ = Ωc ∈ F by the complement property.

Definition 1.2. A probability measure on (Ω,F) is a function P : F → [0,∞) such that

(i) P(Ω) = 1,

(ii) and P(
⋃∞

k=1Ak) =
∑∞

k=1 P(Ak) whenever A1, A2, · · · ∈ F are pairwise disjoint.2

Proposition 1.2. The following properties hold for any probability measure P on (Ω,F):

(1) For any A ∈ F , we have P(Ac) = 1− P(A).

(2) Let A,B ∈ F with A ⊆ B. Then P(A) ≤ P(B).

(3) Let A,B,C ∈ F . Then
P(A ∪B) = P(A) + P(B)− P(A ∩B).

This is the principle of inclusion-exclusion.

Proof. (1) Observe that A ∪ Ac = Ω and A ∩ Ac = ∅, so 1 = P(Ω) = P(A ∪ Ac) = P(A) + P(Ac).

1The elements of F are called events. Events with cardinality 1 are called elementary.
2i.e. Ai ∩Aj = ∅ whenever i ̸= j.
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CHAPTER 1. EVENTS AND PROBABILITIES 4

(2) Write B = A ∪ (B \ A).3 Since A ∩ (B \ A) = ∅, we have P(B) = P(A) + P(B \ A) ≥ P(A).4

(3) Left as an exercise. Follow similar ideas as in (2).

Remark. Observe that property (2) implies P(A) ≤ P(Ω) = 1 since any A ⊆ Ω.

Example 1.2.1. Pick a point uniformly at random from the unit square Ω = [0, 1]× [0, 1] and record
its coordinates. Then the probability of the point being inside a fixed shape S ⊆ Ω is |S|, the area of S.

Remark. Note that P only satisfies countable additivity. For instance let Ω = [0, 1] and P be the uniform
measure on Ω. Then Ω =

⋃
x∈[0,1]{x} and P({x}) = 0 for every x ∈ [0, 1], but P(Ω) = 1. This is because

the union
⋃

x∈[0,1]{x} is uncountable.

Definition 1.3. Let Ω be finite and F = P(Ω). The uniform probability on (Ω,F) is the one such that

P({ω}) = 1

cardΩ
for all ω ∈ Ω.

Proposition 1.3. Let P be the uniform probability on a finite set Ω and let A ∈ F . Then

P(A) =
cardA

cardΩ
.

Proof. Note that A is finite since Ω is and so we may enumerate its elements as A = {ω1, ω2, . . . , ωn},
where n = cardA. Then the sets {ωi}ni=1 are pairwise disjoint and thus we have

P(A) = P

(
n⋃

i=1

{ωi}

)
=

n∑
i=1

P({ωi}) =
n∑

i=1

1

cardΩ
=

n

cardΩ
=

cardA

cardΩ
,

which is the desired result.

1.2 Conditional Probability

Definition 1.4. Let B ∈ F such that P(B) > 0. Then the conditional probability of A given B, written
P(A|B), is given by

P(A|B) =
P(A ∩B)

P(B)
.

Remark. The intuition is that the extra information gained by knowing the occurrence of B should
update our computation of the probability of A.

Remark. Another way to think about conditional probability is a restriction of the sample space to B.

Example 1.4.1. Suppose a family has two children, one of which is a girl. What is the probability the
other is a girl? Define the sample space to be

Ω = {(B,G), (B,B), (G,G), (G,B)}.
3Note that B \A ∈ F since B \A = B ∩Ac = (Bc ∪A)c.
4Since P : F → [0,∞), we have P(B \A) ≥ 0.
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Note that each elementary event is equally likely, i.e.

P({(B,G)}) = P({(G,B)}) = P({(B,B)}) = P({(G,G)}) = 1

4
.

Let A = {both of them are G} = {(G,G)} and B = {one is a girl} = {(G,B), (B,G), (G,G)}. Then

P(A|B) =
P(A ∩B)

P(B)
=

P({(G,G)})
P({(G,B), (B,G), (G,G)})

=
1/4

3/4
=

1

3
.

Remark. If we instead condition on the event that one of them is a girl born on a Monday, then the
probability changes! Carry out the calculation, and it should be 13/27 for a 7-day week.

Example 1.4.2. A drug test is 98% accurate, i.e. a drug user tests positive 98% of the time and a
non-drug user tests negative 98% of the time. Among a given population, it is known 2% of people use
drugs. Suppose I pick a person at random in the population and this person tests positive. What is the
probability that the person is a drug user? Define the events

A = the person is a drug user and B = the person tests positive.

Then the goal is to compute P(A|B). The 98% accuracy assumption implies that P(B|A) = 0.98. Now

P(A|B) =
P(A ∩B)

P(B)
=

P(B|A)P(A)
P(B)

.

Note that B = (B ∩ A) ∪ (B ∩ Ac) and this is a disjoint union, so

P(B) = P(B ∩ A) + P(B ∩ Ac) = P(B|A)P(A)
+P(B|Ac)P(Ac) = 0.98(0.02) + 0.02(0.98) = 2(0.98)(0.02).

Here we noted that the 98% accuracy of the test also implies that P(B|Ac) = 0.02. Thus we get

P(A|B) =
0.98(0.02)

2(0.98)(0.02)
=

1

2
.

Compute as an exercise that P(Ac|Bc) = 0.996.

Remark. This test is designed clear non-drug users, not to identify drug users.

1.3 Bayes’ Theorem

Definition 1.5. A partition of Ω is a collection or sequence of events {Bk}∞k=1 such that

Bi ∩Bj = ∅ for i ̸= j and Ω =
∞⋃
k=1

Bk.

Remark. For any event A, observe that

A = A ∩ Ω = A ∩

(
∞⋃
k=1

Bk

)
=

∞⋃
k=1

(A ∩Bk).
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Then we get

P(A) = P

(
∞⋃
k=1

(A ∩Bk)

)
=

∞∑
k=1

P(A ∩Bk) =
∞∑
k=1

P(A|Bk)P(Bk).

This is the partition theorem in the book (Grimmett and Welsh). Now observe that

P(Bi|A) =
P(Bi ∩ A)

P(A)
=

P(Bi ∩ A)∑∞
k=1 P(A|Bk)P(Bk)

=
P(A|Bi)P(Bi)∑∞

k=1 P(A|Bk)P(Bk)

for each i = 1, 2, . . . . This is Bayes’ theorem, which relates posterior probabilities to prior probabilities.

1.4 Conditional Independence

Proposition 1.4. Let B be such that P(B) > 0. Then Q : F → [0, 1] given by A 7→ Q(A) = P(A|B) is
a probability measure.

Proof. (i) Observe that

Q(Ω) = P(Ω|B) =
P(Ω ∩B)

P(B)
=

P(B)

P(B)
= 1.

(ii) Let {Ak}∞k=1 ⊆ F be pairwise disjoint. Then observe that we have

Q

(
∞⋃
k=1

Ak

)
= P

(
∞⋃
k=1

Ak|B

)
=

P (
⋃∞

k=1(Ak ∩B))

P(B)

=

∑∞
k=1 P(Ak ∩B)

P(B)
=

∞∑
k=1

P(Ak|B) =
∞∑
k=1

Q(Ak).

Thus Q is indeed a probability measure.

Definition 1.6. Two events A and B are called independent, written A⊥⊥B, if P(A ∩B) = P(A)P(B).

Example 1.6.1. Let A,B be events with P(A) = 0.6 and P(B) = 0.8. Then 0.4 ≤ P(A ∩ B) ≤ 0.6.
This is because A ∩ B ⊆ A implies P(A ∩ B) ≤ P(A) = 0.6. Also noting that A ∩ B ⊆ Ω and so
P(A ∩B) ≤ P(Ω) = 1 implies that

P(A ∩B) = P(A) + P(B)− P(A ∪B) ≥ 0.6 + 0.8− 1 = 0.4.

Note that if A and B were independent, then we can immediately conclude P(A ∩B) = 0.6(0.8) = 0.48.

Proposition 1.5. Assume A and B are events with 0 < P(A),P(B) < 1. The following are equivalent:

1. A and B are independent,

2. P(A|B) = P(A),

3. P(B|A) = P(B),

4. P(Ac|B) = P(Ac),

5. and P(Bc|A) = P(Bc).
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Proof. Note that P(A|B)P(B) = P(A ∩ B) and A⊥⊥B if and only if P(A ∩ B) = P(A)P(B). Then use
cancellation since P(B) ̸= 0. Work out the rest as an exercise.

Definition 1.7. We say that three events A,B,C are independent if A,B,C are pairwise independent5

and P(A ∩B ∩ C) = P(A)P(B)P(C).

Remark. Pairwise independence does not imply independence. Consider flipping a fair coin twice. Let

A = {first flip is T}, B = {second flip is H}, C = {both flips are the same}.
Then A,B,C are pairwise independent but P(A ∩B ∩ C) = 0 ̸= P(A)P(B)P(C) = 1/8.

1.5 Continuity of Probability Measures

Remark. We want a system of probability that can say if I flip a fair coin infinitely many times, then

P(never get heads) = 0.

For this experiment, we can set the sample space to be

Ω = {all sequences like (H,T, T, . . . )}.
The event space F is a little complicated, but it includes events like {heads on the nth throw} and their
complements and countable unions. We would like to show that P({(T, T, T, . . . )}) = 0. We know that

P(An) = P(no heads in first n tosses) =
1

2n
.

As n → ∞, we can see that 2−n → 0. If we have P(An) → P({(T, T, T, . . . )}), then we can conclude that

P({(T, T, T, . . . )}) = lim
n→∞

P(An) = lim
n→∞

1

2n
= 0.

Notice that A1 ⊇ A2 ⊇ A3 ⊇ . . . and
⋂∞

n=1An = {(T, T, T, . . . )}. For sake of convenience, we will take
complements and work with unions: We set

Bn = Ac
n = {at least one heads in first n tosses},

then B1 ⊆ B2 ⊆ B3 ⊆ . . . and
⋃∞

n=1 Bn = Ω \ {(T, T, T, . . . )}. But this union is not disjoint. To fix this,
set Ci = Bi \Bi−1, then

B1 ∪
∞⋃
n=2

Cn = Ω \ {(T, T, T, . . . )},

which is now a disjoint union. Taking probabilities, we can use countable additivity to get

P(B1 ∪ C2 ∪ C3 ∪ . . . ) = P(B1) + P(C2) + P(C3) + . . . . (∗)
First, note that B1 ∪ C2 ∪ C3 ∪ · · · = B1 ∪B2 ∪B3 ∪ · · · = Ω \ {(T, T, T, . . . )}. Thus in (∗), the LHS is
1− P({(T, T, T, . . . )}). Now observe that in the RHS, we have P(Ci) = P(Bi)− P(Bi−1). Then

P(B1) + P(C2) + P(C3) + . . . = lim
n→∞

[P(B1) + P(C2) + · · ·+ P(Bn)]

= lim
n→∞

[P(B1) + (P(B2)− P(B1)) + · · ·+ (P(Bn)− P(Bn−1))]

= lim
n→∞

P(Bn) = lim
n→∞

[1− P(An)] = lim
n→∞

[
1− 1

2n

]
= 1.

Thus matching the LHS and RHS, we see that 1− P({(T, T, T, . . . )}) = 1 and so P({(T, T, T, . . . )}) = 0.

5i.e. P(X ∩ Y ) = P(X)P(Y ) for any X,Y ∈ {A,B,C}.
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Theorem 1.1 (Continuity of probability measures). If {Bi}∞i=1 are nested events,6 then

P

(
∞⋃
i=1

Bi

)
= lim

n→∞
P(Bn).

Proof. This was essentially the argument in the previous remark.

1.6 Homework Problems

Problems #1, 2, 9, 10, 14, 16, 17, 19 from Grimmett and Welsh.

6i.e. B1 ⊆ B2 ⊆ B3 ⊆ . . . .



Chapter 2

Discrete Random Variables

2.1 Probability Mass Functions

Example 2.0.1. Consider the following game: Flip a fair coin 10 times and roll a fair die. I give you

(number of heads)× (number on die) dollars.

This is a simple game, but it is kind of painful to write in terms of events (e.g. P(win ≥ $10))). We
would have to set

Ω = {all sequences like (H,T,H,H, T, T, T, T, T,H, 4)}

and F = P(Ω). It is also not immediately obviously which sequences are in {win ≥ $10}. Instead, we
would prefer something like

“Let H be the number of heads in 10 fair coin tosses and let R be the outcome of a roll of a
fair die. Then you get HR dollars.”

How do we do this in our axiomatic framework? What are H,R? Here are some observations:

• H,R are real numbers,

• and they are determined by the outcome of the experiment.

Thus we should think of H,R as functions from Ω to R. These are examples of discrete random variables.

Remark. The name “random variable” is just historic. Really, H,R are non-random functions.

Remark. Can every function X : Ω → R be a discrete random variable? Note that we want to talk
about probabilities like P(X = 17). This indicates that the event

{X = 17} = {ω ∈ Ω : X(ω) = 17}

has to be in F . So we require that X is measurable, i.e. for every x ∈ R, we have {x ∈ Ω : X(ω) = x} ∈ F .
Also H,R must have special properties, for instance they can only take on finitely many values.

Definition 2.1. A function X : Ω → R is a discrete random variable if

(i) for every x ∈ R, we have {X = x} ∈ F ,

(ii) and X(Ω) = {x ∈ R : x = X(ω) for some ω} is finite or countably infinite.

Remark. Often, we only care about what values X can take and with what probabilities. We store this
data in a special function called the probability mass function.

9
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Definition 2.2. Let X be a discrete random variable. Then its probability mass function (pmf) is

pX : R → [0, 1] defined by pX(s) = P(X = s).

Example 2.2.1. Let X be the outcome of the roll of a fair die. Then

pX(s) =

{
1/6 if s ∈ {1, 2, 3, 4, 5, 6},
0 otherwise.

Remark. Another sentence we want to say is:

“A discrete random variable X takes values {1, 7, 9} with probabilities 1/2, 1/3, 1/6, respec-
tively if and only if

pX(s) =


1/2 if s = 1,

1/3 if s = 7,

1/6 if s = 9,

0 otherwise.

How do we know this exists? In other words, does there exist (Ω,F ,P) and X : Ω → R with this pmf?

Theorem 2.1. Let S = {si : i ∈ I} be a countable subset of R and let {πi : i ∈ I} be a collection of
numbers such that πi ≥ 0 and ∑

i∈I

πi = 1.

Then there exists a probability space (Ω,F ,P) and a discrete random variable X : Ω → R such that

pX(s) =

{
πi if s = si,

0 otherwise.

Proof. Take Ω = S and F = P(S). Set

P(A) =
∑
i:si∈A

πi

and define X : Ω → R given by X(ω) = ω. Then one can check that X has the desired pmf.

Remark. This allows us to just say

“Let X be a discrete random variable taking these values with these probabilities”

without worrying about the underlying (Ω,F ,P).

2.2 Common Discrete Random Variables

Example 2.2.2. Some common examples of discrete random variables are:

1. Constant random variables : Define X : Ω → R by ω 7→ X(ω) = C.
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2. Bernoulli random variables : For 0 < p < 1, we say that X ∼ Ber(p) if

X =

{
1 with probability p,

0 with probability q = 1− p.

This models a possibly unfair coin flip. The Bernoulli random variable X has pmf

pX(s) =


p if s = 1,

1− p if s = 0,

0 otherwise.

3. Binomial random variables : For n ∈ N∗ = N \ {0} and 0 < p < 1, we say that X ∼ Bin(n, p) if

P(X = k) =

(
n

k

)
pk(1− p)n−k

for k = 0, 1, . . . , n and P(X = k) = 0 otherwise. To that this is indeed a pmf, observe that

n∑
k=0

P(X = k) =
n∑

k=0

(
n

k

)
pk(1− p)n−k = (p+ (1− p))n = 1n = 1.

