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Lecture 1

Aug. 21 — Binary Operations

Definition 2.15. A binary operation o on a set A is a function o: AxA — A, i.e. for every
element (a,b) € Ax A, aob is an element of A.
Here are some examples:
1. +is a binary operation on R, i.e.
+:RxR—>R
(a,b) —>a+b.

Similarly, x and — are also binary operations on R. However, + is not (but is on R\ {0}).

2. + and x are binary operations on N, but — and + are not! For example, we have
—:NxN—>7Z
(2,4)—>-2¢N.
This shows that N is not closed under —.

However, in some sense, these are the “wrong” examples of binary operations. Here’s the “right”
example:

3. If X is any set, let
A={f|f:X — Xis a function}.

Then function composition is a binary operation on A:
0:AXA—A
(f,8)= fog

Note that functions are applied right-to-left,

s ox oy x

S~ feg

i.e. f o g means that g is applied first, then f.

X




LECTURE 1. AUG. 21 — BINARY OPERATIONS

Problem 2.17. Let M(R) be the set of matrices (of any size) with real number entries. Is matrix
addition a binary operation on M(R)? How about matrix multiplication? What if you restrict to
square matrices of a fixed size n x n?

Solution. Matrix addition is not a binary operation on M(R) because the sum of two matrices
of different sizes is not defined. A similar argument causes matrix multiplication to fail as
well. However, if we restrict to n x n matrices, then both addition and matrix multiplication are
well-defined and output another n x n matrix, so they are binary operations on M,;,,,(R). [

Problem 2.18. Let A be a set. Determine whether U (union) and N (intersection) are binary
operations on P(A) (i.e., the power set of A).

Solution. The union of two sets is a binary operation on P(A). To see this, take any X,Y € P(A).
Then foranyae XUY,aecXoracY,soacA. SoXUY CA, and thus XUY € P(A).

Similarly, for intersections, take anyx € XNY. Thenxe X and xe Y,sox € A. Thus XNY CA,
and XNY € P(A). Notethat XUY =g or XNY = is fine, as & € P(A). ]



Lecture 2

Aug. 23 — Symmetries, Groups

Problem 2.20. Consider a square puzzle piece that fits perfectly into a square hole. Let R4 be
the set of net actions consisting of the rotations of the square by an appropriate amount so that
it fits back into the hole. Assume we can tell the corners of the square apart from each other so
that if the square has been rotated and put back into the hole we can notice the difference. Each
net action is called a symmetry of the square.

(a) Describe all of the distinct symmetries in Ry. How many distinct symmetries are in Ry4?

(b) Is composition of symmetries a binary operation on Ry?

Solution. (a) The distinct symmetries are the 0°, 90°, 180°, and 270° rotations, so there are
4 distinct symmetries in R4. We can be sure that this includes every symmetry since a 360°
rotation is the same as no rotation at all.

(b) The composition of symmetries is a binary operation on Ry. To see this, we can momentarily
ignore the fact that we can tell each corner apart. Then a symmetry is exactly an action that
takes the square back to itself. Thus, applying two symmetries in succession will still take the
square back to itself, so their composition is also a symmetry on Ry. [

Problem 2.21. Consider a puzzle piece like the one in the previous problem, except this time,
let’s assume that the piece and the hole are an equilateral triangle. Let D5 be the full set of
symmetries that allow the triangle to fit back into the hole. In addition to rotations, we will also
allow the triangle to be flipped over—called a reflection.

(a) Describe all of the distinct symmetries in D3. How many distinct symmetries are in D3?

(b) Is composition of symmetries a binary operation on D3?

Solution. (a) The distinct symmetries are the 0°, 120°, and 240° rotations, each with or without
a reflection. Thus there are 6 distinct symmetries in Ds.

(b) The composition of symmetries is a binary operation on D3. We can label each vertex of the
triangle with numbers and identify each state of the triangle with a permutation of the numbers.
If we call the set of such states A, then we can realize symmetries as functions f : A — A. From
here, we know that the composition of symmetries is a binary operation since the composition
of functions is a binary operation. [



LECTURE 2. AUG. 23 — SYMMETRIES, GROUPS

Problem 2.23. Consider the set S3 consisting of the net actions that permute the positions of
three coins (without flipping them over) that are sitting side by side in a line. Assume that you
can tell the coins apart.

(a) Write down all distinct net actions in S3 using verbal descriptions. Some of these will be
tricky to describe. How many distinct net actions are in S3?

(b) Is composition of net actions a binary operation on S3?

Solution. (a) The distinct net actions are:
1. Do nothing.
2. Swap the first and second elements.
Swap the second and third elements.

Swap the first and third elements.

CHN

Shift all elements to the right by one, with wraparound.
6. Shift all elements to the left by one, with wraparound.
So there are 6 total distinct net actions in S;.

(b) We can similarly number each position with a number from 1 to 3, and define A to be the
set of all permutations of the set {1,2,3}. Then we can realize net actions in S; as functions
f A — A. Since function composition is a binary operation, the composition of actions in S3 is
a binary operation as well. [

Definition 2.25. Let A be a nonempty set and let * be a binary operation on A.
(a) We say that = is associative if (axb)*c=ax(bxc) forall a,b,c € A.

(b) We say that * is commutative if axb=b=+aforall a,b € A.

Problem 2.26. Provide an example of each of the following.
(a) A binary operation on a set that is commutative.

(b) A binary operation on a set that is not commutative.

Solution. (a) The usual multiplication on R is commutative.

(b) Matrix multiplication on M,,,,(R) is in general not commutative. For example,
1 2\(5 6\ (19 22
3 4)\7 8] \43 50/

7 5)e 3= 36)

so these two matrices do not commute. O]

but



LECTURE 2. AUG. 23 — SYMMETRIES, GROUPS

Theorem 2.29. If A is a nonempty set and F is the set of functions from A to A, then function
composition is an associative binary operation on F.

Proof. 1f f,g: A — A, then we also have fog: A — A, so function composition is indeed a binary
operation on F. Now we show that o is associative. For this, first recall that

(f og)(x) = f(g(x))
by definition. Then for any f,g,h: A — A and a point x € A, we have

((f og)oh)(x) = (f 0 g)(h(x)) = f(g(h(x))) = f((g o h)(x)) = (f o (g o h))(x),.

Since (f og)oh and f o(goh) agree at every point, they must be equal. Hence o is associative. [



Lecture 3

Aug. 28 — Groups

Definition 2.33. A group (G, *) is a set G with a binary operation *: G x G — G such that
0. G is closed under %,
1. the operation = is associative,
2. (existence of an identity) there exists e € G such thatforall ge G, exg=g=g=*e.
3. (existence of inverses) for all g € G, there exists ¢’ € G such that g'+g=e=gx¢’.

The order of a group G, denoted |G|, is the cardinality of the set G. We say that a group G is abelian if
its binary operation * is commutative.

I Problem 2.34. Explain why Axiom 0 is unnecessary.

Solution. This is because we already specified that * is a binary operation on G, so G must
already be closed under * by the definition of a binary operation. O]

Problem 2.35. Verify that each of the following is a group under composition of actions and
determine the order. Which of the groups are abelian?

(b) R4 (see Problem 2.20)

Solution. (b) Let ry denote the rotation by 6 degrees and o be the binary operation on Ry, i.e.

T(P Org = 1’¢+9.
For associativity, define A to be the states that the square can be in, and then we can realize the
actions in Ry as functions f : A — A. Then o must be associative since function composition is
associative. The identity element is r(, since
TooTe =To+o =To =Te+0 =16 10

for any 6. For inverses, we propose that r, ! = r340_0, since

360-60 © 76 = 1360-0+0 = 10 = 19+360-0 = 7o © 360-6

for any 6. Also note that r359_g € Ry, since we know 6 is a multiple of 90 and thus 360 — 0 is
also a multiple of 90. Thus, R4 is indeed a group.



LECTURE 3. AUG. 28 — GROUPS 9

Since r3¢0 = 19, we can enumerate the elements of Ry as

Ry ={ro,790, 180, 270}

so |Ry| = 4. We can also verify that R, is abelian by observing that

T‘¢ Ootg = 1’¢+9 = 79+¢ =Tgo Td)
for any ¢ and 6, where we have appealed to the fact that addition on R is commutative. [
Remark. The moral here is that associativity is annoying to check. A shortcut, when possible, is

to realize your group as a set of functions f : X — X for some set X, and then appeal to function
composition to show that * is associative.

Problem 2.36. Determine whether each of the following is a group. If the pair is a group,
determine the order, identify the identity, describe the inverses, and determine whether the
group is abelian. If the pair is not a group, explain why.

(a) (Z,+)
(c) (Z,)
(d) (Z,=)
(j) ([0,1],%), where a*b := min{a, b}

Solution. (a) This is a group of infinite order. Addition on Z is associative, the identity is 0, and
the inverse of n € Z is —n. Addition on Z is also commutative, so (Z, +) is abelian.

(b) This is not a group because there are no inverses. For example, 2 € Z, but 27! = 1 ¢ 7.

(c) This is not a group because + is not even a binary operation on Z. For example, 1,2 € Z, but
their quotient 1 +2 = % g 7.

(j) This is not a group. If it were, then the identity element would have to be 1, since min{1,a} =a
for any a € [0, 1]. But then note that

min(0.5,a) < 0.5 = 1,

so there cannot possibly be an inverse for 0.5. N

Theorem 2.37. If G is a group, then there is a unique identity element in G. That is, there is only one
element e € G such that ge =eg =g forall g € G.

Proof. Let e; and e, both be identity elements. Then
€1 =€16 =6

by applying the identity property on either side. N



LECTURE 3. AUG. 28 — GROUPS 10

Problem 2.38. Provide an example of a group of order 1. Can you find more than one such
group?

Solution. One such group is ({0}, +). Technically, ({1},-) is also a group of order 1, but in some
sense, these are the same, since the only binary operation we can have on a singleton set {a} is
*: {a} x {a} — {a} defined by (a,a) — a. [l

Remark. We'll later learn that we can answer this question by saying there is only one such group up
to isomorphism.

Theorem 2.39 (Cancellation law). Let G be a group and let g,x,v € G. Then gx = gy if and only if
x =v. Similarly, xg = yg if and only if x = y.

Proof. We show the first statement.

(=) Suppose gx = gy. Then left multiplying by the inverse ¢~! on both sides yields

x=glgx=g"gy=y,
as desired.
(<) Suppose x = y. Then left multiplying by g on both sides yields gx = gy.

The proof of the second statement is similar. N

Theorem 2.47. If G is a group and g € G, then for all n,m € Z, we have the following:

n+m

(a) g"g" =g"™",
(b) (gn)—l :g—n,
(C) (gn)m — gnm.

Proof of (a). By the definition of exponents in groups and associativity, for n,m > 0, we have

8"g" =(88--8)(8g--8) =88--88¢--g=8"".
ntimes  m times n+m times

If n,m < 0, then we can make a similar demonstration using ¢! to see that g"¢" = g"*". Now if
n <0 and m > 0 with |n| < m, then |n| copies of g in ¢ will be cancelled out by the |n| copies of
g_l, so we will be left with g’”"”' = g"*". In the case that |n| > m, then m copies of g_l in g"”'
will be cancelled out by the m copies of g, so we are left with g=("l=") = g=lnl+m — gmém The

remaining case where n > 0 and m < 0 is similar. [



Lecture 4

Aug. 30 — Groups

Definition 2.50. Let G be a group and S ={a,b,c,...} ©G. We call a,b,¢,... letters and elements
of the form (products of 4,b,¢,... and their inverses)

e,a,b,c,ab,ba,ac”!,. ..

words in S. The set of all words in S is called the group generated by S and is denoted (S).

A generating set for G is a set S such that G =(S). A generating set S is called minimal if S\ s is no
longer a generating set for any s € S. A group G is called cyclic if it is generated by a single element,
i.e. there exists g € G such that G =(g).

Remark. Suppose that {g,b,c} is a minimal generating set for some group G. This does not mean
that we cannot find {d, f} which is also a minimal generating set for G (but it does mean that
{d, f} ¢ {a,b,c}). For example, note that (Z,+) = (1) = (2, 3), and both generating sets are minimal.