The n = 1 case reduces to a Bernoulli random variable.

4. Geometric random variables : For 0 < p < 1, we say that X ∼ Geo(p) if

P(X = k) = p(1− p)k−1

for k = 1, 2, 3, . . . and P(X = k) = 0 otherwise. The above function is clearly nonnegative and

∞∑
k=1

p(1− p)k−1 =
p

1− (1− p)
= 1,

so this is indeed a pmf. The geometric random variable models the number of independent Bernoulli
trials needed to obtain the first success.

Example 2.2.3. Consider the random variable X which counts the number of independent Bernoulli
trials needed to get the 4th success. Note that the range of X is {4, 5, 6, . . . }. Then

P(X = k) =

(
k − 1

3

)
p3(1− p)k−4p =

(
k − 1

3

)
p4(1− p)k−4

for k = 4, 5, 6, . . . and P(X = k) = 0 otherwise. This is because the last trial must be a success and
the previous k − 1 trials need to contain 3 successes. Here X = NBin(n = 4, p), the negative binomial
random variable. In general, X ∼ NBin(n, p) takes on values n, n+ 1, n+ 2, . . . and

P(X = k) =

(
k − 1

n− 1

)
pn(1− p)k−n

for k = n, n+ 1, n+ 2, . . . . Note that the n = 1 case reduces to a geometric random variable. The name
comes from the binomial theorem with negative exponents.
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Example 2.2.4. We say that X is a Poisson random variable with parameter λ > 0, written X ∼ Poi(λ),
if X takes the values k = 0, 1, 2, . . . with probability mass function

pX(k) = P(X = k) =
e−λλk

k!
.

Note that pX is clearly nonnegative and

∞∑
k=0

pX(k) =
∞∑
k=0

e−λλk

k!
= e−λ

∞∑
k=0

λk

k!
= e−λeλ = 1,

so pX is indeed a pmf. One can view the Poisson random variable in the following manner: Suppose
X ∼ Bin(n, p) with n ≫ 1 and p ≪ 1, e.g. n = 105 and p = 10−4. Then

P(X = 100) =

(
105

100

)(
1

104

)100(
1− 1

104

)105−100

.

This is very difficult to compute. Instead, we approximate this via the Poisson random variable.

Proposition 2.1. Let n → ∞ and p = p(n) → 0 in such a way that np(n) → λ > 0 as n → ∞. Then(
n

k

)
pk(1− p)n−k −−−→

n→∞

e−λλk

k!
,

i.e. pX(k) → pY (k) pointwise for k = 0, 1, 2, . . . , where X ∼ Bin(n, p) and Y ∼ Poi(λ).

Proof. Observe that(
n

k

)
pk(1− p)n−k =

n!

k!(n− k)!
pk(1− p)n−k =

1

k!

[
n(n− 1) . . . (n− k + 1)pk(1− p)−k(1− p)n

]
=

1

k!

[
n(n− 1) . . . (n− k + 1)

nk
nkpk(1− p)−k(1− p)n

]
.

Now notice that nkpk = (np)k → λk since np → λ, and

lim
n→∞

n(n− 1) . . . (n− k + 1)

nk
= 1 and lim

p→0
(1− p)−k = 1.

Finally, setting λ = np,

(1− p)n =

(
1− λ

n

)n

→ e−λ.

Putting all of this together, we see that(
n

k

)
pk(1− p)n−k −−−→

n→∞

e−λλk

k!
,

which is the desired result.
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2.3 Expectation of Random Variables

Remark. Suppose X : Ω → R is a discrete random variable and h : R → R. Then we have:

Ω R

R

X

h(X)
h

In particular, h ◦X : Ω → R is also a random variable.

Definition 2.3. Let X be a discrete random variable. The (mathematical) expectation of X is1

E[X] =
∑

x∈R(X)

xpX(x)

if the above sum exists and converges absolutely,2 where pX is the probability mass function of X.

Remark. When X is discrete, the expectation coincides with the usual notion of a mean. In general,
the expectation is some kind of weighted mean.

Remark. Observe that the sum in the definition of E[X] need not converge. Even worse, if it only
converges conditionally, then by the Riemann rearrangement theorem we may get any real value we wish
by reordering the sum. This is why we require absolute convergence.

Example 2.3.1. Set Y = X2. Then we have

E[X2] = E[Y ] =
∑

y∈R(Y )

yP(Y = y) =
∑

y∈R(X2)

yP(X2 = y).

If we explicitly let

X =

{
1 with probability 1/2,

−1 with probability 1/2,

we see that E[X] = 0. We can also see that E[X2] = 1 since X2 = 1 with probability 1. Equivalently, we
can compute that

E[X2] =
∑

y∈R(X2)

yP(X2 = y) = 1 · P(X2 = 1) = 1.

Proposition 2.2 (Law of the unconcious statistician). For any h : R → R and X : Ω → R discrete,

E[h(X)] =
∑

x∈R(X)

h(x)pX(x)

where pX is the pmf of X, provided these sums exist and converge absolutely.

Proof. Let Y = h(X). Then we have

E[h(X)] = E[Y ] =
∑

y∈R(Y )

ypY (y) =
∑

y∈R(Y )

yP(h(X) = y) =
∑

x∈R(X)

h(x)P(h(X) = y).

1We write R(X) to denote the range of X.
2i.e.

∑
x∈R(X) |x|pX(x) < ∞.
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Note that that y in the last term is h(x), and thus P(h(X) = y) = P(h(X) = h(x)) = pX(x). Then

E[h(X)] =
∑

x∈R(X)

h(x)pX(x),

which is precisely the desired result.

Remark. In the discrete case, we do not require that h be measurable since R(X) is at most countable.

Proposition 2.3. We have the following properties of expectation:

(i) If X ≥ 0, then E[X] ≥ 0.

(ii) If X = C is constant, then E[X] = C.

(iii) If E[aX + bY ] = aE[X] + bE[Y ].

Proof. (i) Since X ≥ 0, we have R(X) ⊆ [0,∞) and thus

E[X] =
∑

x∈R(X)

xpX(x) ≥ 0

since every term in the sum is nonnegative.

(ii) Since R(X) = {C}, we have P(X = C) = 1 and thus

E[X] =
∑

x∈R(X)

xpX(x) = C · P(X = C) = C.

This is the desired result.

(iii) We compute that

E[aX + bY ] =
∑

ax+by∈R(aX+bY )

(ax+ by)paX+bY (ax+ by) =
∑

x∈R(X)

axpX(x) +
∑

y∈R(Y )

bypY (y)

= a
∑

x∈R(X)

xpX(x) + b
∑

y∈R(Y )

ypY (y) = aE[X] + bE[Y ],

which is the desired equality.

Example 2.3.2. We compute the following:

1. Let X ∼ Ber(p). Then E[X] = 0(1− p) + 1p = p.

2. Let X ∼ Bin(n, p). Then

E[X] =
n∑

k=0

k

(
n

k

)
pk(1− p)n−k =

n∑
k=1

k

(
n

k

)
pk(1− p)n−k =

n∑
k=1

k
n!

k!(n− k)!
pk(1− p)n−k

=
n∑

k=1

n!

(k − 1)!(n− k)!
pk(1− p)n−k = n

n∑
k=1

(n− 1)!

(k − 1)!(n− k)!
pk(1− p)n−k

= n

n∑
k=1

(
n− 1

k − 1

)
pk(1− p)n−k = np

n∑
k=1

(
n− 1

k − 1

)
pk−1(1− p)n−1−(k−1) = np.

In the last step we re-index with j = k−1, and then recognize the terms as the pmf of a Bin(n−1, p)
random variable, which must sum to 1 over 0 ≤ j ≤ n− 1.
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3. Let X ∼ Geo(p). Then

E[X] =
∞∑
k=1

kp(1− p)k−1 = p
∞∑
k=1

k(1− p)k−1 = p
∞∑
k=1

d

dx
(1− x)k

∣∣
x=p

= p
d

dx

∞∑
k=1

(1− x)k

∣∣∣∣∣
x=p

= p
d

dx

1− x

1− (1− x)

∣∣∣∣
x=p

= p
d

dx

1− x

x

∣∣∣∣
x=p

= p
d

dx

(
1− 1

x

)∣∣∣∣
x=p

= p · 1

p2
=

1

p
.

The exchange of the sum and derivative is justified since 0 < p < 1, so we are in the region of
uniform convergence of the power series.

2.4 Moments

Recall that by the law of the unconscious statistician, we have E[X2] =
∑

x∈R(X) x
2pX(x). More generally,

E[Xk] =
∑

x∈R(X)

xkpX(x)

for k ≥ 1, provided this series converges absolutely.

Definition 2.4. For a random variable X,

• E[Xk] is called the moment of order k of X,

• E[|X|k] is called the absolute moment of order k of X,

• E[(X − E[X])k] is called the centered moment of order k of X.

• and E[|X − E[X]|k] is called the centered absolute moment of order k of X.

2.5 Variance

Definition 2.5. Let X be a random variable with finite 2nd moment, i.e. we have E[X2] < ∞. Then
the variance of X is given by

Var[X] = E[(X − E[X])2].

Example 2.5.1. Define the random variables X = 0,

Y =

{
1 with probability 1/2,

−1 with probability 1/2,
and Z =

{
10 with probability 1/2,

−10 with probability 1/2.

Then E[X] = E[Y ] = E[Z] = 0. But observe that we have

Var[X] = E[(X − E[X])2] = E[X2] = 0,

Var[Y ] = E[(Y − E[Y ])2] = E[Y 2] = 1,

Var[Z] = E[(Z − E[Z])2] = E[Z2] = 100,

which are not the same.

Remark. The variance is a measure of the spread of a random variable about its mean.
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Definition 2.6. The positive square root of Var[X] is called the standard deviation of X.

Proposition 2.4. We have the following properties of variance:

(i) Var[αX] = α2Var[X] for all α ∈ R,

(ii) Var[X] = E[X2]− (E[X])2,

(iii) Var[X] = E[X(X − 1)] + E[X]− (E[X])2,

(iv) and Var[X] = 0 if and only if X is constant.

Proof. (i) We can compute that

Var[αX] = E[(αX − E[αX])2] = E[α2(X − E[X])2] = α2E[(X − E[X])2] = α2Var[X],

by the linearity of expectation.

(ii) Again by the linearity of expectation, we have

Var[X] = E[(X − E[X])2] = E[X2 − 2XE[X] + (E[X])2]

= E[X2]− 2E[XE[X]] + E[(E[X])2]

= E[X2]− 2E[X]E[X] + (E[X])2

since E[X] and (E[X])2 are constants.

(iii) Simply write E[X(X − 1)] = E[X2 −X] = E[X2]− E[X] and apply (ii).

(iv) (⇐) If X is constant, then X = E[X], so

Var[X] = E[(X − E[X])2] = E[(E[X]− E[X])2] = E[0] = 0.

(⇒) Suppose Var[X] = 0. Then we find that

0 = Var[X] =
∑

x∈R(X)

(x− E[X])2pX(x).

This is a sum of nonnegative terms, so each term must be zero, i.e. (x − E[X])2pX(x) = 0. Since
x ∈ R(X), we must have pX(x) > 0, and thus (x−E[X])2 = 0. This gives x = E[X] for every x ∈ R(X),
so we conclude that X = E[X] must be constant.

Exercise 2.1. Compute the variance for the following random variables:

(i) X ∼ Ber(p). The answer should be Var[X] = p(1− p).

(ii) X ∼ Bin(n, p). The answer should be Var[X] = np(1− p).

(iii) X ∼ Poi(λ). The answer should be Var[X] = λ.

(iv) X ∼ Geo(p). We know E[X] = 1/p, what is Var[X]?

(v) X ∼ NBin(r, p). We know E[X] = r/p, what is Var[X]?
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2.6 Conditional Expectation

Definition 2.7. Let X be a random variable and let B be an event such that P(B) > 0. Then the
conditional expectation of X given B is defined by

E[X|B] =
∑

x∈R(X)

xP(X = x|B) =
∑

x∈R(X)

xP({X = x} ∩B)

P(B)
.

Remark. Recall that {Bi}∞i=1 is a partition of Ω if the Bi are pairwise disjoint events and Ω =
⋃∞

i=1Bi.

Theorem 2.2 (Partition theorem in expectation). Let X be a discrete random variable and {Bk}∞k=1 be
a partition of Ω with P(Bk) > 0 for each k ≥ 1. Then

E[X] =
∞∑
k=1

E[X|Bk]P(Bk).

Proof. Use the definition of conditional expectation to write

∞∑
k=1

E[X|Bk]P(Bk) =
∞∑
k=1

∑
x∈R(X)

xP(X = x|Bk)P(Bk) =
∑

x∈R(X)

x
∞∑
k=1

P(X = x|Bk)P(Bk)

=
∑

x∈R(X)

xP(X = x) = E[X]

by the usual partition theorem. Exchanging the sums is permissible by absolute convergence of E[X].

Remark. One can see this as saying “the expectation of the conditional expectation is the expectation.”

Example 2.7.1. Suppose a coin flips heads with probability p and tails with probability 1− p. What is
the expected length of the initial run (of consecutive heads if the first flip is heads, or of consecutive
tails if the first flip is tails)? Let X be the length of the initial run and H be the event that the first flip
is heads. Then

P(X = k|H) = pk−1(1− p) for k = 1, 2, . . . .

Similarly we find
P(X = k|Hc) = (1− p)k−1p for k = 1, 2, . . . .

Since {H,Hc} is a partition of Ω, we can use the partition theorem in expectation to write

E[X] = E[X|H]P(H) + E[X|Hc]P(Hc). (∗)

We can compute that

E[X|H] =
∑

x∈R(X)

xP(X = x|H) =
∞∑
k=1

kpk−1(1− p) = (1− p)
∞∑
k=1

kpk−1 =
1− p

(1− p)2
=

1

1− p
.

Similarly we can find

E[X|Hc] =
∑

x∈R(X)

xP(X = x|Hc) =
∞∑
k=1

k(1− p)k−1p = p

∞∑
k=1

k(1− p)k−1 =
p

p2
=

1

p
.
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Thus by substituting these values into (∗) we obtain

E[X] =
1

1− p
· p+ 1

p
· (1− p) =

1

p(1− p)
− 2.

In particular, if p = 1/2, then we find that E[X] = 2.

2.7 Homework Problems

Problems #1, 2, 4, 5, 6, 7, 9, 10 from Grimmett and Welsh.



Chapter 3

Multivariate Discrete Random Variables

3.1 Discrete Random Vectors

Definition 3.1. A random vector is a function from Ω to Rd, where d ≥ 2. We say that the random
vector is bivariate if d = 2, trivariate if d = 3, etc.

Definition 3.2. A random vector is said to be discrete if its range is at most countably infinite.

Example 3.2.1. Let d = 2 and X be a 2-dimensional random vector. Then X : Ω → R2 is given by

ω 7→ X(ω) = (X1(ω), X2(ω)).

In particular, each coordinate X1 and X2 is a function from Ω to R and is thus itself a random variable.

Proposition 3.1. A function X : Ω → Rd with d ≥ 2 is a random vector if and only if each of its
coordinates X1, X2, . . . , Xd are random variables.

Proof. Most of this is immediate. More justification is necessary to ensure measurability (i.e. preimages
of points are events), but that is the subject of a later course in probability.

Proposition 3.2. A random vector X : Ω → Rd is discrete if and only if each of its component random
variables X1, X2, . . . , Xd are discrete.

Proof. (⇒) Observe that there is a surjection R(X) → R(Xi) by projecting onto the ith coordinate, so
R(Xi) can only be at most countable since R(X) is.

(⇐) Notice that R(X) ⊆ R(X1)×R(X2)×· · ·×R(Xd). Finite products of countable sets are countable,
so R(X) is a subset of a countable set and thus countable.