I Theorem 2.52. If G is a group under = and S is a subset of G, then (S) is also a group under .

Proof. Associativity is automatically satisfied in (S) since * is inherited from G. The identity
element e is also inherited from G and is in (S) by convention. To see that (S) is closed under %,
let x,y € (S) with

€1 € € _ €u+1 Ens2 €
X =58y Sy YES Sy s
Then xy € (S) since
€1 € €, € € €
xp = ${1S5 s s sl

is also a word in S. For inverses, let x be defined as above. Then we have

—_ =Z = —€
X 1:Sn n___s2 251 1,

which is also a word in S since —e; € {-1,1} if €; € {—1,1}. We can verify that this works as
xx = sflsgz---sfl”sf
~———

=e

n —€2.7€1 _
...52 51 = e,

where the inner terms all cancel to become e. The same works for x 'x, so x~! € (S). Thus, (S)
indeed forms a group under *. N

11



LECTURE 4. AUG. 30 — GROUPS 12

Problem 2.55. Consider the rotation group R4 that we introduced in Problem 2.20. Let r be the
element of R, that rotates the square by 90° clockwise.

a) Describe the action of r~! on the square and express

( as a word using r only.
(b) Prove that Ry = (r) by writing every element of R4 as a word using r only.
(c) Is {r} a minimal generating set for R4?

)

(d) Is R4 a cyclic group?

Solution. (a) The action of r~! is a rotation of the square by 90° counterclockwise, which is the

same as a rotation by 270° clockwise. Thus we have r~! = rrr.

(b) The elements of Ry are g, r9¢, 180, 1270, SO we can write these as words in r by
rgp=e, oo =171, Y180 =11, Yo7 = ITT.

So R4 = <7’>

c) Yes, {r} is a minimal generating set for R;. Removing r from the generating set results in
g g 4 g g g

({r}\r)=(2) ={e} # Ry,
so {r} is minimal.

(d) By definition, Ry is cyclic since it is generated by a single element, namely r. [

Problem 2.56. Consider the dihedral group Dj; introduced in Problem 2.21. To give us a
common starting point, let’s assume the triangle and hole are positioned so that one of the tips
of the triangle is pointed up. Let r be the rotation by 120° in the clockwise direction and let s be
the reflection in Dj that fixes the top of the triangle.

1

a) Describe the action of r~! on the triangle and express r~! as a word using r only.

1

b) Describe the action of s™! on the triangle and express s~! as a word using s only.

(
(b)
(c) Prove that D =(r,s) by writing every element of D3 as a word in r or s.
(d) Is {r,s} a minimal generating set for D3?

)

e) Explain why there is no single generating set for D3 consisting of a single element. This
p y gle g & 8 8
proves that Dj is not cyclic.

Solution. (a) The action of r~! is the rotation by 120° counterclockwise, which is the same as a
rotation by 240° clockwise. Thus r~! = rr.

(b) The action of s~! is exactly the same as that of s, also a reflection that fixes the top of the
triangle. So we have s7! =s.

(c) We can write the elements of D3 as

D3 =(r,s) ={e,r,r7,5,s1,517}.
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Thus {r, s} generates Dj.

(d) Yes, {r,s}is a minimal generating set. To see this, note that removing r yields

(sy ={e,s} = D3

1

since s~ = s and removing s yields

(ry=A{e,r, r2} # Dj

since r~! = r2. Thus, {r, s} is minimal.

(e) Suppose otherwise that Dj is cyclic, i.e. there is x € D5 such that D3 = (x). Then D3 would be
abelian, since each g € D3 can be written as x”, and x clearly commutes with itself and each of its
powers. But we we know that Dj is not abelian since rs # sr, so there cannot exist a generating
set for D5 with only a single element. [

Remark. For general finite groups, a good way to verify that a group is not cyclic is by checking that
no element has order equal to the order of the group, where the order of an element x is the lowest n

such that x" =e.

Problem 2.60. Find a minimal generating set for (Z,+). Is Z a cyclic group under addition?

Solution. Yes, we have (Z,+) = (1) since every n € Z can be written as n(1), so Z is cyclic. O

Remark. This is a good example of a cyclic group where G = (g) but there is no # such that ¢g" =e.



Lecture 5

Sept. 6 — Cayley Diagrams

Problem 2.71. Let R4 denote the group of rotational symmetries of a regular hexagon and let r
be the rotation by 60° clockwise. It’s not two hard to see that Rg = (r) and |R¢| = 6. The Cayley
diagram for Rg with generating set {r} is given in Figure 2.4.

(a) Is R¢ cyclic?
(b) Is R4 abelian?
(c) Write r~! as a word in r.

)
)
(d) Can you find a shorter word to describe r8?
(e) Does r? generate the group?

)

(f) Does r> generate the group?

Figure 2.4: Cayley diagram for R4 with generating set {r}.

Solution. (a) Yes, Rg is cyclic since Rg = (r) as mentioned in the problem statement.

(b) Yes, Rg is abelian since all cyclic groups are abelian. This is because any g € Rq can be written
as g'. So for any ¢', g/ € Ry, we have

g'gl =g =gl =4¢l¢,
where we have appealed to the commutativity of addition on the real numbers.

(c) The action of r~! is the rotation by 60° counterclockwise, which is the same as a rotation by
300° clockwise. Thus r~! = rrrrr.

14



LECTURE 5. SEPT. 6 — CAYLEY DIAGRAMS

6,2 2

(d) Since r° = e, we can write 8 = r%72 as r? instead.

(e) No, r? does not generate the group. We can compute the subgroup generated by 2
(r*) ={e,r%,r*} 2 Ry,

where we have noted that r® = e.

(f) Yes, r> generates the group. We can compute that
(r’y =le,r°, 1%, 13,12, 1) = Ry,

which is the entire group. O

Problem 2.73. Consider the group (Z, +).
(a) Construct a portion of the Cayley diagram for (Z, +) with generating set {1}.

(b) Construct a portion of the Cayley diagram for (Z, +) with generating set {—1}. How does
the diagram compare to the one in Part (a)?

(c) It turns out that Z = (2,3). Construct a portion of the Cayley diagram for (Z,+) with
generating set {2, 3}.

Solution. (a) The following

> =2 > —1 > 0 > 1 > 2 > 3 >
is a portion of the Cayley diagram for (Z, +) with generating set {1}.
(b) The following
© < -2 4 -1 < 0 < 1< 2 4 3 <

is a portion of the Cayley diagram for (Z, +) with generating set {—1}. This is the same as Part (a)
but with all arrows reversed.

(a) The following

-1

,_.{ ~-
,{ ~
,{ ~
,{ ~

“NA- __!

is a portion of the Cayley diagram for (Z, +) with generating set {2, 3}. O

Problem 2.76. Consider the diagrams given in Figures 2.5 and 2.6. Explain why neither of these
diagrams could possibly be the Cayley diagram for a group.
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Solution. In both figures, there are arrows that are sometimes bidirectional and sometimes not
(the solid arrows in Figure 2.5 and the dotted arrows in Figure 2.6). This means that an element
is sometimes its own inverse and sometimes not, which cannot happen. [

Remark. A Cayley diagram should look the same from the perspective of any vertex.

Problem 3.1. Recall the definition of “subset.” What do you think “subgroup” means? Try to
come up with a potential definition. Try not to read any further before doing this.

Solution. A subgroup of a group (G, *) should be a subset H C G that is also a group in its own
right under the same binary operation =. [



Lecture 6

Sept. 11 — Subgroups

Problem 3.2. Examine your Cayley diagrams for D, (with generating set {r,s}) and R4 (with
generating set {r}) and make some observations. How are they similar and how are they different?
Can you reconcile the similarities and differences by thinking about the actions of each group.

Solution. Look at Figures 6.1 and 6.2. The Cayley diagram for R, seems like it appears on the
inside and outside of the Cayley diagram for Dy, but D, is bigger overall. This is because the
actions of Ry are each also actions of D4, but D4 has another action that is not in Ry. H

Problem 3.3. If you ignore the labels on the vertices and just pay attention to the configuration
of arrows, it appears that there are two copies of the Cayley diagram for R4 in the Cayley
diagram for D,. Isolate these two copies by ignoring the edges that correspond to the generator
s. Now, paying close attention to the words that label the vertices from the original Cayley
diagram for Dy, are either of these groups in their own right?

Solution. The inner copy is indeed a group, but the outer copy technically is not since it does
not contain the identity element. [

Remark. We'll see later that a clone is a right coset of a group.

Definition 3.4. Let G be a group and H a nonempty subset of G. Then H is a subgroup of G,
written H < G, if H is a group in its own right under the binary operation inherited from G.

S > St
AN T’ b
,1 , .
e <——r
r —— r2
T v
) . /_( ~
sr3 < sr?

Figure 6.1: Cayley diagram for D, with generating set {r, s}.

17



LECTURE 6. SEPT. 11 — SUBGROUPS

<
W

N

N<4—

<—
; 7

Figure 6.2: Cayley diagram for R4 with generating set {r}.

Y

Figure 6.3: Cayley diagram for D3 with generating set {r, s}.

Theorem 3.6 (Two step subgroup test). Suppose G is a group and H is a nonempty subset of G.
Then H < G if and only if (i) for all h € H, h=Y € H as well, and (ii) H is closed under the binary
operation of G.

Proof. (=) This direction is trivial: (i) and (ii) are just axioms 3 and 0 of a group.

(&) Suppose H is a nonempty subset that satisfies (i) and (ii). Note that axioms 0 and 3
are exactly properties (i) and (ii), and axiom 1 (associativity) is also satisfied since the binary
operation is inherited from G. All that remains is to check that the identity e is in G. But this
follows from (i) and (ii), since h,h~! € H implies that hh~' = ¢ € H as well. Thus H < G. O

Problem 3.13. We currently have two different Cayley diagrams for D; (see Problems 2.21 and
2.57).

(a) Can you find the Cayley diagram for the trivial subgroup (e) is either Cayley diagram for
D3? Identity all of the clones of (e) in both Cayley diagrams for Djs.

(b) Can you find the Cayley diagram for the subgroup (r) = R3 in either Cayley diagram for
D5? If possible, identify all of the clones of Rj in the Cayley diagrams for Dj3.

(c) Can you find the Cayley diagrams for (s) and (s’) in either Cayley diagram for D3? If
possible, identify all of the clones of (s) and (s’) in the Cayley diagrams for D5.

Solution. (a) The Cayley diagram for (e) is simply the vertex e in each of Figures 6.3 and 6.4.

The clones of (e) are each of the vertices in either figure.

(b) The Cayley diagram for Rj is the inner triangle in Figure 6.3 (if we assume the identity
element is on the inside). The clones are the inside and outside triangles in Figure 6.3. There
are no clones of Rj3 in Figure 6.4.

18
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Figure 6.4: Cayley diagram for D3 with generating set {s,s’}.

(c) In Figure 6.3, the Cayley diagram for (s) is the dotted arrow that is connected to the identity,
and the clones are the other dotted arrows. There are no copies of (s’) in Figure 6.3. In Figure
6.4, the Cayley diagrams for (s) and (s’) are the solid and dotted arrows that are connected to
the identity, respectively, and the clones are the other solid and dotted arrows. [

Problem 3.17. Consider the group (Z,+) (under ordinary addition).
(a) Show that the even integers, written 2Z := {2k | k € Z}, form a subgroup of Z.
(b) Show that the odd integers are not a subgroup of Z.

(

(d

(e) For n € Z, write the subgroup nZ in the “generated by” notation. That is, find a set S such

that (S) = nZ. Can you find more than one way to do it?

)
)
c) Show that all subsets of the form nZ := {nk | k € Z} for n € Z are subgroups of Z.
) Are there any other subgroups besides the ones listed in Part (c)? Explain your answer.
)

Solution. (a) We apply the general case of Part (c) for n = 2.
(b) The odd integers cannot form a subgroup, since the identity element 0 is not odd.

(c) We apply the two step subgroup test. The set nZ is clearly nonempty since 0 € nZ. The set
nZ is closed under inverses, since for any nk € nZ with k € Z, we also have —nk € n’Z since -k € Z
(the integers are closed under taking additive inverses). Finally, nZ is closed under the group
operation, since for any nk, nl € nZ, we also have nk + nl = n(k +1) € nZ since k +1 € Z.

(d) No, there are not any other subgroups. To see this, let H be a subgroup of Z. If we take
m=min{n|neH,n >0},

which exists by the well-ordering principle, then H = mZ by applying Bezout’s lemma.

(e) We can write nZ as (n). We can also write nZ = (—n) = (n, 2n) = (3n,2n), etc. ]
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Sept. 13 — Isomorphisms

If G is a group, the center of G is
Z(G)={ze G|zg=gzforall geG}.
For any G, Z(G) is an abelian subgroup of G. In particular, if G is abelian, then Z(G) = G.

Problem 3.24. Find the center of each of the following groups.

Solution. (a) Note that S, is abelian, so Z(S,) = S,.
(b) Recall that V4 = (v, h) and vh = hv, so Vj is abelian and Z(V,) = V.

(c) First note that
rs=sr, sr(rd)=r3(sr), (sr3)(sr?) = (sr?)(srd),

so none of these elements can be in Z(Dy). Now, note that ?r = rr? and r?s = sr?, so r?> € Z(Dy)
(since {r,s} generates Dy). Thus Z(Dy) = {e, r?}.

(d) Note that Ry is also abelian, so Z(Ry) = Ry. O
Remark. To check if g is in center of G, we only need to check commutativity with the generators.

Problem 3.27. Provide an example of a group G with subgroups H and K such that HUK is
not a subgroup of G.

Solution. Let G = (R\{0},:), H=(2), and K =(3). Then
HUK ={2"|neZ}U{3" |neZ},
but 2(3)=6¢ HUK, so HUK is not a subgroup. O

Remark. The is analogous to the case of vector spaces, where the union of two subspaces is typically
no longer a subspace.
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Problem 3.31. Find all the subgroups of D3 = {e, r,rz,s,sr,srz} (where r and s are the usual
symmetries of an equilateral triangle) and then draw the subgroup lattice for Ds.

Solution. The subgroups of D5 are

(&), (), (s, (sr), (sr%), (s,7).

One can check that any other choice of generators will coincide with one of these existing
subgroups. The following

(s) J; \
//

is a subgroup lattice for Ds. O]

Problem 3.32. Find all the subgroups of S; = (s;,5,) (where s; is the action that swaps the
positions of the first and second coins and s, is the action that swaps the second and third coins;
see Problem 2.59) and then draw the subgroup lattice for S3. How does your lattice compare to
the one in Problem 3.31? You should look back at parts (e) and (f) of Problem 2.72 and ponder
what just happened.

Solution. The subgroups of Dj are

(e), (510 (s2), (5152) <(515251), {51,52)-

One can check that any other choice of generators will coincide with one of these existing
subgroups. The following

S3 =(51,52)

T N

(s1) \ (s2) % (5152)

(e)

is a subgroup lattice for S3. Note that this looks identical to the one for Dj, since D3 and S5 are
isomorphic, which we can also see in the Cayley diagrams from Problem 2.72. O]
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Problem 3.35. We have seen two different Cayley diagrams for D3, one with generating set {s, r}
and one with generating set {s,s’}. As Figure 3.5 illustrates, there is a matching between D5 and
S3 that relies on the generating sets {s,s’} and {sy,s,}, respectively. Find a different matching
between D3 and S; that utilizes the generating set {r,s} for Ds.

Solution. The key idea is that we need an element of order 3 from S; in order to match with
Dj (since r is of order 3). So if we use the generating set {s,s;,s,} (note that |s,s;| = 3), then the
matching 7  s,s; and s — s, works. H
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Sept. 18 — More Isomorphisms

Definition 3.48. Let (Gy,*) and (G,,®) be groups. We say that G; is isomorphic to G, if there
exists a bijection ¢ : G; — G, satisfying the homomorphic property

P(x*y) = P(x) 0 P(y) (*)
for all x,y € G;. We call such a bijection an isomorphism.

We call (%) the homomorphic property. In the case that (G,*) = (G,,0), we call ¢ an automorphism.

Problem 3.50. Consider the groups (R, +) and (R*,-), where R is the set of positive real numbers.
It turns out that these two groups are isomorphic, but this would be difficult to discover using
our previous techniques because the groups are infinite. Define ¢ : R — R" via ¢(r) = ¢’ (where
e is the natural base, not the identity). Prove that ¢ is an isomorphism.

Solution. We can see that ¢ is a bijection by appealing to its inverse, the logarithm. Note that
In(e") = ™) =7,
so ¢ is bijective. Next we check the homomorphism property:
P(x)p(y) = ee? =¥ = p(x +y).

Thus ¢ is an isomorphism. O

Problem 3.51. For each of the following pairs of groups, determine whether the given function
is an isomorphism from the first group to the second group.

(@) (Z,+) and (Z,+), ¢(n) =n+1.
(b) (Z,+) and (Z,+), ¢(n) = —n.
(c) (Q+)and (Q +), p(x) = x/2.

Solution. (a) This is not an isomorphism since

Px)+P()=(x+1)+(y+1)=x+p+2=x+p+1=0P(x+y),
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so ¢ does not satisfy the homomorphic property.

(b) We show that ¢ is an isomorphism. First, ¢ is clearly a bijection since —x = —y if and only if
x = y. Next, it also satisfies the homomorphic property since

P(x)+¢(y) = (=x) + (=p) = —x+ -y = ~(x +y) = p(x +y).
Thus ¢ is indeed an isomorphism.

(c) We show that ¢ is an isomorphism. We can see that ¢ is clearly a bijection since £ = £ if and
only if x = y. Next it also satisfies the homomorphism property since

D)+ ply) =3+ =L = lrry)

Thus ¢ is indeed an isomorphism. O

Theorem 3.54. If ¢ : G; — G, is an isomorphism from the group (Gy,*) to the group (G,,®), then
d(g™h) = [p(e)] "

Proof. Using the fact that ¢(e;) = e;, where e; and e, are the identity elements of G; and G,,

er = P(eg) = (P(g*g_l) P(g)OPp(g™)
=P(g' *g) = p(g7 ) O P(g).

So p(g™) =[p(g)] 0

Theorem 3.55. If ¢ : G; — G, is an isomorphism from the group (Gy,*) to the group (G,,®), then
the function ¢p~1 : G, — Gy is an isomorphism.

Proof. First we show that ¢! is also a bijection. For surjectivity, note that for any g € G,, we
have ¢~ (¢(g)) = g, s0 ¢(g) is a preimage of g under ¢~L. For injectivity, suppose ¢~ (g) = ¢~ (h)
for some g,h € G,. Then we can apply ¢ to both sides to get that

g=P(@~'(g) = (@~ () =h.

So ¢ is both injective and surjective, and therefore bijective.

Now we show that ¢ satisfies the homomorphic property. Let g,h € G,. Since ¢ is a bijection, we
can find g’,h’ € Gy such that g = ¢(g’) and h = ¢(h’). Then by the homomorphic property of ¢,

¢~ g'H) = o7 (P(R)p(h) = d ™ (P(gh) = gh = ¢~ (P(2) ™ (p(h) = p (&)™ (W),

as desired. Thus ¢! is an isomorphism. O]
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Sept. 20 — Cyclic Groups

Theorem 3.62. Suppose ¢ : G; — G, is an isomorphism from the group (Gy,*) to the group (G,,0).
If Gy is cyclic, then G, is cyclic.

Proof. Let g € G; be an element that generates G;. Then we propose that ¢(g) generates G,. Let
h € G, be an arbitrary element. Since ¢ is a bijection, there exists ¢’ € G; such that ¢(g’) = h.
But g generates Gy, so g’ = ¢" for some n € Z. Then we have ¢(g") = h, so

as ¢ respects the group structure. Thus we have G, = (¢(g)). ]
I Theorem 3.65. If ¢ : G| — G, is an isomorphism and H < Gy, then ¢p(H) < G,.

Proof. We proceed by the two step subgroup test. First, ¢(H) is nonempty since e; € H and thus
¢P(e1) € p(H). Now let h € ¢p(H). Since ¢ is a bijection, there exists h’ € H such that ¢(h’) = h.
Then by Theorem 3.54 we have

W= =p(h™") € p(H),

where h~! € H since H is a subgroup. For closure under the binary operation, let g € ¢(H) be
another arbitrary element with g’ € H such that ¢(g’) = g. Then we have

gh=¢(g)p(h) = p(g'h) € p(H),
where ¢’h’ € H since H is a subgroup. Thus ¢(H) < G,. O

Problem 4.14. Find the order of each of the following matrices in GL,(R).

(a) [_01 ‘01] (b) [‘f ‘01] (c) [ﬁ ﬂ
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Solution. (a) Let M be the matrix in question. We can square M to see that

> |0 —-1ff0 -1f{ |1 O] _
bl _[—1 Ol[-1 of |0 1 =1,
so the order of M is 2.

(b) Once again let M be the matrix, and we can compute that
» o <1]fo -1]_[-1 o]__
M_[l Oll1 o |O —l_I’
so M* =I. Thus the order of M is 4.

(c) Let M be the matrix. Note that if two matrices are equal, then their determinants are equal
as well. But det M = 2, so det M" = 2. Then det M/ = det M* if and only if j = k, which means
that all the M* are distinct. Thus M must be of infinite order. O

Theorem 4.16 (Division algorithm). Given any m € Z and n € N, there exist q,r € Zwith0<r<n
such that m = nq +r.

Remark. The above theorem is a result from number theory that we will use without proof.

Theorem 4.17. Suppose G is a group and let g € G. The subgroup (g) is finite if and only if there
exists n € N such that g" = e.

Proof. (=) Suppose (g) is finite. Since N is infinite and there are only finitely many choice for
g" to be, by the pigeonhole principle there exist 7,k € N with m < k such that g" = ¢g*. Then

g™ = ¢, and k — m € N since m < k.

(<) Suppose we have n € N such that g" = e. By the division algorithm, we can write any k € Z
ask=qn+rforg,reZand 0 <r<n. Then

gk — gqn+r — gqngr — qur — gr_

So any gX can be written as g" for 0 < r < n. Since there are only finitely many choices for r, we
have [(g)| < . ]
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Sept. 25 — Cyclic and Symmetric Groups

Theorem 4.24. Suppose G is a group and let g € G such that |g| = n. Then g' = ¢/ if and only if n
divides i —j.

Proof. (=) Let g¢' = ¢g/. Multiply by ¢~/ on both sides to get g/ = e. Now use the division
algorlthm to write i —j = ng+r with q,r € Zand 0 <r <n. Then

nq+r

e=g""" = g"g" = elg" = ¢,

where we used Corollary 4.20 to get g =e. S0 ¢g" = e and we must have r = 0 since 0 <r <n and
n is minimal. Thus i — j = ng, so n|i —

(<) Let i and j be such that n|i —j. Then i — j = nk for some k € Z, so

gi—j :gnk:ek:e

by Corollary 4.20. Multiplying by g/ from here yields g' = g/. [

Problem 4.37. Consider Uy ={1,3,7,9}.
(a) Find the group table for Uy,.

(b) Is Uy cyclic? If so, list elements of U; that individually generate U, . If U; is not cyclic,
explain why.

(c) Is Uy isomorphic to either of Ry or V,? Justify your answer.
(d) Is Upg isomorphic to Z4? Justify your answer.

(e) Draw the subgroup lattice for Uy.

Solution. (a) The following

11 3 7 9
111 3 7 9
313 91 7
717 1 9 3
919 7 3 1
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is a group table for Uy.

(b) Yes, Uy is cyclic. Note that

1% 80% 00 % 7 105700103,

so 3 and 7 both individually generate Uy.

(c) Yes, Uy is isomorphic to Ry. We can define an isomorphism ¢ : U;jg — R4 by 3 — r and then
extending ¢ by the homomorphic property. However, U is not isomoprhic to V, since Ry is
not isomorphic to V; and isomorphisms form an equivalence relation (and are thus transitive).

(d) Yes, Uyq is isomorphic to Z, since Ry is isomorphic to Z, and isomorphisms are transitive.