Definition 3.3. Let X : Ω → Rd be a discrete random vector. The probability mass function of X is

pX(x1, x2, . . . , xd) = P(X1 = x1, X2 = x2, . . . , Xd = xd)

for all (x1, x2, . . . , xd) ∈ R(X). This probability mass function must satisfy:

(i) px(x1, . . . , xd) ≥ 0,

(ii)
∑

x1∈R(X1)

∑
x2∈R(X2)

· · ·
∑

xd∈R(Xd)

pX(x1, . . . , xd) = 1,

19
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(iii) and for all A ⊆ Rd,

P(X ∈ A) =
∑

x∈A∩R(X)

pX(x1, . . . , xd).

Note that A ∩R(X) is countable even when A might not be.

3.2 Marginal Distributions

Definition 3.4. The one-dimensional marginal pmf pXk
of a discrete random vector

X = (X1, . . . , Xd) : Ω → Rd

with joint pmf pX(x1, . . . , xd) is given by

pXk
(x) =

∑
x1∈R(X1)

· · ·
∑

xk−1∈R(Xk−1)

∑
xk+1∈R(Xk+1)

· · ·
∑

xd∈R(Xd)

pX(x1, . . . , xk−1, x, xk+1, . . . xd).

One can similarly define an n-dimensional marginal pmf by summing over all but n of the variables.
Note that there are a total of

(
d
n

)
n-dimensional marginal pmfs for X.

Remark. Note that we indeed have∑
x∈R(Xk)

pXk
(x) =

∑
x1∈R(X1)

· · ·
∑

xd∈R(Xd)

pX(x1, . . . , xd) = 1

since we can sum in any order by absolute convergence. A similar thing works for the other marginals.

3.3 Revisiting Expectation

Definition 3.5. Let h : Rd → R and X be a d-dimensional discrete random vector. Then the expectation
of h(X) is

E[h(X)] =
∑

x1∈R(X1)

· · ·
∑

xd∈R(Xd)

h(x1, . . . , xd)pX(x1, . . . , xd),

provided that this sum exists and converges absolutely. Here pX is the joint pmf of X.

Remark. Observe that we have:

Ω Rd

R

X

h(X)
h

In particular, we see that h(X) is a random variable.

Proposition 3.3. Let X1, X2 be two discrete random variables and let a, b ∈ R. Then

E[aX1 + bX2] = aE[X1] + bE[X2],

provided the expectations exist.
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Proof. Note that (X1, X2) is a random vector and thus has a joint pmf p(X1,X2). Define h : R2 → R by

(x1, x2) 7→ h(x1, x2) = ax1 + bx2.

Then we find that

E[h(X1, X2)] =
∑

x1∈R(X1)

∑
x2∈R(X2)

h(x1, x2)p(X1,X2)(x1, x2)

=
∑

x1∈R(X1)

∑
x2∈R(X2)

(ax1 + bx2)p(X1,X2)(x1, x2)

=
∑

x1∈R(X1)

∑
x2∈R(X2)

ax1p(X1,X2)(x1, x2) +
∑

x1∈R(X1)

∑
x2∈R(X2)

bx2p(X1,X2)(x1, x2)

= a
∑

x1∈R(X1)

x1

∑
x2∈R(X2)

p(X1,X2)(x1, x2) + b
∑

x1∈R(X1)

x2

∑
x2∈R(X2)

p(X1,X2)(x1, x2)

= a
∑

x1∈R(X1)

x1pX1(x1) + b
∑

x2∈R(X2)

x2pX2(x2) = aE[X1] + bE[X2],

which is the desired result. Manipulating the sums above is justified by absolute convergence.

3.4 Independence of Random Variables

Definition 3.6. Two discrete random variables X and Y are said to be independent, written X ⊥⊥ Y , if
for any x ∈ R(X) and y ∈ R(Y ), the events {X = x} and {Y = y} are independent, i.e.

P({X = x} ∩ {Y = y}) = P(X = x)P(Y = y).

Remark. We will often write P(X = x, Y = y) instead of P({X = x} ∩ {Y = y}).

Theorem 3.1. The discrete random variables X and Y are independent if and only if there exist
functions f, g : R → R such that

p(X,Y )(x, y) = f(x)g(y)

for all x, y ∈ R. Here p(X,Y ) is the joint pmf of (X, Y ).

Proof. (⇐) Assume that p(X,Y )(x, y) = f(x)g(y) for all x, y ∈ R. Then

pX(x) =
∑

y∈R(Y )

p(X,Y )(x, y) =
∑

y∈R(Y )

f(x)g(y) = f(x)
∑

y∈R(Y )

g(y),

and similarly by symmetry we find that

pY (x) =
∑

x∈R(X)

p(X,Y )(x, y) =
∑

x∈R(X)

f(x)g(y) = g(y)
∑

x∈R(X)

f(x).

But p(X,Y ) is the joint pmf, so we must have

1 =
∑

x∈R(X)

∑
y∈R(Y )

f(x)g(y) =
∑

x∈R(X)

f(x)
∑

y∈R(Y )

g(y).
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But then we can use this to write

p(X,Y )(x, y) = f(x)g(y) = f(x)g(y)
∑

x∈R(X)

f(x)
∑

y∈R(Y )

g(y)

=

f(x)
∑

y∈R(Y )

g(y)

g(y)
∑

x∈R(X)

f(x)

 = pX(x)pY (y),

where the last line follows from the previous computations. This is the desired result.

(⇐) This is clear. By independence p(X,Y )(x, y) = pX(x)pY (y), so we can set f = pX and g = pY .

Proposition 3.4. Let X and Y be two independent discrete random variables. Then E[XY ] = E[X]E[Y ].

Proof. We can write

E[XY ] =
∑

x∈R(X)

∑
y∈R(Y )

xyp(X,Y )(x, y) =
∑

x∈R(X)

∑
y∈R(Y )

xypX(x)pY (y)

=

 ∑
x∈R(X)

xpX(x)

 ∑
y∈R(Y )

ypY (y)

 = E[X]E[Y ]

where the second step follows by independence.

Remark. More generally, the same argument shows that if X, Y are independent, then

E[h1(X)h2(Y )] = E[h1(X)]E[h2(Y )]

for any functions h1, h2 : R → R.

Definition 3.7. Let X and Y be two random variables. Then

• X,Y are uncorrelated if E[XY ] = E[X]E[Y ], i.e. E[XY ]− E[X]E[Y ] = 0,

• X,Y are positively correlated if E[XY ]− E[X]E[Y ] > 0,

• and X, Y are negatively correlated if E[XY ]− E[X]E[Y ] < 0.

Remark. The previous result shows that if X,Y are independent, then they are uncorrelated.

Example 3.7.1. However, the converse is not true in general. Let X take the values −1, 0, 1 with
probability 1/3. Clearly E[X] = 0. Now set

Y =

{
0 if X = 0,

1 if X ̸= 1.

First observe that X and Y are dependent since

P(X = 0, Y = 1) = 0 ̸= 1

3
· 2
3
= P(X = 0)P(Y = 1).
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Now since E[X] = 0, we clearly have E[X]E[Y ] = 0. Also we can compute that

E[XY ] =
∑

x∈R(X)

∑
y∈R(Y )

xyP(X = x, Y = y)

= −1 · 1p(X,Y )(−1, 1) + 1 · 1p(X,Y )(1, 1) = −1

3
+

1

3
= 0.

In particular, this means that E[XY ]− E[X]E[Y ] = 0− 0 = 0, so X and Y are uncorrelated. However,
as we previously computed, X and Y are not independent.

Remark. If we instead demand that E[h1(X)h2(Y )] = E[h1(X)]E[h2(Y )] for all functions h1, h2 : R → R,
then we are indeed able to conclude that X and Y are independent.

Proposition 3.5. If E[h1(X)h2(Y )] = E[h1(X)]E[h2(Y )] for all functions h1, h2 : R → R, then X and
Y are independent.

Proof. For each x1 ∈ R(X) and y1 ∈ R(Y ), choose h1(x) = 1{x1} and h2(y) = 1{y1}. Then

E[h1(X)h2(Y )] = E[1{x1}(X)1{y1}(Y )] = P(X = x1, Y = y1)

and also
E[h1(X)]E[h2(Y )] = E[1{x1}(X)]E[1{y1}(Y )] = P(X = x1)P(Y = y1),

which implies the desired result since E[h1(X)h2(Y )] = E[h1(X)]E[h2(Y )].

3.5 Convolution and Random Variables

Definition 3.8. The convolution of two pmfs pX , pY is given by

(pX ∗ pY )(z) =
∑

x∈R(X)

pX(x)pY (z − x) =
∑

y∈R(Y )

pX(z − y)pY (y).

Proposition 3.6. Let X and Y be two independent discrete random variables with pmfs pX and pY ,
respectively. Then X + Y is discrete and has pmf given by the convolution pX ∗ pY .

Proof. It is clear that X + Y is discrete, so it suffices to find its pmf. Let X take the values x ∈ R(X)
and Y take the values y ∈ R(Y ). Let Z = X + Y take the values z ∈ R(X + Y ). Then we find that

pZ(z) = P(Z = z) = P(X + Y = z) = P

 ⋃
x∈R(X)

({X = x} ∩ {Y = z − x})

 .

These events are pairwise disjoint, so we have

pZ(z) =
∑

x∈R(X)

P({X = x} ∩ {Y = z − x})

=
∑

x∈R(X)

P(X = x)P(Y = z − x) =
∑

x∈R(X)

pX(x)pY (z − x)

by independence. This is precisely the convolution of pX and pY .
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Proposition 3.7. Let X1, . . . , Xn be n independent discrete random variables with pmfs pX1 , . . . , pXn.
Then X1 + · · ·+Xn is discrete and has pmf pX1 ∗ pX2 ∗ · · · ∗ pXn−1 ∗ pXn.

Proof. This follows from induction using the previous result and convolution being associative.1

Example 3.8.1. Let X ∼ Ber(p) and Y ∼ Ber(p), and let X and Y be independent. The pmf of X + Y
is the convolution of the pmfs of X and Y . Now X + Y takes the values z = 0, 1, 2, and

pX+Y (z) =
∑

x∈R(X)

pX(x)pY (z − x).

For z = 0, we have

pX+Y (0) =
1∑

x=0

pX(x)pY (−x) = pX(0)pY (0) + pX(1)pY (−1) = (1− p)(1− p) + 0 = (1− p)2

since pY (−1) = 0. For z = 1, we have

pX+Y (1) =
1∑

x=0

pX(x)pY (1− x) = pX(0)pY (1) + pX(1)pY (0) = (1− p)p+ p(1− p) = 2p(1− p).

Finally, when z = 2, we see that

pX+Y (2) =
1∑

x=0

pX(x)pY (2− x) = pX(0)pY (2) + pX(1)pY (1) = 0 + p(p) = p2

since pY (2) = 0. In particular, this shows us that X + Y ∼ Bin(2, p). Induct to get the general case.

3.6 Indicator Functions

Definition 3.9. The indicator function of a set A is

1A(x) =

{
1 if x ∈ A,

0 if x /∈ A.

Remark. We have the following properties of indicator functions:

(i) 1A∩B = 1A1B. To see this, we can write

(1A1B)(x) = 1A(x)1B(x) =

{
1 if x ∈ A and x ∈ B,

0 otherwise.

(ii) 1A + 1Ac = 1.

(iii) 1A∪B = 1− 1Ac∩Bc .

1One way to see that convolution is associative is to note that the addition of random variables is associative.
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(iv) 1A∆B = 1A +1B (mod 2). Here A∆B = (A \B)∪ (B \A) is the symmetric difference of A and B.

Remark. Observe that 1A is a function 1A : Ω → R. In particular, if A is an event, then 1A is a random
variable and

E[1A] = 0 · P(1A = 0) + 1 · P(1A = 1) = P(1A = 1) = P(A).

Using this, we can take expectations on property (ii) above to get

E[1A + 1Ac ] = E[1A] + E[1Ac = P(A) + P(Ac) = 1.

Now observe that property (iii) says that

1A∪B = 1− 1Ac∩Bc = 1− 1Ac1Bc = 1− (1− 1A)(1− 1B)

= 1− (1− 1A − 1B + 1A1B) = 1A + 1B − 1A1B.

From here taking expectations gives

P(A ∪B) = E[1A∪B] = E[1A + 1B − 1A1B]

= E[1A] + E[1B]− E[1A1B] = P(A) + P(B)− P(A ∩B).

More generally, let A1, . . . , An be arbitrary events with indicators 1A1 , . . . ,1An . Let A =
⋃n

i=1 Ai. Then

1A = 1
⋃n

i=1 Ai
= 1− 1

⋂n
i=1 A

c
i
= 1−

n∏
i=1

1Ac
i
= 1−

n∏
i=1

(1− 1Ai
)

=
n∑

i=1

1Ai
−

∑
1≤i<j≤n

1Ai
1Aj

+
∑

1≤i<j<k≤n

1Ai
1Aj

1Ak
− · · ·+ (−1)n+1

1A1 . . .1An .

At this point, taking expectations precisely recovers the general inclusion-exclusion formula.

3.7 Homework Problems

Problems #2, 3, 5, 7, 12, 13, 14 from Grimmett and Welsh.
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Probability Generating Functions

4.1 Probability Generating Functions

The probability generating function is a concept for discrete random variables, and more precisely for
those X taking values in {0, 1, 2, . . . }. Such random variables have a pmfs pX(k) = pk = P(X = k) for
k = 0, 1, 2, . . . . Then {pk}k≥0 ⊆ R is a sequence such that pk ≥ 0 for each k and

∑∞
k=0 pk = 1.

Definition 4.1. Let X be a discrete random variable taking values in {0, 1, 2, . . . } with pmf given by
P(X = k) = pk for k = 0, 1, 2, . . . . Then the probability generating function (pgf) of X is given by

GX(s) = p0 + p1s+ p2s
2 + · · · = E[sX ],

for the values of s for which E[|sX |] =
∑∞

k=0 pk|s|k < ∞.

Proposition 4.1. The series GX(s) =
∑∞

k=0 pks
k converges absolutely for s ∈ R where |s| ≤ 1.

Proof. Observe that GX(s) = E[sX ] and for |s| ≤ 1,

E[|sX |] =
∞∑
k=0

pk|s|k ≤
∞∑
k=0

pk = 1

since pk = pX(k) is a pmf. Thus the interval of convergence is guaranteed to contain [−1, 1].

Example 4.1.1. Consider the following probability generating functions:

• Let X ∼ Ber(p). Then

GX(s) = s0P(X = 0) + s1P(X = 1) = 1(1− p) + ps = 1− p+ ps.

This exists for all s ∈ R.

• Let X ∼ Bin(n, p). Then

GX(s) =
n∑

k=0

sk
(
n

k

)
pk(1− p)n−k =

n∑
k=0

(
n

k

)
(ps)k(1− p)n−k = (1− p+ ps)n.

This again exists for all s ∈ R.

26
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• Let X ∼ Geo(p). Then

GX(s) =
∞∑
k=1

p(1− p)k−1sk = ps
∞∑
k=1

(1− p)k−1sk−1 = ps
∞∑
k=0

((1− p)s)k.

When |(1− p)s| < 1, we get

GX(s) =
ps

1− (1− p)s

Thus GX exists for |s| < 1/(1− p).

• Let X ∼ Poi(λ). Then

GX(s) =
∞∑
k=0

e−λλk

k!
sk = e−λ

∞∑
k=0

(λs)k

k!
= e−λeλs = eλ(s−1).

This series converges for all s ∈ R.

4.2 Properties of PGFs

Theorem 4.1. Let X and Y have probability generating functions GX and GY , respectively. Then

GX(s) = GY (s) for all s in their interval of convergence

if and only if P(X = k) = P(Y = k) for all k = 0, 1, 2, . . . .

Proof. (⇐) If P(X = k) = P(Y = k) for each k, then

GX(s) =
∞∑
k=0

P(X = k)sk =
∞∑
k=0

P(Y = k)sk = GY (s).

This holds for every s for which the above series converge.