(e) The following
Uio =(3)

[

(9
[
(1)

is a subgroup lattice for U;,. Note that it has the same structure as the one for R. [

Theorem 4.44. If G is a finite cyclic group with generator g such that |G| = n, then for all m € Z,

my n
"1 = ged(n,m)’

Proof. Note that gcd(m, n)lcm(m, n) = mn. So

m— lem(m, n) = gn
ged(m,n) AU
for some q € Z. Then we have
(gm)m = gqn =el=e¢.
Now we want to show that this is minimal. Suppose g”* = e. We know that m|mk (trivially) and
n|mk by Theorem 4.24 (really Corollary 4.25). This means that mk > lcm(m, n), or

- lem(m, n) _ n '
m ged(m, n)
Finally apply Corollary 4.20 to conclude that this is indeed the order of g". [

Remark. We can now compute the order of any element in a finite group.
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Theorem 4.54. Suppose G is a finite abelian group and let x,y € G such that |x| = m and |y| = n. If
gcd(m,n) =1, then |xy| = mn.

Proof. Since G is abelian, we have xy = yx and thus

(xy)mn = xmnymn = enem =e.
Now we just need to show that mn is the minimal such exponent. Suppose (xp)* = e for some
k > 0. Since (xy)k = e, we have (xy)mk = ¢, which means that xmkymk = e since G is abelian.
The order of x is m, so we have x"* = ¢ and thus actually y"* = e. We can similarly argue by
symmetry that x"K = e as well. By Corollary 4.25, we can conclude from this that n|mk and m|nk.
Now since gcd(m, n) = 1, this can only happen if nlk and m|k. Thus k > mn and we’re done. [
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Sept. 27 — Symmetric Groups

Theorem 4.55. Suppose G is a finite abelian group. If n is the maximal order among all elements in
G, then the order of every element in G divides n.

Proof. Pick g € G such that |g| = n and consider (g). Let h € G be an arbitrary element. If h € (g),
then h = ¢ for some m. So by Theorem 4.44 we have

n
hl= ———,
I ged(m, n)

or |h|gcd(m, n) = n, so |h| divides n. Now assume h ¢ (g), and let |h| = m. Suppose for contradic-
tion that m does not divide n. Then we can consider d = gcd(m, n). By Theorem 4.44,

)= —— =
gcd(m,d)  d-

Note that since we have divided out gcd(m, n) from m, we must now have gcd(%, n)=1. Then
|hd| = % and |g| = n, so by Theorem 4.54 we have

mn
hWgl= — >n.
Ih%gl = —
(Here note that 7 # 1 since otherwise we would have gcd(m, n) = m and thus m|n, which we

assumed was not the case.) So we have found an element h” ¢ with order greater than n, which
contradicts the maximality of n. Thus m must divide n. O]

I Definition 4.67. A permutation of a set A is a bijection 0 : A — A.
The symmetric group on n elements, S,, is the set of all permutations of {1,2,...,n}.

Theorem 4.76. The set of permutations on n objects forms a group under the operation of composition.
That is, (S,,0) is a group. Morever, |S,| = nl.

Proof. A permutation is by definition a bijection, so the composition of permutations must still
be a permutation since the composition of bijections is a bijection. Furthermore, permutations
are functions, so o is associative as function composition is associative. The identity permutation
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is simply the permutation o defined by o(a) = a for any a. Finally, the inverse of a permutation
exists since permutations are bijections.

To see that |S,,| = n!, we can note that the effect of a permutation ¢ on a fixed state A completely
determines the permutation. There are n! states that ¢ can map A to, so |S,| = n!. O
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Oct. 4 — More Symmetric Groups

Recall that a permutation of a set A is a bijection
0:A— A

The collection S,, of permutations of A ={1,2,3,...,n} forms a group under composition, called the
symmetric group. A cycle is a permutation o of the form (a;a,...a,), i.e.

()’((11) =day, G(“Z) =4az, ..., G(an) =4ay, U(an)'

and o(b) = b for all other b € A.

Theorem 4.85. Suppose o and f are two disjoint cycles. Then af = fa. That is, products of disjoint
cycles commute.

Proof. Let a,f: A — A and let
a=(ayay...a,) and p=(b1b,...by,).

Since a and g are disjoint, f fixes any a € @ and «a fixes any b € . So fix some x € A and we
consider three cases. First if x € a, then

since a(x) € a as well so g will fix a(x). Apply a similar argument in the case of x € p. Finally, if
x ¢ a and x € B, then a(p(x)) = f(a(x)) = x. The two agree in all cases, so we have aff = fa. [

Theorem 4.89. Suppose a € S, such that « consists of m disjoint cycles of lengths ky,...k,,. Then
la| = lem(ky, ..., k,,).

Proof. Let a = 010;...0,, where o; is a cycle of length k; and let |a| = r. By Theorem 4.88, we
have |o;| = k;. In particular, aiki = e. Now observe that

e=a’ =(010y...0y) =0{0}...0,,

since disjoint cycles commute by Theorem 4.85. So pick an arbitrary i € {1,...,n}, and

i=e(i)=(0]{0}...00)(i) =0l (i)
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for some j by disjointness. Then a]-r = ¢, and we must have k|r for all j. So we now conclude
r > lem(ky, ..., k). But we also have

alcm(kl’-n:km) _ Gicm(kl ..... km)aécm(kl ..... ki) o Grl;m(kl ..... ki) —ee. e=¢
since each k; is a factor of lem(ky, ..., k,,). So in fact r =lcm(ky, ..., k,,) by Theorem 4.20. ]

A cycle of length 2 is called a transposition. A transposition of the form (7,i + 1) is called an adjacent
transposition.

Problem 4.97. Consider the arbitrary k-cycle (ay,a,,...,a;) from S, (with k < n). Find a way to
write this permutation as a product of 2-cycles.

Solution. We can write the cycle as

(a1ay...ax) = (a1a3)(azas)... (ax_1 ag)-

For any 1 <i <k, notice that (a;a,,,) maps a; — a;,1 and it is completely fixed otherwise. In the
case of i = k, we have
ap > a1 — Aj_r > - > daq,

which also works as desired. O

Remark. We could have also written (a;a,...ax) = (ayar)(a1ax_1)...(a1a;).

Corollary. Problem 4.97 implies the following:
1. Transpositions generate S,,.
2. Transposition decompositions are not unique.
Remark. The size of the decompositions are not unique either: ¢ = oe = 0(12)(12). Less trivial
counterexamples also exist.

Remark. Note that (12)(23) = (23)(12). Theorem 4.85 does not apply since the cycles are not disjoint.

I Exercise. Find a subgroup of S¢ isomorphic to Ds.

Solution. We have D3 = S3 = ((12)(23),(12) < S¢. A possible isomorphism ¢ : S¢ — D3 we can
use is given by (12)(23) > r and (12) > s. [l

Remark. A perhaps easier and more informative way of constructing such a ¢ is to look at a Cayley
diagram (Figure 12.1) with the vertices labeled by numbers. Then we can simply follow the generators
to get the following isomorphism:

erse, 1> (123)(456), 1’ (132)(465)
s> (16)(34)(25), rsto-, risks-e

This procedure also motivates the idea behind the proof of Cayley’s theorem.
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BN A

Figure 12.1: Cayley diagram for D5 with generating set {r,s}, relabeled by {1,...,6}.

I Theorem 4.105 (Cayley’s theorem). Any group G of order n is isomorphic to some subgroup of S,,.

Proof. We will construct an injective map ¢ : G — §,,. First define p, : G — G by p,(h) = gh.
Then define the map ¢ : G — S, by
g+ (h— gh).
—_—
Hg

Now we show that ¢ satisfies the homomorphic property. Take g1,¢, € G. Then for any h € G,

P(£182)(h) = g182h = g1(£2h) = @(g1)(@(g2)(h)) = (¢(g1) © P(£2))(h).

So p(g192) = ¢(g1)p(g2) since they agree at all point. Now for injectivity, let g;, g, € G such that
¢@(g1) = ¢(g2). Then pick some arbitrary point h € G and

g1h=(g1)(h) = p(g2)(h) = &h,

so by right-cancellation we have g; = g,. Thus ¢ is injective. Finally ¢ is always surjective onto
its image ¢@(G), so ¢ is an isomorphism from G to ¢(G). Then G = ¢(G) < S,,. O

Remark. The y, defined above is called the left-regular representation of G.
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Oct. 11 — Cosets, Lagrange’s Theorem

Definition 5.1. Given a subgroup H < G and a € G, the left coset of H containing a is
aH :={ah|h e H}
and the right coset containing a is

Ha:=1{ha|he H}.

Definition 5.9. Given a subgroup H < G define
a~ bifa'beH and a~pbifab™'eH
forall a,beG.

Remark. In fact ~; and ~p are equivalence relations (proof in homework), so we write [a].; and [a].g
to denote the left and right equivalence classes of a.

I Theorem 5.10. If G is a group and H < G, then [a].; = aH and [a].gr = Ha for all a € G.

Proof. Take any b € aH. Then b = ah for some h € H, and multiplying by a~! on the left yields
a'b=heH. Soa~pband b € [a].;, which implies aH C [a].;. Now take any b € [a]_,
which satisfies a ~; b, i.e. a='b € H. Then a~'b = h for some h € H, and multiplying by a gives
b=aheaH. So [a].; CaH and thus [a].; = aH. The proof for [a]_g = Ha is similar. O

Remark. The coset aH is a subgroup if and only if a € H, in which case aH = H. For a ¢ H, aH is not

a subgroup since a~! ¢ H, which means that ¢ = aa~! ¢ aH.

‘ Theorem 5.12. Let G be a group, H < G, and a € G. Define ¢ : H — aH via ¢(h) = ah. Then ¢ is a
bijection.

Proof. For surjectivity let ¢ € aH. By the definition of aH, there is some h € H such that ah = g.
So ¢(h) = ah = g and ¢ is surjective. For injectivity, suppose ¢(g) = ¢(h). This means that ag = ah,
which implies ¢ = h by cancellation. So ¢ is also injective and thus it is a bijection. O]
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Remark. Note that ¢ does not satisfy the homomorphic property unless a = e (since ¢(e) = a). So ¢ is
not an isomorphism in general, which makes sense since aH is not in general a group.

I Theorem 5.16 (Lagrange’s theorem). Let G be a finite group and let H < G. Then |H| divides |G|.

Proof. Consider the set of left cosets of H and call it F, i.e.

F={aH :a € G}.
First we show three facts:
1. GCUser f-
Proof of (1). For any g € G, we have ge gH € F. N
2. Uger f CG.

Proof of (2). Let g€ g1H € F for some g; € G. Then g=g1he Gforsomehe H. [
3. For any aH,bH € F, if aH # bH, then aH NbH = @.

Proof of (3). We show the contrapositive. Suppose aH NbH # &, and we show that
aH = bH. Since aH NbH # O, there is some g such that

g =ahy = bh,.
Multiplying by h~! gives a = bh,h|'. Now for any ah € aH, we have
ah = bhyh'h e bH
since hyh'h € H. Then aH C bH and by symmetry bH C aH. So aH = bH. [

Noting that (1) and (2) imply G = U¢cr f, we have
1= f|= Y If1=IFiH],
feF feF

where the last inequality comes from the fact that ¢ : H — aH is bijective, so that |H| = |[aH| for

any a. Then since |F| € Z, we conclude that |H| divides |G|. O
Remark. The key idea of the proof of Lagrange’s theorem is that the cosets of H partition G.
Remark. With this proof, we have actually shown something a little stronger:

If G is finite and H < G, then |G| = k|H|, where k is the number of left cosets of H in G.

We can also make the same argument about right cosets, so in fact #(left cosets) = #(right cosets).

Remark. We can also conclude via Lagrange’s theorem that the number of clones (really right cosets)
in a Cayley diagram is |G|/|H]|.



Lecture 14

Oct. 16 — Normal Subgroups and Quotients

Definition 5.23. Let G be a group and let H < G. The index of H in G is the number of cosets
(left or right) of H in G. Equivalently, if G is finite, then the index of H in G is equal to |G|/|H|.
We denote the index via [G: H].

Definition 5.26. Let G be a group and let H < G. If aH = Ha for all a € G, then we say that H is
a normal subgroup. If H is a normal subgroup of G, then we write H < G.

Theorem 5.33. Suppose G is a group and let H < G such that [G: H] = 2. Then H < G.

Proof. We need to show that gH = Hg for all ¢ € G. If ¢ € H, then trivially we have ¢gH = H = Hg.
If g¢ H, then gH # H and H # Hg. But [G: H] = 2 and cosets partition G, so in fact we have
gH =G\ H = Hg. Thus we have H < G in either case. O

Theorem 5.36. Suppose G is a group and let H < G. Then H < G if and only if gHg™! C H for all
geG.

Proof. (=) Since H < G, we have gH = Hg for all g. So for all h € H, there is h; € H such that
gh=hyg. So ghg™! = h; € H, which means gHg™! C H.

(&) Assume gHg ! C H for all g. Now fix an h € H. Then for all g € G, there is h; € H such that
ghig™' = h, or gh; = hg. So we have ¢gH C Hg and a similar argument by swapping g and g~!
gives gH C Hg. SogH =Hgand H < G. [

Problem 6.26. Let’s see what happens if we attempt the quotient process for a subgroup that
is not normal. Consider H = (s) < D3. In Problem 5.2, we discovered that the left cosets of H
are not the same as the right cosets of H. This implies that H is not normal in D3. Consider the
standard Cayley diagram for Dj that uses the generators r and s. Draw the diagram that results
from attempting the quotient process on D3 using the subgroup H. Explain why this diagram
cannot be the diagram for a group.
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Solution. Here we end up with the following diagram:

{e,s)

RN
{r,s1} < : s {r?,sr?)

This cannot be the diagram for a group since there are two r arrows coming out of each coset. [

Problem 6.27. In Problem 5.3, we learned that the subgroup K = (r) is normal in D3 since the
left cosets are equal to the right cosets. Note that this follows immediately from Theorem 5.33
since [Dj : K] = 2. Draw the diagram that results from performing the quotient process to D3
using the subgroup K. Does the resulting diagram represent a group? If so, what group is it
isomorphic to?

Solution. Taking the quotient by K instead gives the diagram:

{e,r,1%) <= {s,s1,51?}

This diagram makes sense and indeed represents a group isomorphic to (s) = {e, s}. ]

Theorem 6.31. Let G be a group and let H < G. Then left coset multiplication (as defined above) is
well defined if and only if H < G.

Proof. (&) Let H < G, and we need to show that (aH)(bH) = (ab)H for any choice of represen-
tatives from aH and bH. So let a; € aH and b; € bH. Here it suffices to show that a;b; € (ab)H.
Since a; € aH and b, € bH, we have a; = ah; and b; = bh, for some h;,h, € H. Then

a,b, € (ab)H < (ah,)(bhy) = (ab)H <= (ah;)(bh,) = abh,

for some h3 € H. Multiplying by a~! on both sides gives hbh, = bh3, and multiplying &' on
both sides gives h1b = bhsh,'. Since h3 was arbitrarily chosen and h3,h,' € H, we can really just
set h = h3h,! as some arbitrary element from H. Then it remains to show that ;b = bh for some
he H. But H < G, and in particular Hb C bH. So hib € Hb C bH, i.e. h1b = bh for some h € H.
So left coset multiplication is is indeed well defined.

(=) Assume left coset multiplication is well defined. By the previous argument, this is equiv-
alent to being able to find h € H that satisfies hyb = bh for all h; € H. This is precisely the
condition that Hb C bH. Furthermore, since hyb = bh holds for any h;,h € H, we can look at

W'b=bh! & bh=hb

after multiplying by h; and h on the left and right, respectively. This condition now precisely
corresponds to bH C Hb. Then bH = Hb and H < G. O
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Oct. 18 — Product Groups

The intuition behind normal subgroups is that they are precisely “the subgroups by which we can
divide,” where dividing by a subgroup means to treat elements of the subgroup as identity elements.

Why do we want this? Suppose G = R with addition as the group operation. Then G “acts on” R?:
Given 0 € G, rotate R? counterclockwise by 6 radians. Here, note that H = 2nZ < G does not do
anything to R?! So we want to “crush out” H since it acts trivially.

What does this have to do with cosets?

* Fact: Clones of H in the Cayley diagram are precisely the right cosets of H.
« Observation: Given an arrow —s not in H , the crushed diagram should have an arrow H 2, aH.

This is because arrows in Cayley diagrams act on the left. The arrow H %5 aH becomes problematic
if aH # Ha, since otherwise aH is no longer a right coset and composing the operation makes no sense.
This is why we need our subgroups to be normal in order to divide.

Remark. The intuition behind why clones are right cosets is that right cosets (clones) do not affect
left multiplication (arrows).

Theorem 6.32. Let G be a group and let H < G. Then the set of left cosets of H in G form a group
under left coset multiplication.

Proof. Note that we have already shown that left coset multiplication is well-defined in Theorem
6.31. In particular, the multiplication is automatically closed since (aH)(bH) = (ab)H for any
a,b € G. Now, for associativity, let a,b,c € G. Then

(aH -bH)cH = (ab)H - cH = (abc)H = aH - (bc)H = aH - (bH - cH),
since the group operation on G is associative. For the identity element, note that
aH -eH = (ae)H = aH,
so eH = H is an identity. For inverses, note that
aH-a 'H = (aa_l)H =¢eH,

so (aH)™! = a"'H. Note that the proof of the other side for the identity and inverses are similar.
Thus the left cosets of H in G indeed form a group under left coset multiplication. [
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Remark. The identity element of this group of cosets is H, which is exactly what we wanted!

Theorem 6.1. Suppose (G,*) and (H,®) are two groups, where e and e’ are the identity elements of
G and H, respectively. Then (G x H,*) is a group, where * is defined as above. Morever, (e,e’) is the
identity of G x H and the inverse of (g,h) € G x H is given by (g,h)™! = (¢!, h71).

Proof. Since each component of G x H is already a group, we can simply check

(a,b)* (e, f)) *(cxe,dOf)=(ax(cxe),bO(dOf))
((a*c)*e,(b@d Of)=(axc,bod)x (e, f)=((a,b)*(c,d))* (e, f)

since * and © are associative. Then
(a,b)*x (e,e’)=(axe,bOe’)=(a,b) = (exa,e’©b) = (e,e')* (a,b),
since e and e’ are the identities for each slot. Similarly, we have

(gh* (g h ) =(gxg hoh™) =(ee)= (g xg i oh) = (g, h7!)* (g, h),

since g~ and k! are the inverses for each slot. Thus G x H is indeed a group. O

Theorem 6.12. Suppose Gy, G,,...,G, are groups and let (g1,%2,...,8n) € [ 1/~ Gi- If |gi] = 1; < o0,
then |(g1,92,.-.,8n)| =lem(ry,1rp,...,1y).

Proof. We need to find the smallest k € N such that

(gl,gz,...,gn)k = (g{‘,gé‘,...,g,]j) =(e1,€2,..-,€,)-

Observe that gk = ¢; for each i, so we have r;|k for every i. So k > lcm(ry,7,...,7,). But also

lem(ry,7a,...r r) _ lem(ry,7p,...,7,)  lem(ry,ro,...,1y) lem(rq,70,...,7,) _
(gl;gz; ;gn) oz n)—(gl n;gz n;---,gn n)—(€1,€2,...,€n),
since lem(ry,1y,...,7,) is a multiple of r; for every i. Thus k = lem(ry,7,,...,1,). O

Remark. Consider a bike lock with 4 dials. Suppose that we rotate each dial by n; rotations each time,
and we want to find how many times we need to rotate in order to return to the original position. We
can write the symmetry group of this lock as

ZlO X ZlO X ZlO X ZlO'
Then we can simply find the order of the each element and apply the above theorem.

I Theorem 6.15. The group Z,, X Z,, is cyclic if and only if m and n are relatively prime.

Proof. (<) If ged(m,n) =1, then lcm(m, n) = mn. Then look at g =(1,1). The order of 1 € Z,, is
m and the order of 1 € Z,, is n. So |(1,1)| = mn = |Z,, X Z,,| and thus Z,, x Z,, = {(1,1)).
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(=) Suppose Z,, x Z,, is cyclic. Then nm = |Z,, x Z,| = |(x, )| for some generator (x,y) € Z x Z,,.
Then observe that x and y must individually generate Z,, and Z,, respectively, so m = |x| and
n = |y|. Then nm =lem(n, m), so gcd(m,n) =1 as desired. [



Lecture 16

Oct. 23 — Quotient Groups

Theorem 6.23 (Fundamental theorem of finitely-generated abelian groups). Let G be a finitely-
generated abelian group['| Then

~ o k
G_ZpTz XZp;z X pr:Lm X 7",

where pq,...,p,, are prime and are allowed to repeat.

%i.e. there exist g1,...,g, € G such that (gy,...,8,) = G.

The idea behind the theorem is the following:
* Direct products allow us to build new, “bigger” groups.
* Given a normal subgroup H < G, we can take the quotient to get a “smaller” group G/H.
* Every group contains cyclic subgroups.
* We expect the “building blocks” to be cyclic groups.

However, note that this cannot possibly work for a general group since combining cyclic groups
can only result in an abelian group.

For example, all abelian groups of order 24 (up to isomorphism) are
ZzXZzXZzXZg,, ZzXZ4XZ4, Zg XZ3 (%’ 224),

since 24 = 23 x 3.
Remark. A group that has no nontrivial subgroups is called a simple group.
Recall that G/H treats H as the identity. Another way to write the familiar group Dy is

Z=e,rs=sr"1),

—_
rsrs=e

D, =(r,s|r"=s

This is called the generator-relation presentation of D,,. Really, we are working with the free group
F ={(r,s) = {words in the letters , s, r !, s7}}

with the normal subgroup H = (r",s?,rsrs) < F. Then D, = F/H.
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Theorem 6.39. We have the following.
(a) Forn>2,S,/A, =7Z,.
(b) ForallneN, Z/nZ = 17,,.
(c) ForallneN, R/nR = {e}.

Proof. (a) Notice that
|Sn/An| = |Sn|/|An| =2,

so it must be isomorphic to Z, since that is the only group of order 2 up to isomorphism.

(b) Take the isomorphism ¢ : Z,, — Z/n’Z given by r +— r + nZZ. For injectivity, let r; # r,. Then
O(r) =11 +nZ #ry+nZ = ¢(r;)

since we can consider r{, 1, € Z, after which the result follows from the fact that the cosets of
nZ in Z are disjoint. For surjectivity, notice that for any r + nZ € Z/nZ, we can find some other
representative 0 <’ < n such that r + nZ = v’ + nZ. Then ¢(r’) = r + nZ and ¢ is surjective. For
the homomorphic property, observe that

O(ry +13) =(r1 +12) + WZ = (r1 + nZ) + (ry + nZ) = P(r1) + P(r7)

by the rules of coset addition in Z/nZ. Thus ¢ is an isomorphism, and Z, = Z/n’Z.
(c) Observe that nR =R, so R/nR =R/R = {e}. O]

I Theorem 6.40. Let G be a group and let H < G. If G is abelian, then so is G/H.

Proof. Take aH,bH € G/H. Then
(aH)(bH) = (ab)H = (ba)H = (bH)(aH)
since G is abelian. ]

Remark. The quotient G/H is not necessarily isomorphic to a subgroup of G. A counterexample is
the quotient Z/nZ for 7Z. We have
|Z/nZ]| = n < oo,

but the only finite subgroup of Z is the trivial group.

I Theorem 6.43. Let G be a group and let H < G. If G is cyclic, then so is G/H.

Proof. Let G =(gy) for some g, € G since G is cyclic. Then g = g(])‘ for some k for any g € G, so
gH = g5H = (goH)".

Namely, we have G/H = (goH). O
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I Theorem 6.46. Let G be a group. If G/Z(G) is cyclic, then G is abelian.

Proof. Recall that
Z(G)={ge G:gh=hg forall h e G}.

Now suppose that G/Z(G) = (gZ(G)) for some g. Then for any 4,b € G,

aZ(G) = (8Z(G))" =g" Z(G)
bZ(G) = (8Z(G))"™ = g™ Z(G)

for some ny,n, € Z. In particular, we have a = g"1z; and b = g"?z, for some z;,z, € Z(G). Then
ab=g"z8"z; =218"g" 2y = 218" ¢g"zy = g"2,¢" 2, = ba

since z; and z, commute with everything and powers of g commute. Thus G is abelian. O



Lecture 17

Oct. 25 — Homomorphisms

Recall that we call groups isomorphic if they “represent the same symmetries with different names.” An

example is the map D3 — S3 defined by

e~ 1, r—(123), r?(132),
s (23), rs>(12), r’s> (13).