(⇒) Assume that GX(s) = GY (s) for all |s| ≤ 1. First observe that plugging in s = 0 in GX(s) and
GY (s) immediately gives P(X = 0) = P(Y = 0). Then because we have absolute convergence for |s| ≤ 1
and thus uniform convergence on |s| ≤ 1, we can differentiate term by term to get

d

ds
GX(s) =

d

ds

∞∑
k=0

P(X = k)sk =
∞∑
k=0

d

ds

[
P(X = k)sk

]
=

∞∑
k=0

P(X = k)ksk−1

and
d

ds
GY (s) =

d

ds

∞∑
k=0

P(Y = k)sk =
∞∑
k=0

d

ds

[
P(Y = k)sk

]
=

∞∑
k=0

P(Y = k)ksk−1.

These are equal since GX(s) = GY (s), so we can again evaluate at s = 0 to get

1 · P(X = 1) = 1 · P(Y = 1),

i.e. P(X = 1) = P(Y = 1). Continue by induction to get k! · P(X = k) = k! · P(Y = k) for every k ≥ 1,
so P(X = k) = P(Y = k) for each k. This is the desired result.
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Theorem 4.2. Let X be an integer-valued random variable with pgf GX . Then for every ℓ ≥ 1,

dℓ

dsℓ
GX(s)

∣∣∣∣
s=1

= E[X(X − 1) . . . (X − ℓ+ 1)]

Proof. As before,
dℓ

dsℓ
GX(s) =

∞∑
k=0

k(k − 1) . . . (k − ℓ+ 1)P(X = k)sk−ℓ

for all |s| ≤ 1. Evaluating at s = 1 gives

dℓ

dsℓ
GX(s) =

∞∑
k=ℓ

k(k − 1) . . . (k − ℓ+ 1)P(X = k) = E[X(X − 1) . . . (X − ℓ+ 1)],

as desired. In particular, this expectation is finite if and only if the series on the left converges.

Remark. Recall from before that Var[X] = E[X(X − 1)] + E[X]− (E[X])2. We can compute this via

Var[X] = G′′
X(1) +G′

X(1)− (G′
X(1))

2

using the probability generating function if X is integer-valued.

Remark. The value E[X(X − 1) . . . (X − ℓ+ 1)] is called the factorial moment of order ℓ of X.

Theorem 4.3. Let X, Y be independent random variables. Then GX+Y (s) = GX(s)GY (s) for all |s| ≤ 1.

Proof. We have GX+Y (s) = E[sX+Y ] = E[sXsY ] = E[sX ]E[sY ] = GX(s)GY (s) by independence.

Remark. Another way to show this is to use the convolution formula for the pmf of X + Y .

Corollary 4.3.1. For independent random variables X1, . . . , Xn, we have

GX1+···+Xn(s) =
n∏

k=1

GXk
(s)

Remark. We actually also have the converse: If GX+Y (s) = GX(s)GY (s) for all |s| ≤ 1, then X and Y
are independent. One can show this using the convolution formula.

4.3 The Random Sum Formula

Let S = X1 + · · ·+XN , where X1, X2, . . . are independent random variables and N is an integer-valued
random variable independent of the Xi. If N = 0, then the sum is empty and by convention we say that
X1 + · · ·+XN = 0. If N ≥ 1, then we define

(X1 + · · ·+XN)(ω) = X1(ω) +X2(ω) + · · ·+XN(ω)(ω).

Theorem 4.4 (Random sum formula). For integer-valued independent random variables N,X1, X2, . . . ,

GX1+···+XN
(s) = GN(GX(s)),

given that X1, X2, . . . are identically distributed with pX = pX1 = pX2 = . . . .
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Proof. Since the events {N = n} partition the sample space Ω, by the partition theorem we can write

GX1+···+XN
(s) = E[sX1+···+XN ] =

∞∑
n=0

E[sX1+···+XN |N = n]P(N = n)

=
∞∑
n=0

E[sX1+···+Xn ]P(N = n).

Now by independence of the Xi, we can split the expectation and get

GX1+···+XN
(s) =

∞∑
n=0

GX1(s) . . . GXn(s)P(N = n) =
∞∑
n=0

(GX(s)
n)P(N = n)

since the Xi are identically distributed. Now the value on the right is precisely GN(GX(s)).

Remark. We will use “i.i.d.” to denote “independent and identically distributed”.

Remark. Set S = X1 + · · ·+XN , so that GS(s) = GN(GX(s)). Now differentiating GS(s) gives

G′
S(s) = G′

N(GX(s))G
′
X(s).

At s = 1, we get G′
S(1) = G′

N(GX(1))G
′
X(1) = G′

N(1)G
′
X(1). But G

′
Y (1) = E[Y ], so this says that

E[S] = E[N ]E[X]

One can continue this process. For instance, differentiating again yields

G′′
S(s) =

d

ds
[G′

N(GX(s))G
′
X(s)] = G′′

N(GX(s))G
′
X(s)G

′
X(s) +G′

N(GX(s))G
′′
X(s).

Evaluating at s = 1, we obtain

E[S(S − 1)] = G′′
S(1) = G′′

N(1)(G
′
X(1))

2 +G′
N(1)G

′′
X(1)

= E[N(N − 1)](E[X])2 + E[N ]E[X(X − 1)].

This allows us to find Var[S] with some more work.

Example 4.1.2. Suppose that we have 20 rabbits, and each has probability 1/2 of escaping. The next
morning, each remaining rabbit gives birth to a number of offspring following a Poisson distribution
with parameter λ = 3, and we want to determine the pgf of the number of offspring. To do this, let N
be the number of rabbits not escaping, and observe that N ∼ Bin(20, 1/2). Then

GS(s) = GX1+···+XN
(s) = GN(GX(s))

by the random sum formula, where X ∼ Poi(3). Then

GN(s) =

(
1

2
+

1

2
s

)20

and GX(s) = e3(s−1),

so we find that

GS(s) = GN(GX(s)) =

(
1

2
+

1

2
e3(s−1)

)20

.

In particular, E[S] = E[N ]E[X] = 10(3) = 30.

4.4 Homework Problems

Problems #2, 5, 6, 8, 9, 10, 11 from Grimmett and Welsh.
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Continuous Random Variables

5.1 Distribution Functions

Remark. When X is discrete, we have the pmf pX(x) = P(X = x) for x ∈ R. Note that pX(x) > 0 for
only countably many x, and outside of R(X) we “set pX(x) = 0” (really pX is only defined on R(X)).
We will now study the situation where we have pX(x) = 0 everywhere.

Definition 5.1. Let X be a random variable. Then the (cumulative) distribution function (cdf) of X is

FX(x) = P(X ≤ x) for x ∈ R.

Remark. Note that we can write

P(X ≤ x) = P({ω ∈ Ω : X(ω) ≤ x}) = P({ω ∈ Ω : X(ω) ∈ (−∞, x]}) = P(X−1((−∞, x])).

This hints that X−1((−∞, x]) must be in the event space F .

Example 5.1.1. Suppose that X is discrete. Then

FX(x) =
∑

y∈R(X),y≤x

P(X = y).

• If X ∼ Ber(p), then

FX(x) = P(X ≤ x) =


0 if x < 0

1− p if 0 ≤ x < 1

1 if x ≥ 1.

• If X ∼ Bin(n, p), then

FX(x) =


0 if x < 0∑k−1

ℓ=0

(
n
ℓ

)
pℓ(1− p)n−ℓ if k − 1 ≤ x < k, for k = 1, 2, . . . , n,

1 if x ≥ n.

• If X ∼ Geo(p), then

FX(x) =

{
0 if x < 0

1− (1− p)k if k ≤ x < k + 1, for k = 0, 1, 2, . . . .

30
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This is because for k ≤ x < k + 1, we have

P(X ≤ x) =
k∑

ℓ=1

p(1− p)ℓ−1 = p

k−1∑
ℓ=0

p(1− p)ℓ = p
1− (1− p)k

1− (1− p)
= 1− (1− p)k

• If X ∼ Poi(λ), then

FX(x) =

{
0 if x < 0∑n

k=0 e
−λλk/k! if n ≤ x < n+ 1, for n = 0, 1, 2, . . . .

Proposition 5.1. Let X be a random variable with distribution function FX . Then

(i) FX is a function FX : R → [0, 1],

(ii) FX is non-decreasing, i.e. if x ≤ y, then FX(x) ≤ FX(y),

(iii) limx→∞ FX(x) = 1 and limx→−∞ FX(x) = 0,

(iv) FX is continuous from the right, i.e. limy→x+ FX(Y ) = FX(x) for every x ∈ R,

(v) FX has a left-hand limit at every x ∈ R, i.e. FX(x
−) = limy→x− FX(y) exists.

(vi) P(X = x) = FX(x)− FX(x
−),

(vii) and P(X ∈ [a, b]) = FX(b)− FX(a
−).

Proof. (i) Under F , we have x 7→ F (x) = P(X ≤ x) ∈ [0, 1].

(ii) Observe that {X ≤ x} ⊆ {X ≤ y} if x ≤ y, so FX(x) = P(X ≤ x) ≤ P(X ≤ y) = FX(y).

(iii) Fix any increasing sequence {an} with an → ∞. Then {X ≤ an} is an increasing sequence of events
and

⋃∞
n=1{X ≤ an} = Ω since an → ∞. Thus by the continuity from below of probability measures,

lim
n→∞

FX(an) = lim
n→∞

P(X ≤ an) = P

(
∞⋃
n=1

{X ≤ an}

)
= P(Ω) = 1

Since this holds for any increasing sequence {an}, we have limx→∞ FX(x) = 1. We immediately obtain
limx→−∞ FX(x) = 0 as well by taking complements in the above argument.

(iv) Take sequences again. Note that
⋂∞

n=1{X ≤ an} = {X ≤ y} if {an} is decreasing and an → y.

(v) We informally write

FX(x
−) = lim

y→x−
FX(y) = lim

y→x−
P(X ≤ y) = lim

y→x−
P(X ∈ (−∞, y])

= P(X ∈ (−∞, x)) = P(X < x).

To justify this, one can take sequences and argue as before.

(vi) This is because FX(x)− FX(x
−) = P(X ≤ x)− P(X < x) = P(X = x).

(vii) Write P(X ∈ [a, b]) = P(X ≤ b)− P(X < a) = FX(b)− FX(a
−).

Remark. Observe that we also have

P(a < X ≤ b) = P(X ∈ (a, b])) = P(X ≤ b)− P(X ≤ a) = FX(b)− FX(a).

We get analogous results for the probability of X being in any interval.
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5.2 Continuous Random Variables

Definition 5.2. A random variable X is continuous if its distribution function FX is continuous.

Definition 5.3. A random variable X is absolutely continuous if FX is absolutely continuous, i.e.

FX(x) =

∫ x

−∞
fX(t) dt

for some function fX : R → R such that fX(x) ≥ 0 for all x ∈ R and∫ ∞

−∞
fX(x) dx = 1

In this case, fX is called a (probability) density function (pdf) of X.

Remark. Note that density functions of X may differ on a set of measure zero, e.g. at a point.

Remark. If X is discrete, then FX is not continuous, and thus certainly not absolutely continuous.

Remark. If X is absolutely continuous with pdf fX , then

P(X ∈ (a, b]) =

∫ b

a

fX(x) dx.

In particular, this says that for all x ∈ R, we must have∫
{x}

fX(t) dt = 0.

More generally, if X is continuous, then P(X = x) = 0 for every x ∈ R.

5.3 Common Continuous Random Variables

Example 5.3.1. The following are common continuous random variables:

• Uniform random variables : We say that X ∼ Unif([0, 1]) if

FX(x) =


0 if x < 0

x if 0 ≤ x < 1

1 if x ≥ 1.

In general, for −∞ < a < b < ∞, we say that X ∼ Unif([a, b]) if (X − a)/(b− a) ∼ Unif([0, 1]).
In this case, X has pdf

fX(x) =

{
1/(b− a) if a ≤ x ≤ b

0 otherwise.

Note that fX is continuous and also differentiable everywhere except at x = a and x = b.
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• Exponential random variables : For λ > 0, we say that X ∼ Exp(λ) if X has density function

fX(t) =

{
λe−λt if t > 0

0 otherwise.

The cdf of X is

FX(x) =

∫ x

−∞
fX(t) dt =

{
0 if x ≤ 0

1− e−λx if x > 0.

Note that FX is continuous and also differentiable everywhere except x = 0.

Remark. The fundamental theorem of calculus says that for a fixed c ∈ R,

d

dx

∫ x

c

f(t) dt = f(x).

When applied to distribution functions, this says that

d

dx
FX(x) =

d

dx

∫ x

−∞
fX(t) dt = fX(x),

for almost all x ∈ R (whenever FX is differentiable at x).

Example 5.3.2. A random variable X is said to be normal (or Gaussian) with parameters µ ∈ R and
σ2 such that σ > 0, written X ∼ N (µ, σ2), if its density is given by

fX(x) =
1√
2πσ2

e−(x−µ)2/(2σ2)

for −∞ < x < ∞. When µ = 0, σ2 = 1, then X is said to be the standard normal distribution, i.e.

fX(x) =
1√
2π

e−x2/2.

To verify that this is a density, first note that clearly fX(x) ≥ 0. Now set I =

∫ ∞

−∞
e−x2/2 dx. Then

I2 =

∫ ∞

−∞
e−x2/2 dx

∫ ∞

−∞
e−y2/2 dy =

∫ ∞

−∞

∫ ∞

−∞
e−(x2+y2)/2 dx dy.

This step is justified by the Fubini-Tonelli theorem since e−(x2+y2)/2 ≥ 0. Then change to polar coordinates
(with (x, y) = (r cos θ, r sin θ) and dxdy = r drdθ) to get

I2 =

∫ ∞

0

∫ 2π

0

re−r2/2 dr dθ = 2π

∫ ∞

0

re−r2/2 dr. = 2π
[
e−r2/2

]r=∞

r=0
= 2π.

Thus I =
√
2π (since I ≥ 0), so

∫ ∞

−∞
fX(x) dx = I/

√
2π = 1. Thus fX is a density. The fact that the

general pdf fX is a density follows from a change of coordinates y = (x− µ)/σ with dx = σ dy, so that

1√
2πσ2

∫ ∞

−∞
e−(x−µ)2/(2σ2) dx =

1√
2πσ2

∫ ∞

−∞
e−y2/2σ dy =

1√
2π

∫ ∞

−∞
e−y2/2 dy = 1,

where the latter integral is what we computed previously.
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Example 5.3.3. A random variable X has the standard Cauchy distribution if its pdf is given by

fX(x) =
1

π(1 + x2)
, −∞ < x < ∞.

Clearly we have fX(x) ≥ 0, and also we can compute that∫ ∞

−∞

1

π(1 + x2)
dx =

1

π
lim

N,M→∞

∫ N

−M

1

1 + x2
dx =

1

π
lim

N,M→∞
[arctan x]N−M =

1

π

(π
2
+

π

2

)
= 1.

5.4 Expectation of Continuous Random Variables

Theorem 5.1 (Law of the subconscious statistician). Let X be a random variable with pdf fX , and let
h : R → R be a sufficiently nice function.1 Let Y = h(X). Then

E[Y ] = E[h(X)] =

∫ ∞

−∞
h(x)fX(x) dx,

provided that

∫ ∞

−∞
h(x)fX(x) dx converges absolutely, i.e.

∫ ∞

−∞
|h(x)|fX(x) dx < ∞.2

Proof. Use the Riemann sum approximation. First restrict to a compact interval, e.g. [0, 1]. Then∫ 1

0

h(x)fX(x) dx ≈
n∑

i=1

h(xi)fX(xi)∆x

for large n. Now appeal to the discrete version of this result.

Example 5.3.4. Let X ∼ N (0, 1). Then we would like to find

E[X] =
1√
2π

∫ ∞

−∞
xe−x2/2 dx.