Other settings may not give exactly the same collection of symmetries, but we might still have some
correspondence. For example, the map Dy — S, given by

re—(1234), s~ (12)
cannot be surjective. The map Z — Z4 given by
n+— nmod 4
cannot be injective. The map Z — D, given by
ner"

is neither injective nor surjective. Yet they still all somehow “respect composition.”

Definition 7.1. A homomorphism from (Gy,*) to (G,,®) is a function ¢ : G; — G, such that

P(xxy)=P(x) O P(v)
for all x,y € G.

Theorem 7.5. Let ¢ : G; — G, be a homomorphism with ey € Gy, e, € G, as identity elements. Then
(a) P(e1) = e

(b) Forall g€ Gy, [p(g)] =p(g7").
(c) Forall H< Gy, ¢(H) < G,.

Proof. (a) Pick g € Gy. Then

Left-cancellation implies e, = ¢(ey).
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(b) Observe that

D(g)p(g) = P(g'8) = Pler) = e,
and

PP =d(gg™) = pler) = e2,
so indeed we have [¢(g)]™! = ¢p(g71).

(c) We use the two-step subgroup test. First we have e, = ¢(e1) € ¢(H), so ¢(H) is nonempty.
Now for inverses, observe that for any g € ¢(H), there exists h € H such that ¢(h) = g. Then
gl =¢(h™"). Since h™! € H, we have ¢(h~!) € ¢(H). For closure, take g,¢’ € ¢(H). There must
exist h,h" € H such that ¢(h) = gand ¢(h’) = ¢’. Then

hh' e H = $p(hh™') € p(H) = ¢(h)p(h') € p(H) = gg’ € p(H).

So we have ¢(H) < G,. O

Theorem 7.7. Let Gy and G, be groups and suppose ¢ : G; — G, is a homomorphism. If g € Gy such
that |g| is finite, then |p(g)| divides |g|.

Proof. Let |g| = n < co. Then g" = ey, which implies that
er = Pler) = Pp(g") = [P()]".
So |¢p(g)| divides n. O

Theorem 7.11. Let Gy and G, be groups and suppose ¢ : Gy — G, is a homomorphism. Then
ker(¢) < G

Proof. We first show that ker(¢) < G; via the two-step subgroup test. First ¢(e;) = e, so
e € ker(¢) and ker(¢) is nonempty. Now for closure, let g, h € ker(¢). Then

P(gh) = p(g)p(h) = eze5 = ey,
so gh € ker(¢) as well. For inverses, let g € ker(¢). Then
$g) =19 =" =er,

so ¢! € ker(¢p). Now we show that ker(¢) < G; by showing that gker(¢)g~! C ker(¢) for any
g € Gy. To this end, take any g € G; and h € ker(¢). Then

p(ghg™) = p(Q)P(MP(g™") = P(g)p(g™!) = P(gg™") = pler) = 3,
so ghg™! € ker(¢p). Thus gker(¢p)g~! C ker(¢) and ker(¢) < G;. H

Theorem 7.12. Let G be a group and let H < G. Then the map y : G — G/H is a homomorphism
with ker(y) = H. This map is called the canonical projection map.
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Proof. First we show that y is indeed a homomorphism. Let g,/ € G. Then

y(gh) = (ghH = (gH)(hH) = y(8)y(h)

by the rules of coset multiplication. Now we show that ker(y) = H. For this, note that

y(g)=gH=H,
i.e. geker(y),if and only if g€ H. So ker(y) = H. ]
Remark. This means that:
normal subgroups < > subgroups by which we can divide

I l

kernels of homomorphisms <—— subgroups that can be treated as doing nothing

Problem 7.16. Suppose ¢ : Qg — Vj is a group homomorphism satisfying ¢(i) = h and ¢(j) =v.
(a) Find ¢(1), p(-1), $(K), b(~i), $(~j), and (k).
(b) Find ker(¢).
(c) What well-known group is Qg/ker(¢) isomorphic to?

Solution. (a) First observe that

From this we have ¢(1) = ¢(-1) = e. Then we also have

P(=k) = (k) = Pp(ij) = p(i)p(j) = hv
and ¢(~i) = h, ¢(~j) = v.
(b) From Part (a) we can see that ker(¢) = (-1) = {1,-1}.

(c) We have
Qs/ker(¢p) = Qg/(—1) =7y x Ly = V4.

A possible isomorphism ¢ : Qg/ker(¢p) — Vy is given by xker(¢) — ¢(x). O
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Oct. 30 — The Isomorphism Theorems

Theorem 7.21 (First isomorphism theorem). Given a homomorphism of groups ¢ : Gy — G, with
K = ker ¢, there exists a unique isomorphism 1 : G1/K — ¢(Gy) such that this diagram commutes:

G, —" 5 G,

no
)

G/K

i.e. p =noy, wherey(g)=gK is the canonical projection.

Proof. We define 71 : G;/K — ¢(G) in the obvious way by

1n(gK) = ¢(g).

First we check that 71 is well-defined. Suppose that g;K = g;,K are two representatives of the
same coset. We need to show that 77(g; K) = (g,K). Note that

gK=9K = ¢'g €K,

so ¢(g;'g2) = €2 € Gy. Then

er =P8 &) = [p(8)] ™ d(82),
so ¢(g1) = ¢(g2), which means that 7(g; K) = 77(g,K) as desired. Now we show that 7 is injective.
Suppose 7(g1K) = 17(g2K), so that ¢(g1) = P(g2). So

$(81'e)=[P(g)] ' p(g)2=e,€G,,

which means that g7!¢, € K, or g, K = g,K. For surjectivity, note that for any h € ¢(G;), there
exists g € Gy such that ¢(g) = h. Then 1(gK) = ¢(g) = h, so ¢ is surjective. For the homomorphic
property, take any gK,hK € G/K. Then we have

1n(gK)n(hK) = ¢p(g)p(h) = ¢p(gh) = n(ghK) = n((gK)(hK)),

as required. So 7 is the desired isomorphism. O

Remark. The idea is: If ¢(G;) is hard to study, then look at G;/ker(¢) instead, or vice versa.
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For example, define the map ¢ : (R, +) — (C*, x) by
t > cos(27ct) + i sin(27ct).
Here C* = C\ {0} is the punctured complex plane. The claim is that ¢ is a homomorphism with
$(R) = S = unit circle in C
and ker ¢ = Z. Then by the first isomorphism theorem, we have R/Z = S!.

Problem 7.22. Let ¢ : Qg — V; be the homomorphism described in Problem 7.16. Use the First
Isomorphism Theorem to prove that Q/(—1) = Vj.

Solution. Recall that ker ¢ = (—1) from Problem 7.16. We can also clearly see from our computa-
tions back then that ¢(Qg) = V4, so Q/(-1) = V, by the first isomorphism theorem. ]

Problem 7.24. Use the First Isomorphism Theorem to prove that Z/6Z = Z. Attempt to draw a
picture of this using Cayley diagrams.

Solution. We can use the homomorphism ¢ : Z — Zg given by ¢(r) = r mod 6. We can clearly
see that ¢(Z) = Z¢ and ker ¢ = 6Z, so Z/67Z = Z¢ by the first isomorphism theorem. Here

is an attempt at a Cayley diagram, where the lines indicate the missing parts of a coset of Zg. [
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Nov. 1 — Group Actions

The key question that the second isomorphism theorem addresses is:
What happens to a subgroup H < G when we crush out N < G to get G/N?
For example, let G =Z, xZ3 xZ4 and N = Z, x Z3 x {0}. Then
G/N =7y,
but what happens to H = {0} x Z3 x Z4?

The problem here is that in general we may have have N ¢ H, so we cannot simply take H/N. Then
some possible solutions are:

1. Grow N to get
HN ={hn:he H,ne N},

the smallest group containing both H and N, then crush N.
Result: HN/N. (In general HN/N 2 H.)

2. Crush HN N out of H.
Result: H/(HNN).

I Theorem 7.29 (Second isomorphism theorem). HN/N =H/(HNN).

Proof. First observe that we can easily get N < HN from the fact that N < G. Now we claim
that ¢ : H - HN/N given by
h— hN

is a surjective homomorphism with ker ¢ = H N N. Note that this simultaneously shows that
HNN =ker¢ < H. For the homomorphic property, observe that

¢(xy) = (xy)N = (xN)(yN) = p(x)p(p).
For surjectivity, let x e HN. Then x = hn for some h € H and n € N. Then
NH/N 5 xN = (hn)N = hN
so ¢(h) = hN = xN. Now we check that ker¢p = H N N. For this, let h e ker¢p C H. Then

¢(h)=hN =N,
soheN.Sohe HNN and thus ker ¢ € HNN. The reverse inclusion is identical, so ker¢p = HNN.
Finally we apply the first isomorphism theorem to conclude that HN/N = H/(HNN). O
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Definition. We say that a group G acts on a set X if we have a homomorphism ¢ : G — Sy,
where Sy is the symmetry group of X. We call ¢ a group action and X a G-set.

For example, let G = D, and
X = {configurations of an n-gon}.

Then G acts on X in the natural way.
Definition. Let X be a G-set. Call x; G-equivalent to x, if there exists ¢ € G such that

g.xX1 = Xp.

Here g.x; means “g applied to x;”.
Remark. In fact G-equivalence is an equivalence relation.

Definition. Let X be a G-set. The G-equivalence class of x € X is called the orbit of x, written
O, € X. The stabilizer subgroup of x € X is

Gy:={geG|gx=x}.

The fixed-point set of g€ G is
Xoi={xeX|gx=x}

Remark. We have x € X, if and only if g € G,.

For example, let
G = GL,(R) = {invertible n x n matrices}

and X = R". Pick v € R", then
Gy ={A €GL,(R)| A7 = 7).
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Nov. 6 — More Group Actions

Remark. Stabilizer subgroups of two elements in the same orbit are not necessarily the same, but
they are conjugate to each other.

I Proposition 3. Let X be a G-set, for some group G, and fix x € X. Then G, is a subgroup of G.

Proof. We show this via the two-step subgroup test. First e € G, since e.x = x, so G, is nonempty.
For inverses, let g € G,. Then

XxX=ex= (g_lg).x = g_l.(g.X) = g_l-x

since g fixes x. So ¢g~! € G,. For closure, let g,h € G,. Then
(gh).x=g.(hx)=gx=x

since g and h both individually fix x. So gh € G,, and thus G, is a subgroup. N
I Theorem 5 (Orbit-stabilizer theorem). Let X be a G-set. Then |O,| =[G : G| for any x € X.

Proof. Define ¢ : Oy — L by
y—gGy,

where y = g.x. Note that g exists since y € O,. Also here L _is the set of left cosets of G, in G.

First we show that ¢ is well-defined. Suppose
NX=$HX=19y.
Then we want to show that g; G, = g,G,.. Observe that applying g;' gives
x=ex=(g7' g)x =gy (g1.X) = 87" (82.%) = (g7 ' §2).x

since g;.x = g,.x. So we have ¢~'¢, € G,, which means that ¢, G, = £,G,, as desired.

For injectivity, suppose that ¢(y;) = ¢(y,) for some y;,v, € G,. Let y; = gy.x and y, = y,.x. Then
216Gy = G, implies that g; € £,G,, and thus g; = g>h for some h € G,. Then

g1.-x = (g2h).x = gp.x
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since h fixes x, so y; = y,.

For surjectivity, let ¢G, € L5 . Observe that y = g.x € O, satisfies ¢(y) = ¢G,, so ¢ is indeed
surjective. Thus ¢ is a bijection from O, to L , and we conclude that |O,| =L |. ]
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Nov. 8 — Even More Group Actions

Remark. The conjugacy class of o € S, is determined by its cycle structure. E.g. for D, we have
O12) = 1(12),(13),(14),(23),(24),(34)},  Onz)3e) = {(12)(34), (13)(24), (14)(23)}.

For example, we have (13) = (23)(12)(23)7!, (14) = (24)(12)(24)7!, and (34) = ((13)(24))(12)((13)(24))"".

Remark. Group elements g1, 9, € G are conjugate if they “do the same thing with different labels.” Here,
think similar matrices. Recall linear algebra: A ~ B if A = SBS™! for some invertible S. Then A and B
represent the same linear transformation in different bases.

Theorem 6 (The class equation). Suppose G is a finite group with r distinct conjugacy classes
represented by g1,95,...,8, Then

r

GI=1Z(G)l+ ) [G: Calg)].

i=1
Proof. Recall that any G-set is partitioned by its orbits. In the conjugacy action of G on itself,
each element of Z(G) is its own orbit:
heZ(G) = Oy={g-h|geGl={ghg™' |geG}={gg " h|geG}={h}.

So we have the following disjoint union for G:

Therefore,

r r

GI=1Z(G)I+)_10g]=12(G)I+ Y _[G: Gg]=1Z(G)I+)_[G: Ca(gi)]
i=1

i=1 i=1
by the orbit-stabilizer theorem and noting that
Gy=1{geGlgx=x}={geGlgxg™" =x} = Cg(x)

under the conjugacy action of G on itself. O]
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I Theorem 7. Any group of prime-power order has nontrivial center.

Proof. By the class equation, we have

n_ _ - . N = r |G| = r pn
0 _|G|_|Z(G)|+;[G-Cc(gz)] IZ(G)H;K:G(&-N |Z(G)|+;’|CG(&')|

since G is finite. Observe that we cannot have |C;(g;)| = p" since that would imply Cs(g;) = G,
which means that g; € Z(G) (as we have discussed previously, any g € Z(G) is in its own orbit).
Then everything else in the equation is divisible by p, so |Z(G)| must be divisible by p as well.
Then |Z(G)| > 1 and we conclude that Z(G) is nontrivial. O

I Lemma 9. Let X be a G-set and suppose that x ~g y. Then G, is isomorphic to G,.

Proof. First observe that since x ~¢ y, there must exist some h € G such that h.x = y. Then we
can define ¢ : G, — G, by
g hgh_l,

which we will show is an isomorphism. First observe that ¢ satisfies the homomorphic property
since we have previously show that the conjugation map is an isomorphism. It also follows from
this that ker ¢ = {e}, so ¢ is injective. Then it just remains to show that ¢(G,) = G,. For this,
observe that if g € G,, i.e. g.x = x, then

hghy=hgx=hx=y

where we noted that h=1.y = x. So ¢(g) = hgh™! € G, as desired. This means that ¢(G,) C G,. For
the reverse inclusion, let ¢’ € G, i.e. g.y =y. Then

Wlehx=hgy=hty=hthx=x,

so ¢p~1(g)=h"1¢g’he G,. So Gy € ¢(Gy) and ¢(Gy) = Gy, which means that ¢ is an isomorphism
from G, to G},. Thus we conclude that G, = Gy, as desired. ]

Remark. For finite G, we can use the fact that |G,| =|G,| for y € O, by the orbit-stabilizer theorem.



Lecture 22

Nov. 15 — Rings

Definition 8.1. A ring is a triple (R, +,) such that
1. (R, +) is an abelian group,
2. -is an associative binary operation,

3. and distributive laws hold:

a-(b+c)=a-b+a-c and (a+b)-c=a-c+b-c.

Theorem 8.2. If R is a ring, then for all a,b € R:
(a) 0a=a0=0
(b) (-a)b = a(=b) = —(ab)
(c) (—a)(=b)=ab

Proof. (a) Observe that a0 = a(0+ 0) = a0+ 40. Then adding the additive inverse of 40 to both
sides yields
0 =a0+ (—a0) = a0+ a0+ (—a0) = a0.

So 0 = a0 as desired, and a similar proof shows that 0a = 0.

(b) Note that
ab=(-a)b=(a+(-a))b=0b=0,

so —(ab) = (—a)b. Once again, a similar proof shows a(-b) = —(ab).

(c) Using Part (b), we have
(=a)(=b) = —(a(=b)) = —(-(ab)) = ab.

Note that we used —(—x) = x, which is a fact about additive inverses that we already have. [
Remark. Part (a) of this theorem shows that 0 cannot have a multiplicative inverse.

I Theorem 8.9. If R is a ring with 1, then the multiplicative identity is unique and —a = (—1)a.
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Proof. For uniqueness, let e and f both be multiplicative identities. Then e = ef = f. For the
latter part, simply note that (-1)a = —(1a) = —a. [
Here are some more definitions:
* A commutative ring is one where - is commutative.
e If a,b € R are nonzero elements such that ab = 0, then we call a and b zero divisors.
» If b € R satisfies ab = ba = 1, then we call b the multiplicative inverse of a, written a-l.
» A division ring is a ring where every nonzero element has a multiplicative inverse.
* A field is a commutative division ring.
* An integral domain is a ring that has no zero divisors.
The following are some examples of rings:
* R, Q, C: These are commutative division rings, a.k.a. fields.
* M,,n(R), M,,,(R): These are not commutative and have zero divisors.

* Z,: These are commutative and form a field precisely when 7 is prime.

e Z: This is commutative, has no zero divisors, but most elements are not invertible. This is an
example of an integral domain.

* Plx]={ag+a1x+---+a,x"|a; eR}, {p(x)/q(x) | p,q € P[x],q # 0}: The former is the polynomial

ring over R (which is an integral domain), and the latter is the field of rational functions over R.

I Theorem 8.20. If U(R) # @, then U(R) forms a group under multiplication.

Proof. First note that the multiplication on U(R) is clearly associative as it is inherited from R.
To check closure, observe that for a,b € U(R), we have elements a~!,b~! € R. Since R is a ring,
we have b=1a~! € R, which gives

(ab)bl'a ) =aa ' =1,

so we indeed have ab € U(R). For the identity element, we simply note that 1 is a unit, so 1 € U(R).
For inverses, observe that for any a € U(R), a ! exists and (a™!)™! =4, s0a™! € U(R). ]
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Nov. 20 — Ring Homomorphisms

Definition 8.27. For a ring (R, +,-), we call S C R a subring if (S, +,-) is also a ring.

Problem 8.31. Suppose R is a ring and let a € R. Define S = {x € R | ax = 0}. Prove that S is a
subring of R.

Solution. We check that S is nonempty, S is closed under subtraction, and S is closed under
multiplication. To see that S # &, obvserve that a0 = 0 for any a € R, so 0 € S. For closure under
subtraction, let x,y € S. Then ax = ay = 0, so we have

a(x-y)=ax—-ay=0-0=0,
so x—p € S. For closure under multiplication, note that
a(xy) = (ax)y = 0y =,

so xy € S. Thus S is a subring of R. O]

Definition 8.33. A homomorphism of rings is a map ¢ : R — S such that for all r,r, € R, we
have

P(ri+12) = ¢(r) +P(r2) and  (ri172) = P(r1)P(r).
We also define the kernel of ¢ to be ker¢ = {r € R| ¢(r) = 0}.

For example, for
R=Z|x]={ag+a;x+--+a,x"|a; €7}

and S =Z, we can define ¢p : R — S by p(x) — p(0). Then
ker ¢ = {ayx +a)x* +---+a,x" | a; € Z),
i.e. all the polynomials with constant term zero.

Theorem 8.36. Let ¢ : R — S be a ring homomorphism.
(a) ¢(R) is a subring of S.
(b) ker(¢p) is a subring of R.
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Proof. (a) For closure under — and -, take a,b € ¢(R). Then we can find x,y € R such that ¢(x) =a
and ¢(y) =b. Then

a-b=¢(x)=d(y) = p(x-y) € (R)
via the homomorphic property. Similarly
ab = p(x)p(y) = ¢(xy) = P(R).
Finally ¢(R) is nonempty since R is nonempty, so ¢(R) is indeed a subring of S.

(b) For closure under — and -, take a,b € ker ¢ and note that

¢(a=b)=P(a) - ¢(b) = 05~ 05 = 05
and that
P(ab) = p(a)Pp(b) = 0505 = Os.
Finally ker ¢ is nonempty since ¢(0g) = Og, so that O € ker ¢p. Thus ker ¢ is a subring of R. [
Remark. Subrings of the form ker ¢ are extra special, since we can divide by them. Note that this is

different from a subring being normal now, since all additive subgroups are now normal due to the
additive group of a ring being abelian.

Theorem 8.38. Let ¢ : R — S be a ring homomorphism. If o € ker(¢p) and r € R, then ar,ra € ker(¢).
That is, ker(¢) is closed under multiplication by elements of R.

Proof. Note that ¢(a) =0, so

P(ra) = ¢(r)p(a) = ¢(r)0 = 0 = 0p(r) = p(a)Pp(r) = p(ar).

Thus we have ar,ra € ker ¢. O

Problem 1. If ¢ : R — S is a homomorphism of rings, describe a ring structure of R/ker ¢. You
need to:

(a) Describe the elements of the set R/ker ¢.
(b) Define operations on the set.

(c) Prove that these operations satisfy the definition of a ring.

Solution. (a) Define the elements of R/ker ¢ to be the additive cosets of ker ¢ in R.
(b) For a+ker¢,b +ker ¢ € R/ker ¢, define addition to be
(a+kerop)+(b+kerd)=(a+0b)+kero

We have already checked that this is well-defined when verifying that R/ker ¢ is a valid quotient
group. We can similarly define multiplication to be

(a+kerd)(b+ker¢) = (ab) +ker .
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This is well-defined since for r,s € ker ¢, we have
(a+r+kerd)(b+s+ker¢)=(ab)+ (as+br+rs)+ker¢p = (ab) + ker ¢,

where as, br,rs € ker ¢ by Theorem 8.38.

(c) We first note that the additive cosets are already known to form a quotient group, so we just
need to verify that the multiplication is associative, closed, and distributes over addition. For
associativity, note that for a4,b,c € R,

((a+ker)(b+kero))(c+ker)=(ab+ker)(c+ker¢) = (abc) + ker ¢
=(a+ker¢)(bc+ker¢) = (a+ker)((b+kere)(c+kerg)),

where we used the fact that the multiplication in R is associative. For closure, note that
(a+ker)(b+ker ) = (ab) + ker ¢,
which is also an additive coset of ker ¢ since ab € R. Finally, for distributivity, note that

(a+kero)((b+kero)+(c+ker))=(a+kerd)((b+c)+kero)
=(a(b+c))+ker¢
= (ab+ac)+ker¢
= (ab+ker @)+ (ac + ker ¢)
=

a+ker¢)(b+ker )+ (a+kerd)(c+kero)

since the distributive laws hold in R. We can similarly show that distributivity works on the
other side, so R/ker ¢ is indeed a ring. [

Problem 2. Explain why the structure defined above does not work for Q/Z.

Solution. We can take a = 1/2 and b = 1/3. For the representative z; = 0, we have

11 1 1
b =—.—=—€—+7Z
(a+zp)(b+ zg) 7 3% 6+
However, for the representative z;, we have
3 4 4
=—-—=—=2¢€/Z.
(a+z1)(b+2zy) 5'3°=3 €

These are in different cosets, so this multiplication is not well-defined. [
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Nov. 27 — Ideals and Quotient Rings

The key idea here is: What kind of I C R can we replace ker ¢ by to make R/I a ring?

I Definition 8.39. We call a subring I C R an ideal if rI CI and Ir CI for all r € R.

Theorem 8.40. Let R be a ring and let I be an ideal of R. Then the additive quotient group R/I is a
ring under the binary operations:

(r+D)+(s+I)=(r+s)+1
(r+I)(s+1)=(rs)+1

for all r,s € R. Conversely, if I is any subgroup such that the above operations are well-defined, then 1
is an ideal of R.