First we must check that this integral converges absolutely. We write

E[|X|] = 1√
2π

∫ ∞

−∞
|x|e−x2/2 dx = lim

M1,M2→∞

1√
2π

∫ M2

−M1

|x|e−x2/2 dx.

In the finite setting, we can split the integral to get

E[|X|] = lim
M1,M2→∞

[
1√
2π

∫ M2

0

xe−x2/2 dx− 1√
2π

∫ 0

−M1

xe−x2/2 dx

]
= lim

M2→∞

[
1√
2π

(−e−x2/2)

]x=M2

x=0

+ lim
M1→∞

[
1√
2π

e−x2/2

]x=0

x=−M1

= lim
M2→∞

1√
2π

(1− e−M2
2 /2) + lim

M1→∞

1√
2π

(1− e−M2
1 /2) =

√
2/π.

1Here h must be measurable.
2The integral of h(x)FX(x) must be absolutely convergent for its Lebesgue integral to exist.
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This establishes that E[X] converges absolutely. Thus we can argue that

E[X] =
1√
2π

∫ ∞

−∞
xe−x2/2 dx = 0

since xe−x2/2 is an odd function on R (we can restrict to [−M,M ] and then take M → ∞).

Example 5.3.5. Now let X ∼ N (µ, σ2), and we find E[X]. We have

E[X] =
1√
2πσ2

∫ ∞

−∞
xe−(x−µ)2/(2σ2) dx.

Make the change of variables y = (x− µ)/σ with dx = σ dy to get

E[X] =
1√
2πσ2

∫ ∞

−∞
(σy + µ)e−y2/2σ dy =

σ√
2π

∫ ∞

−∞
ye−y2/2 dy +

µ√
2π

∫ ∞

−∞
e−y2/2 dy

= 0 + µ = µ

Example 5.3.6. Let X ∼ N (0, 1), and we find E[X2]. We have

E[X2] =
1√
2π

∫ ∞

−∞
x2e−x2/2 dx.

This integrand is nonnegative, so no need to justify absolute convergence. Now integrate by parts with
u(x) = x and v′(x) = xe−x2/2 (with u′(x) = 1 and v(x) = −e−x2/2) to get

E[X2] =
1√
2π

[
−xe−x2/2

]x=∞

x=−∞
+

1√
2π

∫ ∞

−∞
e−x2/2 dx = 0 + 1 = 1.

In particular, this gives Var[X] = E[X2]− (E[X])2 = 1− 0 = 1.

Example 5.3.7. In general, for X ∼ N (µ, σ2), we can compute

Var[X] = E[(X − E[X])2] = E[(X − µ)2] =
1√
2πσ2

∫ ∞

−∞
(x− µ)2e−(x−µ)2/2σ2

dx.

Now change variables with y = (x− µ)/σ and dx = σ dy to get

Var[X] =
1

2πσ2

∫ ∞

−∞
σ2y2e−y2/2σ dy =

σ2

√
2π

∫ ∞

−∞
y2e−y2/2 dy = σ2.

Remark. The previous computations show that for X ∼ N (µ, σ2), we have E[X] = µ and Var[X] = σ2.

Example 5.3.8. Let X be a standard Cauchy random variable. We compute

E[|X|] = 1

π

∫ ∞

−∞

|x|
1 + x2

dx ≥ 1

π

∫ ∞

1

x

1 + x2
dx =

1

π
lim

N→∞

∫ N

1

x

1 + x2
dx

=
1

π
lim

N→∞

[
ln(1 + x2)

2

]x=N

x=1

=
1

π
lim

N→∞

[
ln(1 +N2)

2
− ln 2

2

]
= ∞.

In particular, this means that E[X] does not exist. This is an example of a heavy-tailed random variable.

Remark. For any random variable X, if E[|X|] = ∞ then E[X2] = ∞ also. This is because

E[X2] =

∫ ∞

−∞
x2fX(x) dx ≥

∫
|x|≥1

x2fX(x) dx ≥
∫
|x|≥1

|x|fX(x) dx = ∞,

since x2 ≥ |x| for |x| ≥ 1. Note that |x|fX(x) is bounded on |x| ≤ 1, so its integral on [−1, 1] is finite.
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5.5 The Gamma and Beta Random Variables

Definition 5.4. Define the gamma function Γ for α > 0 by

Γ(α) =

∫ ∞

0

xα−1e−x dx.

Proposition 5.2. The gamma function Γ has the following properties:

(i) Γ(1) = 1,

(ii) Γ(α+ 1) = αΓ(α), and in particular Γ(n) = (n− 1)! for positive integers n,

(iii) and Γ(1/2) =
√
π.

Proof. (i) We have

Γ(1) =

∫ ∞

0

e−x dx = 1.

(ii) We can integrate by parts with u(x) = xα and v′(x) = e−x to get

Γ(α + 1) =

∫ ∞

0

xαe−x dx =
[
xα(−e−x)

]∞
0
+ α

∫ ∞

0

xα−1e−x dx = αΓ(α).

The second part follows by induction on n.

(iii) Change variables with u =
√
x and dx/

√
x = du to get

Γ

(
1

2

)
=

∫ ∞

0

e−x

√
x
du =

∫ ∞

0

2e−u2

du =
√
π.

Note that one can extend this by induction to compute Γ(α) at positive half integers.

Example 5.4.1. A random variable X has the standard gamma distribution if its pdf is given by

fX(x) =
1

Γ(α)
xα−1e−x, x ∈ (0,∞)

for a constant α > 0.3 In general, X is a gamma random variable with parameters α > 0 and λ > 0 if

fX(x;α, λ) =
λα

Γ(α)
xα−1e−λx, x > 0.

Clearly fX(x) ≥ 0. For the integral, make the change of variables y = λx with dx = dy/λ to get∫ ∞

0

λαxα−1e−λx

Γ(α)
dx =

1

Γ(α)

∫ ∞

0

λα
(y
λ

)α−1

e−y dy

λ
=

λα

Γ(α)λα

∫ ∞

0

yα−1e−y dy = 1.

Remark. There are relationships between the gamma, Poisson, and geometric random variables, which
are useful in industrial engineering.

3If α = 1, then this reduces to the exponential distribution.
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Example 5.4.2. A random variable X is said to be a beta random variable with parameters s, t > 0 if

fX(x; s, t) =
1

β(s, t)
xs−1(1− x)t−1, 0 < x < 1,

where β is the beta function given by

β(s, t) =

∫ 1

0

xs−1(1− x)t−1 dx =
Γ(s)Γ(t)

Γ(s+ t)
.

Definition 5.5. Taking a gamma random variable with parameters α = n/2 and λ = 1/2, one gets

fX

(
x;

n

2
,
1

2

)
=

1

2Γ(n/2)

(x
2

)n/2−1

e−x/2, x > 0,

which is called a χ2 (chi-squared) random variable with n degrees of freedom.

Remark. The reason we care about χ2 random variables is that if Z ∼ N (0, 1), then Z2 = χ2(1). In
general, if Z1, . . . , Zn ∼ N (0, 1) are independent, then Z2

1 + · · ·+ Z2
n = χ2(n).

5.6 Functions of Continuous Random Variables

Remark. Suppose X has pdf fX and h : R → R, so Y = h(X) is a random variable. If h is “nice,” then
Y has a density fY . What is the relationship between fX and fY ?

Remark. Note that fY need not have a density in general. Let X ∼ Unif([0, 1]) and

h(x) =


π if 0 ≤ x < 1/2

e if 1/2 ≤ x ≤ 1

0 otherwise.

Then Y = h(X) only takes two values with positive probability, so it cannot have a density (it is discrete).

Example 5.5.1. Suppose first that h(x) = ax+ b with a > 0. Then Y = h(X) = aX + b, and

FY (y) = P(Y ≤ y) = P(aX + b ≤ y) = P
(
X ≤ y − b

a

)
= FX

(
y − b

a

)
.

Then we can differentiate to get

fY (y) =
d

dy
FY (y) =

d

dy
FX

(
y − b

a

)
=

1

a
fX

(
y − b

a

)
.

If a < 0, then the inequality flips and we get

FY (y) = P
(
X ≥ y − b

a

)
= 1− P

(
X <

y − b

a

)
= 1− FX

(
y − b

a

)
,

so differentiating yields

fY (y) =
d

dy
FY (y) = −1

a
fX

(
y − b

a

)
.

Note that a < 0, so −a > 0 and thus fY (y) ≥ 0.
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Theorem 5.2. Let X be an absolutely continuous random variable with density function fX , and let
h : R → R be strictly increasing and differentiable. Then Y = h(X) has a density function given by

fY (y) = fX(h
−1(y))

d

dy
h−1(y) for all y ∈ R.

Proof. Since h is strictly increasing, applying its inverse preserves the inequality, so that

FY (y) = P(h(X) ≤ y) = P(X ≤ h−1(y)).

Differentiating this via the chain rule gives the desired formula for fY .

Remark. Note that
d

dy
h−1(y) =

1

h′(h−1(y))
.

This is because h−1(h(x)) = x, so differentiating via the chain rule gives

1 =
d

dx
x =

d

dx
h−1(h(x)) = (h−1)′(h(x))h′(x).

Dividing by h′(x) and setting x = h−1(y) gives the desired formula.

Remark. Using the previous theorem, we can create random number generators following a specified
distribution, given a random number generator following a uniform distribution on [0, 1]. Suppose that
X has cdf FX which is strictly increasing (if X has a density fX , then this holds on the support of X),
so that FX is invertible. Suppose that we are given U ∼ Unif([0, 1]). Then

P(F−1
X (U) ≤ x) = P(FX(F

−1
X (U)) ≤ FX(x)) = P(U ≤ FX(x)) = FX(x)

since FX is increasing (so the direction of the inequality is preserved), and the cdf of U is simply the
identity function on [0, 1]. This says that F−1

X (U) ∼ X, so being able to sampling from U is enough. In
general, when FX is not strictly increasing, one can take the generalized inverse:

F−
X (y) = inf{x ∈ R : FX(x) ≥ y}.

Then one can show that again we have F−
X (U) ∼ X.

5.7 Geometric Probability

Example 5.5.2 (Bertrand’s paradox). Consider a unit disk U , and choose a chord C of the disk at
random. Let T be the equilateral triangle with one side C (there are two, choose the one that points
towards the center of the disk). Then what is P(T ⊆ U)? The issue comes from how we choose C:

1. Suppose we choose angles X, Y ∈ [0, 2π] uniformly at random, and then choose the chord C to
go through X, Y . This amounts to choose the difference uniformly at random in [0, 2π], since the
problem is rotationally invariant. We need |X − Y | ≤ 2π/3, so

P(T ⊆ U) = P(−2π/3 ≤ X − Y ≤ 2π/3) =
2

3
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2. Alternatively we could choose a point X at random and then choose a random angle θ ∈ [0, π/2]
(from the tangent line to U at X). Clearly X does not matter, and we need θ ≤ π/3. This gives

P(T ⊆ U) = P(θ ≤ π/3) = 1/3 =
π/3

π/2
=

2

3
.

3. We could also choose a direction θ, which determines a line through the circle. Then choose a
point M ∈ [−1, 1] uniformly at random on this line, which determines a chord if we let M be the
midpoint and say that the chord is perpendicular to the line. Then we need −1/2 ≤ M ≤ 1/2, os

P(T ⊆ U) = P(−1/2 ≤ M ≤ 1/2) =
1

2
.

4. Finally, we could simply choose the midpoint M ∈ U at random. We need M to be within the
circle of radius 1/2 with the same center as M . Thus in this case

P(T ⊆ U) =
π − π/4

π
=

3

4
.

We see that, depending on the method in which we choose the chord, the answer may be different.

Example 5.5.3 (Buffon’s needle). Consider horizontal lines in the plane, each spaced distance 1 apart.
Drop a needle of length 1 at random. What is the probability that the needle intersects a line?

• One way to proceed is to choose (X, Y ) first as the position of the center of the needle. Then
choose θ ∈ [0, π] to be the angle of the needle. Note the actual position of the needle does not
matter, so we can simply choose Y ∈ [0, 1]. Now there are two cases:

1. If the needle intersects with the upper line, then we need

Y − 1

2
sin θ ≤ 1 ≤ Y +

1

2
sin θ ⇐⇒ 1− 1

2
sin θ ≤ Y ≤ 1 +

1

2
sin θ.

Note that the second inequality is always true, so we only need Y ≥ 1− 1
2
sin θ.

2. If the needle intersects with the lower line, then we need

Y − 1

2
sin θ ≤ 0 ≤ Y +

1

2
sin θ ⇐⇒ −1

2
sin θ ≤ Y ≤ 1

2
sin θ.

This time the first inequality is always true, so we just need Y ≤ 1
2
sin θ.

So for the needle to intersect the lines, we need Y ≤ 1
2
sin θ or Y ≥ 1− 1

2
sin θ. Consider the subset

of [0, π]× [0, 1] which satsifies the above condition. There are two symmetric regions of area∫ π

0

1

2
sin θ dθ =

1

2
[− cos θ]θ=π

θ=0 =
1

2
[1− (−1)] = 1.

Thus the area is 2, and the probability is 2/π.

This gives one way to estimate hte value of π. Let In be the number of times the needle intersects with
a line in n trials. Then In/n → 2/π as n → ∞, so

π̂n =
2n

In
→ π.

This is called the Monte Carlo method, which can also be used to estimate integrals.4

4Note that there are much more efficient methods than Monte Carlo for estimating π.
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Example 5.5.4 (Stick breaking). Choose X, Y ∈ [0, 1] uniformly at random. This determines two cuts
of [0, 1], which breaks the interval into three segments. What is the probability that these segments form
the sides of a triangle?

• The pieces are of length X, Y − X, 1 − Y (assume that X ≤ Y , which we can do since we are
choosing uniformly at random). By the triangle inequality, we need

X + (Y −X) ≥ 1− Y

(Y −X) + (1− Y ) > X

X + (1− Y ) > Y −X

=⇒


Y > 1/2

X < 1/2

Y < 1/2 +X.

Draw the region in [0, 1]× [0, 1] that satisfies the above, and we find that the probability is 1/4.

Example 5.5.5. Choose n points on a circle uniformly at random. What is the probability that all n
points lie in some semicircle?

• Let A be the event {all n points lie in some semicircle}. The goal is to work with easier events.
Number the points by P1, P2, . . . , Pn. Then let Ai be the event that P1, P2, . . . , Pn lie in the
semicircle which begins at Pi. Then we easily find that P(Ai) = 1/2n−1 for each 1 ≤ i ≤ n. Also

A = A1 ∪ A2 ∪ . . . An,

where the union is disjoint, since we cannot have two different points both be the first point in a
semicircle (note that P(Pi = Pj) = 0 for i ̸= j). Thus

P(A) = P(A1 ∪ · · · ∪ An) = P(A1) + · · ·+ P(An) = nP(A1) =
n

2n−1

since the union is disjoint.

If the problem is more difficult (the union is not disjoint), one can try to apply inclusion-exclusion.

5.8 Homework Problems

Problems #1, 2, 3, 4, 7, 9, 10, 14 from Grimmett and Welsh.



Chapter 6

Multivariate Continuous Distributions

6.1 Multivariate Absolutely Continuous Distributions

Definition 6.1. Let (X, Y ) be a two-dimensional random vector, its distribution function is given by

F(X,Y )(x, y) = P(X ≤ x, Y ≤ y) for (x, y) ∈ R2.

Proposition 6.1. We have the following properties for the distribution function of (X, Y ):

(i) limx→−∞ F(X,Y )(x, y) = 0 and limy→−∞ F(X,Y )(x, y) = 0.

(ii) limx,y→∞ F(X,Y )(x, y) = 1.

(iii) F(X,Y ) is weakly increasing in each variable: If x1 ≤ x2 then F(X,Y )(x1, y) ≤ F(X,Y )(x2, y) and if
y1 ≤ y2 then F(X,Y )(x, y1) ≤ F(X,Y )(x, y2).

(iv) If x1 ≤ y1 and x2 ≤ y2, then
1 ∫ x2

x1

∫ y2

y1

dF (u, v) ≥ 0.

Proof. (i) We have

lim
x→−∞

F(X,Y )(x, y) = lim
x→−∞

P(X−1((−∞, x]) ∩ Y −1((−∞, y]))

= P(Y −1((−∞, y]) ∩
⋂
x∈R

X−1((−∞, x])

= P(Y −1((−∞, y]) ∩∅) = 0.

(ii) We have
lim
x→∞

F(X,Y )(x, y) = P({X ≤ ∞} ∩ {Y ≤ y}) = P(Y ≤ y) = FY (y).

Then taking y → ∞ gives limy→∞ FY (y) = 1.

(iii) If x1 ≤ x2 and y is fixed, then P(X ≤ x1, Y ≤ y) ≤ P(X ≤ x2, Y ≤ y) since

X−1((−∞, x1]) ∩ Y −1((−∞, y]) ⊆ X−1((−∞, x2]) ∩ Y −1((−∞, y]).

(iv) The integral corresponds to P(X ∈ (x1, x2), Y ∈ (y1, y2)), which must be nonnegative.

Remark. The above properties characterize distribution functions of two-dimensional random vectors.

1One can interpret this integral as a Riemann-Stieltjes integral.

41
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6.2 Independence of Continuous Random Variables

Definition 6.2. Two random variables X, Y are said to be independent if for all x, y ∈ R, the events
{X ≤ x} and {Y ≤ y} are independent.

Proposition 6.2. Two continuous random variables X, Y are independent if and only if

F(X,Y )(x, y) = FX(x)FY (y)

for every x, y ∈ R.

Proof. (⇒) If X and Y are independent, then {X ≤ x} and {Y ≤ y} are independent for all x, y ∈ R, so

P({X ≤ x} ∩ {Y ≤ y}) = P({X ≤ x})P({Y ≤ y}),

i.e. we have F(X,Y )(x, y) = FX(x)FY (y).

(⇐) If F(X,Y )(x, y) = FX(x)FY (y), then for all x, y ∈ R, then

P(X ≤ x, Y ≤ y) = P(X ≤ x)P(Y ≤ y),

i.e. the events {X ≤ x} and {Y ≤ y} are independent.

Definition 6.3. The pair of random variables (X, Y ) is said to be jointly (absolutely continuous) if its
joint cdf can be written as

F(X,Y )(x, y) =

∫ x

−∞

∫ y

−∞
f(X,Y )(u, v) dudv

for all x, y ∈ R and f(X,Y ) : R2 → [0,∞). If this is the case, then f(X,Y ) is called the joint pdf of (X, Y ).

Remark. We have
∂2

∂x∂y
F(X,Y )(x, y) = f(X,Y )(x, y)

if this derivative exists at (x, y). If it does not exist then we set fX,Y (x, y) = 0 (this is fine since an
absolutely continuous function is differentiable almost everywhere, i.e. except on a set of measure zero).

Remark. In the context of densities, we have for A ⊆ R2 (which is “nice enough”) that

P((X, Y ) ∈ A) =

∫∫
A

f(X,Y )(u, v) dudv.

Here the “nice enough” sets are the ones which can be built up from rectangles.

Definition 6.4. Let (X,Y ) be a continuous random vector with joint pdf f(X,Y ). The marginal pdf of
X, denoted by fX is given by

fX(x) =

∫ ∞

−∞
f(X,Y )(x, y) dy.

The marginal pdf fY of Y is defined similarly, integrating out the x variable instead.

Remark. Clearly fX (as defined above) is nonnegative and also∫ ∞

−∞
fX(x) dx =

∫ ∞

−∞

∫ ∞

−∞
f(X,Y )(x, y) dy dx = 1.

Thus fX is indeed a valid density function.
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Proposition 6.3. Let X and Y be jointly absolutely continuous random variables with joint pdf f(X,Y ).
Then X and Y are independent if and only if f(X,Y ) can be expressed as

f(X,Y )(x, y) = g(x)h(y)

for every x, y ∈ R, where g, h : R → [0,∞).

Proof. (⇒) By independence, we have F(X,Y )(x, y) = FX(x)FY (y), so

f(X,Y )(x, y) =
∂2

∂x∂y
F(X,Y )(x, y) =

∂

∂x

(
∂

∂y
FX(x)FY (y)

)
=

∂

∂x

(
FX(x)

∂

∂y
FY (y)

)
=

∂

∂x
(FX(x)fY (y)) = fX(x)fY (y).

This gives the desired conclusion in this direction.

(⇐) Check this as an exercise.

Proposition 6.4. Random variables X, Y are independent if and only if

E[h1(X)h2(Y )] = E[h1(X)]E[h2(Y )]

for all h1, h2 : R → R.

Proof. (⇒) This is clear by the independence of X and Y .

(⇐) As in the discrete case, use indicator functions. Then argue using limits of indicators.

Example 6.4.1. Let X, Y be two random variables with joint pdf given by

f(X,Y )(x, y) = 2e−x−y, 0 < x < y < ∞.

Are X and Y independent? The answer is no. It might be tempting to say that f(X,Y ) factors, but it
does not factor over all of R2: The region where the above formula holds adds dependence between x
and y. To verify this, we can compute the marginal densities. We have

fX(x) =

∫ ∞

x

f(X,Y )(x, y) dy =

∫ ∞

x

2e−xe−y dy = 2e−x
[
−e−y

]y=∞
y=x

= 2e−2x

for x > 0. This says that X ∼ Exp(2). Similarly, we can find that

fY (y) =

∫ y

0

2e−xe−y dx = 2e−y
[
−e−x

]x=y

x=0
= 2e−y(−e−y + 1) = 2e−y − 2e−2y

for y > 0. Note that fY (y) ≥ 0 since 1− e−y ≥ 0 for y > 0, and∫ ∞

0

fY (y) dy =

∫ ∞

0

2e−y(−e−y + 1) dy = 2

∫ ∞

0

e−y dy −
∫ ∞

0

2e−2y dy = 2− 1 = 1,

where we recognize the first integral as the integral of a standard exponential density and the second
integral as the integral of an exponential density with parameter λ = 2. Now we can see that

f(X,Y )(x, y) = 2e−x−y ̸= 2e−2x(2e−y − 2e−2y) = fX(x)fY (y),

which shows that X and Y are not independent.
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6.3 Transformations of Random Variables

Theorem 6.1. Let X and Y be two independent random variables with respective density functions fX
and fY . Then Z = X + Y has density function given by

fZ(z) = (fX ∗ fY )(z) =
∫ ∞

−∞
fX(x)fY (z − x) dx

for all z ∈ R.

Proof. For fixed z ∈ R, we have

P(Z ≤ z) = P(X + Y ≤ z) =

∫∫
Az

f(X,Y )(x, y) dxdy =

∫ ∞

−∞

∫ z−x

−∞
fX(x)fY (y) dydx,

where Az = {(x, y) ∈ R2 : x+ y ≤ z}. By substituting u = x and v = x+ y (and exchanging the order
of integration, which is permissible by Tonelli’s theorem since f(X,Y )(x, y) ≥ 0), we get

P(Z ≤ z) =

∫ z

−∞

∫ ∞

−∞
f(X,Y )(u, v − u) dudv =

∫ z

−∞

∫ ∞

−∞
fX(u)fY (v − u) dudv

by the independence of X, Y . Now differentiating both sides in z gives the desired result.

Theorem 6.2. Let X and Y be jointly absolutely continuous with joint density f(X,Y ). Let

D = {(x, y) ∈ R2 : f(X,Y )(x, y) > 0} and T : (x, y) → T (x, y) = (u(x, y), v(x, y)).

Assume that T is a bijection from D to S ⊆ R2. Then the pair (U, V ) = (u(X, Y ), v(X, Y )) is jointly
absolutely continuous with density function

f(U,V )(u, v) =

{
f(X,Y )(x(u, v), y(u, v))|J(u, v)| if (u, v) ∈ S,

0 otherwise,

where J(u, v) is the Jacobian determinant of T−1 at (u, v).

Proof. Let A ⊆ D and T (A) = B. Since T is a bijection, we have

P((U, V ) ∈ B) = P(T (X,Y ) ∈ B) = P((X, Y ) ∈ A).

Now by the change of variables formula from multivariable calculus, we have

P((U, V ) ∈ B) = P((X,Y ) ∈ A) =

∫∫
A

f(X,Y )(x, y) dxdy

=

∫∫
B

f(X,Y )(x(u, v), y(u, v))|J(u, v)| dudv.

From this we obtain∫∫
B

f(U,V )(u, v) dudv = P((U, V ) ∈ B) =

∫∫
B

f(X,Y )(x(u, v), y(u, v))|J(u, v)| dudv.

Since this holds for every B ⊆ S, we deduce that the integrands must be equal (if they differed on a set
E of positive measure, then their integrals will differ on a subset of E).
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6.4 Conditional Distributions

Definition 6.5. The conditional density of X given {Y = y} is denoted by

FX|Y (x|y) =
f(X,Y )(x, y)

fY (y)
=

f(X,Y )(x, y)∫ ∞

−∞
f(X,Y )(x, y) dx

for all y ∈ R with fY (y) > 0.

Example 6.5.1. Let

f(X,Y )(x, y) =

{
2e−x−y if 0 < x < y < ∞,

0 otherwise.

Then we have

fY |X(y|x) =
f(X,Y )(x, y)

fX(x)
=

2e−x−y

2e−2x
= ex−y 0 < x < y < ∞

and

fX|Y (x|y) =
f(X,Y )(x, y)

fY (y)
=

2e−x−y

2e−y(1− e−y)
=

e−x

1− e−y
0 < x < y < ∞,

using the marginal pdfs we computed from a previous example.

Definition 6.6. The conditional expectation of X given {Y = y} is defined by

E[X|Y = y] =

∫ ∞

−∞
xfX|Y (x|y) dx =

∫ ∞

−∞
x
f(X,Y )(x, y)

fY (y)
dx

for all y ∈ R with fY (y) > 0.

Proposition 6.5. For continuous random variables X, Y with density functions fX , fY , we have

E[X] =

∫ ∞

−∞
E[X|Y = y]fY (y) dy and E[Y ] =

∫ ∞

−∞
E[Y |X = x]fX(x) dx.

Proof. We have ∫ ∞

−∞
E[X|Y = y]fY (y) dy =

∫ ∞

−∞

∫ ∞

−∞
x
f(X,Y )(x, y)

fY (y)
fY (y) dxdy

=

∫ ∞

−∞

∫ ∞

−∞
xf(X,Y )(x, y) dxdy = E[X].

The computation for E[Y ] is identical.

6.5 Bivariate Normal Distribution

Definition 6.7. The random vector (X,Y ) is said to be normally distributed if

f(X,Y )(x, y) =
1

2π
√

1− ρ2
exp

(
− 1

2(1− ρ2)
(x2 − 2ρxy + y2)

)
for all x, y ∈ R and ρ ∈ (−1, 1).
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Remark. Note that if ρ = 0, then the joint density becomes

f(X,Y )(x, y) =
1

2π
exp

(
−1

2
(x2 + y2)

)
=

1√
2π

e−x2/2 · 1√
2π

e−y2/2

for every x, y ∈ R. So X, Y are independent and X, Y ∼ N (0, 1).

Example 6.7.1. We can compute the marginal distribution of X by

fX(x) =

∫ ∞

−∞
f(X,Y )(x, y) dxdy =

1

2π
√

1− ρ2

∫ ∞

−∞
e−(x2−2ρxy+y2)/2(1−ρ2) dy

=
1

2π
√

1− ρ2

∫ ∞

−∞
e−((y−ρx)2+x2(1−ρ2))/2(1−ρ2) dy

=
1

2π
√

1− ρ2
e−x2(1−ρ2)/2(1−ρ2)

∫ ∞

−∞
e−(y−ρx)2/2(1−ρ2) dy

=
e−x2/2

√
2π

· 1√
2π(1− ρ2)

∫ ∞

−∞
e−(y−ρx)2/2(1−ρ2) dy =

1√
2π

e−x2/2,

since the last integral is the integral of the pdf of a N (ρx, 1− ρ2) random variable. From this we can
recognize that X ∼ N (0, 1), and by symmetry we also see that Y ∼ N (0, 1).

Example 6.7.2. Now we compute the conditional pdf of Y given X = x. This is

fY |X(y|x) =
f(X,Y )(x, y)

fX(x)
=

e−((y−ρ2)+x2(1−ρ2))/2(1−ρ2)

√
2π
√

2π(1− ρ2)
·
√
2π

e−x2/2
=

e−(y−ρx)2/2(1−ρ2)√
2π(1− ρ2)

.

This shows that Y |X = x has a normal density with mean ρx and variance 1 − ρ2. We also get the
formula for fX|Y (x|y) by symmetry by exchanging the roles of x and y. Note that this also gives

E[Y |X = x] = ρx and E[X|Y = y] = ρy.

Note that the conditional expectation of X given Y = y is linear in y (and linear in x for Y |X = x).

Example 6.7.3. We compute E[XY ]. We can write

E[XY ] =

∫ ∞

−∞
E[XY |X = x]fX(x) dx.

Since we condition on X = x, we have E[XY |X = x] = E[xY |X = x] = xE[Y |X = x], and so

E[XY ] =

∫ ∞

−∞
xE[Y |X = x]fX(x) dx =

∫ ∞

∞
x(ρx)fX(x) dx = ρ

∫ ∞

−∞
x2fX(x) dx = ρ

since we recognize the last integral as the integral for Var[X] = 1.

Remark. The above computations show that

Cov(X,Y ) = E[XY ]− E[X]E[Y ] = ρ− 0 · 0 = ρ.

So the parameter ρ in the bivariate normal pdf is the covariance of X and Y .
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Remark. If (X, Y ) is a normal random vector, then X and Y are independent if and only if X and Y
are uncorrelated, i.e. Cov(X, Y ) = 0. Recall that being uncorrelated does not imply independence in
general. This special case works because the conditional expectations are linear.

Definition 6.8. The correlation coefficient of two random variables X and Y is given by

ρ(X, Y ) =
Cov(X,Y )√

Var[X]
√

Var[Y ]
,

provided that Var[X],Var[Y ] > 0, i.e. X ̸= E[X] and Y ̸= E[Y ].

Definition 6.9. Let µ ∈ Rd and Σ be a positive definite symmetric d× d matrix. We say that X has
the multivariate normal distribution with mean µ and covariance matrix Σ, written X ∼ N (µ,Σ), if

fX(x) =
1

(2π)d/2
√
detΣ

exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
for all x ∈ Rd.

Remark. When d = 2, we get

fX(x) =
1

2π
√

σ2
1σ

2
2(1− ρ2)

exp

(
−1

2(1− ρ2)

[
(x1 − µ1)

2

σ2
1

− 2ρ(x1 − µ1)(x2 − µ2)

σ1σ2

+
(x2 − µ2)

2

σ2
2

])
as the joint pdf. Here we have

x =

[
x1

x2

]
, µ =

[
µ1

µ2

]
, and Σ =

[
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

]
.

If X = (X1, X2), then E[X1] = µ1, E[X2] = µ2, Var[X1] = σ2
1, Var[X2] = σ2

2, and ρ(X1, X2) = ρ.

6.6 Homework Problems

Problems #1, 3, 4, 9, 11, 15, 20, 21, 24, 26 from Grimmett and Welsh.



Chapter 7

Moment Generating Functions

7.1 Other Types of Random Variables

Example 7.0.1. Random variables may be neither discrete nor absolutely continuous. Let X ∼ Exp(1):

fX(x)

{
e−x if x > 0,

0 otherwise
and FX(x) =

{
0 if x ≤ 0,

1− e−x if x > 0.

Let Y be a discrete random variable, say given by

P(Y = k) = 2k−1, k = 0,−1,−2, . . . .