Proof. (=) First we show that (R/I,+) is an abelian group. Since I is an ideal, we observe that
it is an additive subgroup of R. Also R is abelian as an additive group, so I <R and R/I is an
abelian subgroup. This also includes the fact that + is well-defined. For multiplication, take
a,b € R and arbitrary representatives r,s € I. Then

(a+r+I)(b+s+1)=(ab)+(as+br+rs)+1=(ab)+1

since as,br,rs € I by the definition of an ideal. So the multiplication is well-defined. For
associativity, let 7,5,k € R. Then

(r+I)(s+D))k+I)=(rs+I)(k+1)=(rsk)+1=(r+I)(sk+I)=(r+I)((s+I)(k+1I))
since the multiplication in R is associative. For the distributive property, we have

(r+D)((s+1)+(k+I)=(r+I)(s+k+I)=(rs+rk)+1
=(rs+)+(rk+1)=(r+I)(s+1)+(r+I)(k+1)

since the distributive property holds in R. Distributivity on the other side is similar, so the
additive quotient group R/I indeed forms a ring.

(<) Suppose that the above operations are well-defined. Then for any a,b e Rand r,s € I, we
have
(a+r+I)(b+s+1)=(ab)+1
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Since [ is already a subgroup of R, all we need to show is that br € I and rb € I for any b € R and
r € I. To see this, simply take a = s = 0 in the above equations to get

(r+D)(b+1)=(rb)+1=1

since a = 0 implies ab = 0. But this means rb € I. Taking r = b = 0 gives br € I, so I is anideal. [

Theorem 8.43 (First Isomorphism Theorem for Rings). If ¢ : R — S is a ring homomorphism, then
ker(¢) is an ideal of R and R/ ker(¢p) = ¢(R).

Proof. Note that we have already previously shown that ker ¢ is an ideal of R (Theorem 8.38).
Now define i : R/ker ¢ — S by r + ker ¢ — ¢(r). This is already a well-defined map since R and
ker ¢ are also additive groups, so we can appeal to the first isomorphism theorem for groups.
This also shows injectivity and that ¢ is a group homomorphism. So it only remains to show
that 1 is a ring homomorphism, i.e. that

P(r+ker )(s +ker Pp) = P(rs + ker ).

To see this, observe that

P(r +ker p)(s +ker ) = ¢(r)¢(s) = P(rs) = P(rs + ker ¢)
since ¢ is a ring homomorphism. So R/ker ¢ = ¢(R). O]

Definition 8.45. Given a subset A C R, the ideal generated by A, denoted (A), is the smallest
ideal of R containing A. We call an ideal I C R principal if I = ({a}) for some a € R.

Remark. Normal subgroups are to ideals as cyclic subgroups are to principal ideals.

Theorem 8.49. Assume R is a commutative ring with 1 # 0. Let I be an ideal of R. Then I = R if and
only if I contains a unit.

Proof. (=) If =R, then 1 € R=1 is a unit.
(<) Let x €I be a unit, then 1 =xx ! €l. SoR=(1)CIand R=1. O

Remark. We may not have needed the commutativity assumption in this theorem.

Theorem 8.50. Assume R is a commutative ring with 1 # 0. Then R is a field if and only if its only
ideals are (0) and R.

Proof. (=) Take any ideal I # (0). Then there exists a € I, a # 0. Since R is a field, a is a unit and
thus I = R by Theorem 8.49.

(&) Take any a € R, a # 0. Since (0) and R are the only ideals, we must have (a) = R, so there
exists an r € R such that ra = 1. So a is a unit and thus R is a field. ]
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Nov. 29 — Maximal and Prime Ideals

Remark. We have {fields} C {integral domains} C {commutative rings}.

I Definition 8.52. An ideal M C R is maximal if the only ideals of R containing M are M and R.

Theorem 8.55. Assume R is a commutative ring with 1. Then M is a maximal ideal if and only if the
quotient ring R/M is a field.

Proof. (=) Define 1) : R — R/M by r > r+M, and pick an ideal ] C R/M. Note that ! (J) C Ris
an ideal and M C ¢~1(J). So either =1 (J) = M or ¢»~!(J) = R since M is maximal, which implies
either ] = (0) or ] = R. Then R/M is a field by Theorem 8.50.

(<) Suppose M C M’ for some ideal M’. Then ¢(M’) is an ideal, so either ¢(M’) = (0) or
p(M’) = R/M. Then either M’ = M or M’ = R, so M is maximal. ]

Remark. We have {maximal ideals} C {prime ideals} C {ideals}. In particular, taking a quotient by a
maximal ideal yields a field, a quotient by a prime ideal yields an integral domain, and a quotient by
an general ideal yields a commutative ring.

Theorem 8.60. Assume R is a commutative ring with 1. Then P is a prime ideal in R if and only if
the quotient ring R/P is an integral domain.

Proof. (=) Assume P C R is a prime ideal and suppose that
(a+I)(b+I)=ab+1=0+1€R/I.

Note that this means ab € I. Then we want to show that eithera+I =1 or b+1 =1, i.e. that either
aclorbel. Butlis prime, so ab el implies eitheraclor bel.

(<) Assume R/P is an integral domain and suppose that ab € I. Then we need to show thatae I
or b el. Since ab € I, we have

O+I=ab+I=(a+I)(b+]1).

Since R/I is an integral domain, eithera+ I =Ior b+1 =1, so eitheraelorbel. ]
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I Corollary 8.61. All maximal ideals are prime.

Proof. All fields are integral domains.
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Lecture 26

Dec. 4 — Review

Problem 12. Let G be a group, and denote by Z(G) the center of G. Prove that if G/Z(G) is
cyclic, then G is abelian.

Solution. Refer to the proof of Theorem [6.46 O

Problem 38. Let R be the ring of all continuous functions from the closed interval [0,1] to R
and for each c € [0,1]let M, ={f e R| f(c) = 0}.

(a) Prove that M, is a maximal ideal of R.
Hint: Construct a surjective homomorphism ¢ : R — R whose kernel is M.

(b) Prove that if M is any maximal ideal of R, then there is a real number c € [0, 1] such that
M=M,.

(c) Prove that if b and c are distinct points in [0, 1], then M}, = M,.

(d) Prove that M, is not equal to the principal ideal generated by x —c.

Solution. (a) Define the evaluation map ¢.: R — R by f — f(c), where function addition and
multiplication are defined pointwise, i.e.

(f+8)(x) = f(x) +g(x) and (fg)(x) = f(x)g(x).

Checking the homomorphic properties follows immediately from this:

Pc(f +8) = (f +8)(c) = fe) +8(c) = Pe(f) + Pc(8)

and
$c(f8) = (f8)c) = f(c)g(c) = Pc(f)Pc(8):

For surjectivity, note that for any a € R, the constant function f(x) = a satisfies ¢(f) = f(c) = a.
So ¢(R) = R. We also have ker ¢, = M, since f(c) = 0 precisely when f € M,. Then by the first
isomorphism theorem we have R/M, = R. Since R is a field, M, must be maximal.

(b) Suppose M C R is some ideal which is not contained in any ideal of the form M.. Then
for each ¢ € [0, 1], there exists some f. € M such that f.(c) # 0. Since f; is continuous, there in
fact exists an open interval I, containing ¢ on which f. is nonzero. Then the set {I. | c €[0,1]}
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is an open cover of [0,1]. Since [0,1] is compact, we can find a finite subcover I3,...,I, with
corresponding functions fi,..., f,. Then take the function

f=fittf

which vanishes nowhere on [0, 1] since some f; does not vanish at any given point and fi2 > 0 for
all i. Furthermore f € M since M is an ideal and thus closed under addition and multiplication
of its elements. Also f is continuous since it is a sum of products of continuous functions. Since
f vanishes nowhere on [0, 1], the function 1/f is defined and also continuous, so g =1/f € M.
But then we have 1 = gf € gM, which implies 1 € M since M being an ideal means that gM C M.
Then R=(1) C M, so M = R, which is a contradiction. Thus M must be contained in some M,.
Finally, if we take M to be maximal, we conclude that M = M, for some c € [0, 1].

(c) Take the function f(x) =x—-be M,. But f(c)=c—b=0sincec=b,so f & M,.

(d) Suppose for contradiction that M, is generated by x —c. Then we can write any f € M, as
f =g(x—c) for some g € R. Now fix the function f(x) = |x —c| € M. This requires

S _x=d

x—c x-c’

which is clearly discontinuous at x = ¢, so we cannot have g € R. Contradiction. O

Problem 1. Let ¢ be an element of finite order n in G.
(a) Prove that the elements 1,g,¢2,...,¢" ! are all distinct. Deduce that |g| < |G|.
(b) Prove that if n is odd, then gi # g_i foralli=1,2,...,n-1.

(c) Prove thatif n =2k and 1 <i<n, then g’ = ¢”% if and only if i = k.

Solution. (a) First recall that n is the smallest positive integer for which ¢" = 1. Now suppose
for contradiction that g’ = g/ for some i # j and 1 <1i,j < n—1. Assume without loss of generality
that i < j. Then multiplying both sides by g~* gives

g =glg = 1=¢".
But this contradicts the minimality of 1, since 1 <j—i <n-1.

For the second part, suppose that 1 > |G|. Then the elements 1,g,¢?,...,¢/¢l are all distinct by
the first part. Then G contains |G|+ 1 distinct elements, which is a contradiction. Thus n <|G]|.

(b) Suppose otherwise that g’ = ¢~ for some 1 <i <n— 1. Then g’ is its own inverse, so g*' = 1.
Then we must have n|2i. But n is odd, so in fact n|i. This is a contradiction since i < n.

(c) Suppose that g' = ¢~ for some 1 <i < n. Then g?' =1, so n|2i, which implies that 2i > n. But
i <n,so 2i<2n. Now n|2i and n < 2i < 2n, so we must have 2i = n = 2k. This gives i = k. ]

I Problem 4. Find all cyclic subgroups of Dg. Find a proper subgroup of Dg which is not cyclic.
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Solution. Using a Cayley diagram we may see that
(ry=(r)=(ry=(")={e,r,...,77}.
Also we may find the cyclic subgroups
(r?) = (r% = (e, r%, 1%, 1)

and (r*) = {e, r*}. Finally, we can see that reflections (i.e. (sr') for 0 <i > 8) each generated their
own subgroup containing just the identity and themselves. Finally (s, r?) = D, is not cyclic. [J

Problem 26. The center of a ring R is
Z(R)={zeR|zr=rzforall r e R}.

Prove that the center of a division ring is a field.

Solution. Recall that a commutative division ring is a field. Since Z(R) is clearly commutative, it
suffices to show that Z(R) is a division ring. First we show that Z(R) is indeed a ring. Note that
Z(R) is nonempty since 1 commutes with any r € R, so 1 € Z(R). For closure under subtraction,
let z1,2z, € Z(R). Then for any r € R, we have

(z1—2zp)r =217 —2or =127 — 129 = ¥(21 — 23),
s0 z1 — 25 € Z(R). For closure under multiplication, we have

(z122)1 = z1(227) = 21(r22) = (217)22 = (r21)22 = 1(2122),

1

s0 21z € Z(R). Finally, we show that each nonzero z € Z(R) has z~! € Z(R) (the inverse z~! exists

since R is a division ring). For this, we can simply note that
zlr=zYrz)z7 ' =27 (zr)z7 =1z,

so z7! € Z(R) as desired. Therefore Z(R) is a commutative division ring and thus a field. O



	Aug. 21 — Binary Operations
	Aug. 23 — Symmetries, Groups
	Aug. 28 — Groups
	Aug. 30 — Groups
	Sept. 6 — Cayley Diagrams
	Sept. 11 — Subgroups
	Sept. 13 — Isomorphisms
	Sept. 18 — More Isomorphisms
	Sept. 20 — Cyclic Groups
	Sept. 25 — Cyclic and Symmetric Groups
	Sept. 27 — Symmetric Groups
	Oct. 4 — More Symmetric Groups
	Oct. 11 — Cosets, Lagrange's Theorem
	Oct. 16 – Normal Subgroups and Quotients
	Oct. 18 — Product Groups
	Oct. 23 — Quotient Groups
	Oct. 25 — Homomorphisms
	Oct. 30 — The Isomorphism Theorems
	Nov. 1 — Group Actions
	Nov. 6 — More Group Actions
	Nov. 8 — Even More Group Actions
	Nov. 15 — Rings
	Nov. 20 — Ring Homomorphisms
	Nov. 27 — Ideals and Quotient Rings
	Nov. 29 — Maximal and Prime Ideals
	Dec. 4 — Review