Define

F (x) =
1

2
FY (x) +

1

2
FX(x) =

1

2
FY (x) +

1

2
(1− e−x)1(0,∞)(x).

One can show that F is increasing, limx→∞ F (x) = 1, limx→−∞ F (x) = 0, and F is right-continuoous, so
F is a distribution function. But F is not a step function or continuous, so the random variable with
distribution function F is neither discrete nor continuous.

Remark. In general, there is another type of random variable called a singular random variable, which
has zero density almost everywhere but is not constant. One can show that every random variable X
can be uniquely decomposed as

X = Xdisc +Xcont +Xsing,

where Xdisc is discrete, Xcont, is absolutely continuous, and Xsing is singular continuous.

7.2 Covariance

Definition 7.1. For two random variables X,Y with E[X2],E[Y 2] < ∞, their covariance is

Cov(X,Y ) = E[(X − E[X])(Y − E[Y ])] = E[XY ]− E[X]E[Y ].

Remark. Why do we need E[X2],E[Y 2] < ∞? This is because of the Cauchy-Schwarz inequality.

Proposition 7.1 (Cauchy-Schwarz inequality). Let X, Y be two random variables with E[X2],E[Y 2] < ∞.
Then we have

|E[XY ]| ≤
√

E[X2]
√
E[Y 2].

48
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Proof. Let x ∈ R and consider A(x) = xX + Y . Then

0 ≤ P (x) = E[(xX + Y )2] = E[x2X2 + 2xXY + Y 2] = x2E[X2] + 2xE[XY ] + E[Y 2].

Since P (x) ≥ 0 for all x ∈ R, its discriminant must be non-positive, i.e.

(2E[XY ])2 − 4E[X2]E[Y 2] ≤ 0,

which implies that E[XY ]2 ≤ E[X2]E[Y 2], or |E[XY ]| ≤
√
E[X2]

√
E[Y 2].

Remark. Why does E[X2] < ∞ imply that E[XY ] < ∞? This is because

E[|X|] = E[|X| · 1] ≤
√

E[|X|2]
√

E[1] =
√
E[X2] < ∞

by the Cauchy-Schwarz inequality, when E[X2] < ∞.

Remark. Recall the correlation coefficient ρ(X, Y ). When E[X2],E[Y 2] < ∞, we have

|Cov(X,Y )| = |E[(X − E[X])(Y − E[Y ])]| ≤
√

E[(X − E[X])2]
√
E[(Y − E[Y ])2]

=
√
Var(X)

√
Var(Y )

by the Cauchy-Schwarz inequality. This implies that −1 ≤ ρ(X, Y ) ≤ 1. Note that ρ(X, Y ) is analogous
to the cosine of the angle θ between two vectors, where for x, y ∈ Rn we defined

cos θ =
⟨x, y⟩
∥x∥∥y∥

=
⟨x, y⟩√

⟨x, x⟩
√

⟨y, y⟩
.

Recall that cos θ if and only if x ⊥ y. Similarly, ρ(X, Y ) = 0 if and only if Cov(X, Y ) = 0, which is a
sense of orthogonality for X and Y . This is justification for the notation X ⊥⊥ Y for independence. Also,

cos θ = 1 if and only if x = ay, a > 0,

cos θ = −1 if and only if x = ay, a < 0.

Similarly, for random variables X = aY + b with a ̸= 0 and b ∈ R,

ρ(X, Y ) =
Cov(aY + b, Y )√

Var[aY + b]
√

Var[Y ]
=

E[(aY + b)Y ]− E[aY + b]E[Y ]√
Var[aY ]

√
Var[Y ]

=
E[aY 2] + bE[Y ]− aE[Y ]E[Y ]− bE[Y ]√

a2Var[Y ]
√
Var[Y ]

=
aVar[Y ]

|a|Var[Y ]
=

a

|a|
.

This is similar to the result for cos θ. Thus ρ(X, Y ) is a measure of the linear dependence of X and Y .
Note that we also have the converse: If ρ(X, Y ) = ±1, then X = aY + b for some a ≠ 0 and b ∈ R. This
is due to the sharpness of the Cauchy-Schwarz inequality (double root if and only if discriminant is 0).

Proposition 7.2. Suppose X1, . . . , Xn are independent random variables, and let L =
∑n

k=1 akXk for
some ak ∈ R. Then

Var[L] =
n∑

k=1

a2k Var[Xk].
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Proof. By independence (recall that Var[X + Y ] = Var[X] + Var[Y ] when X ⊥⊥ Y ), we have

Var[L] = Var

[
n∑

k=1

akXk

]
=

n∑
k=1

Var[akXk] =
n∑

k=1

a2k Var[Xk].

This is the desired formula.

Proposition 7.3. Suppose X1, . . . , Xn are random variables (not necessarily independent), and let
L =

∑n
k=1 akXk for some ak ∈ R. Then

Var[L] =
n∑

k=1

a2k Var[Xk] + 2
∑

1≤k<ℓ≤n

akaℓ Cov(Xk, Xℓ).

Proof. First observe that

E[L] = E

[
n∑

k=1

akXk

]
= akE[Xk],

so we get that

Var[L] = E[L2]− E[L]2 = E

( n∑
k=1

ak(Xk − E[Xk])

)2
 .

Expanding the square, we obtain

Var[L] = E

[
n∑

k=1

n∑
ℓ=1

akaℓ(Xk − E[Xk])(Xℓ − E[Xℓ])

]
=

n∑
k=1

n∑
ℓ=1

akaℓE[(Xk − E[Xk])(Xℓ − E[Xℓ])]

=
n∑

k=1

n∑
ℓ=1

akaℓ Cov(Xk, Xℓ) =
n∑

k=1

a2k Var[Xk] +
∑

1≤k ̸=ℓ≤n

akaℓ Cov(Xk, Xℓ)

=
n∑

k=1

a2k Var[Xk] + 2
∑

1≤k<ℓ≤n

akaℓ Cov(Xk, Xℓ),

where we have used Var[X] = Cov(X,X). This is the desired formula.

Corollary 7.0.1. If X1, . . . , Xn are pairwise uncorrelated, i.e. Cov(Xk, Xℓ) = 0 for all k ̸= ℓ, then

Var

[
n∑

k=1

akXk

]
=

n∑
k=1

a2k Var[Xk].

Proposition 7.4. Let L1 =
∑n

k=1 akXk and L2 =
∑n

k=1 bkXk for some ak, bk ∈ R. Then

Cov(L1, L2) =
n∑

k=1

n∑
ℓ=1

akbℓ Cov(Xk, Xℓ),

i.e. the covariance is bilinear.
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Proof. Since E[L1] =
∑n

k=1 akE[Xk] and E[L2] =
∑n

k=1 bkE[Xk], we have

Cov(L1, L2) = E

[(
n∑

k=1

ak(Xk − E[Xk])

)(
n∑

ℓ=1

bℓ(Yℓ − E[Yℓ])

)]

= E

[
n∑

k=1

n∑
ℓ=1

akbℓ(Xk − E[Xk])(Xℓ − E[Xℓ])

]

=
n∑

k=1

n∑
ℓ=1

akbℓE[(Xk − E[Xk])(Xℓ − E[Xℓ])] =
n∑

k=1

n∑
ℓ=1

akbℓ Cov(Xk, Xℓ),

which is the desired result.

7.3 Moment Generating Functions

Definition 7.2. Let X be a random variable. The moment generating function of X, if it exists, is

MX(t) = E[etX ] for t ∈ R.

Remark. Since etX ≥ 0, MX(t) ≥ 0. So the only way that Mx(t) might not exist is if it is infinite.

Example 7.2.1. If X is absolutely continuous with density fX , then

MX(t) =

∫ ∞

−∞
etxfX(x) dx.

This is essentially the Laplace transform of fX . Note that for t = 0, we have

MX(0) = E[e0X ] = E[1] = 1.

In particular, MX(0) is always finite. However, MX(t) could be infinite for every t ̸= 0.

Example 7.2.2. In the discrete case where X has pmf pX , we have

MX(t) =
∑

x∈R(X)

etxpX(x).

Remark. Why is MX called the moment generating function? This is because

MX(t) = E[etX ] = E

[
∞∑
k=0

(tX)k

k!

]
=

∞∑
k=0

E
[
tkXk

k!

]
=

∞∑
k=0

tkE[Xk]

k!
.

The exchange of the sum and expectation is justified by uniform convergence when MX(t) exists in an
open neighborhood of 0, By the uniqueness of Taylor expansions, we obtain that

M
(k)
X (0) = E[Xk] for k ∈ 0, 1, 2, . . . ,

i.e. MX generates the moments of X.
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Theorem 7.1. If a moment generating function MX(t) exists for all t ∈ (−δ, δ) for some δ > 0, then
MX uniquely determines the distribution of X. Moreover, E[|X|k] < ∞ for all k = 1, 2, . . . and

MX(t) =
∞∑
k=0

tkE[Xk]

k!
for t ∈ (−δ, δ).

Proof. Look this up. The idea is that if MX(t) exists for t ∈ (−δ, δ), then MX is differentiable there.

Example 7.2.3. The contrapositive of the above theorem says that if E[|X|k] = ∞ for any k ≥ 1, then
then MX cannot exist on any open neighborhood of 0. For instance, take a Cauchy random variable.

Example 7.2.4. On the other hand, MX(t) can exist for all t ∈ R. Let X ∼ Ber(p), then

MX(t) = E[etX ] = e0t(1− p) + etp = 1− p+ pet,

which exists on all of R.

Proposition 7.5. We have the following properties of moment generating functions:

(i) Let MX be the mgf of X. Then MaX+b(t) = etbMX(at).

(ii) Let X and Y be independent random variables with mgfs MX existing for t ∈ (−δ1, δ2) and MY

existing for t ∈ (−δ2, δ2). Then for t ∈ (−min{δ1, δ2},min{δ1, δ2}), MX+Y (t) exists and

MX+Y (t) = MX(t)MY (t).

Proof. (i) We have
MaX+b(t) = E[et(aX+b)] = etbE[et(aX)] = etbMX(at).

(ii) We have
MX+Y (t) = E[et(X+Y )] = E[etXetY ] = E[etX ]E[etY ] = MX(t)MY (t)

by the independence of X and Y .

7.4 Characteristic Functions

Definition 7.3. Let X be a random variable. The characteristic function of X, denoted by φX , is

φX(t) = E[eitX ] for t ∈ R.

Remark. If X has pdf fX , then we define the expectation of the complex-valued function eitX by

φX(t) =

∫ ∞

−∞
eitxfX(x) dx =

∫ ∞

−∞
cos(tx)fX(x) dx+ i

∫ ∞

−∞
sin(tx)fX(x) dx.

In particular, unlike the moment generating function, φX exists for all t ∈ R. This is because

|φX(t)| =
∣∣∣∣∫ ∞

−∞
eitxfX(x) dx

∣∣∣∣ ≤ ∫ ∞

−∞
|eitxfX(x)| dx =

∫ ∞

−∞
fX(x) dx = 1.

We similarly have the power series expansion

φX(t) = E[eitX ] = E

[
∞∑
k=0

(it)kXk

k!

]
=

∞∑
k=0

(it)kE[Xk]

k!
,

which says that φ
(k)
X (0) = ikE[Xk] by the uniqueness of Taylor expansions.
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Remark. Similar uniqueness results and properties also hold for characteristic functions, as for mgfs.
We also have some additional results for characteristic functions.

Theorem 7.2. Let X be a random variable. If E[|X|N ] < ∞ for some integer N ≥ 1, then

φX(t) =
N∑
k=0

(it)kE[Xk]

k!
+ o(tN) as t → 0.

Proof. Look this up.

Theorem 7.3. We have the following properties of characteristic functions:

(i) Let φX be the characteristic function of X. Then φaX+b(t) = eitbφX(at).

(ii) Let X and Y be independent random variables. Then for all t ∈ R, φX+Y (t) = φX(t)φY (t).

Proof. The proofs carry over almost identically from the mgf case. One detail to notice is that we have
only shown E[AB] = E[A]E[B] for real-valued random variables. But this can be remedied by writing

E[eitXeitY ] = E[(cos(tX) + i sin(tX))(cos(tY ) + i sin(tY ))]

= E[cos(tX) cos(tY )− sin(tX) sin(tY )] + iE[cos(tX) sin(tY ) + E[sin(tX) cos(tY )].

These are now real-valued random variables and we can proceed as before.

7.5 Important Inequalities

Theorem 7.4 (Bienaymé-Chebyshev-Markov inequality). Let X be a nonnegative random variable.
Then for all t > 0, we have

P(X ≥ t) ≤ E[X]

t
.

Proof. We can split X into two parts and get

E[X] = E[X1X≥t] + E[X1X<t] ≥ E[X1X≥t] ≥ tE[1X≥t] = tP(X ≥ t).

Note that E[X1X<t] ≥ 0 as X ≥ 0 and we trivially have X ≥ t on the set {X ≥ t}.

Remark. The previous inequality says that if E[X] < ∞, then the tail behaves like 1/t. If instead we
have E[X2] < ∞ and X ≥ 0, then we can write

P(X ≥ t) = P(X2 ≥ t2) = P(Y ≥ t2) ≤ E[Y ]

t2
=

E[X2]

t2
.

This formulation of Markov’s inequality is known as Chebyshev’s inequality. Another version is that

P(|X − E[X]| ≥ t) ≤ Var[X]

t2
for all t > 0.

Theorem 7.5 (Jensen’s inequality). Let h : (a, b) → R be a convex function, i.e. such that

h(λx+ (1− λ)y) ≤ λh(x) + (1− λ)h(y) for all 0 < λ < 1.

Then we have h(E[X]) ≤ E[h(X)].
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Proof. Refer to Grimmett and Welsh.

Example 7.3.1. The particular case h(x) = x2 (note that h′′(x) ≥ 0 is sufficient to imply convexity) of
Jensen’s inequality yields (E[X])2 ≤ E[X2], i.e. Cauchy-Schwarz.

7.6 Homework Problems

Problems #2, 3, 8, 10, 14, 17, 18, 20, 24 from Grimmett and Welsh.



Chapter 8

Limit Theorems

8.1 Convergence of Random Variables

Example 8.0.1. Let {an}∞n=1 be a sequence of real numbers such that an → 0 as n → ∞. Then

a1 + · · ·+ an
n

−−−→
n→∞

0

as well. This is known as Cesàro convergence. We sometimes write a1 + · · ·+ an =
∑n

k=1 ak = sn.

Remark. What does it mean for a sequence of random variables to converge? Let X1, . . . , Xn, . . . be a
sequence of random variables. Each Xk is a function Xk : Ω → R. One possible notion of convergence is
the pointwise convergence of the Xk. But this is not very useful as it is not very likely. If the Xk are
coin flips, then we get a random sequence of 0s and 1s. This probably does not converge pointwise.

Definition 8.1. A sequence {Xn}∞n=1 of random variables converges in mean-square to X if

lim
n→∞

E[(Xn −X)2] = 0.

Convergence in mean-square is often denoted by Xn
m.s.−−−→
n→∞

X.

Definition 8.2. A sequence {Xn}∞n=1 of random variables converges in probability to X if for all ϵ > 0,

P(|Xn −X| ≥ ϵ) −−−→
n→∞

0.

Convergence in probability is often denoted by Xn
P−−−→

n→∞
X.

Example 8.2.1. Define Xn by P(Xn = 0) = 1 − 1/n and P(Xn = n) = 1/n. In this case, we have
Xn → 0 in probability. To see this, fix ϵ > 0, and we can compute that

P(|Xn| ≥ ϵ) = P(Xn = n) =
1

n
−−−→
n→∞

0.

Remark. The idea behind mean-square convergence is that we have E[Y 2] = 0 if and only if Y = 0
almost surely. One difference is that the Xn must have finite second moments in order to talk about
mean-square convergence, whereas this is not necessary for convergence in probability.

Example 8.2.2. Define Xn the same way as in the previous example. We can compute that

E[Xn]
2 =

n2

n
= n,

which does not converge to 0 as n → ∞. Thus Xn does not converge to 0 in mean-square. In particular,
this means that convergence in probability does not imply convergence in mean-square.
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Example 8.2.3. Now define Xn by P(Xn = 1) = 1/n and P(Xn = 2) = 1− 1/n. We can compute

E[(Xn − 2)2] = (1− 2)2
1

n
+ (2− 2)2

(
1− 1

n

)
=

1

n
−−−→
n→∞

0,

so we can conclude that Xn
m.s.−−−→
n→∞

2.

Proposition 8.1. Convergence in mean-square implies convergence in probability.

Proof. Recall that if X ≥ 0 and x > 0, then by Markov’s inequality we have

P(X ≥ x) ≤ E[X]

x
.

Applying this inequality to |Xn −X| and ϵ > 0 gives us

P(|Xn −X| ≥ ϵ) = P(|Xn −X|2 ≥ ϵ2) ≤ E[(Xn −X)2]

ϵ2
−−−→
n→∞

0

when Xn
m.s.−−−→
n→∞

X, since ϵ > 0 is fixed. This shows convergence in probability.

8.2 Weak Law of Large Numbers

Theorem 8.1 (Weak law of large numbers). Let X1, X2, . . . , Xn, . . . be a sequence of independent random
variables, each with mean µ and variance σ2. Then

1

n
(X1 + · · ·+Xn)

m.s.−−−→
n→∞

µ.

Proof. Let Sn = X1 + · · ·+Xn. Since E[X1] = E[X2] = · · · = E[Xn] = µ, we have

E
[
Sn

n

]
=

µ1 + · · ·+ µn

n
=

nµ

n
= µ.

Now we can compute that

E

[(
Sn

n
− µ

)2
]
= E

[(
Sn

n
− E[Sn]

n

)2
]
=

1

n2
E[(Sn − E[Sn])

2]

=
1

n2
Var[Sn] =

1

n2

n∑
k=1

Var[Xk] =
nσ2

n2
=

σ2

n
−−−→
n→∞

0,

where Var[Sn] =
∑n

k=1Var[Xk] by independence. This implies that Sn/n
m.s.−−−→
n→∞

µ.

Remark. In the above proof, it is enough to assume that the Xi are uncorrelated in place of independence.
It is also enough to assume that the variances Var[Xi] are uniformly bounded, i.e. Var[Xi] ≤ M for
every i. In this case, we can replace σ2 with M and still get M/n → 0 as n → ∞.

Remark. In ergodic theory, this type of result is known as an ergodic theorem.
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Example 8.2.4. Suppose that Xi ∼ Ber(p) for i ≥ 1 are independent. Note that E[Xi] = p. Then the
weak law of large numbers says that we have

X1 + · · ·+Xn

n

m.s.−−−→
n→∞

E[X1] = p = P(X1 = 1).

Mean-square convergence then implies convergence in probability, so this says that averaging the flips of
a coin will give the probability of getting heads as the number of flips n → ∞.

Remark. The (strong) law of large numbers says that we also get convergence almost surely.

8.3 Central Limit Theorem

Remark. The weak law of large numbers says that Sn/n ≈ µ, i.e. Sn ≈ nµ. But this is a first order
approximation: nµ ∈ R is a constant, but Sn is random. Observe that Sn − nµ is random and

E[Sn − nµ] = 0

if all of the Xk have the same mean. This means that Sn − nµ has mean 0 and variance

Var[Sn − nµ] = Var[Sn] = nσ2

if all of the Xk have the same variance. In particular, these calculations imply that

Zn =
Sn − nµ√

nσ2

has mean 0 and variance 1. The central limit theorem says that in fact Zn ≈ N (0, 1).

Remark. The convergence of Zn to N (0, 1) is not in mean-square, in probability, or almost surely.

Theorem 8.2 (Central limit theorem). Let X1, X2, . . . , Xn, . . . be i.i.d. random variables with mean µ
and variance σ2 > 0. Then

Zn =
Sn − nµ√

nσ2

converges to N (0, 1) in distribution, i.e. FZn(x) → Φ(x) pointwise as n → ∞.

Proof. Assume each Xk has a finite mgf, i.e. MXk
(t) = E[etXk ] exists for all t ∈ R. Then

MZn(t) = E
[
exp

(
t · Sn − nµ√

nσ2

)]
= E

[
exp

(
t√
nσ2

(Sn − nµ)

)]
.

Since the Xk are i.i.d., we obtain

MZn(t) =
n∏

k=1

E
[
exp

(
t√
nσ2

(Xk − µ)

)]
=

(
E
[
exp

(
t√
nσ2

(X1 − µ)

)])n

.

Using the power series expansion for exp(x), this becomes

MZn(t) =

(
E
[
1 +

t√
nσ2

(X1 − µ) +
t2

2nσ2
(X1 − µ)2 +

t3

6(nσ2)3/2
(X1 − µ)3 + · · ·

])n

.
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By the uniform convergence of the power series for ex and using E[X1 − µ] = 0, we obtain

MZn(t) =

(
1 +

t√
nσ2

E[X1 − µ] +
t2

2nσ2
E[(X1 − µ)2] + o(1/n)

)n

=

(
1 +

t2

2n
+ o(1/n)

)n

−−−→
n→∞

et
2/2 = MN (0,1)(t),

where we recalled that (1 + x/n)n → ex as n → ∞. Applying the inversion formula for mgfs, one can
obtain that FZn(x) → Φ(x) as n → ∞. By using the characteristic function in place of the mgf when it
does not exist and carrying through a similar argument, one obtains the result in general.

Remark. Another way to think of the central limit theorem is the following: If X1, . . . , Xn are
independent random variables with finite second moment, i.e. E[X2

k ] < ∞ for each 1 ≤ k ≤ n. Then

Sn = X1 + · · ·+Xn

is approximately normal, i.e. FSn is approximately the cdf of a normal random variable with

µ =
n∑

k=1

E[Xk] and σ2 =
n∑

k=1

Var[Xk].

In particular, if we recenter and rescale Sn, then we get that

(X1 + · · ·+Xn)−
∑n

k=1 E[Xk]√∑n
k=1Var[Xk]

≈ N (0, 1).

In even more generality, if a1, . . . , an ∈ R, then

Ln =
n∑

k=1

akXk ≈ N

(
n∑

k=1

akE[Xk],
n∑

k=1

a2k Var[Xk]

)
.

The appropriate recentering and rescaling can be done to relate this again to N (0, 1).

Remark. Note that if X1, . . . , Xn ∼ Ber(1/2) are independent, then we know that Sn ∼ Bin(n, 1/2),
which is not normal. So we have to interpret the central limit theorem in the appropriate sense.

Remark. Here are a few remarks about the central limit theorem:

• It is crucial in the central limit theorem that E[X2
k ] < ∞ for each k. One can even prove a converse

in the sense that if the central limit theorem holds, then the second moments are finite.

• On the other hand, independence is not so crucial. The central limit theorem holds under a notion
of “weak dependence.” Note that uncorrelated is not enough, however.

• The order of convergence of the central limit theorem is O(1/
√
n).

8.4 Applications of the Central Limit Theorem

Example 8.2.5. Consider the following problem: How many times should a fair coin be tossed to be
sure with probability at least 0.95 that the proportion of tails is between 0.49 and 0.51.
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Note that flipping a fair coin n times is like studying independent X1, . . . , Xn ∼ Bin(1/2). We want to
find n such that

P
(
0.49 ≤ X1 + · · ·+Xn

n
≤ 0.51

)
≥ 0.95.

One way to proceed is to note that X1 + · · ·+Xn = Ber(n, 1/2), so

0.95 ≤ P(0.49n ≤ X1 + · · ·+Xn ≤ 0.51n) =
0.51n∑

k=0.49n

(
n

k

)
2−n,

i.e. we need to find n such that
0.51n∑

k=0.49n

(
n

k

)
≥ 2n(0.95).

This is difficult to compute. On the other hand, the central limit theorem says that

N (0, 1) ≈ (X1 + · · ·+Xn)− n/2√
n/4

=
2√
n

(
X1 + · · ·+Xn −

n

2

)
.

Then if we let Zn = (X1 + · · ·+Xn − n/2)/
√

n/4 ≈ N (0, 1), we have

P(0.49n ≤ X1 + · · ·+Xn ≤ 0.51n) = P

(
− 0.01n√

n/4
≤ (X1 + · · ·+Xn)− n/2√

n/4
≤ 0.01n√

n/4

)
≈ P(−0.02

√
n ≤ Zn ≤ 0.02

√
n)

The above is Φ(0.02
√
n)− Φ(−0.02

√
n), so we would like

0.95 ≤ Φ(0.02
√
n)− Φ(−0.02

√
n) = 2Φ(0.02

√
n)− 1,

or Φ(0.02
√
n) ≥ 0.975. One can use a table or a calculator to find

√
n ≥ 98, or n ≥ 982 ≈ 104.

Example 8.2.6. Let Y = X1 + · · ·+X15 be the sum of a random sample of size 15 (i.e. X1, . . . , X15

are i.i.d. with a common distribution) from the continuous distribution with pdf given by

f(x) =
3

2
x2 for −1 < x < 1.

We would like to find an approximate value for P(−0.3 ≤ Y ≤ 1.5). On one hand, Y has pdf given by

fY = fX1 ∗ · · · ∗ fX15 ,

but this is very difficult to compute. Instead, we can use a normal approximation. We can compute

E[Y ] = 15 · E[X1] = 15

∫ 1

−1

x · 3
2
x2 dx = 0

since the integrand is odd. We can also compute the variance by

Var[Y ] = 15 · Var[X1] = 15

∫ 1

−1

x2 · 3
2
x2 dx =

45

2

[
x5

5

]1
−1

=
45

2
· 2
5
= 9.

Thus Y ≈ N (0, 9), i.e. Y/3 ≈ N (0, 1). Using this approximation, we obtain

P(−0.3 ≤ Y ≤ 1.5) ≈ P(−0.1 ≤ N (0, 1) ≤ 0.5) = Φ(0.5)− Φ(−0.1) ≈ 0.2313.

Remark. As a general rule, when the distribution is not known (i.e. we must estimate the mean and
variance from the samples), the central limit theorem can be used for n ≥ 30. However, if we have
knowledge of the population mean and variance, then n ≥ 10 is usually sufficient.
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8.5 The Poisson Approximation to the Binomial

Remark. We saw that if X ∼ Bin(n, p) with n ≫ 1 and p ≪ 1, then X ≈ Y where Y ∼ Poi(λ = np).

Proposition 8.2. Let X1, . . . , Xn be independent Poisson random variables with parameters λ1, . . . , λn.
Then we have X1 + · · ·+Xn ∼ Poi(λ1 + · · ·+ λn).

Proof. The moment generating function of X ∼ Poi(λ) is

MX(t) = E[etX ] =
∞∑
k=0

etk
λke−λ

k!
= e−λ

∞∑
k=0

(λet)k

k!
= e−λeλe

t

= eλ(e
t−1)

for all t ∈ R. Then by independence, we have

MX1+···+Xn(t) =
n∏

k=1

MXk
(t) =

n∏
k=1

exp(λk(e
t − 1)) = exp((λ1 + · · ·+ λn)(e

t − 1)).

Thus by uniqueness, we have X1 + · · ·+Xn ∼ Poi(λ1 + · · ·+ λn).

Remark. Thus for sums of independent Bernoulli random variables, we have two types of approximations:

• Poisson: X1 + · · ·+Xn ≈ Poi(np).

• Normal: X1 + · · ·+Xn ≈ N (np, np(1− p)).

The two approximations are of the same order because Poi(λ) ≈ N (λ, λ). Thus if p ≪ 1, then

Poi(np) ≈ N (np, np) ≈ N (np, np(1− p)).

The approximation Poi(λ) ≈ N (λ, λ) is to be understood via their distribution functions, i.e. that

P(Y ≤ y) ≈ P(X ≤ y)

if we have Y ∼ Poi(λ) and X ∼ N (λ, λ).

8.6 Homework Problems

Problems #1, 2, 5, 7, 8, 11, 14, 15 from Grimmett and Welsh.
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Additional Topics

9.1 Decomposition of Random Variables

Remark. Recall that there are random variables which are neither discrete nor absolutely continuous.1

Theorem 9.1. Any cdf F is the convex combination of three cdfs, i.e.

F = α1F1 + α2F2 + α3F3,

where α1, α2, α3 ≥ 0 and α1 + α2 + α3 = 1, and

• F1 is a step function,

• F2 is the cdf of an absolutely continuous random variable, i.e.

F2(x) =

∫ x

−∞
f(t) dt

where f is a density,

• and F3 is a non-constant continuous function which has F ′
3(x) = 0 almost everywhere on R.

Remark. Distribution functions of the last type F3 are said to be singular continuous. The Cantor-
Lebesgue function is an example of such a singular continuous function.

9.2 Singular Random Variables

Recall that for x ∈ [0, 1], we have a dyadic expansion

x =
∞∑
k=1

xk

2k
,

where xk ∈ {0, 1}. This expansion is not a priori unique, but we can choose the unique expansion which
has infinitely many ones. Similarly, for ak ∈ {0, 1, 2}, we have a ternary expansion

x =
∞∑
k=1

ak
3k

.

1See Example 7.0.1 for a concrete example of such a random variable.
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Definition 9.1. Define the sets Ck ⊆ [0, 1] by removing the middle of each interval in Ck−1, i.e.

C1 = [0, 1], C2 = [0, 1/3] ∪ [2/3, 1], C3 = [0, 1/9] ∪ [2/9, 1/3] ∪ [2/3, 7/9] ∪ [8/9, 1],

where C1 ⊇ C2 ⊇ C3 ⊇ · · · . Then the (middle-thirds) Cantor set is C =
⋂∞

k=1Ck.

Remark. Note that C is nonempty. This is because C is a nested sequence of nonempty compact sets,
so their intersection is nonempty. A more explicit way to see this is to notice that

C =

{
x ∈ [0, 1] : x =

∞∑
k=1

ak
3k

, where ak = 0 or ak = 2

}
.

Now for any x ∈ C, i.e. x =
∑∞

k=1 ak3
−k for ak ∈ {0, 2}, define the function

F (x) =
1

2

∞∑
k=1

ak
2k

.

Observe that F (0) = 0 since ak = 0 for all k, and F (1) = 1 since ak = 1 for all k. Also notice that
F (x) ≤ F (y) whenever x ≤ y, so that F is non-increasing. Extend F to [0, 1] by setting

F (x) = sup{F (y) : y ∈ C ∩ [0, x)}

for x /∈ C. Finally extend F to all of R by F (x) = 0 for x < 0 and F (x) = 1 for x > 1. Thus we have a
function F : [0, 1] which is non-decreasing, limx→−∞ F (x) = 0, and limx→∞ F (x) = 1. Note also that F
is continuous. This function F constructed in this way is called the Cantor-Lebesgue function.

In particular, the properties above guarantee that F is a cdf, so let X be a random variable having F as
a cdf. Clearly F is not discrete because F is continuous. However, F is also not absolutely continuous,
i.e. it is not given via a density. To see this, observe that F is constant on the deleted intervals

(1/3, 2/3), (1/9, 2/9), (7/9, 8/9), . . . ,

and the total length of these intervals is equal to

1 · 1
3
+ 2 · 1

9
+ 4 · 1

27
+ · · · =

∞∑
k=1

2k

3k
= 1.

In particular, this means that F ′(x) = 0 almost everywhere on [0, 1]. Thus if we had

F (x) =

∫ x

−∞
f(t) dt,

then we must have f(x) = 0 for almost all 0, which is impossible since F is non-constant. Therefore, F
cannot be given by a density, hence it is not absolutely continuous.

So F is of another type, called singular continuous, which is continuous but not given by a density.
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